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REMARKS ON LIFTING OF COHEN-MACAULAY PROPERTY

MANFRED HERRMANN* AND SHIN IKEDA

Let (R, m) be a local noetherian ring and / a proper ideal in R. Let
£%(I) be the Rees-ring Θw2>0 I

n with respect to 7. In this note we describe
conditions for I and R in order that the Cohen-Macaulay property (C-M
for short) of R/I can be lifted to R and ^(/), see Propositions 1.2, 1.3
and 1.4.

§ 1. Preliminaries, examples and results

The statements in the following proposition are well known. We
give here a short proof.

PROPOSITION 1.1. For a prime ideal p c R let Rp be regular andp/p2

flat over R/p. If R/p is C-M then R is a C-M domain and &(pτ) is C-M
for all τ >̂ 1.

Proof. By assumption p is generated by a regular sequence (see
[HSV], Lemma 3.17, p. 75), in particular we have dim R = dim Rjp +
ht(p). Therefore by [D] and [HSV], p. 72 R is a domain. Then the
C-M property of R/p can be used to get a regular sequence with dim R
elements in R, so R is C-M. Hence by [V] we know that 0ί(pτ) is C-M
for all τ ^ 1.

The statement of Proposition 1.1 is false if the regularity of Rp is
replaced by the C-M property. Here is an example of Hesselink (see
[HSV], p. 76): Let S be a discrete valuation ring and t a generator of
its maximal ideal. Take the ideal

J - (X\ XY - tZ\ XZ\ Z4)

in the polynomial ring H = S[X, Y, Z]. Then we consider the local ring
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R = HMIJHM where M = tH + (X, Y, Z)H,

and the prime ideal p = (X, Y, Z)i?. Then [HSV] Lemma 1.53, p. 34 yields
that R is normally flat along p (i.e. pnjpn+1 is flat over 22/p for all n- > 0).
Furthermore we get:

( i ) Rp is C-M-ring with dim Rp = 1,
(ii) dimjR-2,
(iii) depth jR = 1, since t is i?-regular and the ideal (J, ί) has M as

an embedded component.
So R is not C-M.

One reason for missing the C-M property of R in this example can
be seen in the fact that pRp has proper reductions. From this point of
view we need the regularity of Rp in the sketched proof. On the other
hand flatness of p[p2 over R[p is a rather strong condition. (Note that
in the case of Proposition 1.1 we have even normal flatness of 12 along
p.) Therefore we have asked if normal pseudo-flatness of R along I is
the "correct" condition to be put on / in this context. This last condi-
tion means ht (/) = £(I), where ht (/) is height and £(I) the analytic
spread of the ideal I. The nicest result one could perhaps expect is that
for a Buchsbaum ring R and a prime ideal p such that

( i ) Rp is regular,

(ii) ht(p) = £(p),
(iii) R/p is C-M,

we get the C-M property of R.

Unfortunately this is not true. We are indebted to S. Goto for the
following example:

R = k[[s2, s3, st, t]] is a Buchsbaum ring with multiplicity e(R) = 2.
Let p = (t, st). Note that Rp is regular. Furthermore we have p2 = tp,
i.e. £(p) = 1. Hence we know that ht (I) = £(I) = 1. Finally Rfp -
k[[s2, s3]] is C-M. But depth R = 1 (t is a regular element), so R is not
C-M. (Note that p is not generated by a regular sequence.)

What we can really prove is stated in the following Propositions
1.2, 1.3 and 1.4.

PROPOSITION 1.2. Let (R, m) be a local ringl) such that Rp is C-M for
all p Φ m. Let I be an ideal in R with the following properties:

1) To avoid technical complications we always assume |β/w| =
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( i ) I is locally a complete intersection^,

(ii) 0 < ht (I) < depth JK — 1,

(iii) ht(I) = £(I).

Then I can be generated by a regular sequence.

The following examples (see also [H-O-2]) show that Proposition 1.2

is false for a prime ideal I = p which satisfies the conditions (ii) and (iii)

but not (i).

EXAMPLE 1. Let

R = k[[X, Y, Z, W]]/(Z2 - W\ Y2 - XZ)

= k[[x, y9 z, w]]

and p = (y, z, w).

We have wp3 = p\ hence £(p) = ht (p) = 1. Furthermore R(p ~ k[[x]]

is regular. Therefore by [H-O-1] we get equimultiplicity: e(R) = e(Rp).

Surely e(R) > 1, hence e(Rp) > 2, i.e. Rp is not regular. But R is C-M,

hence depth R = 2 > ht (p) + 1. Now in this case p is not generated by

a regular sequence. Furthermore &(p) is not C-M (otherwise p could

be generated by one element; see Proposition 1.5).

EXAMPLE 2. Let

19 x29 χ 3 , γ19 y

= k[[xl9 x2 ? x3, y19 y2, y3]]

a n d p = (x3, yl9 y29 y,).

Then Rjp is regular, ht (p) — β(p) — 1 since p2 = x3p and depth (i?)

= 2 > ht (p) + 1 (x1? x2 is a regular sequence in R). Note that i?p is not

regular and indeed R and &(p) are not C-M.

As a corollary of Proposition 1.2 we have

PROPOSITION 1.3. Under the same assumptions as in Proposition 1.2

we get the implication: If R/I is C-M then R and £%(Iτ) are C-M for τ > 1.

The next proposition gives a characterization of the C-M property

of 0t(J) if R is normally flat along / and Rjl is C-M (but generally not

regular). It is based on a result of S. Ikeda (see Proposition 2.1).

PROPOSITION 1.4. Let (R, m) be a Buchsbaum ring and I an ideal in

2) IRP is a complete intersection (i.e. ht(IRP) — minimal number of generators of
IRP) for all p e Ass (R/I).
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R with ht (7) > 0 such that R/I is C-M and R is normally flat along L

Then &(I) is C-M if and only if

( i ) H*M(G)n = [
[0 for n Φ — 1

(ii) Hd

M(G)n = 0 for n>0,

where G = grz (R) and M = m® 2 n > 0 In.

The next result describes necessary conditions for &(I) to be C-M.

PROPOSITION 1.5. Let (R, m) be a local ring and I an ideal in R with

ht (/) = £(I) =: t > 0. If S/t(ΐ) is C-M then the following conditions are

fulfilled:

( i ) m(G)n = l H L ( R ) f o r n 1 and i < d
[0 for n Φ — 1

( i i ) There exist elements zl9 , zte I such that I* = (zί9 , zt)F~\

(iii) depth R > dim R/I + 1,

(iv) R is normally Cohen-Macaulay along P\

The following example shows that without any restriction on I Prop-

osition 1.5 is false:

Let R = k[[X]], where X = (XtJ) is the n X (n + 1) matrix of inde-

terminates Xtj over a field k. Let I = In(X) be the ideal generated by

the n-minors. Then 0t{ΐ) is C-M by C. Huneke [Hu], but IjP is not C-M

for n > 2 by J. Herzog [H].

§ 2. Proofs of Propositions 1.2-1.5

Proof of 1.2. Condition (iii) implies [H-O-2]

( 1 ) ht (I) + dim (R/I) = dim R

and the existence of a minimal reduction zl9 , zt (z for short) of Iy

where t = ht (I). Condition (i) tells us ([N-R], § 4, Theorem 2) that IRP

has no proper reduction for all p e Ass (R/I). Hence we get

(2 ) (z)Rp = IRP for p e Ass (R/I) .

Now, by the assumption (that all Rp are C-M for p Φ m), for each system

of parameters z19 , zt9 zt+19 , zd of R (d = dim(iϊ)) there exists an

N > 0 (which depends on the system of parameters) such that

3) i.e. 7V/n+1 is an ^//-module of depth equal to dim R/I for n > 0.
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(zl9 ., zt): zi+1 g (z19 , Zt): mN for 0 < i < d ,

where z0 = 0 by convention. This means O ^ c O : mN for / = 0. Hence

we get 0 : ^ = 0, since depth R is at least ht(J) + 1. So zx is a regular

element. Now, considering the ring R/zxR and using the same argument

as before we see that z19 z2 constitute a regular sequence, and so on.

Finally we have that

z19 , zt is a regular sequence in R .

Case 1. If me Ass (R/I), we have I — (z)R by (2) and the proposition

is proved in this case.

Case 2. If m e Ass (R/I) then (z)Rp is unmixed for all p e Ass (R/I)

since (z)Rp is an ideal of the principal class in the C-M ring i?p. From

this and (2) we obtain that I is unmixed (see also [H-O-1], proof of Satz

1). Since zR is a minimal reduction of I we know that I and zR have

the same minimal primes. If p e Ass R\zR then p ψ m by assumption (ii).

Hence Rp is C-M and zRv is unmixed of height t. Since pRp e

AssRp (Rp/zRp) we have htp = t. Therefore p is a minimal prime of zR

and hence of J. Hence

Ass (R/zR) = Ass (B/7) .

By (2) we have J = £i?.

Proof of Proposition 1.3. Since Rjl is C-M and I is generated by a

regular sequence zl9 , zt (by Proposition 1.2) we get a regular sequence

z19 - , 2*, x1? , xr9 where r = dim J?/J. Hence depth 22 = dim R by for-

mula (1).

Remark. Note that condition (i) of Proposition 1.2 means for a prime

ideal I = p that Rp is regular. The purely technical conditions "Rp is

C-M for all p Φ m" and "depthR > ht (7) + 1" imply that zί9- -9zt is a

regular sequence in R, generating the ideal /. Hence in the case of a

regular ring Rp we have the implication: if

( i ) ht (p) = £(p) and

(ii) Rq is C-M for q Φ m and depthR > ht (p) + 1,

then R is normally flat along p.

QUESTION 1. How far is normal flatness of R along p from these

two conditions (i), (ii) in the general case?
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QUESTION 2. Is there an example such that R is not C-M, ht (p) =

jβ{p) = 2 and &(p) is C-M?

In [I] an example is given with ht (p) = ^(p) = 3 instead of ht (p) =

£(p) = 2.

For the proof of Proposition 1.4 it is enough to show by [HSV],

Lemma 3.15, p. 66 and Lemma 3.8, p. 117 the following statement.

PROPOSITION 2.1 (S. Ikeda). Let (R9 m) be a local ring with £(Hi(R))

< oo for i < d = dim R and let I be an ideal such that t = ht (I) > 0

and Injln+i is C-M of depth equal to άimR/I for all n>0. Then the

following conditions are equivalent:

( i ) <%{I) is C-M,

( π ) a) Hι

M(G)n = I and i < d,
[0 for n Φ — 1

b) Ha

M(G)n = 0forn>0,

where G = gr7(R) and M=m® Σ w > 0 I n

For the proof of this proposition we need the following two lemmas.

The following result was first obtained in [V].

LEMMA 2.2. Let (a19 , at) be a minimal reduction of an ideal I with

h t (I) = £(I) = t > 0 and let bu -,bs be a system of parameters with

respect to I4). Then the sequence

{al9 a2 — ajί, , at — α ^ X , atX, b19 , 6,}

in the Rees-algebra R[IX] ~ &{I), X an indeterminate, forms a system of

parameters of έ%(I)M

Proof. Let P = V(aly a2 — atX9 - , bs). Since axeP we can prove

that all ateP by induction on i: If i > 2 we have at (at — α^jX) =

a* — di-faiX) e P. Since atXe&(I) and since a^iβP by induction hy-

pothesis, we get at e P. Hence (au , at9 bl9 , b8)&(I) C P. Note fur-

thermore that the ideal (aί9 , at9 b19 , bs) is m-primary. We have In

— (aί9 , at)In~ι for some n > 0. Take any α e I . Then we have an =

2S.JOΛ for some ^ e / " " 1 . Now (αZ)71 = ΣU a.Xx.X71-1 eP because

a.XeP and xtX
n-1 e a(I), i.e. M 3 P 3 m^(J) + IX#(I) = M. Therefore

a19 a2 — aλX9 , 6S form a system of parameters of

4) i.e. the images of &i, , δs in β// form a system of parameters of R/I.
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LEMMA 2.3. Let I be an m-prίmary ideal and let (a19 ',ad) be a

minimal reduction of I, where d — dimi?. // Id = (a19 , ad)Id~ι then we

have

Hd

M(G)n = 0 for n > 0 .

Proof. Let af = In7 (at) e I/P the initial form of aτ with respect to

I. Since the ideal (af, , αf) in G is primary5) to the maximal homo-

geneous ideal of G there exists an exact sequence (see [R], p. 78,

Proposition 2.3)

θ G.ί...δί..... - ^ Gβl...βS —•> iί.UG) — > 0 ,

where ^ is given by

φ((f» • • -,/„)) = g ( - l ) ' f for /« e «αί...άϊ...«ϊ

Pick x e Hχ(G)n, n > 0, and assume that x is represented by

f

\ 1 2 (Z /

where fe G is homogeneous of degree kd + n. If £ = 0, then / is of

course in the image of φ. If k > 1, then by applying the assumption we

get

Tkd + n /,Λ(Jl6-l)d + l + π Jd-1
-*• — \ S / -*

= ( Ώ f c akS\(o ••• ry V f c - 1 ) ( ^ - 1 ) + w 7"<z-i

Hence / can be written in the form
d

f = Σ afkgt where gt e Gkid.1) + n .

Therefore //(αf αj)* is in the image of φ.

Proof of Proposition 2.1. Since £(Hl(R)) < oo for i < d = dim i? we

have

dim Rjp + ht (p) = dim E for all p e Spec (i?) ,

hence in particular dim R/I + ht (/) = dim R (see [S-T-C]).

5) The elements of a minimal reduction induce a system of parameters α*, , α | ,
in the ring g r / β (g)Λi?/m, hence α*, ••-,»* form a system of parameters in g r / β .
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Furthermore the C-M property of In/In+1 implies that ht(I) =

= :tby [H-0-2].

First we prove (i) =̂> (ii). Consider the exact sequences

θ > 0£{I)+ > gt(I) • R > 0 and

0 ><%(I)+(Ϊ) ><%(!) >G > 0 6 ) .

We get the following exact sequences.

-> HiQX(Q) -> Hl{R) -> mιiβ(J),) -> m\®(J)) -> and

Since &(I) is C-M by assumption (i) of Proposition 2.1 we obtain for

i <d

HUR)~H\ϊ\3t{I)+) and WM{G) ~ H£\9t{I)+)(l) .

Hence we get (ii), a) in Proposition 2.1.

By what we have mentioned at the beginning of the proof, there

exists a19 ,atel such that In = (a19 , a^In~x for some n > 0. By

assumption £%{!) is C-M. Therefore, by Lemma 2.2, al9 a2 — axX, , at —

α^jX, atX is an ^(/)M-sequence7). Then we can use the same argument

as in [I], p. 8 to show that

(2) P = (μl9 • , α ί ) P - 1 .

(The idea is to consider for any a el* the following congruence

mod (α2 — atX, , atX):

a.aX1 ΞΞ a.aX'-1 = . = ataX = 0 ,

hence αXέ e (a2 — aλX, , atX)&(I)M since α1? α2 — axXy , α4X is a regular

sequence in 0l(Γ)M. Therefore we find an equation in £%(I) of the form

raX1 - (α2 - α ^ Λ + + atXft ,

Comparing the coefficients of X1 in this equation we obtain (2).)

Since Injln+1 is C-M for τι > 0 we find elements b19 -,bsem

(s = dim -R/J) forming a regular sequence on I 7 l/In + 1 for all ra > 0.

[Any system b19 , bs of parameters with respect to I is a system

of parameters for each InIIn+ί since dim/n//TO+1 = dim R/I, hence bu , bs

is a regular sequence.]

6) f(/)+ = ® w > 0 / n and ^(/)+(l) is the module with the degree shifted by 1.
7) ®(I) is identified with R[IX].
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Therefore b19 , bt (b for short) is a G-sequence. Set

G = grI+iR/iR(RlbR) ~ GlbG .

By Lemma 2.3 we see that

(3) fli(S)n = 0 f o r τ ι > 0 .

Let Go = G and G, = G/(b19 , b%)G for i = 1, , s. For 0 < i < s we

have the exact sequence

0 — > G l - H G i ^ G w - > 0 .

From this exact sequence we get an exact sequence

(4) > Hif\Gτ) > WM-\Gi+1) > WM(GZ) - H HJAGd >

for 0 < i < s .

By ii), a) we have H3

M(Gτ)n = 0 for n Φ - 1 , j < d - 1 and 0 < i < s.

Assume that Hfc`^iGi+dn = 0 for n > 0. Then the exact sequence (4)

shows that bi+ί is a non-zero-divisor on Hί'^G^n for n > 0. Let n > 0

and xeHffXGJn. Since bί+1eM we have 6f+1x = 0 for sufficiently large

A > 0. Therefore Λ = 0 and we have HirXG^n = 0 for rc > 0. Since

G = Gs we see that Hff\G^)n = 0 for ^ > 0 and 0 < i < s by induction

on s and (3).

(ii) => (i). Since 6j, , bs is a G-sequence (by the general assumption

of Proposition 2.1) we have [V-V].

(6 1,.. , 6 i ) Π l n = (61, ,6.)I» for n>0.

Hence

9t{I + hR/bR) ~ © ln\bR Π In = 0 Jn/δ/n = 9HX)fc9t(J) .

Since 6j is regular on G we have

bjt f]In = bjn .

Hence we have

and

) - 9t(J)\bx9t{X) .



130 MANFRED HERRMANN AND SHIN IKEDA

Since bx is not a zero-divisor on 0t(I) we can conclude that b is an 0KJ.)-

sequence by induction on s. Therefore it is sufficient to prove that

M : = 0t(J + bR\bR) is C-M.

From the exact sequence (4) and ii), a) we have for i < t.

( 5 ) Hί(G)n = 0 (n Φ -1) and Z(H\AG)) < °°

by induction on s.

But (5) implies by [G, (3.1)]

@)) < co for i < t.

Similarly for ί — t we have (see Lemma 2.3)

( 6 ) WM(G)n = 0 ΐoxn>0.

From the analogous exact sequence (10 corresponding to ϋ , we have

for ί < t isomorphisms

Since S(Hι

M(^)) < oo, we know already that H<M(<%)V = 0 for * > 0 or p < 0

(and ί < £). Therefore we have

fli(Jf) = 0 for £ < ί .

Now it remains to prove that H^(^) = 0:

By (5) and (6) we have isomorphisms

v Φ 0 ,

i ϊ r()v ^ > 0

and injective homomorphisms

Since H^M)*. = 0 for rc > 0 or n < 0 one can conclude that i ? ] ^ ) = 0.

Hence M is C-M as required.

Proof of Proposition 1.5. We have already shown (i) and (ii) in the

course of the proof of Proposition 2.1.

Let (zίy , zt) be a minimal reduction of I and bu , bs a system

of parameters with respect to I.

By Lemma 2.2 {zl9 z2 — zλX, , zt — zt_xX, ztX, bl9 , 6J is an
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sequence since 0ί(I) is C-M by assumption. Now consider the exact

sequence

We have

(zuZχX)3t(I)
zx3t(I) (zx3l(I):zxX)κ ^`

Since zx is also not a zero-divisor on R we have

(zx3l(I):zxX) = 131(1).

Hence we have the exact sequence

( 1 ) 0 > gr7 (B)( -1) > 0t(I)lzxSt(I) > St(I)l(zx, zxX)St(T) > 0 .

To prove (iii) and (iv) we use induction on s = dim Rjl. If s = 0 then

(iv) is clear and depth R > 1 (zx is a non-zero-divisor in R). If s > 0

then zX9 bx is an ^(I^`sequence. By the exact sequence (1) bx is a non-

zero-divisor on grΓ (R). Therefore bJH Π ί" = bjn for n > 0. Hence

31(1 + bxRlbxR) ~ 3l(T)lbx3t(I)

is C-M since bx is a non-zero-divisior on 3l(Γ).

Let R = B/δji? and I = IR. Since grΓ (B) = gr, (B)/6j gr7 (B) we have

= dim gr7 (B)//n gr7 (B)

Let p e Spec (R) be a minimal prime of (/, bx) such that ht (p/bxR) = ht (/).

Since bx is a non-zero-divisor on R/I we have ht (/) + 1 < ht (p). Since

6j is also a non-zero-divisor on R we see that

ht(/) + 1 < ht(p) - ht(p/bxR) + 1 = ht(J) + 1 .

Now we have

ht(I) < ht(ϊ) < (̂1) - &(I) - ht(J) .

By induction hypothesis we have

depth RlbtR > dim R/(I9 bx) + 1 = dim Rjl

and hence we have

depth B > dim R/I + 1 .
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Since

In + b.R/I^1 + bxR ~ I*/jr*+1 + bjn ~ (W+tf

and since bx is a non-zero-divisor on Injln+ι we have

depth In/In+1 = depth (In + b.R/I^1 + bxR) + 1 = dim i?/(J, 6^ + 1

"by induction hypothesis. Hence

depth I*/I«+1 = dim R/I for rc > 0

as required.
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