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Let H be a separable Hilbert space with inner product (,) and norm
II I. We denote by K the set of all linear operators on H. Let (2,%,P)
be a probability space and suppose we are given a family of o¢-fields &,,
t=0 such that § S, cF for 0=s=<t¢ and QO%,H:%},. We assume
further that each &, is complete relative to the ;robability measure P. A
mapping X,(o); [0,00)xQ— H is called an H-valued stochastic process or shortly
H-process if (f,X,) is a scalar valued (real or complex) stochastic process for
all fe H. In particular, if (f,X,) is a martingale for every fe H, X, is
called an H-martingale.

The purpose of this article is to define two types of stochastic integrals
by H-martingale S:(Ql(s"">’ dX,(»)) and S:diz(s,w)dXx(w) and to establish a
formula concerning these stochastic integrals. Here &,(s,0), i =1,2 is H-
or K-process, respectively, with suitable additional conditions. Similar prob-
lem concerning Hilbert space valued Brownian motion has been discussed
by Daletskii [1].

1. Preliminaries. Let X be an H-random variable. Then || X(o)|
is clearly an §-measurable real random variable. We suppose E|| X|| <. For
a given sub g-field ® of &, we define the conditional expectation of X relative
to ®, denoted by E(X|®), in the following manner; E(X|®) is an H-random
variable such that (f, E(X|®)) is ®-measurable and (f, E(X|®)) = E((f, X)|®)
holds for every fe H. Such E(X|®) is unique up to measure 0. Then an
H-process X, such that E||X,||<co, ¥¢#=0, is an H-martingale if and only
if E(X,|%,).= X, holds for every ¢=s.
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42 HIROSHI KINITA

ProrostrioN 1. Let & be a sub o-field of §. Let X and Y be H-random
variables such that E||X|?<co and E|Y|2<co. Then if X is ®-measurable, we
have

E(X,Y)|®) = (X, EYI[®)) or E(Y,X)|®) = (EY|S),X).

Proof. It is enough to prove the proposition in the case where X is
a step function, i.e., there exists a ®-measurable partition {B,} of 2 such
that X(0) = a, for w € B,, where each a, is a fixed element of H. Since
(X,Y) = X (a,, Y)Ip, (Ip is the indicator function of the set B) and B, belongs
to &, we have

E(X Y)18) = 3 El(an, Y)®) 5, = X (an EX [8)5, = (X, EYO)).

The proof of the second equality is quite similar to the above.
The following proposition is easily verified.

PropositioN 2. Let X, be an H-martingale such that E|\X,|| << oo for every
0=t <oo. Then X, has a weakly right continuous modification, i.e., there exists
an H-martingale X% such that P(X, = X¥) =1 for every t and (f,X¥) is a right
continuous scalar martingale for every f & H.

From now we shall only consider weakly right continuous H-martingales.
We denote by 9 the set of all H-martingales such that E|X,||*< e for
0<t<<oo and X, =0 a.e. P. Then for every X, € M, ||X.|> becomes a real
submartingale. In fact, using Proposition 1,

(1) E(1X: — XIP18e) = E(LXCNPSs) + 11 X012 — E(Xes X)18s) — E(Xe X2)|Ss)
= E(IX:*|&) — 1 X|* =0

if t=s. Let us now introduce the metric o to ¢ in the following way.

— __!L E”Xn— Ynnz
oY) =D T A =YL

Then M is a complete metric space (c.f. [2]).

ProposiTiON 3. Let X M. Then, for almost all o, X,(w) is strongly right
continuous and has strong left limits with respect to t. Furthermore, if X(o) is
weakly continuous, it is strongly continuous for almost all o.
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Progf. Let L be a finite dimensional subspace of H. Then the asser-
tion of the proposition is obvious for L-martingales. Since such L-martinga-
les are dense in I, it is enough to verify that the limit of a sequence of
strongly (right) continuous H-martingales is again strongly (right) continu-
ous. Let {X7?} be a sequence of It converging to X,. Then, for each
A>0 and N,

|

P(sup |lX, — X7 >2) =
t<N

- Ell Xy — X5|2>0 as n—oo

by

by Doob’s inequality. Hence there exists a subsequence {X7:} such that

P(sup | X,—X7t| >0 as k— o for every N>0) =1,
t<N

by Borel-Cantelli’s lemma. It is now obvious that X, is strongly (right)
continuous if so is each {X?%}. The existence of strong left limits is obvious
from the above discussion.

2. Stochastic integral I. We have shown in the preceding section
that || X,||> is a positive sub-martingale for any X € &. Hence, by Meyer’s
decomposition, there exists a unique natural increasing process <X), such
that ||X;[?—<X>, is a real martingale. This <X>, plays an important role
in the future. For X, Y € I, set

XY = L X+ T, — X =10

in case of real Hilbert space. In case of complex Hilbert space, the defini-
tion of <X,Y), should be modified in an obvious way. Then we have,
making use of equality (1),

(2) E((Xt - Xxs Yb - Y.‘;)‘%s) = E(<Xr Y>t - <X, Y>sl%a)’ t=s.

We denote by L(KX>) the set of all very well measurable scalar pro-
t

cesses ([5]) 9(s,w) such that E(S |D(s, 0)|2d{X ) (w)) < o for every 0<t << oo,
0

Then similarly as the one dimensional case, we have

(3) E([ovacx,yy)<kE([ o1 al<X>)Tl E({wiracy >)% ,

where ¢ € LKX)) and ¥ € LKY)).
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TuEOREM 1. For each X € M and O L(KX)), there exists a unique Y € M
such that

¥, Z3a) = {015, 0)dCX, Z2,(0) for every Z & M.

Further, this Y satisfies
(f, ¥ = { @ dlf, X, vfeH,

where the right hand of the above is the stochastic integral of the scalar martingale
(f, X,), and @ s the complex conjugate of @ .

The proof can be carried out similarly as that of real martingale,
making use of inequalities (2) and (3). (See [2]). We shall call the above
Y as the stochastic integral of @ relative to X and denote it as 5:¢dX.

By virtue of Theorem 1, we can define orthogonality of H-martingales,
projection etc. quite similarly as the case of real martingales. Two X and
Y are orthogonal if (X,Y>=0 or equivalently (X,,Y,) is a scalar martingale.
A subset M of M is a stable subspace if it is a closed subspace of M and
S@dXe N whenever X& N and & € L(KX)). Let M be a stable subspace.
We denote by R+ the set of all ¥ € 9 which is orthogonal to every ele-
ment of M. Then each X € M has a unique decomposition X = X! + X2,
where X'e %t and Xte Rt Let M, be the set of all X,(w) e M which is
strongly continuous with respect to ¢ for almost all . Then 9, is a stable
subspace of M. We denote M as M.

TueOREM 2. The set of all X € M, decomposed to the difference of the fol-
lowing two Y and Y, is dense in M, Y, is an F-measurable H-process changing the
values by jumps only; Y, is a strongly continuous H-process such that

sup t,,}_‘gt ”?tn - ch-lll <o
where 0 = t,<t,<t, <<+ and sup is taken for all such {t,}.
Furthermore, we have for every X € IN,

tét“Xt"— X 2= > [4X2 + <X, in L!-sense

x>0
st

as limsup |t, — oyl =0, where X° is the projection of X on M, and 4X, =
X, — X5 (X7 = lim Xo-o)
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Proof. Let L be a finite dimensional subspace of H. We denote by
M(L) etc. the subset of M etc. consisting of L-martingales. Then all the
assertions of the theorem is immediate from that of real martingales if 9%,
M, etc. are replaced by M(L), M4(L) etc. (See [2] or [5]). Since giﬂtd(L)
is dense in 9, the first assertion is obvious. Now let ¥ be the projection
of Xe M to M(L). Then making use of orthogonal expansion and Bessel’s
inequality, it is easily seen that ||Y, — Y||? increases to [|X, — X,||* as L in-
creases to H. Similar fact holds for <Y), and <X),. On the other hand
since tgétuy‘;‘k)_ Y. || converges to SEIIAY,II2+<Y°>, as liins%p!tﬁi"—til‘ﬂll =0,

likmt(%:" | X — th,kzlll“;‘%IIAX,II2 +<¢X*,. To obtain the converse inequality,

choose L large enough so that E||Xy— Yyl?2<e for given ¢>0 and N>0.
Then for ¢ <N,

Ellim >3 [ X — X, |1 < ENY|* + ENX, — Y.l

< e+ E(ZIAVIF + )
<+ B(ZI4XE + <X,

Therefore we have the desired equality.

Remark. Let X €. Then for ¢ >0 there sxists an increasing sequence
of stopping times {T;} converging to o a.e. such that || X, — X,|| <e holds
for all T; <s,¢t<T;,,. Such {T;} is called an e-chain for X. The asser-
‘tion of Theorem 2 holds if we replace ¢ by T;:, where {&} is a sequence

converging to 0.

3. Stochastic integral II. An H-process @(t,0) is called very well
measurable if (f,d(t,w)) is very well measurable for every f e H ([5]). For a
fixed X e M, set

Ly(X)) = {(qu) is very well measurable H-process such that E (S:II(DII"’d<X >>
<o for 0=t < 00}. Our purpose of this section is to define the stochastic
integral S (@,dX) for XM and @ & Ly(KX)).

t

0
We first consider the case where @ is a step function, i.e., there exist
0=t,<t,<+++<t,<-- such that @&(¢,0) = O(t;, 0) for t, <t <t;. Define

the scalar process Y, as
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Yc = 2 g¢(tk)9 Xc,”, - Xck) + (@(tl)9 Xc - XL),

tk+l

where [ is the natural number such that ¢, <¢<+¢,,.  Applying Proposi-
tion 1, it is easily seen that Y, is a scalar martingale. Moreover,

EY:|*= Z El00) "1 Xey,y — Xefll* + ENO(#) P X, — X, |I?

= £([loacx).

We shall denote by L%(<X)) the closure of the step functions in Lx(<XD).
(The metric of Ly(<X)) is defined similarly as that of ).

Choose a sequence of step functions {#"} of Ly((X>) converging to
0 e LY(KX)). Set Y7 = S:(qo", dX). Then

E|Y"—Ym|r< E(S: 10" — 0™ dXO) >0 as mm—r oo,

Hence there exists a square integrable martingale Y, such that E|Y,—Y?%|?
—0. It does not depend on the choice of {#"}. We shall write this ¥ as
t

So (@, dX).

In order to see that the stochastic integral can be defined for all

@ e Ly(<X?), it is necessary to verify L%((X>)= Lyz(<X>). Let {f'} be a
complete orthonormal system of H. For an arbitrary @ of Lu(<X>), set
= (@, f*). It is known that for each @' there exists a sequence of step

functions {®3},;, ... such that E <S:[q),i—(bi|2d<X>>—>0 as n—> o ([5]). Since
l|@]|2 = illq)il?, @ can be approximated by step functions of Ly (<X)).

Remark. Set X = (f',X,) and denote the scalar stochastic integral as
t

n ot )
Sq)‘dXi Then Z‘S 9'dX’ converges to Sc(q), dX) in L*norm. In fact, if
1=1J0 (1]

0

0= 5‘3(@, %) (finite sum) is a step function, then

i=1

[ 0,ax) = S0t X, — X.) + (@(8,), X,— X)

teaSt

31 :0(1) (Xt — X1 + 1 01(1) (X — XD)

=1

-,

o~

s

] Soqr‘dxi.

1
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The above holds obviously for arbitrary ¢°. The convergence of élgzq)idX ¢

t
0

to S(@ dX) for arbitrary @ & Ly({X>) is now obvious.

4. Stochastic integral III. Let ¢(f,0) be a mapping from [0, o)X 2
to K such that &(¢,0)f is very well measurable for all fe H. We denote
by [|0ll(#,w) the norm of the operator &(¢,0w). It is easily seen that |||
(t,0) is a real very well measurable process. We shall call @ is a step
function if there exists 0 =t,<t, < --- <t,< such that 9(t) = @(¢,) for
L=t <ty Set

LY((XD) = [¢l¢ is a very well measurable step function such that
t
E({ 017 a <) < o

and denote by Lx(<X)) the closure of L%(<X>). We shall define the stochas-

tic integral Y, = StdidX, XeM 0 LxKX)) as an element of M in the
[}

following way;

@ (1,Y) = (@ f,a%) for feH,

where 0*(¢,0) is the adjoint of &(¢,w) for each #,w. The stochastic integral
defined in Section 2 is a particular case of this. To verify the existence
of such Y, let us first consider the case where &(f,w) is a step function.
Then

Yz = Zs?“") (Xz.,u - th) + ¢(tL) (Xz - Xz,)

teS

satisfies (4). Furthermore,
t
Elvir< E({ ol d<x>).

Consequently, the stochastic integral S(DdX can be defined for all ¢ Li(<XD)
as the limit of S@"dX, where {0"} is a sequence of step functions such
that E<S:||q)—d>”l|2d<X>)—>0 for 0= ¢ < co.

Remark. The characterization of the space Lx(¢X>) in an explicit form
remains open. We shall give here two sufficient conditions that @ belongs
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to Lx(<X>): (a) O(t,0) is left continuous in ¢ with respect to the operator
norm for almost all o, and ||9||(#,0) is a bounded function; (b) 9(¢,w) is
very well measurable and satisfies E<8:|l¢ll§d<X>><00, where ||@)|, is the
Hilbert-Schmidt norm of @. The first assertion is obvious. Suppose that
o satisfies the condition (b). Let {f‘} be a complete orthonormal system
of H Set @ =0&f" Since ¢ € Ly(<{X)), it can be approximated by step
functions of Lux(¢X>). Define linear operator @™ by &™f =§Jlai¢f", where
a;, = (f, f"). Then 0™ can be approximated by step functions of Lx(<X))
from the fact just remarked above. Furthermore, since

[[@(n)f_ @(m)fuz = é af”@lelz < ( {i‘, “@fl“z)“fllz’
i=m+1 i=m+l

|o™ — @™ < .—f‘,HIIinHZ. This inequality shows that {¢"} forms a cauchy

sequence of Lx(<X>). The limit of {0} is clearly @. Therefore @ belongs
to Lg(<X)).

5. Formula on stochastic integral. A mapping F from the Hil-
bert space to the space of real or complex numbers is called twice differ-
entiable at » € H if there exists a linear functional F’(x) and linear operator
F’"(x) of H such that ’

F(x + h) — F(x) = (F'(2), k) + —é* (F""(x)hy h) + o(l|R]1®),

where o(||2]2) means o(||%||2)/||k]|2—=0 as ||k]] =0. Further if F'(z) and F"(x)
are continuous in their norms, F is called twice continuously differentiable.
Now let ¢,w) be an strongly right continuous H-process such that

sup 2} ll¢;,,, — ¢:ll <o for any ¢, then the Bochner integral J‘t(di, do) is well
{te} tr st 0
defined for H-process o(t,w), for almost all . We shall call such ¢ is an

H-process with finite variation.

TueorReM 3. Let F be twice continuously differentiable function such that
IF"(z)ll and |F""(x)l| are bounded. Let X be of M and ¢ be well measurable
strongly continuous process with finite variation. Set A= X+ o. Then we have
the following formula

Fla)— F(4y) = [ (F (47, a%)+ L[ Franaxe, o,
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+[Fan, dp)+ B[R4 — PR — (143, X, — X3

[1z,]>0
st
where X° is the projection of X on M.

Proof. Since the proof is essentially the same as that of one dimensinal
case (See [2] or [5]), we shall state here the outline. Let X = X°4 X% be
the orthogonal decomposition such that X°e M, and X’ e M,. We shall
assume that X is written as ¥ — Y where Y and Y are the processes having
theYproperties of Theorem 2. Let {T,} be an e-chain of X, ¥, ¥ and ¢,
i.e., {T,} is an increasing sequence of stopping times converging to o such
that for T, <#,5<Thpsy I1X,— X, Y, =Y.l I¥;~Y,l and g, — ol are
all dominated by e&. We shall write T, A ¢ as T, for the notational con-
vention. Then

F(A) — F(A) = 2 [F(4z,) — F(Ar, )1+ 2 [F(Ag,) — F(Az,)L
The first term of the right hand side is written as
SUF'(Ar, ) A%, = Ar, )+ — SNF"(Ar, ) (A7, — As, ), A7, — Ar,.,)
+ 2ol Az, = Ar,,IIP) = I + I, + L.
Each I, converges as ¢ —0 in the following way.

I, =33 (F'(Ar,,)s XT,._XT,._x) + 2 (F'(Ar,,)s @1,—Pr, )—2 (F'(Ar,_,)» AXT,.)

= {(F (a0, a %)+ [ (F(47), dp) — S (47, 4X,).

I =1 S(F(Ar, ) X5~ X5, ) X5~ X %n_1)+%§](F "(Ar, N X7,—X71,1)s $r,—Pr,,)

2
+ 5 SUF Az, N r,~$r.o) Kf— Xf )+ SUF (A, ) fr,~0r,.)s Fr—Fr,)

_ Vv L 17 - c v
where ¢ = ¢ —Y. The first term converges to 5 <§F (A1) dX¢ X >t by

t
virtue of the definition of SOF”(A;)dX, and Theorem 2. The other members
converge to 0, because of the following estimate; for example,

5 S (Ar X5~ XE,), dr,~ dr,.)

g%ssupllF"(x)]lle¢r,."</JTn-1”-

It is easily seen that I; converges to 0. Summing up all these, we obtain
the desired formula.
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To prove the general case, choose {X"} converging to X such that for
each X" the above argument is applicable. It will be shown that each
mumber of (5) replacing X for X" converges to the corresponding member
of (5).

6. Examples. Additive and linear processes. Let H be a real
Hilbert space. An H-process X, is called additive if X,,—X,, and X,,—~X,,
are independent for any 0<t,<¢,<t;<?,, We assume that E|X,|?< o
for all 0<¢< o and X, is mean continuous i.e., E||X,— X|2—>0 as f=>s.
The least o-field in which X,, s<t¢ are measurable is denoted by &..
Then @, is right continuous. Now, since E(f, X,)<|flIElX,|, there exists
a unique m, of H such that E(f,X,) =(f,m) holds for any fe H. Set
Y.=X,—m, Then Y is again an additive process such that E(f,Y,) =0
for every f < H. Furthermore, Y, is an H-martingale because (f,Y,) is an
real martingale. Therefore Y, has strongly right continuous modification.
So we will assume that Y, is strongly right continuous. Let X{ be the
projection of Y, to M, and X?¢ the projection of ¥, to M,. Remembering
the procedure of defining X{ and X¢, it is seen that they are additive
processes.

Let us now consider the covariance functional of X,, E(f, X.) (g, X,).
Then it is a positive definite, symmetric and continuous bilinear form on
H. Hence there exists a unique positive definite and symmetric operator
S; such that (S.f,g) coincides with the above bilinear form. Moreover, S,
has finite trace, because 3Y(S,f%, f%) = S E(f% X,) (f%, X,) < E|X,||%, where {f%}
is the complete orthonormal system of H.

Let E be a measurable subset of H such that 0 < p(0, E) < o, where
p is the metric induced by the norm of H. Define.

Pz(E): 2 IE(AXs)

st
[14X||>0

Then we have the following

TueoreM 4. X¢ and X¢ are independent.  Furthermore, the characteristic
JSunctionals are given by

Elexp(i(f, X¢))) = exp — = (S.f, /)

2
Elexp(i(f, X1))) = exp — [ [{exp (i(£, 2) = 1 — i (£, )} (d2) |
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where n(dx) = E(P,(dx)).

Progf. The function F(z) = exp i(f,x) has the first derivative F'(x)=1-
exp(i(f, )« f and the second derivative F'’(x) = — exp(i(f, %)) f + f, which are
continuous and bounded in their norms. Applying Theorem 3, we obtain

exp (i(f, V) — 1 = martingale — L {"exp (i(7, X)d<(f, XD,

+ exp (i(f, X7) [exp (i(f, 4X,)) — 1 = i(f, 4X,)]

Therefore,
E(exp(i(f, X)) — 1= — ; So (exp (¢(f, X:))d(S. S, f)

+ [ E (exp (i(f, X)), (expli(£, X)) — 1 — i(£, @) dia(s, do)

H

Consequently,
Elexp (i(f, X)) = exp (— 5 (Sefs /) + [ Lexp (i(£, #)) — 1 — i(/, 9)Ieuldm)).

The independence of X; and X¢ can be derived similarly as [2], if we
replace (f,Y,) by (f, X{— X¢) + (9, X¢ — X?%) in the above discussion.

Now let X, be a square integrable (E||X;||?< c0) and mean continuous
H-process. We denote by M, (resp. M) the smallest linear manifold con-
taining X, s<t¢ (resp. s<<o). Then M, is a pre-Hilbert space by the inner
product (X,Y)= E(X,Y). We shall denote by M, the completion of M,.
The mean continuity of X, implies that Ego M,.. = M, and eg—m = M,.
We shall call the H-process X, linear if for any X € M, the projection P,X
of X to M, is independent of X — P, X. ([3]).

We shall show that the joint distribution of linear process is subject to
an infinitely divisible distribution. Let X& M. Then P,X is an additive
process. In fact, since the projection of P,X to M, coincides with P,X(¢=s),
P, X— P,X has to be independent of M,, Now let X = i}lciX,i. Then
3 ¢(PX,, — P,X,,) is independent of M,. This means that (P;X—}i——PsX,i, RN
P X, — P,X,,) is independent of M, or equivalently, (P,X,, i =1,2, « -+, n)
is an H"-valued additive process. Thus (PX,; i=1, ---,n) is subject to
infinitely divisible distribution. Taking ¢ = max (¢,), we see that (X;, - - -, X,,)

is also subject to infinite divisible distribution.
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