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THE CAMERON-STORVICK FUNCTION SPACE INTEGRAL:
AN L(L,L,) THEORY

G. W. JOHNSON AND D. L. SKOUG

0. Introduction.

In [3] Cameron and Storvick introduced a very general operator-
valued function space “integral”. In [3-5, 8, 9, 11, 13-20] the existence
of this integral as an operator from L, to L, was established for certain
functions. Recently the existence of the integral as an operator from
L, to L, has been studied [6, 7, 21]. In this paper we study the integral
as an operator from L, to L, where 1 <p < 2. The resulting theorems
extend the theory substantially and indicate relationships between the
L,-L, and L-L, theories that were not apparent earlier. Even in the
most studied case, p = p’ = 2, the results below strengthen the theory.

Before giving the basic definitions, we fix some notation. R* will
denote v-dimensional Euclidean space. C will denote the complex
numbers and C* the complex numbers with positive real part. If Y
and Z are Banach spaces, L(Y,Z) will denote the space of continuous
linear operators from Y to Z. For v a positive integer, let C*[a, b]
denote the space of R-valued continuous functions on [a,b]l. Cila,b]
will denote those X in C’[a,b] such that X(a) =0. Cila,b] will be
referred to as “Wiener space” and integration over Cila,b] will always
be with respect to Wiener measure.

Let 1 <p <2 be given. Let F be a function from C*[a,b] to C.
Given 2> 0, ¢ in L,(R") and ¢ in R, let

0.1) (LFEW)E) = Ly

ola,

g FQ7°X + §)y@X(b) + &dm(X) .

If I,(F)y is in L,(R) as a function of & and if the correspondence
¥ — L(F)y gives an element of L = L(L,(R"), L,.(R*)), we say that the
operator-valued function space integral I,(F) exists.
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Next suppose that there exists 4, (0 < 4, < oo) such that I,(F) exists
for all 2 in (0,4) and further suppose that there exists an L-valued
function which is analytic in C* N {2:]2]| <A} = C; and agrees with
I(F) on (0,2); then this L-valued function is denoted I**(F) and is
called the operator-valued function space integral of F associated with
A. We will most often be dealing with the case 4, = .

Finally, let ¢ be in R with |¢| < 4,. Suppose that there exists an
operator J2*(F) in L such that for every  in L,(R") ||J5*(F)Y — I&(F) ||,
— 0 as 12— —iq through C;; then J:*(F) is called the operator-valued
function space integral of F' associated with —iq.

The above definitions actually vary with » and » and so, for
example, the left side of (0.1) could be written as (Z,,,(F)¥)(&) to reflect
this dependence. However, for a given F, it is natural to think of »
and v as fixed, and so, for this reason, and for notational convenience,
we will surpress reference to p and v.

The above definitions are very general but, from the point of view
of quantum mechanics, which provided the initial motivation for the
theory, it is J23(F) and the following special type of function which are
of most interest:

0.2) F(X) = exp U” oGs, X(s))ds]

where 6 is a C-valued function on [a,b] X R* and X is in C’fla,b]. As
we will see the existence theorems below deal with functions related to
but quite a bit more general than (0.2). Indeed the details of the theory
and examples in [14 and 17] make it seem unlikely that the theory goes
through for a large general class of functions F.

Next we describe briefly the results of this paper; in the process
we introduce some necessary notation. Given a number d such that
1<d< o, d and d will always be related by 1/d + 1/d’ =1. If
1< p<2is given let 7 in [1, co] be such that

1 _p
0.3) ™1 1 -2 2-p°

Note that y =1 when p =1 and y = co when p=2. In our theorems
y will be a positive integer restricted so that

0.4) »<2 . (Note that 2y >2 for p > 1.
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For 1 <p <2 we will let » be a real number such that

0.5) 2 <r<oo.
2r —v

When p = 2 the left member of (0.5) is 1 and we can allow
0.6) 1<r<oo p»=2).

The number v/2y will occur often and so it is worthwhile introducing
a symbol for it:

0.7 6= Euf . (Note that 6 = 0 when p = 2.)

Let L, = L,([a,b] X R) be the space of all measurable C-valued
functions 6 on [a,b] X R* such that 6(s, ) is in L,(R") for almost all s
in [a,d] and ||6(s, -)|, is in L,([a, b)].

The main existence theorem will appear in section 3 with applications
in sections 4 and 5. However much of the work comes in sections 1
and 2 in dealing with functions of the form

©.8) FX) = f_jl J'b 8,(s, X(s))ds

where each 6, is in L,([a,b] X R*). For such functions we will see that
the operators I{*(F) and J:*(F) exist for all appropriate values of the
parameters 2 and ¢ and we will obtain explicit formulas for them.

Let A = A(p,v,7) be the class of functions of the form (0.8) as
well as the function identically 1. The main existence theorem for
I:*(F) and J*(F) deals with functions of the form

(0.9) FX) = z 0. Fo(X)

where each F, is in A and where certain restrictions to guarantee sum-
mability are placed on the a;’s.

In section 4 we show that the appropriate summability conditions
are satisfied for functions of the form

(0.10) FX) = fU b 0,(s, X(s))ds, - - f” Ou(s, X(s))ds]

where f is an entire function of %k complex variables of order not
exceeding 1/6. The results of section 4 hold in particular for functions
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of the form (0.2) since f(z) = exp (2) has order 1 which is always less
than 1/6.

In section 5 we apply our results to such functions and obtain a
solution to an integral equation which, in the case 1 = —14, is formally
equivalent to Schroedinger’s equation. We also obtain an approximation
formula in terms of sums of integrals over finite-dimensional spaces.

Section 6 contains some counterexamples related to the dimension
restriction (0.4).

We finish this introduction by indicating how our results relate to
previous theorems.

p =2: The case p = 2 has been the most studied; in this case the
most relevant earlier papers are [3, 4, 11, 15, 16]. A substantial part
of [11] is not readily comparable to the present paper; when we make
comparisons to [11] we have in mind section 7 and some of its prelim-
inaries. [15] refines some of the results of [3], and [11] extends to
higher dimensions the results of [3 and 4], and so we will make our
comparisons with [11 and 16]. When p = 2, the present paper combines
the advantages of [11 and 16] and goes somewhat further. As in [11]
we allow an arbitrary number of dimensions v rather than require
vy =1; also as in [11], @ is required to be measurable rather than con-
tinuous almost everywhere. We treat functions of the form (0.9) as in
[16] rather than strictly functions of the form (0.2). The present paper
requires, as in both [11 and 16], that for almost every s in [a, b], 4(s, -)
is in L (R"). In [11 and 16] it is required that |d(s, -)|.. also be in
L. ([a,b]); here we make the weaker requirement that [|4(s, -)|.. be in
L,(a, b]). Perhaps the major advantage this paper has over both [11
and 16] is that our treatment of the integral equation (section 5 below)
is simpler both conceptually and in technical details. The treatment in
[11] follows the earlier clever but very involved treatment in [3 and 4].
In [16] we simplified a major part of [4], and here we carry this
simplification further while allowing more general 4’s as discussed above.

1<p<2 p=1: For 1< p <2 the results of the present paper
are new. They allow us to treat various unbounded #’s that could not
be treated before, and, in particular, to solve the integral equation
formally equivalent to Schroedinger’s equation for such 6’s.

In the p = 1 case the relevant earlier papers are [6, 7, and 21]. In
case p =1 the definitions of I**(F) and J%*(F') are actually somewhat
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different than in the present paper. Let + be in L,. Rather than
taking the analyticity and limits connected with the definition of I{*(F)4
and J2(F)y respectively in L.-norm, one uses the weak* topology on
L., induced by its pre-dual L,. (Actually in [21], we have I**(F)y and
J2(F)y- in the space C\(R) of continuous functions that vanish at co and
the analyticity and limits are with respect to the weak topology on C,(R)
induced by its dual, the space of regular Borel measure on R.) Because
of this difference of definition, and because the present techniques do
not yield any more in the p = 1 case than is already contained in [21],
and, finally, because the p = 1 case is done in detail in [21], we do not
formally include the p = 1 case in the present paper. We could alter-
nately have made the definitions of I*(F){ and Ji*(F)y in terms of the
weak* (=weak for 1 < p < 2) topology on L, induced by L, and in-
cluded all the cases 1 < p < 2 in this paper.

The p =1 and p = 2 cases, although formally related, have appeared
very different in many respects. In light of the present paper, one
recognizes these cases as the extremes in a continuum of possibilities
1< p<2 and sees that they are much more intimately related than
was previously apparent. For example, Haugsby [11] showed that for
p = 2 any dimension v could be handled. In contrast for p = 1 attempts
to extend the theory beyond v = 1 have failed. The restriction (0.4)
along with later details of proofs give more insight into the dimension
restrictions. When p = 1, (0.4) is a severe restriction; v must equal 1.
Ags p varies from 1 to 2, the restriction becomes less and less severe
and is no restriction at all when p = 2. An example given in section 6
shows that the severe dimension restriction found here and in earlier
papers when p = 1 is really needed.

The norm estimate ||C,| < (%'g—)vﬂr given in Lemma 1.1 below for
s

the operator C, is the ultimate source for the difference in techniques

of proof as p varies from 1 to 2. Note that when p = 1, ||C,| involves
4]

TS

to the v/2 power. For 1 < p < 2, any dimension is allowed which

keeps the power on 14l less than 1. For p =2, y = oo and so 2
2rns 7S
does not appear at all in the estimate for ||C,| no matter what v may

be. The fact that formulas throughout the paper are much simpler
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when p = 2 traces back to the simple norm estimate on C, in this case.

The hypothesis put on 6(s,.) (for almost every s) is such that
6(s,-)f(+) is in L, if f is in L, (see Lemma 1.83). For p =1, this
says d(s, -) should be in L, whereas for p = 2, this puts 6(s,:) in L. ;
this of course corresponds to the hypotheses of the previous papers.

As one proceeds through the paper one can see in more detail how
the techniques vary as p goes from 1 to 2 but the above should suffice
for now.

When p = 2 the class A of functions F which we are able to deal
with form a Banach algebra as was the case in [16]. Since the proof
of this fact follows quite closely the development in [16], we will simply
outline it here at the end of section 4. Also at the end of section 4
we outline some facts about the ‘“sequential” operator valued function
space integral. The sequential integral has played a major role in some
earlier papers [3, 4, 5, 11, 15]. As in [16], the sequential integral exists
and equals the analytic operator valued function space integral for functions
in the Banach algebra A. In contrast, for p = 1, Cameron and Storvick [6]
have shown that the sequential integral may fail to exist in cases where the
analytic integral does exist. We will see that for all other p (1 <p <2)
the situation is as in the p = 1 case. Further rather extreme pathologies
of the sequential integral have been exhibited in [9 and 20].

In sections 2-4 below the techniques of proof largely involve combin-
ing and extending ideas from [16 and 21]; many of these ideas were in
turn based in part on earlier work of Cameron and Storvick. On the
other hand several of the techniques in sections 1, 5 and 6 are quite
different from techniques in earlier papers.

1. Some preliminary lemmas.

In this section we shall develop four preliminary lemmas that play
a critical role in this paper.

LEMMA 1.1. Let s be a positive number. Let 1 <p <2, let v be
given by (0.3) and let v satisfy (0.4). Given a nonzero complex number
2 with nmonnegative real part, ¥ in L,(R) and & in R*, let

.1 (Ca®) = (z_i-s-)’ [ v exp =27 = ‘;s— § gy .

Then C, is in L(L,(R*), L,(R")) and
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(L.2) 1€ < (L’ )”“”""""') - (L! )’
— \2zs 2rs

Remark. (i) When v is odd we always choose 1¥? with nonnegative
real part. (i) When 1 <p <2 and Rei=0 the integral in (1.1)
should be interpreted in the mean just as in the theory of the L,
Fourier transform [2; Definition 5.2.8, p. 211].

Proof. We first treat the extreme cases p =1 and p =2. The
intermediate cases (1 < p < 2) will be handled by interpolation via the
M. Riesz convexity theorem [26; Theorem 1.3, p. 179].

p=1: Here the result is clear since for all &

ICa®] < (%)/ ol

p=2, 2= —iq (¢ #0): In this case we may write

3 Cp® = et (L), e [

X exp [—_:%é] dV} .

Hence in this case, C_;, is the composition of 3 unitary operators on
L,(R"): multiplication by exp [ﬂgj’_ﬁ] followed by a scaled version of
s
the Fourier-Plancherel transform followed by multiplication by

exp [ﬂ—znfi] In particular ||C_,| <1 as desired.

p =2, Rei>0: In this case C, is the operator of convolution by
the L, function

(1.4 e(U) = (_2—72:?)»/2 exp [:IZ—ZHS,EE]

and it is known [26; Theorem 3.18, p. 28] that ||C,|| = | #(e)|l. Where
ZF denotes the Fourier transform. By a fairly routine calculation one

sees that F(e)(V) = exp[ ‘3”23 uvw] and so |C,] = | Z (el = 1.

1 <p<2: Fix 1 such that Rei>0 (1#0). In the terminology
of the M. Riesz convexity theorem as given in [26; Theorem 1.3, p. 179]
we have shown above that C, is of type (1,) with (1, ) norm
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dominated by (EIL)W and of type (2,2) with (2,2) norm dominated by
7S

1. Applying the convexity theorem we have that C, is in L(L,, L,)
with

“Cl” < [(ﬁL)u/Z]l—llp’ [1]2/1]' _ (%)v(lﬂ—llp') )

2rs
This finishes the proof of Lemma 1.1.

Remark. In the case p =2 (v > 1) Haugsby [11; pp. 8-16] gives a
longer but more elementary proof; in particular his proof does not
depend on a use of [26; Theorem 3.18, p. 28].

LEMMA 1.2, Let 1 <p <2, let  be in L,(R") where v satisfies (0.4),
and let q be a nonzero real number. Then

(1.5) ICah — C_srllyy — 0 as A— —iq through C* .

Proof. Fix p such that 1 < p < 2. Since {|C,|} is uniformly bounded
for A in a neighborhood of —iq, it suffices to establish (1.5) for + in a
fundamental subset of L,; i.e. a subset of L, whose span is dense. It
will be convenient to take the v-dimensional Hermite functions as the
fundamental subset since C,» can be specifically calculated for such
functions. The n** (1-dimensional) Hermite polynomial is defined by

(16) hn(u) = (__1)neu¢/2 ar U2
du™

Then n'* (1-dimensional) Hermite function is defined by
a.mn H,(u) = h,(w)e ",

The fact that the Hermite functions are a fundamental subset of L,(R)
is given in [2; Corollary 3.1.9, p. 122]. The y-dimensional Hermite
functions have the form

(1.8) Hopo(tsy -+, 20) = [1 Ho (1)

where #n,, - - -, nn, are nonnegative integers. The fact that the y-dimensional
Hermite functions are fundamental in L,(R*) follows from the 1-dimen-
sional case and the fact that the following collection of functions is
fundamental in L,(R");
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{lj ¢1:(u1;): 5251, is in LP(R) for 1 = ]_, .. .,n} .

We first need to calculate C,H,,....,. A calculation by Cameron
and Storvick [5; pp. 361-362] shows that for Rei > 0,

(gs) [P o [R50

() ml) Heo-(2) 5]
2+ s A+ s A+s8/ 2

Arguing by analytic continuation, we see that (1.9) is also true for
Re2=0 (1+#0). Hence we have

(C:H)(w)

fll

1.9)

Il

CHne)® = (o) [ Hoson Wy exp [ =2 =1 Jayy

2zs

= ( ﬂ8> jRIJ [Hni(wi) exp (—_—i(wzs"—g)z)]clw1 - duw,
)

lfI <2—is— fR H, (w,) exp (M)dwi

2s

M) Ga) sl e - 5]

To show that ||C.H,, ... ., — C_iuHa,,...n,ll;r — 0 as 1 — —iq through C* it
suffices to consider a sequence {4,} from C* such that 2; — —iq and show that
1C:Hns,eoomy — CtqHn,,... llp» — 0 as § — co. But to show that a sequence
of functions in L,(R*) converges in the p-norm to another function, it
suffices, by the Dominated Convergence Theorem, to show that pointwise
convergence holds and that there is a dominating L, (R*) function for
the sequence. In our setting, the pointwise convergence is clear and
we need only find the dominating L, (RY) function. Note that

(1.10)

I

Re( .-iq ): ¢ _=Dp>0. Now Re( A )—»D as j— oo

—1q + s s+ ¢ A+ s

and so, for sufficiently large j, Re ( 2 ':f_ p ) > % Next observe that
i

since h,, is a polynomial there exists constants A, and B; such that
[Ba(ug)| < Ayexp [B;|u;|] for all %, in C. Also there exists E, such that

2 1/2 .
EJ < E, for all . Thus
A; + s
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() el = a2 )
A

= A;exp [Bi er S lml&l] < A, exp [E,B;|&]]

< A;exp [Bi

4

for sufficiently large 7. Clearly there also exists a constant E, such that
e < E, for all 5. We can now see that for sufficiently large

e
A+ 8
7y [(CiHy,.... 2,)(€)| is dominated by the L, (R*) function
[T E[A eFeBuea]g-Dels
=1

The proof of Lemma 1.2 is now complete.

The following lemma follows quite easily from Holder’s inequality
and is well known [22; p. 129]. We state it formally for convenience.

LEMMA 1.3. Let 1 <p <2, let y be given by (0.3) and let v satisfy
(0.4). If f is in L,(R") and 0 is in L(R’), then f0 is in L,(R) and

(1.11) 1701, < IS 1o 161, -

Hence the operator M, of multiplication by 6 is in I(L,,L,) and
1M, < 1I6]),-

LEMMA 1.4. Let 1 <p <2, let y be given by (0.3) and let v satisfy
(0.4). Suppose that 6, ---,0, are functions in L(R). Let a =s,<s,
< oo <8, < 8p,=0b. Let 2 be a nonzero complex number with Re 2l
> 0. Given i in L,(R) and & in R*, let (G(Sy, + -, Sx)¥V)NE) be defined by

(Gl(sl} A} sm)‘P‘)(S)

= 22x(s, — a)] " J.R 6,(V,) exp =2 V,—¢&|}

2(s;, — a)

X 2"/2[271:(82 — sl)]—vlz J.R 02(Vz) exp —4 ” Vz - Vl”2

2(32 - 31)
(112) X 2»/2[271.(87” . sm_l)]—ulzj 0m(Vm) exp —2 “Vm _ Vm—1”2
R 2(8m — Sm-1)
2O (F -2 — 2V — Valf
X P[20(b — su)] fm Vs exp —AfEm =

X AV iy - +dV, .
Then G,(Si, -5 Sn) 18 tn L(L,(R*), L,(R*)) and
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@) 6l < 110 ][T (Go2—) "] -

i=1 \ 2x(s; — S;_1)
Further for 1 < p < 2, nonzero real q, and + in L,(R) we have
(1.14) 1G(S1y « s S — G_sq(S1y ++ 3 SV [lpr — 0
as A— —1iq through C*.

Proof. The fact that G(s,, - - -, 8,) is in L(L,(R"), L,.(R*)) and satisfies
(1.13) follows immediately from the fact that G,(s,, ---,s,) is the com-
position of convolution operators as dealt with in Lemma 1.1 and multi-
plication operators as dealt with in Lemma 1.3.

Now suppose 1< p<2. The individual convolution operators

involved in G (s, - -+, 8,,) converge (by Lemma 1.2) in the strong operator
topology to the convolution operators involved in G_,(sy, ---,8,) as 21—
—1q. The multiplication operators involved in G,(s,, ---,s,) are inde-

pendent of 2 and so certainly converge in the strong operator topology
as 1 — —tq. Now in general the composition of operators which converge
in the strong operator topology does not necessarily converge in the
strong operator topology. However, continuity of operator composition
in the strong operator topology does hold if the operators lie in a norm
bounded set; that is the case in our situation because of inequalities
(1.2) and (1.11) and the fact that we only need consider i’s in a bounded
neighborhood of —iq.

2. The existence of J:*(F); Fe A.

In this section, for F in A we shall establish the existence of
I*(F) and Ji*(F) for all 2 in C* and all real q # 0 respectively.

Now that we have Lemmas 1.1-1.4, the proof of the following
theorem depends on combining and modifying the techniques from [16;
Theorem 1.1, p. 133] and [21; Theorem 1.1].

THEOREM 2.1. Let 1 <p <2, let v be given by (0.3) and let v and
r satisfy (0.4) and (0.5) respectively. Let F be given by (0.8) with each
6; in L,,. Then I*(F) and JP(F) ewist for all 2 in C* and all real ¢ # 0
respectively. Further for 2 in C*,v in L(R) and & in R
2

ar@ve = (L)
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X (B) J‘S( ) [(s.qy — @) (S; — S.w) e (b — 8. m)]™?
7.

x [ o+ D[ [T 0t VO]V

X exp [—i mi:l M]dvm“. ..dV.dS
2 T (8upy — Sey-ny

= Z: B) .[S(:) 2"/2[277(31(1) — )] .[Rv ‘9f(1)(3r(1)7 V)

X exp [_—i”j_}_,—__g_”j_] ,2”/2[271-(31(2) _ 31(1))]—“/2
2(81(1) - a’)

2.1

— — 2
X _[Rn 0. (8:2> V,) exp [ AV, Vill ]

2(8.@ — S.a))

X 2P27(8.(my — Setm—1)1™2 IR” O cmy(Seemys Vi)

— AV = Vil
2(Semy — Sim-1

X exp [ ]2”/2[277:(19 — 8.1

X j ‘I"(an) €xp [ —4 ” Vm“ — Vm”z ]de+1' . dVldS
RY 2(b — S.(my)
where V) = &, 8.0 = O Semeny = b, the sum is taken over all m! permu-
tations = of {1, ---,m},

S(T) = {(317 ©eey8m) e(ay b™:ia < Sz <-e < Siim) < b}

and where (B)f (s, -+ -, 8)AS refers to the Bochner integral [12,
S(7)

Pp. 78-89] with respect to Lebesgue measure on S(z). (In Corollary 2.2
we will see that this integral can also be interpreted as an ordinary
Lebesgue integral of a scalar-valued function over S(r).)

For real q # 0, J2*(F) is given by the third expression in (2.1) with
A= —1iq and where the integrals with respect to V,, ---, V.., are inter-
preted in the mean.

Finally we have

’ll (m+1)3 , ) ) ‘
(?‘) I glm(m Y (b — a)ya-m»/7"[[(L — 1/g)}m+vir
7

2.2 IR <
2.2) |IFPOI< (b—aP{T'm + DA — 73"

where I' denotes the Gamma function and where g:[a,b] — R is given
by
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2.3 9(s) = max {||6,(s, ), -+, [10n(s, DI} -
The bound (2.3) also holds for || J:(F)| with |2| replaced by |q|.

Proof. Fix p such that 1 <p < 2. For real 2 >0 let (K,(F)y)(&)
denote the third expression in (2.1). We begin by showing that K,(F")
is in L(L,, L,) with ||K,(F)| bounded by the right side of (2.2). Because
there are m! terms in the sum (2.1) and because 1/ =1 —1/r, it
suffices to examine one term, say (K,.F)y)(), in the sum and show
that K, (F)y is in L, with

I K, (F) Il
4]

”4’”1:(—5;)(7’”1)5 lglm(m )= (b — @)yma-ra/r{[(1 — 1/g)}m+Dir
& — )’ {I'l(m + DA — 7O

2.4)

<

We will go through the estimates needed to establish (2.4) in detail.
Closely related arguments will be needed several times further on but
will not be carried out in detail.

Let G,.: S(z) —» L, be defined by
Gz,r(sla Tty Sm)(&)
_ 2
= 2[2r(s.q) — a)] IRv 0.y (S V1) exp [‘———‘“l2 IV, — &Il ]

2(8.q) — @)
(2.5) X 2"/2[27r(8t(m) — Sz(m—l))]_"/2 IRv ﬁf(m)(sr(m)’ V)
=4[ Vm — Vm_dlz] /2 "
x exp | PA[2(b — 8]
2(31(m) - sr(m—l)) o
— AV — Val? ]
Vo [ : AV e --dV, .
X[ ¥ Vmd exp 20 — S.m) A

By Lemma 1.4 for almost all (s, - -, 8,) in S(z), G,.(s;, -+ +,8,)(&) is an
L, function of ¢ with

” Gl,r(sl’ ) s'm.)( * )”p'
2.6 < 1| TT 10,0080 D IA(LL) ™
X[(sr(l) - a')(sr(z) — 31(1))' <o (b — Sr(m))]—a .

We will show further on that G,. is strongly measurable [12; Definition
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3.5.4]. Once this is done the following argument will show that G, is
Bochner integrable over S(z) and that (2.4) holds.

1BsPW e < |[B) [ ol w180 a8
<[, ||Gauton )| as

< Il (1)

JS(,) [17_:[ 16.5,(Secss .)”r] [(Seqy — @)+ - (b — 8im)]%dS

<Il(Z)" [ [ 960]i0 — 0@ — s

2.7
<o) (ool
<{[ o — )0 - s,(m,)l-f'*ds}”" :
But

0o (], [freales)” = (2 [, [T reofo )"

= (m)™ gl .

Next we note that the restrictions on v and » were chosen so that
7’6 < 1. Thus the quantity [(s,q, — @)---(b — S.my)]™""* is integrable over

S(z). We now proceed to compute fs [(Scqy — @)+ + - (D — 8,m)]"7%dS or,
()

equivalently,
b (sm 89 ,
2.9) H j (8, — a)(8, — 8-+ -(b — 8)]""?d8, - - ds,y .

8 —

Making the substitution « = d , we see that

s,
r [(s; — a)(s;, — sP]™""ds,

(2.10) f— (SZ — )1—27"1! J‘l x(l—r'a)—-l(l — x)(l—r'a)—ldx
0

= (8, — @)""B(L — 75,1 — 75)
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where 3 denotes the Beta function. At the next stage we make the
82 -
83— @

substitution z = and obtain

@2.11) f (s, — @)\3(s, — 8,)77%ds, = (s, — @)P~B2 — 2075,1 — 175) .

We continue in this fashion until at the mth and last stage we make

Sm — O

the substitution x = and obtain

b
— (m=1)=m7r’8(} __ m -7’8, m
2.12) I [ — @ (b — sp)7"ds

= (b — a)m~mO78(m — mr's, 1 — 1'5) .

Combining the result of these m integrations we see that (2.9) equals

(b — @)ym-(m+ors ﬁ ﬁ(y — 5,1 — 7/5)
1

(2-13) _ (b _ a)m—(mﬂ)r'a[]"(l — ,'Ala)]mﬂ .

I'l(m + DA — 779)]

Combining this last computation with (2.7) and (2.8) we obtain (2.4) as
desired.

To finish the proof that K,(F) is in L(L,, L,) with | K,(F)| bounded
by the right side of (2.2) it remains only to show that G, (s, - -+, 8,)( )
as given by (2.5) is a strongly measurable function of (s, ---,s,). To
show that G, . is strongly measurable, it suffices, since L, is separable,
to show that it is weakly measurable [12; Theorem 3.5.3]. So given ¢
in L,, we must show that

2.14) [ 606,60 s@a

is a measurable function of s, -.-,s,. However

$O( L) Mo = -+ = 8.V

(2.15) m 1 mtl HV 14 ”z
><[ 01.(,5‘,‘,V)]exp[-—_ _J_—__f—l_]
U (NH\2z() J 2 le (S,(j) — Sr(j—l))

is a measurable function of &,s,--+,8,,V, -+, Vn, Which is also

integrable with respect to all these variables as can be seen via the
Fubini-Tonelli Theorem as follows: Integrate the absolute value of
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(2.15) with respect to V., -+, V, and & One obtains a function of
(845 ++ +, Sw) Which by Lemma 1.4 is bounded by

m y (m+1)v/2 R 1 (m+1)v/2y
1l e[ 7] 10200 G ] (L) ™ (B2

X [(8.qy — @)+ (b — 8] .

(2.16)

But the function in (2.16) is an integrable function of s, ---,s, as we
have already shown as part of the argument in (2.7)—(2.13). Thus, by
the Fubini Theorem, the function obtained after integrating (2.15) with
respect to V., ---, V, and &, namely (2.14), is measurable in (s, - -+, 8,)
as desired.

So now we know that for 2 in C*, K(F) is in L(L,, L,.) and || K,(F)||
is bounded by the right side of (2.2). Furthermore, another application
of the Fubini Theorem shows that K,(F)y is also given by the second
expression in (2.1).

Next we wish to show that K,(F) is an L(L,, L,)-valued analytic
function of 2 in C*. It suffices to fix ¢ and ¢ in L, and show that
(K, (F)¥, ¢) is a scalar-valued analytic function of 2 in C*. In fact, as
before, we may concentrate on one term K, .(F)y from (2.1) and show
that

@.17) W= [ s@|® [ Gl s@as]ae

is analytic in C*. Now by [12; Theorem 3.7.12 and following remark,
pp. 83-84], we have

2.18) W = [ [ #@6. s s@daS

where the integral over S(r) may now be interpreted as an ordinary
Lebesgue integral. Since the function in (2.15) is integrable, as we
observed earlier, we can use the Fubini Theorem to write

= [ med| (L) w0 0—swi©

(2.19) 4 7% 2 HL -V —1”2 l 1%
0 ; 81 y ex —_—— —j——j__
X [U r(])( (€2} J)] P [ 2 le (sr(j) 81(1—1)) ‘1’( m+1)

X AV -dV,dEdS .

We will use Morera’s Theorem to show that A(1) is analytic in C*.
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First an application of the Dominated Convergence Theorem shows that
h(2) is continuous in C*; an appropriate dominating function is obtained
almost exactly as in the following argument and so the argument will
be omitted here. Now let 4 be a triangular path in C*. We need only

show that J h(D)dA = 0. But this will clearly follow from the Cauchy
4

Integral Theorem if we can justify moving the integral with respect to
2 inside all the other integrals. Let D =sup{1]:2e4} and E =
inf {Rea: 1€ 4}. Then

2.20
(2.20) B stIVe= Vialt)
2

T (S — Segj-n)

X [17—:[ [0-5)(S<c0s Vj)f] exp [—

is a dominating function for the integral in (2.19) which is integrable
with respect to V., -+, V1, &, S and 2; the integrability of the function
in (2.20) is established by minor modifications of the arguments in (2.7)
—(2.13).

Now let (K_;,(F)y)(§) denote the third expression in (2.1) when 2 =
—iq (@ # 0). We will show that K,(F) — K_;(F) in the strong operator
topology as 2 — —iq through C*. In the process we will also see that
K_;,(F) makes sense. Let ¢ in L, be fixed. By Lemma 1.4, for almost
every (S, -+, 8m)

(221) ”Gz,r(sl’ R ] sm)( * ) - G—iq,r(sn ° ‘78m)( * )“p' - 0 as '2 g _iq .

Also for 1 in a neighborhood of —iq, (2.6) yields
” Gl,r(slr Sty s'm.)( * )“p'

2.22) S DO [

X [(Sr(l) —a) (b — sr(m))]_ﬁ .

But the right hand side of (2.22) is independent of 2 and is an integr-
able function of s, ---,s, over S(z) as is essentially argued in (2.7)-
(2.13). We may now apply the Dominated Convergence Theorem for
Bochner integrals [12; Theorem 3.7.9] and conclude that G_;, (s, - - -, Sn)
is Bochner integrable so that K_;,(F)y makes sense and, furthermore,

(2.23) IK:FY — K_ i)l — 0 as 21— —iq.
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We remark that the use of the Dominated Convergence Theorem for
Bochner integrals is a key step in the present paper as it was in [16;
p. 137 and p. 146]. The ordinary Dominated Convergence Theorem is
not applicable in establishing (2.23). In the case that 2 = —iq, if one
puts absolute values inside all the integrals in the second or third ex-
pression in (2.1), one gets an integrand that is not in general integrable.
The Bochner version of the Dominated Convergence Theorem allows us
to go inside the integral with respect to S with absolute values without
going all the way inside; this allows one to take advantage of the ex-
ponential kernels through Lemmas 1.4 and 1.1 even when 1 = —1q.

Now that we know that G_,,.(s;, - - -, 8,) is Bochner integrable, the
argument used to establish (2.4), and hence to show that |K,(F)| is
dominated by the right side of (2.2) for Rei > 0, also works in the
case 1 = —1q.

The proof will be finished if we can show that for 2 > 0,

(2.24) (K{(F)W)(§) = Lz[a,b] FQ72X + Hy@X (D) + &dm(X) .
The measurability of the functions involved in the following arguments
is a consequence of Lemmas 4A, 5A and 5B of Haugsby’s thesis [11].
We begin our proof of the equality in (2.24) by showing that the
right hand side of (2.24) is an L, function of & The third equality
below comes from a fundamental Wiener integration formula. (The
fact that we can use Bochner integrals below instead of ordinary
Lebesgue integrals can be justified as in Corollary 2.2 to follow.)

(2.25)

[ FGX + oy X®) + 9dmX)|
<[ [ 106 22%0) + o1ds| wa-x®) + ol dmx)

=L [ [z + ol waxo + o)
X dm(X)ds,- - -ds,,

=2®f [ [[10060 X6 + ol
X [PGPX D) + ¢ dm(X)dS

2@ ()" Ww— a0 = sl

S(r)
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[t D[ {10060 1770, + 0| W@ T+ o)

X exXp [_l{ oF__ 10 =UIF .,

2 (Sr(l) —a) (Sf(:a) - 31(1))
[Unsi — UnlP }]dU ...dU.dS
+ (b — Sr(m)) m+1 1

m+1)v/2
= Z B .[sm (_2%)( ) [(scy — @+ - (b — S;m)]™"*

x [ [ [ Vol vVl

xexp[~A(IT=SE L V=V

(31(1) —a) (31(2) - 31(1))
1Viis — ValP }]dV ... .dV.dS
-+ (b — Sl(m)) m+1 1 .

Now the last expression above, except for absolute values on the é#’s
and +, is the same as the second expression in (2.1). Since we showed
earlier that the second expression in (2.1) is an L, function of ¢ and
since that proof is unaffected by absolute values on the #’s and +, we
see that the right hand side of (2.24) is an L,  function of &.

Since we now know that both sides of (2.24) are L, functions,
their equality will be established if we show that for any ¢ in L,

j () j FG X + &9p@"X®) + &)dm(X)de
(2.26) B O8a,b]
= [ soEEmEE .

The formal part of the argument needed to establish (2.26) proceeds
just as in (2.25) except for the absence of absolute values and the
presence of the extra integral with respect to £&. The fact that the ap-
propriate integrals exist so that the Fubini Theorem and the fundamental
Wiener integration formula may be applied follows from the fact that
the last expression in (2.25) is an L, function of & so that the product
of it with [¢(¢)| is integrable.

This finally completes the proof.

Next we wish to establish a corresponding result for the case p =2.
When p is equal to 2 we can handle the endpoint » =1 and, since
L,([a, b]) < L([a,b]) for 1 < r < co, we will always take » = 1. It then
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turns out to be appropriate to think of 76 as equal to zero (6 = 0 when
y = oo0). In this case the bound in (2.2) simplifies to ||[I*(F)| < llglI7;
however, as we will see, this bound can be improved.

COROLLARY 2.1. Let p = 2 and let v be an arbitrary positive integer.
Let F be given by (0.8) with each 6; in L., Then I{™(F) and J2*(F")
exist for all 2 in C* and all real q = 0 respectively. Once again, for
¥ in L, and & in R*, I(F)Y and J(F) are given by (2.1). In addition
I=n(F) and J(F) satisfy the bounds

@27 1E®] < (110 and 172E) ] < [T 104010

for all values of the parameters A and q.

Proof. The proof given above for Theorem 2.1 also works when
p =2 (In fact the proof can be simplified considerably.) and establishes
everything but the bounds (2.27). To establish (2.27) fix 2 in C* and
apply Lemma 1.4 to the second expression in (2.1) to obtain

1@l < 5 {111,000 )l 0
3 S(z) 1
=%, [110/s5 )l ds
T S() 1
= .[Z (m) JZ f:] 6,(855 )l dsy+ - -dsp,
= {1 104lles -

COROLLARY 2.2. In (2.1), each integral over S(r) may be interpreted
either as a Bochner integral or as a Lebesgue integral.

Proof. Let Re2 >0, 2% 0. We consider a typical term (K, .(F)¥)(§)
of the sum (2.1). (One should keep in mind that when Rei =0,
(K,(F)y)(&) is given just by the third expression in (2.1).) Let ¢ be in
L,. By (2.6) we can write

| [ 16066, s deds
S(z) J Rv

(2:28) <1l 11 (L) [ [H 1000600 1]

T

X [(31(1) —a)---(b— sr(m))]—dds .
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But this last integral is finite as the arguments in (2.7)-(2.13) show.
Hence we may apply Fubini’s Theorem and [12; Theorem 3.7.12 and
following remark, pp. 83-84] and write

j ¢<.»:-)j Go(sy, - +» 8)(E)ASdE
Rv 8(z)
(2.29) = [, [ 606G s@dzds
=j (&) (B) f Gy (81, - - -5 Sm)(E)ASdE
Rv S(z)

where we note in particular that the inner integral in the first ex-
pression in (2.29) must exist for almost all £&. Since ¢ in L, was arbi-
trary the desired equality

Gy(8yy -+ -2 8a)(E)AS = (B) f Gy 8y - -+, $)(E)dS
) 8(z)

8(z

follows for almost all &.

Remark. The finiteness of the left hand side of (2.28) was used to
justify a use of the Fubini Theorem. When 2 = —iq, it is again im-
portant to note that we can make the argument without taking absolute
values all the way inside the integrals which define G, (s, - - -, sw)(§).

We finish this section by dealing with the function F = 1. The
necessary arguments here are easy because we already have Lemmas 1.1
and 1.2; hence we will merely state the proposition and indicate formally
where the formula comes from. We do not need any dimension restric-
tion here even when 1 < p < 2.

PRrROPOSITION 2.1. Let p in (1,2] and a positive integer v be given.
Let F =1. Then I:*F) and J(F) exist for all 2 in C* and all real
q # 0 respectively. Further for 2 in C*,+ in L, and & in R,

2.30) (IEWE) = (m)/ J v exo [:‘H]dv '

Ji2(F) is also given by the right hand side of (2.30) with 2 = —iq. In
addition we have

@381 |IrE)| < (—2;(19—%“—))”/27 and I3 < (?n(bﬂl_—Jyzr'
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Remark. Formula (2.30) comes from a fundamental Wiener inte-
gration formula as follows:

f oy FOTVX 4 OYQXG) + dm(X)

= [ $E®) + OdmD)

= (__1_)y/2 fm Y @A2U + &) exp [—ﬂ]dU

22(b — @) L
= (}E-(TZ:TJ)% J‘Rv ¥(V) exp [;;(_”bl—%fﬁ]dv '

3. The main existence theorem.

In this section we shall establish the existence of I{*(F) and J2*(F) for
series of the form (0.9) where each F, is in 4 = A(p,v,7r). For each
k, F, is either the function identically one or is given by

3.1 Fu0 = 1 [ 00,405, X()ds

where each 6, ; is in L,. Given F; as in (3.1), we let b,(4)) be the
right side of (2.2) with m and g replaced by m; and g, respectively,
where

(3-2) gk(s) = max {“010,1(5" ’)”r, ] Ilek,mk(s’ )”r} .

THEOREM 3.1. Let 1 <p <2, let y be given by (0.3) and let v and
r satisfy (0.4) and (0.5) respectively. Let F be given by (0.9) with the
F.’s as above. Suppose that {a,} is a sequence of complex numbers such
that for every 2 in C;

3.3) ki;ﬂlaklbk(;u) <o

Then for every 2 in (0,2,), the series > .5 a F,(A"2X + &) converges ab-
solutely for almost all (X,&) in Cila,b] X R. Also I*(F) and Ji(F)
exist respectively for all 2 in C; and all real q + 0 such that |q| < 4.
Furthermore

(3.4) Ip(F) = 3 ayI3(F)

and
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(3.5) JR(F) = Z? a T (F)

with I(Fy) and JP(Fy) given by (2.1) with appropriate replacements to
account for the fact that F, is given by (3.1) rather than by (0.8).
Also the series in (3.4) and (3.5) converge in operator norm.

Proof. Let p be fixed in (1,2). First using (2.2) and (3.3), we see
that for each 2 in C;

S lladeFl < 331al b(2) < oo .

Hence the right hand side of (3.4) defines an element of L(L,,L,) for
all 2 in C;. Similarly the right hand side of (3.5) defines an element
of L(L,,L,) for all ¢ in (—2,0) U (0,4). In fact since b,(2) is an
increasing function of [4|, the series in (8.4) and (8.5) actually converge
uniformly on C;} and (—2,0) U (0,2) respectively for each fixed 1 in
0, 4,).

Let 2 be in (0,4,). Next we give an argument which will be used
in showing

(1) fjaka(rl/zX + &) converges absolutely for almost every
0
(X, ) in Cila,b] X R*, and

() GEWE) = j

Cila,b]

|2 PG + 9wax®) + Hdm
in an L, function of ¢ and equals the L, function
i 0 (LFIE) -
Let 4 and ¢ be in L,(R*). Then we can write
3.6) j [ [Z |0 FL X + S)I]I¢(§)l A 2X (D) + &) dm(X)de
R» J C¥la,p] L O
=[_|sw|5
Rv 0
= Slasl | 16©LAFLD v D@

Qg

fov[a . |[F,72X + &)| |1y (A-2X (D) + &)| dm(X)de

< 3l 6l ILAFeD ol
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0

< llgllp 11l 2. l@x] D2 2D -

0

Now the last expression in (3.6) is finite by (3.3). Hence the inte-
grand in the first expression in (3.6) must be an integrable function of
X and &; in particular it must be finite for almost every (X,£). By
considering ¢ and  which never vanish one sees that claim (i) is justified.

Also since (3.6) is finite for every L, function ¢ and since

GEPOI< [ [S1ararx + ol vaexe) + olam)

it follows that ([,(F)¥)(¢) is an L, function of & To show that the
equality claimed in (ii) holds, it suffices to show that for any L, function ¢

@D [ s@uEwned ={ 40> adEned.

But (3.7) follows from the equalities

[ soamwed
=[ s0[  [Sarax + oleexe + oamode
R» Cila,b] 0
= f &(&) i O j
Rv 0
RGP AAIO

3.8)
i F,(272X + v X(B) + §dm(X)ds

cifa,

where the interchange of integral and sum in (3.8) follows from (3.6)
and the Fubini-Tonelli Theorem.

Now by Theorem 2.1, for each k,I(F,) is an L(L,,L,)-valued an-
alytic function of 2 in C*. Hence by the uniform convergence of the
sum in (3.4) the right hand side of (3.4) is an L(L,, L,.)-valued analytic
function of 2 in C;}. By the equality in (i) and the fact that I,(F,) =
) for 0 <2< 4 and £k=0,1,2,... we see that I'*(F) exists and
the equality in (3.4) holds.

Next fix ¢ in (—24,0) U (0, 4). By Theorem 2.1, for each £k,

lim I$*(F,) = J2*(F',), the limit being taken in the strong operator sense.
2——1iq

Also the right hand side of (8.4) converges uniformly for 2 in C{,.,..
Thus for each ¢ in L,
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lim I$*(F)y = lim Z a P (F )y

A-—1iq A-—iq

= lim lim Z a L (F )y

A——ig Noo

= lim lim Z a P (F)y

N—ooo 2—»—1iq

= lim Z ard P (F

Nosoo
sz Z}j xS (F )y

with all the limits in L,-norm. The fact that J;*(F)) exists and is given
by the right hand side of (3.5) follows and the proof is complete.

Next we wish to establish a corresponding result for the case p = 2.
Recall that the bounds in (2.27) are independent of 2 and ¢; hence I:*(F)
and Ji*(F) will exist for all 2 in C* and all real ¢ # 0 respectively.
Thus we obtain the following theorem whose proof parallels that of
Theorem 3.1 above. Note that in this case, the function FF =1 is in
A = A@2,v,1) since 6(s,U) = (b — a)™* is in L.,.

THEOREM 3.2. Let p = 2 and let v be an arbitrary positive integer.
Let F(X) = 25 a,F'«(X) where each F is given by (3.1) with each 0y,
in L. Assume that the sequence of complex numbers {a;} s such that

(3.9 53 0al[ 35 160l < oo

Then for every 2> 0, the series D ¢ a F,(172X + &) converges absolutely
for almost all (X,§) in Cila,b] X R*. Also I{*(F) and J*(F) exist for all
2 in C* and all real q # 0 respectively. Furthermore IN(F) = > 7 aI5(F'y)
and JP(F) = 355 aJ2(Fy) with I(F,) and J2(Fy) given by (2.1) with
appropriate replacements to account for the fact that F, is given by
(3.1) rather than by (0.8).

4. Analytic functions of %k single integrals.

First of all in this section we shall consider functionals F(X) of the
form

4.1) FX) = f[ "0,(s, X())ds, - j 8., X(s))ds]

where
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4.2) SRy z) = N “.ank_o Qg Bt 25
is an entire function of % complex variables of growth (p,s). (An entire
function is said to be of growth (p,0) if and only if it is of order not
exceeding p, and, if its order is p, its type does not exceed ¢.) For the
convenience of the reader we will include a brief discussion of “order”
and “type” of an entire function of k& complex variables. For a com-
plete discussion see [10; pp. 338-356]. (For the case k=1 see [1;
pp. 8-12].)

Let f be given by (4.2). Let the domain D be the polycylinder
D=DWR, - ,Ry)={(, -+, 2): 2] <R; < o0, j=1,.-.-,k}. Let Dp

=D.R(R19 "',Rlc) = {(zp “',Zk): (%, “',%)GD}. Let

My(R) = SDUPIf(zu 2] .

The order p and the type ¢ of f are defined by the equations;

o InIn M (R)

4.3 =1 {_f__}

4.3) p=RP T e

(4.4) ¢ = 6, = lim sup {ILM} .
R—oo RP

A theorem of Goldberg [10; p. 339] allows us to express p and ¢ in terms
of the coefficients a,, ... ..;

(4.5) p:nmsup{<’nl+--~+nk)1n(n,+---+nk)}
. —In|a,,,... ul

Nyt ere+ng—0

(4.6) (epo)r = limsup {(n, + -+ + %) /?l|Qn,,... n| BP*- - - REFJ/ 20 m0}

Ny+ees+ng-sco

THEOREM 4.1. Let 1 <p <2, let vy be given by (0.3) and let v and
r satisfy (0.4) and (0.5) respectively. Let F(X) be of the form (4.1)

with f given by (4.2) an entire function of growth (27 ,a) where ¢ =
v

op <co and each 0; is in L.

Case 1: growth (27 ,0). In this case I*(F) and J*(F') exist for

Y

all 2 in C* and all real q + 0 respectively.
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Case 2: order f = ﬁ, type f =6 = opm,...r0 €(0,0), Ry, -+, Ry
v
any k positive numbers. In this case I*(F) and Ji*(F) exist for all 2

in C; and all real q # 0 such that |q| < i, where (recall 6= ZL)
T

@n 2= (278)’ min {R,, - - "R’f} ( 1— 95 )(1-1/5)/7,
allgll, ['A — r6)]" b—a

and where g(s) = max {||6,(s, ), - - -, [16(s, ).}
Proof. Let

Nk

Frp X)) = Gapoome [ I oG, X(s))ds]m. . [ f 0(s, X(s))ds]
We note that F,,... ., is in A for all choices of n,, --.,n;. By Theorem
3.1 we see that it will suffice to establish the convergence of the series
4.9 $ Ly I g TV 7 (0 — ay¥amrr
' 1y =0 CN) T+ — g)s

[1’(1 _ 7./6)](N+1)/r’
{I'lN + DA — I

for the appropriate 1, where for notational purposes we let N ==, +
Now I'(z) = 2*"%¢~%4/2z(1 + 0(1)) and hence for positive z sufficiently
large

1 2e*y/ 7
4.9 < 2K
4.9 ') N
Also by Stirling’s formula

N\ 1

4.10 N!< (_) 27N (_)
(4.10) <\ (2zN)'? exp o
Next we claim that for sufficiently large N
@1 NY NN A+ D i,

(N + 1)(N+1)(1~r’5)/'r’

or, equivalently,

N(2N+1—2'I"DN—-21”6)/27"

4.12) , <1
(N _|_ 1)(2N+1—-21 dN—-27'8)/2r
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2N 4+ 1 — 206N — 215

But (4.12) follows since 76 < 1 implies that S > 0.
7
Now combining (4.9), (4.10) and (4.11) we see that for sufficiently large N
2 exp [ 22+ 1 | vora
12N

’ 1r
N } <

(4.13) { TI'i((N + DA — 79)]

e +DI(] — p/5)@N+DA=r'0=D/2r? :

(i) We first consider the case where 0 < order f < 37'— Using
v

(4.5) we see that there exists an « in <O, 27) such that for N sufficiently

Vv
large |@q,,....n,] < N~¥  Using this fact and (4.13) we see that for N
sufficiently large the series (4.8) is dominated by the series

'2'(N+1)a ”g”N(b _— a/)N(l—f'a)/T'Nle/T' exp [ 12N + 1 ][r(l — /’l/a)](N'i'l)/T'
> " 12N/
; (2”6)(N+1)6(b — a/)(’N(l/a‘-ﬂ)(l —_— 7./6)(2(1\71‘1)(1—1"6)-'1)/2‘)"
Since L —5=1_ ZL > 0, the convergence of (4.8) throughout Re 2
@ a 78

> 0, uniformly on compact subsets, follows by the root test.

(ii) Next we consider the case where f has order 2r and type
v

0 = Opry, i € [0, 0), By, - -+, R, any k fixed positive numbers. Using
2r _ 1

(4.6) and the fact that order f = 2L > we have
v
(414) lim Sup {NN', |an1>'"mk| R{“’ * 'Rzk}l/N = (—65_0-)1/5 )
N—ooo

In this case the series (4.8) is dominated by the series

[2[X 03| g |[¥ (b — @)NO-7"/r' QU exp [ 12N + 1 ]
i " 12N7’
1yt mE=0 @2re)"*[2re(b — a)P[min {Ry, - - -, R}V

Na[r(l . 7./5)](1\1+1)/r'

(1 . 1,./5)(2(N+1)(1-—7”6)—1)/27"

}{NM lanl,---,nkl R{“' ° 'RZ"} .

Using the root test, the above series will converge for all Re 1 > 0 such
that

3

e lgl(Se)ra — v

a ) <1
(2re)’ min {R,, - - -, Ry} 1—7%
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If ¢ = 0 we obtain the convergence of (4.8) throughout Re i > 0, uni-
formly on compact subsets, while if ¢ > 0 we obtain (4.7). This com-
pletes the proof of Theorem 4.1.

In the case p = 2 we are able to allow much more general analytic
functions f; as the following theorem shows, f need not be entire much
less of finite growth.

THEOREM 4.2. Let p = 2 and let v be an arbitrary positive integer.
Let F(X) be of the form (4.1) with f given by (4.2) a function of k
complex variables which is analytic in a region containing {(z, ---,2;):
|2;] < 104l for 7=1,---,k} and each 6; is in L.. Then I}*(F) and
Ji(F) exist for all 2 in C* and all real q # 0 respectively.

Proof. First note that for each j in {1, ..., k},

j " 0,(s, 77X (8) + s)ds[ < j 10,(s, 772X (s) + &) ds
b
< j 16,65, )l ds = 6]l -

Hence F(17'2X 4 &) is defined for any (X, & for which each of
fb 0,(s, 272X(s) + &)ds are defined; in particular, F(272X + &) is defined
for almost every (X,¢) in Cila,d] X R*. Now let

g

FopooX) = a[ J " o s, X(s))ds]’“- . [ f b By(s, X(s))ds]

By Corollary 2.1 we have that F,, ... is in A = A(2,»,1) for all choices
of n, ---,n; and that for each ¢ in L,(R*),

15 (F e ndVlly < (@ 1l 10112 - 16 25
and
”Jzn(an--,nk)‘l’”z < la/n;,---,nkl ”‘P‘”z “01”?31' : '“0k|?ok1 .
By Theorem 3.2 the present theorem will be proved if we establish the

convergence of the series

2. “Oian,,..-,nkl 10, 11211612 - - 1|0 112 5

N1yte ey Nk

but this follows from our assumption that f is given by (4.2) and is
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analytic in a region containing
{212 < NOsllers =1, -+, K}

Much as in [16] the class of functions described in Theorem 3.2 form
a Banach algebra. Since the development proceeds much as in [16] we
simply outline the facts.

We introduce a “norm germ” N, on A = A(2,v,1) by letting

(4.15) NuF) = [T 10l

where F in A is of the form F(X) = ﬁ jb 0,(s, X(s))ds with each 6, in
1 a
L.;. (Note that A is not a linear space.)

DEFINITION 4.1. S C C’[a, b] will be said to satisfy condition (P) if
and only if for every 4> 0, 272X 4+ & is in S for almost all (X, &) in
Cila, b] x R*. We will consider functions F' defined on at least a subset
S of C’la,b] satisfying (P) and which are such that for every A > 0,
FQG 12X 4 £&) is a measurable function of (X,¢&). If F, and F, are two
such functions, we will say that F,~F, if and only if there exists a set
S satisfying (P) such that F, and F, are defined and agree on S. It is
easy to see that ~ is an equivalence relation. We will identify equiv-
alent functions and will adopt the usual convention of using F' to refer
both to a function and to an equivalence class of functions.

Remark. The domain of any F' in A is large enough to satisfy (P).

DEFINITION 4.2. Let {F;} be a sequence from A such that

(4.16) SIN(F,) < oo .
Let
4.17) FQ X + &) = i‘, F,a X + &) .

We define A to be the collection of equivalence classes of functions each
of which contains a function F' which arises as above from a sequence
{F,} in A satisfying (4.16). For F in A, we define N*F) as the infimum
of the left side of (4.16) for all choices of sequences {F,} from A satis-
fying (4.17).
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Remark. Using Theorem 3.2 we see that if {F';} is a sequence from
A satisfying (4.16), then, for every 2> 0 the series >y F,(A7*X + &)
converges absolutely for almost all (X, &) and so (4.17) makes sense.

Our next theorem is a generalization of Theorem 2.1 of [16, p. 141].

THEOREM 4.3. (A,N*) 18 a commutative Banach algebra with iden-
tity.

The next theorem follows easily from Definition 4.2, Theorem 3.2,
and the bounds (2.27).

THEOREM 4.4. Let F be in A. Then I:*F) and J(F) ewist for
all 2 in C* and all real q #+ 0 and satisfy the bounds

(4.13) T3 || < N¥F)  and  [|[JRE)|| < NYF) .

THEOREM 4.5. Let F be in A and let f be a complex-valued function
of a complex variable which is analytic in a circle about the origin with
radius greater than N*(F). Then the function G defined by G(X) = f(F(X))
is in A and so I*G) and Je(G) exist for all 2 in C* and all real g + 0
respectively.

Proof. This follows using some standard facts about Banach alge-
bras [23, pp. 202-205].

In previous work [3, 4, 5, 11, 15] strong use was made of a sequential
definition of the operator valued function space integrals in order to
obtain the analytic continuation. (That is to say, I$Y(F) and J¥(F) were
used to obtain I{*(F) and J2*(F).) A counter-example given by Cameron
and Storvick [6; pp. 358-60] for p = 1 can be generalized to show that
for 1 < p <2, I*(F) need not exist under our present hypotheses. We
will briefly outline the example.

Let 1 <p <2 let y be given by (0.3) and let v satisfy (0.4). Let
6:[a,b] X R* — C be defined by

06, U) = 00) = 0(Can, -+ w) = [ J420
o1+ fuy

Clearly ¢ is in L,, S L,, for 1 <7 < co. Let

F(X) = exp [ f " o, X(s))ds] .
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We claim that I54(F) and J«F) fail to exist for all values of the para-
meters 2 and q. For let ¢ be the partition a =¢, <t < ... <t,=0>
where n > 1. Now by [11; p. 50] whenever it exists
(@19)  WEWE = D E =~ )6 — )1 [ [ 37

X exp [(t, — @)f(§) + (&, — t)O(V) + -+ + (b — £,_D0(V,_)]

> exp[ =2\ Vi—=¢&F _ AV, —=VilP A Ve— Vn_1||2]
2(t, — o) 2(t, — t,) 20 — t,_)
XAV, .. dV, .

But for all values of V, and &, the inner integral in (4.19) has absolute
value oo. Hence if + is non-trivial, (I;(F)¥)(&) does not exist and so
I(F)yr, which by definition is the weak limit of I{(F)y as norm ¢ — 0,
does not exist.

However in the case p = 2 the following theorem can be obtained
by generalizing the results of section 4 of [16; pp. 146-151].

THEOREM 4.6. Let F be in A. Then for all 2 in C* and all real
q # 0, I*%(F) and J¥U(F) exist and equal I"(F) and Ji(F) respectively.

5. Application to the solution of an integral equation formally equivalent
to Schroedinger’s equation.

In this section we use our earlier results to give a solution to an
integral equation which, in the case where A= —i, is formally equiv-
alent to Schroedinger’s equation. The analysis also yields an approxi-
mation to the solution of the integral equation in terms of the sum of
integrals over finite dimensional spaces.

The theorem below allows a wider variety of functions @ than were
treated in the earlier papers [3, 4, 6, 11, 16, 21]; in addition the proof is
more straightforward and somewhat shorter. Before stating the theo-
rem it will be convenient to introduce some concepts and prove a lemma.

Let 1 <p <2 be fixed, let y be given by (0.3) and let v,r and §
satisfy (0.4), (0.5) and (0.7) respectively. Given a measurable function
f on [0,%], let

(5.1 N() =8l -

Let D, denote the space of measurable functions f such that N,(f) < oo.
It is not difficult to see that (D,, N, is a Banach space; in fact, in the
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terminology of [27, Chapter 15], it is a Banach function space with the
Fatou property. Note that when p = 2, § = 0 and (D;, N,) is the ordinary
L_-space (L.([0, D, - [l.).

Next given a measurable function G(s, U) on [0,%] X R*, let

(5.2) 1Gl: = NG, )llp) -

Let Q, denote the space of measurable functions such that |G|, < co.
II - ll: is an example of a product function norm as studied by Petersen
[24] (Indeed, the spaces L,, encountered earlier are also examples.).
Since both | - ||, and N, are function norms with the Fatou property,
it follows from results of Petersen that || - |, is a function norm with
the Fatou property and so (@ -|l) is a Banach function space; in
particular, it is a Banach space with the property that |G|, = 0 if and
only if G = 0 almost everywhere. The following lemma will be useful.

LEMMA 5.1. Let Re2>0, 2+ 0 and let 6 be in L,,. Given G in
Q;,, let

63 TOG = K’z}h)l

x IR» o(s, U)G(s, U) exp [;;'T'f__%]ﬁ]dv} ds.

Then for each t in (0,%t), T, is in L(Q,, L,(R*)) and

(5.4) ” Tl” S <%)at(l—2r’5)/1" “0”71{‘8(1 — 7./5’ 1 . /},./5)}1/71

where again B denotes the Beta function. In addition, T, is in L(Q,,, Q:,)
and

(5.5) 1T, < (—'g,l—)’w"”"' 1018 — 73,1 — 3" .

Proof. First fix ¢t in (0,%,]. By Minkowski’s inequality for inte-
¢
grals [25; p. 271], |(T.G)E, )l < LI]Ll(s, )lp- ds where
_ 2 v —2§ = Ull"‘]
. =(—_2 _ o(s, )G, U [__._—_ v .
66 L9 =(55) |06 066 Dexn | =5E=S
But by Lemmas 1.1 and 1.3
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(5.7) LGS, Dy < (-2;(7'&_?)) 16Gs, 1, 1GCS, )y -

Hence

IT.Gly < (%) [ 166, 1 165, lste — s
< (Y161, [ 166, 1, (st — op-ds
< (A 1en ot [ o — s-as|”

Now using (2.10) we see that this last expression equals

(L) UG 101, b0 {pL — 28,1 = 2'a)p

which establishes (56.4). To establish (5.5) note that

ITGll = NelI TG, D) = 18] TG ) [l
< 2 1Gll 101, {BL — 78,1 — ra)per-to=ronr |
< NGy 101,282 (8L — 13,1 — o)

We are now ready for the main theorem.

THEOREM 5.1. Let 6(¢t, U) be in L,([0,t] X R"). For t in (0,t] let
FuX) = exp[ :0(t _s, X(s))ds]. Let v be in Ly(R). Then for all 1% 0
such that Rei > 0, the function G(t,&,2) defined by

(5.8 G(t, &2 = {(I%"(Ft)w)(a, 1in C*
(2 (F)v)(E), 2= —iq,q real and nonzero

exists, ts in Q,, and satisfies the integral equation

6.9 Gt = (%ﬂ)”’z jm W(U) exp [M]dU

2t
+H (a=s)

—2)|& — UJf
X jm o(s, U)G(s, U, 2) exp [Z_(t__s)_]dvds

for each t in (0,t]. In addition for each such t,

(5.10) G, - Dllpr < 0 (¥l B
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also

(5.11) IGC-, -, Dl < 11, BD)

where

(5.12) B@) = i A1 2 161 8 DAL — w0

m=0 (2r)™*D(m N {I'(m + 1A — )]
The solution G(t,&,2) can be expressed by the series
G(t,&,2) = i: J‘t r" e J82 PP2a(t — 8,)]"
n=0J0J0 0

X IR» 0(sn, V,) exp [%’”;f”q

6.18) 2712(sq — 50 01 [ 0060y, Voo exp [ AL as = Tl |
R 2(Sn - Sn_l)

we2a(s, — )1 [ o6, V) exp [ ANV = Vel ]
R 2(s, — 8y

2[27s, 1" J‘ (V) exp [ —4 ”"; —Vilf ]dVO- e dV,ds,- - -ds,, .

1

Finally, if Gy(t,&,2) denotes the N** partial sum of the above series,
we get the error bounds

(5.19) G, -, ) — Gu(t, -, Dy < 7 [ ll, By(2)
and
(5.15) 1GCs -, ) — Gu(ey -, Dle, < W]l By(2)

where By(2) denotes the tail of the series from (5.12) beginning with
the term m = N + 1.

Remark. In case p =2 and r =1 (5.10), (5.11), (5.14) and (5.15)
all become considerably simpler:

(5.10 16¢, - Dl < Il 35 1B = g, exp (10110
.11y 1GC s+ Dllee < Il 32 192 — 1, exp (16120

m=0 m!
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(5.14) 16 D = Gatt, -, Dl < 1wl 33 1002
(5'15), ”G(': ',2) - GN(', '92)”to < “11/'“2 m§+1 ”fry:!:l ’

Proof. Let f(2) = exp (2), an entire function of growth (1,1). Let
0.5, U) = 0t — s, U) and let F,(X) = f”o oG, X(s))ds]. By Theorems 3.1
and 4.1 we know that G(t,£,2) exists as an L, (R*) function of & and
satisfies (5.10). Clearly the series (5.12) converges for all . The in equal-
ity (5.11) is an immediate consequence of (5.10).

Now using (3.4), (3.5), (2.1) and letting 7z, be a permutation of the
integers {1, ...,n} we see that

= 1
Gte =3 5[ wrems, oI | 068w, W)
 oxp | AU =81
S“'n(l)
2
Z”/2[275'(srn(2) - srn(l))]—y/z'[ 0&(371.(2), Wg) exp [ _Z “ W2 — W‘” ]
R 2(8ey) — Sepy)

— _— 2
P2 sy = Sin 1 [ 005 W) exp [ 2N = Wl ]

z(sr,,(n) - sr,,(n—l))
—2 ”Wn+1 - Wnllz ]

2 — s.,m)
AW,,, - dW,dS

P2a(t = )1 [ o) exp |

where the n = 0 term is given by

r(2t] jm V(W) exp [i”%‘_é”z_]dwl .

Now since the 6,’s are the same, the integrals over S(z,) are equal (for

fixed #) and so

Gt e, n =31 f f f 2”/2[27r81]'"/2j ot — s, W)
LJOJOo 0 RY

=on!

< exp [ =417 €]

2s,
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re2a(s, — s) ot — 5, W exp [ AP = W]

2(s, — 8)

PP12(3, — 5y D1 [0t = s, W) exp [ A We = WaailF ]

2(8y — Sn-0)
2t — 8,)] 7" fm V(Wa ) exp [ —2 H;’V(gi = )Wnllz ]

de+1 A dWldSl ce dSn .

Finally making the change of variables 7, = — 8, ", =0t —8,_1, -+, 7s
=1t — s, and then appropriately changing the symbols for the variables
of integration, we obtain (5.13).

The bound in (5.10) was obtained from the expansions (3.4) and (3.5)
and the bound (2.2). The bound in (5.14) is obtained in the same way
except that we just consider the terms N + 1, N + 2, --.. The inequality
(5.15) follows immediately from (5.14).

It remains only to show that G(t,&,2) satisfies (5.9). Let @(,¢,2)
denote the second term on the right hand side of (5.9); that is to say let

(5.16) B, &, 2) = f : {(m)” Im a(s, U)G(s, U, 2)
X exp [H]dU}ds .

Substituting (5.13) for G, replacing s by Sp.;, and using (5.15) and
Lemma 5.1 to justify taking the sum outside the integral signs we
obtain

o, &,2) = :;:0 J: J:MH ces J:z P2t — S )]

_.2 ”5 b T"m,-}-l”2 ]
X _[R,, O(Sm 415 Vims1) €XP [ 2(t — Sm41)
__.2 ”Vm _— .I/'m,-al-lll2 ]

2(3m+1 - sm)

22 (8p 4y — Sm)] ™ _fR 0(Sm, V) €xp [

272n(s, — sp1™7° .[R» 6(s1, V1) exp [ —';E/Z:SI)/‘HZ ]
2”/2[277:81]""/2 Im ‘P‘(Vo) exp [ —2 “ I;Js" Vl”2 ]

AVy o AVndVmods, - dSm,s -
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Now letting m = n — 1 we obtain
d(t,&,2) = i jw r" v J“ 2R2n(t — s,)] "
n=1J0J0 0

X Lv 6(s4, V) €xp [:32—(”—;—_—817%”2]

21[2n(8y — Sp_) 17 Lc» 0(Sn_1, Va_y) €Xp [ _222:"___817")” ‘”2]
2 2r(s, — '5'1)]—”/2 va 0(31’ Vl) exp [ —lzl(lsvi_s.;/luz ]
2»/2[271.81]—»/2 '[Rp ,‘J,,(VO) exp [ _2 ” Iles_ I’O“Z ]

dv,.--dV,ds, --- ds,

which establishes (5.9) and completes the proof.

Next we give a uniqueness theorem. To understand the second as-
sertion of the theorem, it will be useful to keep in mind that the
function given by (5.8) satisfies both (5.9) and (5.10) for every ¢ in
(0,¢]. Throughout the theorem we consider a nonzero 2 such that
Re 1> 0 as given and fixed.

THEOREM 5.2. (i) The function G(t,&,2) given by (5.8) is the
unique solution to (5.9) which is in Q.. (@) Any function H(t,&) on
[0, t,] X R” which satisfies both (5.9) and (5.10) for every t in (0,%,] must
have the property that for every t,H(t, &) = G(t,&,2) for almost every &.

Proof. We will explicitly prove (i). Once this is done, it is easy
to see that the same proof, except for some minor rewording, establishes
(i). Suppose that E\(t,&) and E,(t,£&) are in @, and are solutions to
(5.9). Let Et,& = E\(t,8 — E,(t,8). We will show that |E|,, =0 so
that E(t, &) = 0 almost everywhere as desired.

First we consider the case 1 <p < 2. In this case we will show
that for almost every ¢ in (0, ¢,]

[ 18] AT (L — 7/8)}n+ i gra=riarpe:
@Cm)™{I'(n + DA — ')
B e, + 1B 1L,]

G1D) B, ), < t12
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for n =1,2,.... But (6.17) will imply

Mlna ”0”;;7{17(1 . T/a)}(rw1)/r'tln(1-—r'a)/r'
@m)™(I'[(n + DA — )P

WE ey + 115, l,)

for every t, in (0,¢,]. But the right hand side of (5.18) goes to zero as
n —oo and so we will be able to conclude in particular that |[E|;,, =0
as desired.

We will establish (5.17) by induction on n. Note that | E|,, < ||E\l,
+ ||E,|;, and that, since E, and E, both satisfy (5.9) for almost every ¢
in (0,t,], F satisfies

G.19) B8 = J: {(E(t_l_s_))”

X j 06, DDE(s, U) exp [:;_yf__‘_sgﬁ]du}ds

for almost every ¢ in (0,%,]. We apply Lemma 5.1 to (5.19) and obtain
the n = 1 case of (5.17) as follows:

nmamws(gb%mwwwa—rﬁl—wmwm&m+Mmmwm

_ t—ﬂ lz[ “0”77{['(1 _ T/a)}z/*r't(l—r'd)/rr
@Co{I'2(1 — o)}

U1 E:lleo + 1B le] -

Now assume (5.17) holds for n. Applying Minkowski’s inequality for
integrals [25; p. 271] and then Lemmas 1.1 and 1.3 to (5.19) we can
write

186, o < [ (Gragy) 1065 Dl 1B, 1 ds

< [A™PHLA — 7)™ P B, + (| Elleo] 160157,
- @m) ™A + DA — oI

¢
x [ & = 971665, )l s%smerords
0

< A™PORHTA — 7Y O By + (| Elle,)
- @)™ + DA — 79I

X [r t — s)—r'asn—mu)r'ads]]/w .
0

Now applying (2.12) to the last integral and simplifying we obtain (5.17)
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with »n replaced by » + 1 as desired.
It remains to consider the case p =2. As usual we take r = 1.
We will show by induction that for almost every ¢ in (0, t,]

(5.20) LB, ), < 1 Eall + [ Eall, [[ 1665, 1 as]"
n! 0

for n=1,2,.... But (5.20) will imply that

5.21) 181, < 1Bk 1Bl [[") 565, ). as]

for every ¢, in (0,¢,]. But the right hand side of (5.21) goes to zero
as n—oo and so we will be able to conclude in particular that ||E|;,
= 0 ag desired.

Now E satisfies (5.19) for almost every t in (0,%,]. Using this and
Lemma 5.1 we get the n =1 case of (5.20). Next suppose that (5.20)
holds for n. Then we can use (5.19), Minkowski’s inequality for inte-
grals, Lemma 1.1 and the induction hypothesis and write

1B D < [ 180000 VB n s Yls By
< [ 1010 M 1B Dl s
1

< Bl + 1Bl [ 160 Nl =

([ 10, 1 ds]'as
= By + [Eslld || 100, )l
< [T [0 Dl sy - dsu
= Bl + 1Bl [ 77 {71 1068y, 1 ds, - s

—_ [”Elllto + ”EZHto] t ) n+1
= by f o - ds|

6. A counterexample.

First we shall give a counterexample which shows that for p =1
the dimension restriction (0.4) is really needed. When p =1, y =1 and
so in this case the dimension restriction (0.4), namely v < 2y, implies
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v = 1. Our examples will show that the theory doesn’t hold for » > 1.
We shall write out in detail the case v = 3 and then briefly discuss other
values of v. For notational simplicity we take a = 0 and b = 1.

Let

6D 65, 0) = 0T) = 0((ay -+, ) = JT 1] 10,00
(6.2) Y(U) = (U, + -+, %)) = iljl 1|11 X(o,l)(ui) .
and

(6.3) F(X) = I : 0(s, X(s))ds .

Clearly ¢ is in L, ([0,1] X R*) and + is in L,(R*) for all values of .

Next we fix v =3 and proceed to show that for 0 < 1 < co, the
function I,(F)y is not in L,((0,1)%). This will imply that IL(F)y is not
in L (R® for any « such that 1 < « < oo, and so, in particular, I,(F) is
not in L(L,,L.) as required by the theory. We shall write out the de-
tails for 2 = 1; by a change of scale clearly the same results hold for
0< 1<,

First note that ([,(F)y)(&) >0 for all & We need only show

I (L (FYW)(®)dEé = co. Using the Fubini Theorem and a fundamental
(0,1)3

Wiener integration formula we obtain

[, @@= [ieysa—or-| [ awww

 exp [ =10 = $F _ 1V = Ul |y 41 g

2s 20— 9)

' 2e1 — g1 2 A A

= Io[ Al — 9] I<0,1/2)a v j(O,l)sa(Ul) exp [ 21 — s) ]
¢ —iz [ —(& — uy,)?

x 11 {(27rs) j exp [—28 ]dfi}dUIdUzds .
But for all (s, U,)) = (s, (uy, Uy, %)) in (0,1) X (0, 1)3,
—i2 ! — (& — uy)’ _ ~1/2 A=/ Y5 —w2
(2xs) fo exp [___-—ZS ]dgi — 2n) f T erndw

= (Zn)'lfzf e dw =K, > 0

1
0
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since for all (s,u,) € (0,1) X (0,1), <;@, 1 “_qf”) is an interval of
Vs Vs
length at least 1 which contains the origin. Thus

j ILFW)©)de > Kf [2x(1 — s)]**ﬂj (U,
(0,1)8 0 (0,1/2)8

—” Uz - U1”2
> jw’m 4(U) exp [W]dU,dUzds

3 ! —3/2 "‘”Uz"‘ lelz
— K I (2ns)~ f (U f 6(U,) exp [—-———]dUldUzds
0 (0,1/2)8 (0,18 2s
— K3@n)-" Uy (1—ug1)/¥s [-uge)/¥s [(1—ugs)/ Vs
- g .[ f(o 1/2)3 ‘[—uzl/ Vs I—m/ Vs .[—uzs/ Vs
—(w? + wi + wz)]
2

X 0(V 8 W, + Uy, ¥V S W, + Upgy ¥ 8 Wy + Upg))dw,dw,dw,dU,ds
> K3@n)- wf f WUy

(0,1/2)8
(s

since 0 < u,; < 1/2 implies that (0,1/2) C ( ?/zﬁz s 1;?712i) for all s in
s

X exp[

) I\/S Wy 4 Ui |0, 1)(N/ sw; + uzi)dwi} aU,ds

0,1) and ¢ = 1,2, 3.
But for 0 <u,, <1/2, 0<s<1and =123,

1/2
[
0
> e‘”"f W sw; + uy)"¥dw,

A )]

—w? -
2’14),,) lﬁwi + uzz‘l_w X(O,l)(\/ sw; + uzi)dwi

Hence

1 1/2 12 (172
f @ FEW)@de > 64Ki(2n)-we-3/8j s-wj j Uy Uy )
0,1)8 0 0 0 0

3 1/ S 1/4
H [( + uzi) - u;?]duzlduzzduzads

N/S_ )1/4 L
+ Uy ) —wf
3 /: ( 2 11
— G4KY(2r)- Ve f: sl [[:2 2 duy, |ds

11/12
Uz
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'\/E— 1 1/4
s Vi (——2 —+ uu> — Ug;

s~ ﬂl du,; ds
b

1
3 ~3/2,-3/8
> 64K¥2r) e 0 <

> 64K (2r) e~ f s ] {[(ﬁ " _ (_*/_2?_)'“] rs—” u;i"/“duu}ds
0 i=1 0

= 64K¥(2n)"2e~8[1 — (1/2)12%(1 /2)* Il §™3282(g
0
= OO .,

Thus we have that L,(F)y is not in L,((0, 1)%).

Proceeding as above one can show that if 6,4 and F are given by
(6.1)—(6.3) then I,(F)y is not in L,((0,1)*) for v = 4,5, --.. Furthermore
for v = 3,4, ... it then is clear that the function I,(@) is not in L,((0, 1)*)
where

6.4) G(X) = exp U: o, X(s))ds]

and 6 and « are given by (6.1) and (6.2).

Now we want to discuss the case v = 2. Here one can show that
for any r e (2, o) there exists ¢ in L,,([0,1] X R®) and + in L,(R*) such
that I,(F)y will not be in L,((0,1)) where F is given by (6.3). To obtain
this counterexample simply fix r ¢ (2, o) and choose 7,¢ (7, ©). Then let

(6.5) 0(s, U) = (s, (uy, u)) = sV li[lluzl"”r"“x(o,n(ui)
and
(6.6) VD) = () =TT el 0,00

Proceeding as in the example above one obtains
[ @w©de = K [ stsmm/ 5 ymds = oo
0,1)2 0

Next we want to note that the techniques of the above example can
be generalized to apply to 1 <p < —2— More specifically for fixed p in
(1, %) there exists v > 1, 8¢ L,.([0,1] X R and ¥ in L,(R") such that
L(F)y is not in L,((0,1)*) for 0 < 2 < oo where F is given by (6.3). In
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particular this implies that I,(F) is not in L(L,(R*), L,.(R")) for 0 < 2 < oo.
We will outline the example.

Fix p in (1, %) Now fix p, so0 that p < p, < g Then 7 = 7

—p
and we let 7, = 2—%’? Let v be a positive integer such that v >
2P et
3 — 2p,

6(s, U) = 6(U) = 0(an, -+, w)) = T el y,0(at)
and

V(O) = Pty -+ w)) = [T [l ,0a)

Let F be given by (6.3). Note that ¢ is in L. and ¢ is in L,(R".
Then proceeding as in the above examples one can show that

since (.:31)"——?1_)” <
2p,
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