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1. Introduction

In the theory of modular representations of a finite group G in an alge-
braically closed field £ of characteristic p, Brauer has proved a useful reduction
theorem for blocks [2, §§11, 121, [5, (88.8)1, which can be reformulated as
follows :

TueoreMm 1 (Brauer). Let P be an arbitrary p-subgroup of G ; let N = Ng(P)
and W= PCe(P). Then there is a natural one-to-one correspondence between the
set of all blocks of G which have P as a defect group and the set of orbits, under
conjugation by N/P, of those blocks B of W/P such that:

(1.1) B has defect 0, and

(1.2) IS : W/Pls40 (mod p), where S is the stability group of B in N/P.

The proof of this theorem can be divided into three parts: first a reduc-
tion from G to N by Brauer's first main theorem [2, (10 B)], then a reduction
from N to W which is obtained by analyzing relationships between N and its
normal p-subgroup P [2, (11 B)], and finally a relatively easy reduction from
W to W/P. The arguments in [2] rely heavily on the theory of Brauer
characters. Rosenberg [12, Theorem 5.3] has given a proof of the first reduc-
tion which operates within centers of group algebras, thus avoiding the use
of character theory, and which eliminates the assumption that £ is algebraically
closed; and Conlon [4, p. 166] and Reynolds [11, Theorem 1] have generalized
Rosenberg’s argument to twisted group algebras, that is, to the case of pro-
jective representations.

It is the aim of the present paper to-obtain a corresponding treatment of

the second reduction, and so to prove by character-free methods a version
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(Theorem 5) of Theorem 1 for twisted group algebras over arbitrary £, which
embodies the first two reductions. The generalization to the twisted case
causes almost no complications, while the generalization concerning & forces
us to replace the stability group by a certain smaller group. We also
perform the third reduction to obtain another version (Theorem 6) of Theorem
1; however we have not been able to avoid using character theory at one
point here (cf. the Remark preceding Theorem 2). In the twisted case, the
third reduction is not possible in general unless a purely inseparable extension
of 2 is allowed.

We develop our tools in sections 2 and 4, leading up to the block theory
for a group and a normal subgroup (cf. [6, §11, [10, §101). The heart of
the paper is in §5, where we prove Theorem 5 by placing it in the setting of
this theory. Here the normal subgroup is PCe(P), P being a normal p-subgroup.
This situation is summed up in Theorem 4, which is closely related to a
theorem of Fong [6, (1 F)1; then Theorem 5 is obtained as a corollary. The
final section is devoted to the third reduction.

2. Commutative algebras

Let 4 be a (finite-dimensional associative) commutative algebra with identity
1 over a field #. ‘There are natural one-to-one correspondences between (a)
the block idempotents, i.e. primitive idempotents, of 4, (b) the maximal ideals
of 4, and (¢) the irreducible representations of A in £, in which the idempotent
e corresponds to the ideal

2.1 Ma(e) = A(1 —¢) + rad 4,

which in turn is the kernel of the corresponding representation [2, pp. 415~
4161, [12, pp. 210-211]. (Here rad A denotes the radical of 4.) We shall find
it convenient to emphasize the ideals rather than the representations, since
the latter need not have degree 1. We have 1=, sumrﬁing over the set of
all block idempotents ¢ of 4. Each idempotent d of 4 is the sum over some
subset of this set; we call the elements of this subset the summands of d in
A. Note that these summands are necessarily block idempotents of 4.
Suppose that 4 is a subalgebra of 4 with 1 4, that d is a block idempotent
of 4, and that ¢ is a summand of d in 4. Then 4(1 ~d)SA(1—-d)cSA(1—e),
so that in the notation of (2.1) :
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MJd)=41-d)+rad 4c{dN M1 —e)} + {4Nrad 4} 4N Mxp(e).
Since M.td) is a maximal ideal of 4,
(2.2) M (d) = 4N Male).

Next we state some results involving field extensions, which we shall need

later to reduce our considerations to the case where 2 is a splitting field.

Lemma 1. Let A be a commutative algebra with 1 over @. Let Q% be a finite
extension of Q which is a splitting field for A, and let A* = 0 @ oA be the -
algebra obtained from A by scalar. extension. Let e be a block idempotent of A,
and e* a summand of e in A*. Let k be an Q-automorphism of A such that
k(e) =e, and let k* be the extension of k to an Q*-automorphism of A*. Then

{2.3) Ex)=x (mod Mple)), x4,
if and only if B*(&") = é*.

Proof. Set h(x) = x+ Ma(e) = A/Mple). Leth® be theirreducible representa-
tion of A* in 2% corresponding to ¢*. Then the kernel of %£%|A4 contains, and
hence equals, Ma(e); therefore there is an 2-monomorphism i of 4/Mx(e) into
Q% such that i>h =h*|4. Then (2.3) is equivalent in turn to each of the
" statements Ack=h, (B*| Aok =n*4, and A*2E* = h*. A*/rad 4 is a direct
sum of copies of 2%; and since the natural mapping of A* onto A4*/rad A*
maps block idempotents on block idempotents (cf. [1, Theorem 9.3 C1), one
of these copies is (A%/rad 4%)(e* +rad 4%). Then A*ok*=h" if and only if
E*(¢*) = k¥ (mod rad 4%); and since £* permutes block idempotents, the latter
holds if and only if £*(¢*) = k"

Lemma 2. (Noether) [7, §91, [13, §1241. Let 9, 4, 2%, A%, and e be as in
Lemma 1. Assume in addition that 2 is normal over 2; then the Galois group
G of QF over 2 has a natural action on A*, which permutes the block idempotents

of A*. Then the set of all summands of ¢ in A* is an orbit under .

Proof. The conclusion is equivalent to the following statement: if % is
the irreducible 'represent‘altioni of A in £ corresponding to ¢, then the distinct
irreducible constituents 4%| A of\ h in ©* form an orbit under algebraic conjuga-
tion by . We can take % asin Lemma 1; as in that lemma, these constituents
correspond naturally to the 2-monomorphisms i of the field 4/Mx(e) into 2%,
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The result is now clear.

CoroLLARY. Let A be a commutative algebra with 1 over 2, let 2 be a finite
purely inseparable extension field of @, and let A* = 9*Qod. Then A and A* have
the same block idempotents.

To prove this, apply Lemma 2 with £c2*c 9, using the fact that the
Galois groups of 2% over 2 and over 2* are equal.

3. Twisted group algebras

Let G be a finite group and let 2 be a field of prime characteristic p. Let
I'(G) be a twisted group algebra of G over £2: that is, an associative £-algebra
with a basis {(g) : g€ G} such that (g)(%) =eg n(gh), g, h= G, where 0+~ eg, s
e 2 [1], [11], [14]. Here the mapping ¢ : (g, 2) =g, » must be a factor set
(or 2-cocycle) of G in 2. For any x€ I'(G) and g< G, define

3.1) 1% = (g)'xl(g).

The mapping x—x% is an 2-automorphism of the algebra I'(G). Furthermore
(x8)" =x®" for g, he G, so that G is represented homomorphically by these
automorphisms. The set {x& I'(G) : % =« for all g= G} of fixed points of
this action of G on I'(G) is clearly the center 4(G) of I'(G). For any subgroup
X of G, let I'(X) be the subalgebra of I'(G) with basis {(g) : g X}, and let
A(X) be the center of I'(X).

An element g= G is called e-regular (or, in the terminology of [4], a u-
)h

element) if (g)" = (g) for all 2= G such that g” = g, where we set g*=#%""gh.

By [4, §1] we can assume without loss of generality that ¢ has been chosen
so that

(3.2) @) =(g", g heG, g eregular.

Then the class sums (K) = > gex(g) for all the e-regular conjugate classes K
of G (that is, all classes consisting of e-regular elements) form a basis of 4(G)
[4, p. 1551, [14, p. 1741.

For any g€ K, any p-Sylow subgroup of Ce(g) is called a defect. group of
K in G. Each block idempotent ¢ of A(G) can be written in the form

(3.3) e=>wxalKI(K), «alKleg,

summing over the e-regular classes K. The largest of the defect groups of
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those K for which a[ K]0 are called the defect groups of e in G; these make
up a full set of conjugate subgroups of G [4, §37, [12, §21.

Remark. In (3.3), a[K1=0 unless K consists of p-regular elements. This
can be proved as in [9, p. 1781, working in a splitting field of 4(G) and using
projective Brauer characters [8, p. 591. This remark will be used in §6.

TuroreM 2. Let 9% be a finite normal extension of 2, let AHG) = 2° Q@ o A(G),
and let & be a summand of e in A*(G). Then the defect groups of € in G

coincide with those of e.

Proof. Observe that A*(G) is the center of a twisted group algebra over
2*.  We can assume without loss of generality that 2* is a splitting field for
A(G) : cf. the proof of the corollary to Lemma 2. By that corollary, we can
then replace 2 by its purely inseparable closure in 2%, and so assume also
that @* is separable over 2. By Lemma 2, e= 3}, ¢"* where ¢ runs over a certain
subset of &.

Let D be a defect group of ¢*, and hence of each ¢*’, in G, and let N=
Ng(D). There is an algebra-homomorphism s, the Brauer homomorphism [4,
p. 1561, [12, Lemma 3.3], of 4*(G) into 4*(N) such that

(3.4) s((K))= 2 (g), K eregular;

gEKNLG(D)

here we assume (3.2). Then s(e) = 3),s(e"”) = Sh(s(e*))”. By the reduction
from G to N [11, Theorem 1], [12, Theorem 5.3], the elements s(¢*’) are
distinct block idempotents of 4£*(N) with defect group D in N, and ¥ permutes
the subsums of the sum 3),¢*” and those of the sum S),s(¢*’) in corresponding
ways. Any summand of s(e) in A(N) in the sense of §2 isa subsum >ks(e*")
of Sls(e*”) which is invariant under ¥; then S)e¢*" is invariant under ¥,
and so is in A\G) (by separability), and therefore equals e. In other words,
s(e) is a block idempotent of A(N). By [4, p. 1661, [12, Proposition 4.4],
s(¢*”) is a linear combination of class sums of N corresponding to classes with
defect group D; then the same holds for s(e), so that s(e) has defect group
D in N.

The expression (3.3) for e involves only class sums of classes of G with
defect groups conjugate to subgroups of D in G, since the same holds for ¢*
by the definition of D. But by (3.4) and the fact that s(e¢) has defect group
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D in N, some one of these classes of G contains a class of N with defect
group D in N, and hence has a defect group containing D in G. Therefore
D is a defect group for e in G, and the theorem is proved.

4. Normal subgroups

Under the assumptions of §3, let H be a given normal subgroup of G.
Then I'H) is stable under the action (3.1) of G on I'(G), and the algebra
4(G, H) of fixed points of I'(H) under this action is given by

4.1) 4(G, H) =AG)NT(H) = A(G) N A(H).

Clearly this action of G permutes the block idempotents f of A(H), and
the block idempotents of 4(G, H) are the sums

(4.2) d=>.f%

over the orbits of this permutation representation [6, p. 2661, [10, p. 346]. In
(4.2), f is fixed and g runs over a set of right coset representatives in G of
the stability group (or inertial group)

(4.3) L(f)={ucG: f*=f}
of fin G. Each such d can alsp be expressed as a sum
(4.4) d=>e

of some of the block idempotents ¢ of A(G), namely the summands of d in
A(G) in the sense of §2. By (2.2),

(4.5) My, m(d) = A(G, H) N Maw@e) = A(G, H) N Muwu,(f).

For each ue Ie(f), the action x—»>x* of (3.1) maps Maam(f) onto itself,
and hence induces an Z-automorphism

x+MA<y)(f)—>x“+MA(y)(f)

of the field A(H)/Muyu(f), regarded as containing £ in the natural way. The
set of those # for which this automorphism is the -identity is a subgroup of
Is(f) which we call the small stability group of f in G (relative to H).. If e
is a splitting field for A(H), then A(H)/Mamx(f) = £ and this group is simply
Is(f). For general 2, the following theorem is an immediate consequence of
Lemma 1,
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TueoreM 3. Let 2% be a finite normal extension of 9 which is a splitting
field for ACH), and let A*(H) = Q*Q@oA(H). If f* is any summand of f in
AYH), then the smail stability group of f in G is equal to Is(f*).

Accordingly, we shall denote the small stability group of f in G (relative
to H) by I& a(f).

5. Normal p-subgroups

Now assume that I'(G) is a twisted group algebra of a finite group G over
a field 2 of characteristic p, and that P is a normal p-subgroup of G. We
shall study the situation of §4 for the normal subgroups C =Ce(P) and W=
CP of G.

LemMa 3. The algebras A(G), 4G, W), and 4(G, C) have the same set of
block idempotents.

Proof. Since 4(G, C) < A(G, W) < A(G), we need only show that every
block idempotent d of 4(G, C) is a block idempotent of A(G). For any such
d we have d = >e, summing over certain block idempotents of 4(G), by (4.4).
Let s be the Brauer homomorphism of A(G) into A(Ng(P)) = A(G); then s((K))
= EEKM(g) (cf. (3.4)). Then s maps A(G) into 4(G, C) and fixes each element
of 4(G, C), so that

(5.1) d=s(d)=>]s(e).

By the “twisted” generalization, implicit in [4, § 3], of [12, Proposition 4.41],
the defect group in G of each ¢ contains the normal subgroup P. Hence the
expression (3.3) for e contains some term with «[ K1+ 0 and K<C; this implies
that s(e)# 0. Thus (5.1) expresses the block idempotent d of 4(G, C) as a
sum of non-zero orthogonal idempotents of 4(G, C). Hence the sum in (5.1)
contains only one term, and the same must hold in (4.4). This proves the

lemma.

Remark. Lemma 3 is of the same type as [10, Lemma 12 D], which asserts
that if H is a normal subgroup of G and if G/H is a p-group, then A(G) and
4(G, H) have the same block idempotents.

Lemma 4. Let e be a block idempotent of A(G), and hence also of 4(G, W) ;
let f be a summand of ¢ in A(W), and let S=1s(f). Then
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(5.2) e=2gfg’

where g ranges over a set of right coset representatives of S in G.  Furthermore
f is a block idempotent of A(S), and each defect group of f in'S is a defect group
of e in G.

Proof. By Lemma 3, e is a block idempotent of 4(G; W). Then (4.2)
yields (5.2), with f a block idempotent of .1{(W). By the definition of S, f is
a block idempotent of 4(S, W), and hence also of A(S) by Lemma 3 for S.
This proves everything except the statement about defect groups.

We can assume that the condition (3.2) and its analogues hold simultaneously
for ¢ and for its restrictions e| S and ¢| W. To see this, apply Conlon’s procedure
[4, pp. 154-155] first to the e-regular classes of G, then to the (e|S)-regular
classes of S whose elements are not e-regular, and finally to the (¢} W)-regular
classes of W whose elements are not (e|S)-regular. Then we can write

(5.3) e=>kalK1(K), f=2>pLLI(L),

summing over e-regular classes K of G and (e| W)-regular classes L of W
respectively. (In fact we need sum only over classes contained in C, by Lemma
3.)

By (5.2) and (5.3), e= >3, >)8(L1(L)%. Comparing this with (5.3), we
see that the value of this sum is unchanged if we restrict the summation to
those L which consist of e-regular elements. Making this restriction, we have
by (2.3) that (L)%= (L%), where L ={w? : we L}). Hence for LCK(ZW)

and K e-regular, we have
(5.4) alK1=3,pLL5],

with g as in (5.2).

For ue S and y& No(L), BLL™® ™1 = QL7 ] = BLLE ™1 = BLL*] (cf.
(5.3)); hence BLL# '] actually depends only on the double coset SgNs(L). For
any we L, No(L)= WCe(w), so that SgNe(L) =SgWCe(w) = SWgCel(w) =
SgCe(w). Then if z ranges over representatives of the distinct double cosets
Sz2Ce(w), (5.4) can be rewritten as

(5.5) alK1=21Co(w) : Celw)|BLLT].

By the definition of defect group, we can choose K here so that a[K]1+ 0"
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while each p-Sylow subgroup of Ca(w) is a defect group of ¢ in G. Then for
some z, BLL* 150 and |Ce(w) : Cs:(w) |40 (mod p). Replacing w by w* and
L by L?, we have we LCK such that

(5.6) BLL1# 0, |Ce(w) : Cs(w)|£0 (mod p).

Then any p-Sylow subgroup of Cs(w) is a defect group of ¢ in G, and, since
BLL1=0, it is contained in some defect group of f in S.

By [12, Proposition 3.2], which carries over to the twisted case, we can
impose on K the further restriction that '

(5. 7) (K) QEMA(g)(e).
By (4.5),

MA(G’,W)(e) = A(G, W) n MA(G)(e) = 4(G, w)Nn MA(W)(f),
Mo, wy(f) = A(S, W) 0 My, (f) = 4(S, W) 0 Mo, (f).

By (5.7), (K)&Mae,w)(e) ; since (K) € 4(G, W), (K) & Mo, (f), whence (K) &
Mas,w)(f). But (K) € 4(S, W), whence (K) & Maw(f)-

Write (K) = >)(K"), where each K' is a conjugacy class of S. Then we
can choose K' so that (K')& Ma(f). K’ contains some conjugate w' of w
in G. Since (K')& Mas(f), the argument of [12, Proposition 3.2] shows that
any p-Sylow subgroup D of Cs(w') contains a defect group of fin S. On the
other hand, D is contained in a conjugate in G of a p-Sylow subgroup of
Co(w). Combining these facts with those following (5.6), we see that D is
both a defect group of f in S and a defect group of ¢ in G. This completes
the proof of the lemma.

TueoreM 4. Let e, f, and S be as in Lemma 4. Then f is a block idempotent
of A(S*), where S* =I1% w(f). If Dis a defect group of f in S* then:

(5.8) D is a defect group of e in G,
(5.9) WND is a defect group of f in W, and
(5.10) WD/ W is a p-Sylow subgroup of S*/W.

Proof. In the case that £ is a splitting field for A(W), S*=S and (5.8)
follows from Lemma 4. In the general case, let 2* be a finite normal extension
of £ which is a splitting field for A(W). Set A4*(X) =2*®a4(X) for each
subgroup X of G. Let f* be any summand of f in 4*(W). Then f* is a
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summand of e in 4*(W), and so there is a summand ¢* of ¢ in 4*(G, W) = 4*(G)
N A*(W) such that f*is a summand of ¢* in 4*(W). By Lemma 3, &* is a
block idempotent of A4*(G).

By Theorem 3, S*=1I,(f*). Then Lemma 4 shows that f* is a block
idempotent of 4*(S*), and that each defect group of f* in S* is a defect group
of ¢ in G. The same lemma, with S* in the role of G, shows that fis a
block idempotent of A(S*). By Theorem 2, ¢ and ¢* have the same defect
groups in G, and f and f* have the same defect groups in S*. Combining
these results, we obtain (5.8). ‘

In view of (5.8), we see that in proving (5.9) and (5.10) we lose no
generality by supposing that G=S*; then also ¢=f. As in the proof of
Lemma 4, we have K such that a[K]1*0 and (K)&Maw,(f), while for each
we K, each p-Sylow subgroup of Ce(w) is a defect group of fin G. We can
choose w so that the given defect group D is a p-Sylow subgroup of Ce(w).
The straightforward equation

[Ca(w) = DI =[Cw(w) : WND||WCe(w) : WD

shows that WN D is a p-Sylow subgroup of Cw(w), and that | WCs(w) : WD|5£0
(mod p). Let L be the conjugate class of W containing w. Then S[L] = a[K]
#0 since e=f; therefore WN D is contained in some defect group D of f in
i | ,

We have (K) =>),(L)°, summing over right coset representatives v of
No(L) = WCe(w) in G. Since G=S* (L)=(L)” and then 0% (K)s=
|G : WCe(w)|(L) (mod Mauw)(f)). Then |G : WCe(w)|s£0 (mod p), so. that
|G : WD|=£0 (mod p), which yields (5.9); and (L) & Maw,(f), which implies
that WN D2 D [12, Proposition 3.2] and yields (5.10). This completes the
proof of Theorem 4.

At this point we drop the assumption that P is normal in G, and apply
Theorem 4 for Ns(P), in conjunction with the reduction from G to Ne(P) [11,
Theorem 1] (cf. [2, (10 B)], [12, Theorem 5.3]), to obtain our main theorem.

TureoreM 5. Let IT(G) be a twisted group algebra of a finite group G in a
field @ of characteristic p. Let P be an arbitrary p-subgroup of G; let N = Ng(P)
and W= PCs(P). Then thére is a natural one-to-one correspondence between the *
set of all block idempotents of A\G) with P as a defect group in G and the set of
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orbits, under the action (3.1) of N, of ihose block idempotents f of A(W) such
that:

(5.11) f has P as its unique defect group in W,
‘and

(5.12) 1§ w(f) : W|=£0 (mod p).

Proof. By the reduction to N, the Brauer homomorphism of A(G) into
A(N) gives a one-to-one correspondence between the block idempotents of A(G)
in question and the set of the block idempotents of 4(N) with defect group P
in N. By Lemma 3 and (4.2), all the block idempotents e of A(XN) are in one-
to-one correspondence with all the orbits of block idempotents f of A( W) under
the action of N, where the orbit of f corresponds to ¢ if and only if fis a
summand of e in A(W).

We must show that if £ is a summand of ¢, then e has defect group P in
N if and only if (5.11) and (5.12) hold. Let D be a defect group of f in
I%. w(f); then by (5.8), e has defect group P in N if and only if D=P. If
(5.11) and (5.12) hold, then (5.12) implies that Dc W, 'and (5.9) shows that
D is a defect group of f in W, so that D= P by (5.11). ‘Conversely if D = P,
then (5.9) gives (5.11), and (5.10) gives (5.12). ‘

6. Reduction to W/P

Suppose again that P is‘a normal p-subgroup of G, and that I'(G) is a
twisted group algebra over 2. After replacing £ by a suitable purely inseparable
finite extension field, we can change [4, p. 154] the factor set ¢ of I'(G) to
échieve that thé elements (z), zéP,.for}m a normal subgroup of the multipli-
cative group consisting of all elements w(g), g€ G, 0xwe 2. (We do not require
that (3.2) still hold.) Then the Z-subspace of I'(G) spanned by all elements
(8)((2) = (1)), g€ G, z& P, is a nilpotent ideal of I'(G). - If ¢ is a-homomorphism
of I'(G) with this ideal as kernel, then the image #(I'(G)) is a twisted group
algebra I'(G/P) [4, p. 166], [12, Lemma 4.2]; similarly ¢#(I'(W)) =TI (W/P)
where W= PCq¢(P). Changing factor sets again, we can suppose that the factor
sets ¢ and & of I'(G) and I'(G/P) have been so chosen that the analogues of
(3.2) for & and z|(W/P) (but not necessarily for ¢) hold, while for all g G,
#(()) = (gP). Then under the actions (3.1) of G and G/P,
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(6.1) Hx®) = (¢(x)%, xeI(G), geG.

LemMma 5. (Cf. [3, (2G)]). The restriction of t to AAW) induces a one-to-
one correspondence f>t(f) between the block idempotents of A(W) and those of
A(W/P). In this correspondence, orbits under the action (3.1) of N correspond to
orbits of NP, Iop(t(f)) =Ie(f)/P, and I&e, wip(t(f)) = I8 w(f)|P. A subgroup
D of G is defect group of f in W if and only if D/P is a defect group of
t(f) in W/P.

Proof. By L1, Theorem 9.3 C], #| 4(W) induces a one-to-one correspondence
between the block idempotents of A(W) and those of #(A(W)). So we will
obtain the desired correspondence if we show that every block idempotent f
of A(W/P) lies in H A(W)). By the remark preceding Theorem 2, f is a linear
combination of p-regular (¥] W/P)-regular class sums () of A(W/P). Byl[2,
(11 A)], it is easy to show that each such class sum can be expressed uniquely
in the form (I) =#((L)) for some p-regular (e| W)-regular class sum (L) of
A(W), and that for each we L, Cw/»(wP) =Cw(w)/P. Then fet(4(W)), so
that 7 has the form #(f).

Now (6.1) implies the statements on orbits and stability groups. Applying
our results for a suitable splitting field 2* of A(W), together with Theorem 3,
we obtain the statement on small stability groups. The statement on defect
groups follows from a comparison of the expressions (5.3) for f and #(f).

Again dropping the assumption that P is normal in G, we obtain our final

result by using Lemma 5 to reformulate Theorem 5.

THEOREM 6. Under the assumptions of Theovem 5, let A(N/P) be defined as
above, after making a suitable purely inseparable finite field extension. Then there
is a natural one-to-one correspondence between the set of all block idempotents of
A(G) with P as a defect group in G and the set of orbits, under the action (3.1)
of N/P, of those block idempotents f of A(W/P) such that:

(6.2) f has defect group {1} in W/P, and
(6.3) |I%p,we(f) : W/P|=£0 (mod p).
In general it is impossible to avoid the purely inseparable extension in

Theorem 6, as the following simple example shows. Let G=N=P={1, a},
have order 2; let 2 =2Z,;(1) be the field of rational functions over the field
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with 2 elements; let en1=e,a=¢€s1=1, es,a =4 Then ¢ is a factor set, but
I'(G) =I'(N) is a field, and hence has no homomorphic image which is a twisted
group algebra I'(N/P). This example also illustrates that in the course of
Conlon’s proof of the first reduction theorem [4, p. 166], it is necessary to
make a purely inseparable extension. This extension causes no further com-
plications in the proof, since it does not change the block idempotents by the
corollary to our Lemma 2. Of course none of these difficulties arise in the

case that ¢ is trivial.
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