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Introduction

Let M be an oriented compact connected Riemannian manifold leinV be a
unit vector field onM . The total bending ¢f , which measures fawextentV fails
to be parallel, is defined in [6], up to a constant, by

B(V):/anvnz,

where integration is taken with respect to the Riemannidame form V is the Levi-
Civita connection, YV), € End(7,M), X — VxV, and |T|? = trT'T. The unit
vector fieldV is a map fromM intd*M, the unit tangent bundle af/ . If one con-
siders onT'M the canonical (Sasaki) metric, then the energyVof  can beesgpd
as

EV)=c1+c2B(V),

wherec; and ¢, are constants depending only on the dimension and the vohimé.
Beginning with G. Wiegmink and C.M. Wood [6, 7], critical pas of (any of) such
functionals on unit vector fields o  have been extensivalylietl (see for instance
in [3] the abundant bibliography on the subject).

Some Riemannian manifolds, for instance odd dimensionaérgs, admit volume
preserving, unit speed flows. In a certain sense, one canhsayhe best organized of
these flows are those with minimum total bending among them.

We give new examples of unit vector fields  on compact Riensmmianifolds
M having the following properties:

(¥1) V is critical for the energy functional among all unit vecfteelds on M .
(*2) V has minimum energy among all solenoidal (that is, divecgefree) unit vector
fields onM .

A unit vector field V on a compact oriented Riemannian maniféddis said to

have minimum Ricci curvaturef Ricci (V,) < Ricci(W,) for all p € M and any
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unit vector field W onM . It is said to be an eigenvector of the Rimgrvature if
Ricci(V,) = f (p) V,, for some smooth functionf on and alle M.

Proposition 1. Let M be a compact oriented Riemannian manifold avid a
Killing unit vector field onM . IfV is an eigenvector on the Riamperator, then
it satisfies property(x1). If V has minimum Ricci curvaturethen it satisfies prop-
erty (x2).

Proof. The first assertion was proved by Wiegmink in [6, Tleeor2 (iv)]. The
second one follows from the expression for the total bendjivgn in formula (2) of
the same article, which originated in K. Yano (see for ins&af8]) and states that, up
to a constant,

B(W) = /M Ricci (W) + 3 | Cwell* — (div Wy,

for any unit vector fieldW omM , wheré&y g denotes the Lie derivative of the metric
in the direction of W and integration is taken with respecthiie Riemannian volume
form. (If W is a Killing vector field, then the second and thiretrs of the integrand
vanish, since by definition, the metric does not vary alongilini§ vector field, let
alone the volume form.)

An immediate consequence of the Proposition is that thevidtlg vector fields
satisfy properties+1-2):

a) Unit Hopf vector fields on odd dimensional spheres.

b) Left or right invariant unit vector fields on a compact simjie group endowed
with a bi-invariant metric (the Lie group needs only to be s#mple if the metric is
determined by the opposite of the Killing form).

With additional techniques, Gonzalez-Davila and Varmieef4] proved that each
of the two distinguished unit vector fields on the Berger spsési g,), for some
range ofr , have minimum energy among all unit vector fieldspamticular, they sat-
isfy properties £1-2).

In this paper we present many examples of unit vector fieldsfgi;mg proper-
ties (1-2), among them Hopf unit vector fields on sphesgs™ or S#*3 for certain
homothetic modifications of the canonical metrics in thetigal spaces of the Hopf
submersionss?'*t — CP", $4*3 — HP", as in the following proposition. Leh €
or H be the complex and quaternionic algebras, respectively,l@nimA denote the
orthogonal complement of 1.

Theorem 2. Let S = §'*1 or §%*3 be the unit sphere iM"*! and let D be
the one; respectively three-dimensional distribution o  defined By, = (ImA).q C

T,S. For eachs > 0, let 7, be the Riemannian metric off  satisfying

2 2
s ,0) =0, 3 (v, v) = [ol*s s () = 5% [Ju
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foral u € D,, v € Dql, g € S. Then for any unit vectoru € Im(A), the vec-
tor field U on S defined byU, = uq/s (with unit length with respect toy,) sat-
isfies property(x1). Moreover it satisfies property(x2) provided thats?> < (0, 1],
s% € [1/(2n +3), 1, respectively.

The proof is based on considerations about some examplesvkaeid is post-
poned to the end of the article.

An application of Jensen’s examples

All our examples arise from a construction by Gary Jensenofainetrics g, (for
¢t in some real interval) on the total spaces of certain praichundlesP — M, with
M an irreducible symmetric space. The metrigs  differ hontith#y on the verti-
cal spaces and coincide on the horizontal ones. These spgageay be thought of
as a sort of generalization of Berger spheres. Based on nlensguments, we ob-
tain examples generalizing example (a) above. Using Pitposl3 of [5] one could
also generalize example (b) in an analogous manner, findiitgvactor fields satisfy-
ing properties £1-2) on compact Lie groups with left invariant metrics, whiare not
bi-invariant.

Next we recall Jensen’s results. L&t be a compact conneasisisnple Lie
group endowed with a bi-invariant Riemannian metsic . SgepthatK has closed
subgroupsH ,H;, H, with Lie algebrash, h1 # {0}, h, respectively, such that
b(h1,h2) = 0 andh = by & b, is a direct sum of ideals of (that is, as a group,
H is locally the product ofH; and H). Let ¢ be the Lie algebra oK and the or-
thogonal complement df in ¢. Let us denote? X /H,, M =K/H andn: P — M
the canonical projection. Notice th&f/H- is Lie group with Lie algebrd, and « is
an (H /Hz)-principal bundle.

Proposition 3 ([5]). For anyt > 0, the inner product

(1) 8 = bl ¥ bl g, &(m,b1) =0

on by = m @ by is Ad (Hp)-invariant and defines & -invariant Riemannian metric
on P, subducing aK -invariant Riemannian metric d . Moreqviar any vector
Y € by, a vertical vector fieldY on P is well-defined by

?kHz = dik (Y)
and is Killing (here L, denotes left multiplication by € K in P).

In the following suppose that =F, the opposite of the Killing form ot and
that there exists € R such thatfy, the Killing form of b, satisfiesFy =c F|y ..,
for instance wherf; is simple or abelian.
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Theorem 4 ([5, Proposition 12]). Suppose additionally thats is an irreducible
Riemannian symmetric space. M, g, and Y € h; are as abovewith g (Y,Y) = 1,
thenY is an eigenvector of the Ricci operator dh . MoreqvErhas minimum Ricci
curvature provided thatr > 0 belongs to the real closed interval whose endpoints are
the nonnegative roots of the equation

2) (%+1) A-c)t*—2%+¢c=0,
wheren = dimm, r = dimbj.

Remark. a) Jensen proves that the metgc is Einstein if and only if ais
nonzero root of the equation (2).
b) No vector fieldY as in the Theorem is parallel, since any such a vector field has
positive Ricci curvature, by Proposition 11 (iii) and eqaat(26) of [5]. (Notice that
parallel unit vector fields are trivial minima of the energynétional.)

As an immediate corollary of Theorem 4 and Proposition 1 weeha

Corollary 5. If P and Y are as abovethen the unit vector fieldr satisfies
property (x1). If additionally ¢ is in the cited intervalthen Y satisfies propertyx2).

Concrete examples

Jensen classified all Lie algebra triplesh, b, satisfying the hypothesis of Theo-
rem 4. We adapt to our situation all those examples, up tcefinitverings, of Jensen’s
list involving classical groups (Examples 1-10) and oneepxional (Example 11),
making them explicit for instance as Grassmann- or Sti@fel-manifolds.

Next we fix some notation and recall some concepts involvetthénexamples. We

refer the reader to [1]. Lefes, ..., e, } denote the canonical basis Bf*, C" or H™.
The m x m identity and zero matrices are denoted By and 0 , respectivdle
matrix with blocks A;, ..., A, in the diagonal and zeroes in the rest is denoted by

diag(As, ..., An).

A complex orientationon anm -dimensional complex vector spate is an ele-
ment of (A™V — {0}) /R, that is an equivalence class of nonzeemultilinear al-
ternating functionsx’;’zlv — C modulo positive multiples. Equivalently, iV  carries
an Hermitian inner product, a complex orientation is an \ejance class of ordered
orthonormal bases o , two of them being in the same classdfanly if the com-
plex matrix relating them has determinant one, that is, ativegitor vy A- - - A vy, With

(v1, ..., v,) an ordered orthonormal basis &f
The S-projectivizationof an ordered orthonormal basis; (..., v,) of an Her-
mitian complex vector space is the spluvi, ..., uv,) | u € S*} and is denoted by

[U]_, ey Um].
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Let V be a real vector space with an inner prodyct ) and an orthogonal com-
plex structure/ , that is, an orthogonal operafor ‘on  such fRat —Id (in partic-
ular the dimension oV is even). Then  has canonically thectira of a complex
vector space and

(x,¥); = (x,y) +i{x, Jy)

defines an Hermitian product ovi
Let (V, () 9) be an oriented Euclidean space of dimensien 2 . An orthogonal
complex structure/ oV is said to Ispecialif w™ =60, wherew (x, y) = (x, Jy) for
all x,y € V. If Vv.=R?" with the canonical inner product and the canonical oriémtat
et A--- A e?, then the linear transformation given by the matix (%’; o) is
a special complex structure and all the other ones have the 0, k—* for some
k € SO (2m).
The Killing forms of so (n),su m) C M(m,C) and ofsp (n) C M(2m,C) are
given by

®3) F(X,Y)=Autr(XY),

where )\, =m — 2, 2n, m + 2, respectively.

In each of the Examples 1-11 below, the Lie groKp acts tisekiton P
and M . Suppose that is endowed with the bi-invariant metrierd@ned by the op-
posite of the Killing form andP andf carry the Riemannian suipes such that the
canonical projections oK onto them are Riemannian suborssi

Theorem 6. In each of the following examplethe projection
w:P>K/H,—M*=K/H

is a Riemannian submersion add  is an irreducible symmepacs. If P carries the
metric g, defined in(1), then for all7 > 0 the unit vector fields’, with ¥ € b1, which

are parametrized by the unit sphere b = R", have property(x1). If additionally ¢

is in the real interval whose endpoints are the roots(2), with the given constant,

thenY has property(x2).

ExavpLe 1. M is the Grassmann manifold of all orientgd -dimensiondd-su
spaces ofR”*? and P is the Stiefel manifold of all ordered orthonormal basksle-
ments of M .

K=8S0(p+q) | H2=50(q) | H=50(p) x SO (q)
b1 ¥ so(p) r=(5) c=(r-2)/(p+q—2)

Clearly, H, = {I,} x SO (q) and H are the isotropy subgroups @, ...,e,) and
e1 N\ - Aep, respectively. Next we compute . By (3), ¥ € so(p), then F1 (X, X) =
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(p —2)trx? and
F (diag(X,0,) ,diag(X,0,)) = (p +q — 2)tr X2
Hence,c =p—2)/(p+q —2).
ExampLe 2. M is the manifold of special complex structuresR¥ and P is the

manifold of all complex orientations on the complex vectpase structures oiR?”
determined by elements aff

K=SO0@2p) | Ho®SU(p) | H= U (p)
b =¥ R r=1 c=0

We recall that K acts onM by conjugation. The isotropy subgraipJ/, is
H = {AeS0(@2p)|AJ,=J,A}, whose Lie algebrah consists of all matrices
fHr (X +iY) = (’)f —XY), where X ,Y are realf x p)-matrices,X is skew-symmetric
and Y is symmetric. The mag, u: p(-» b is a Lie algebra isomorphism. The Lie
algebra of the isotropy subgroup @R?, J,) = C?,e1 A---Ae,) is ba = f, (su (p)),
that is,

ho={f, (X +iY)|trY =0}.

Hencebh; =RJ, is abelian and se = 0.

ExampLE 3. M is as in the previous example arf is the manifold of all
S-projectivized orthonormal bases of the complex vectorcepstructures oR?” de-
termined by elements aof/

K=502p) | Hy > St H > U (p)
hr>su(p) |r=p°-1|c=p/(2p-2)

The Lie algebra of the isotropy subgroup @R, J,) = CP, [e1,...,e,]) is b2 =
RJ,, since exdsf, * (J,))e; =e'e; forall j =1,..., p. Hencebh; is the subalgebra
we calledh; in the previous example and vice versa. Next we compute .M et
so(p) C su(p) andY = 0. By (3),F1(X,X) = 2ptrX? and F (f,(X), f, (X)) =
2(2p — 2)trX?. Hencec is as stated.

ExampLe 4. M is the Grassmann manifold of all oriented 4-dimensiond-s
spaces ofR**7 and P is the manifold of all special orthogonal complex suites on
elements ofM , with their complex orientations.

K=S5S0(4+q) | Hb>S5*xS0(q) | H=50(4) x SO (q)
h1 = so (3) r=3 c=2/(q+2)
Clearly, H is the isotropy subgroup atA---Aes. For a quaterniory , leR, L, de-
note right, respectively left, multiplication by . With thesual identificationR* =~ H,
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any element ofSO (4) may be written a, o R, for some p,q € $* c H, and
the special complex structute  := didg(J1) is represented by.; . Now,,oR, is a
complex automorphism ofR*, J) if and only if it commutes withZ; , or equivalently,
p =¢'? for somed € R. Moreover, the complex orientation A e is preserved if and
only if p=+1. Therefore, ifR (respectively. ) is the subgroup$®  (4) dsiisg
of all matrices, with respect to the canonical basis, of thedformationsk, (respec-
tively, L,), ¢ € S® C H, then the isotropy subgroup at;(\ - Aes, J,e1Aes) € P
is H» = R x SO (¢) and b, is the Lie algebra of. .

We now computer . Foy € S, let [ (g) € SO (¢) denote the matrix ofL, with
respect to the canonical basis. The miags®:— L is a Lie group isomorphism and
dl(i) = J € Lie(L) C so(4). Let J = diag(/,0,) € so(4+q). Sinced! is a Lie
algebra isomorphism, and

4) [x, y] = 2xy

for all orthogonalx ,y € ImH = 715%, we have thatF; (/,J) = —8. On the
other hand, we have by (3) that (J,J) = (¢ +2)trJ? = —4(q +2). Therefore,

c=2/(q +2).

ExampLe 5. M is the Grassmann manifold of af} -dimensional subspades o
Cr*4 and P is the manifold of all complex orientations of elemenitsin

K=8SU(p+q) | Ho=SU(p)xSU(q) | H=S(U (p) x U (q))
1ER r=1 c=0

Clearly, H andH, are the isotropy subgroups at spaf) ..., e,} and atey A--- Aep,
respectively. The orthogonal complementipfin § is b1 = ]Rdiag(qil ,—pilq) > R,
which is abelian. Hence; =0.

ExavmpLe 6. M is as in the previous example afd is the Stiefel manifoldlbf
S1-projectivized ordered orthonormal bases of elementa/of

K=SU(p+q) | b2%ulg) | H=S(U (p) x U(q))
b1 = su(p) r=p’—=1|c=p/(p+q)

The isotropy subgroup &, ..., ¢,| is the connected group

Hp = {diag(ul,, A) |u € S, A€ U (q),u”detd) =1},
with Lie algebrab, = {diag(ail,, X) |a € R, X € u(q), pai +trX = 0}. The orthog-
onal complement oy, in b is by =su (p) x {0, }. Next we compute: . IX € su (p),

by (3), F1 (X, X) = 2p trX? and

F (diag(X,0,) ,diag(X,0,)) =2(p +q)trX2
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Hencec =p/(p +q).

ExampLE 7. M is the Grassmann manifold of gl -dimensional subspate&s?®
and P is the Stiefel manifold of alf*-projectivized ordered orthonormal bases of the
elements ofM and their orthogonal complements.

K =SU (2p) Hy> S'x7Z, | H=S(U (p) x U (p))
by = su (p) x su (p) r:2(p2—1) c=1/2

Clearly, H is the isotropy subgroup at sgaq ...,e,} and the isotropy subgroup at
([el, e, e,,] , [ep+1, R 62,,]) is

H, = {diag(ul,, vI,) | u, v € S, uPv? =1}.
The map¢: S x Z, — Ho, ¢ (u, w) = diag(wul,, ul,) is a Lie group isomorphism
(we think of Z, as the solutions ot” = 1). Next we compute . LY € su (p).
Since b, is a sum of ideals, we have by (3) that
Fy(diag (X, Y), diag &, Y )) =2 (r X2 +try?).
On the other hand, also by (3), we have that
F (diag (X, Y), diag &, Y )) =4 trdiagX? Y?) =4p (r x> +trv?).

Hence,c =%2.

ExampLe 8. M is the Grassmann manifold of gl -dimensional quaterinicub-

spaces offi**? and P is the Stiefel manifold of all ordered orthonormal basksle-
ments of M .

K=8p(p+q) | H2=Sp(q) | H=Sp(p)*xSp(q)
b1 = sp (p) r=p@p+1)| c=(p+2)/(p+q+2)
Notice thatK = U (p +¢,H). H is the isotropy subgroup at; A --- A e, and the

isotropy subgroup ates, ..., e,) is {1,} x Sp(g). Henceb1 = sp (p) x {0, }. By (3),
sincesp () is a real form ofp g, C), we have that =g +2j(p+q +2).

ExampLE 9. M is the Grassmann manifold of all totally isotrogic -diraemal
complex subspaces @2’ (with respect to the canonical complex symplectic struectur
Q=3"",dz; Ndzj.p) and P is the manifold of all complex orientations of elements
of M.

K=58p(p) | H2=SU(p) | H=U (p)
hy ¥R r=1 c=0
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Recall thatk is the group of complex automorphismsG3f preserving both2 and
the canonical Hermitian scalar product. The isotropy sobgrat spafes, ..., e,} is
H = {diag(B, E) | B€ U(p)}. The isotropy subgroup aty A --- Ae, is H, =
{diag(B, B) | B € SU (p)} with Lie algebrah, = {diag(X, X) | X € su(p)}. Hence
b1 =Rdiag(if,, —il,), which is abelian and so =0

ExavmpLe 10. M is as in the previous example a®d  is the Stiefel maniféld o
all S*-projectivized ordered orthonormal bases of elementa/of

K=Sp(p) | 228" | H¥U(p)
b1 =su(p) | r=p°=1|c=p/(p+2)
The isotropy subgroup afle1, ..., e,] is Ho = {diag(ul,, ul,) | u € S*}. Hence,b,

is the subalgebra we calldgl in the previous example and vice versa. Next we com-
pute ¢ . GivenY € su (p), we have by (3) thafy (Y, Y) =2p tr¥? and

F (diag(Y, Y),diag(Y,Y)) = (p + 2)trdiag(Y2 Y2) = 2 (p + 2) try2,
since Y2 = (—y")% Hence,c =p/(p+2).
ExavpLE 11. M is the Grassmann manifold of all quaternionic subalgelof the

octonians andP is the Stiefel manifold of all algebra mongsh@ms ofH into the
octonians.

K =G, H, = SU(2) | H= SU(2) x SU (2)
by = su(2) | r=3 c=1/6

We recall that the algebr@ of the octonians isH x H with the multiplication given
by

(a,b)(c,d) = (ac — db, da + bE)

and G is its group of automorphisms. The grodp x $° acts onQ as follows:

(5) (@, v). (. y) = (wxu, vyu )

(we denote the action by a dot, to avoid confusion with theomiein multiplication).
The action is effective and preserves the algebra stryctueace we may consider
$3 x §% as a subgroup ofi,. The productS® x S® is moreover the isotropy subgroup
at 1ni A j Ak. On the other hand, the isotropy subgroup at the inclugipnH — O,
fo(x) = (x,0) is H, = {1} x §3. We compute the constart corresponding to this
example in the following Proposition.

Proposition 7. The constant corresponding to the last examplé /6.
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Proof. We consider the presentation gf in terms of its root system, as the or-
thogonal direct sum

g2=td Z my,

yEA*

where t = R? with the canonical metricae = (20), 3 = (-3,V3) and
A" ={a, B, a+ 5,20+ (3,3a+ 3,3 + 203} is the set of positive rootan, is a two-
dimensional vector space with orthonormal bagis, y-} and

(6) [2.0] =@y [w] == xy, [22]=00 [x.0,] =9

for all z,z’ € t and ally € A* (we do not need the expression for the Lie brackets of
the other elements). Notice that the inner product is a negatultiple of the Killing
form.

Let ST = {¢"* | s e R} C S Since the restrictions to each facts? of the ac-
tion (5) on ©® commute,S* x S* C $% x §% is a maximal torus inG, and there is a
Lie algebra monomorphism

v T (53 X S3) =ImH x ImH — g5

such that the restriction of to each factor Inil preserves inner products (butdoes
not!). We may suppose that(ImH x {0}) = Ry; & m,, and: ({0} x ImH) =Ry, &
m.,, for some pair of orthogonal positive roots, v, say {vi, 72} = {«, 3o + 26}. By
Lemma 8 below;y; = @ and hencéd); = Radm,. Using (6), one computes the matrix
of ad, with respect to the basis af, consisting ofa, § and x., y, for v € A*: It

is a matrix with blocks\J; in the diagonal, withA = 0, 4, 6, 2, 0,—2, —6. Hence,
F(a,a) = trad, = —192. On the other hand, the matrix of gl with respect to
the basis{a, x4, ¥} is diag(Q 4/1) and soFi(a, ) = tr adfy\h1 = —32. Therefore
¢ =32/192 = 1/6. U

Lemma 8. With the notation of the previous Propositjom = a.

Proof. Since the inner products on Hnand g, are (negative) multiples of the
respective Killing forms and those Lie algebras are simfihere exist positive con-
stants\ and p such that

[e@. 0) = Allx]land o (0, x)I| = 1 lx]]
for all x € ImH. Now, since. is a Lie algebra morphism, we have by (4) that

[¢(j,0),¢(k,0)] = 2.(i,0). Hence we may take(j,0)/\ and ¢ (k,0)/\ as x,, and
Y+, respectively, since they are orthonormal and their Liecketis a positive multi-



SoLENOIDAL UNIT VECTOR FIELDS 543

ple of . (i, 0). Therefore,

2,G.0) 2
Ivall = | [rons v | = ”Lf\liz)” =1

Analogously, ||v2|| = 2/u. Thus, to show thaty = «, the short root, it suffices to
verify that A > p.
Differentiating the action (5) ofG, on O, we have an inclusiod g, — so0(8)
(identifying O with R® in the canonical way):
(e"sxe*"s, ye*"s) = (ix — xi, —yi),
0

(x, eisy) =(0,iy).
0

@) 1606 =

1006y = 4

Let B be the inner product oso (8) defined By X,(Y¥ )}=r XY, which is a nega-
tive multiple of the Killing form ofso (8), and also (vid ) of thaf g,, since this al-
gebra is simple. By (7)] i{ 0) =diag£02/;, —J1, J1) and I (Qi ) = diag (®, J1, J1).
Hence,

XG0 _ B(,0).16,0) _12 _

2o BUON. 1) 4 °7h

as desired. Ol

Proof of Theorem 2. LeK andi, be as in Example 5 (fodn £) or as in
Example 8 (forA =H), with p = 1 andg =n . The grougk acts offi by isome-
tries, preserving the distributiof?. The isotropy subgroup at is H,, which acts ir-
reducibly onD,, and on its orthogonal complement T, S. Therefore, there exist pos-
itive numbers), 1 such that the map

(8) (b: (K/HZ’ gl) - (S’ /“L’Y)\I)! (b(kHZ) = kel’

is an isometry for any > 0. Moreover, in each casg is canonically isomorphic to
ImA and a vector field’ on K/H, (Y € b1) is mapped byd¢ to one of the vector
fields U considered in the Theorem. Hence, the assertion diegaproperty 1) is

proved (notice that if a unit vector fielf on a Riemannian rf@di(V, g) satisfies
properties £1-2), thenuV on (N, ug) has the same properties).

By Theorem 6 - Example 5, the Remark after Theorem 4 and (8y, the round
metric v1 is Einstein among the metricg on $2**! and hence any unit vectd/, on
(81, 4,) satisfies property+) if 0 < s < 1. We consider nows**3. By the Exam-
ple in [5], the metricg;, of Example 8 is Einstein if and onlysf = 2 (corresponding
to a round metriguy;) or 2 = 2/ (2n + 3). Sinces =\t, we have)? = 1/2. Therefore,



544

F. BRiTto AND M. SALVAI

proceeding analogously as before, the unit vecipr  (8%*3, +,) satisfies property
(x2) if 1/ (2n +3) < s?2 < 1. O
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