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LOCAL DEFORMATIONS OF ISOLATED SINGULARITIES
ASSOCIATED WITH NEGATIVE LINE BUNDLES

OVER ABELIAN VARIETIES

HIDEO OMOTO and SHIGEO NAKANO

Introduction

Let V be an analytic space with an isolated singularity p. In [1]
M. Kuranishi approached the problem of deformations of isolated singu-
larities (c.f. [2] and [3]) as follows; Let M be a real hypersurface in the
complex manifold V — {p}. Then one has the induced Ci?-structure ° T"(M)
on M by the inclusion map i: M~> V — {p} (c.f. Def. 1.6). Then deforma-
tions of the isolated singularity (V,p) give rise to ones of the induced
CJR-structure °T"(M). He established in §9 in [1] the universality
theorem for deformations of the induced Ci?-structure °T"(M)9 when M
is compact strongly pseudo-convex (Def. 1.5) of dim M ^ 5. Form this
theorem we can know Ci?-structures on M which appear in deformations
of °T"(M).

Here we assume that V is 1-convex in the sense of Andoreotti-Grauert
such that dimc V^ 3 and that M is a compact real hypersurface in 7 -
{p} defined by strictly plurisubharmonic function joon V such that p ^ 0,
that is, M = {q e V; ρ(q) = c}, here c is a constant. Then as Profp V^29

we find in terms of [2] that the infinitesimal deformation H\ V, Θ) (c.f. [1])
of the isolated singularity (V,p) is regarded as a subspace of the infini-
tesimal deformation H\M,°T\M)) of °Γ"(Λf) (cf. §3). Therefore in
order to solve the problem of local deformations of (V,p), it is enough
to determine the infinitesimal deformations H\M, °77//(ikί)) and complex
structure on a neighborhood of M in V — {p}, which induce Ci2-structures
on M appearing in deformations of °Tff{M).

In this paper we shall prove, using the above Kuranishi's theory, the
following.
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THEOREM 5.1. Let T be an abelίan variety of d i m ϊ τ ^ 2 and B a
negative line bundle over T. Let (B, T) be the isolated singularity defined
by the exceptional variety 0{T) in B, here 0{T) denotes the zero section of
B. Then local deformations of (B, T) are also isolated singularities (B\ T'),
where T and Br are abelίan varieties and negative line bundles over T\
respectively.

Remark. (B, T) is 1-convex with dimc B >̂ 3.

The above theorem has been essentially proved by M. Schlessinger
[2]. However we want to publish this paper as an example of applications
of Kuranishi's theory to deformations of isolated singularities.

In § 1 we describe basic notions of Ci?-structures and in § 2 determine
the induced CB-structure °Γ//(S1) on the unit sphere bundle Bx of the
negative line bundle B over the abelian variety T using a normalized
automorphic factor for B. In § 3 we calculate the infinitesimal deformation
H\B,°T"(B)).

In §4 and §5 we show that H\B, °T"(B)) has basis which are inte-
grable Ci?-structures and that these integrable Ci?-structures are induced
from some negative line bundles Bf over abelian varieties T'.

§1 Basic definitions

Let M be a real oriented smooth manifold of dimension 2n + 1, n =
1,2, , and let ° T" be a subbundle of the complexified tangent bundle
CTM. Let E be a vector bundle over M. We denote by Γ(E) the set of
C°°-sections of E.

DEFINITION 1.1. The subbundle °77// is called an almost CR-structure
on M, when the following condition is satisfied;

(1.1) °Γ" Π °T" = 0 , dimc °T" = n .

Moreover an almost GR-structure °T" is a CiZ-structure, provided that

° T" is integrable in the sense of Frobenius, i.e. if Zu Z2 are sections

of °JΓ", then so is their Lie bracket [Zί9 Z2].

Now let ° Γ be a CE-structure on M. Since ° Γ is the complex
vector subbundle of CTM of complex fiber dimension n and is invariant
under complex conjugation, there is a real line bundle F of TM such that
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(1.3) CTM =°T"e> °T" Θ CF.

From now on we fix this decomposition of CTM. Put

(1.4) T = °T"®CF,

and we denote by π\π) the projection of CTM onto T\°T"), respectively.

DEFINITION 1.2. An almost Ciϊ-structure E" on M is said to be of

finite distance to °T" if πr oiE,,\ E" -> T is an isomorphism, where iE»: E"

—> CTM is the inclusion map.

PROPOSITION 1.3 [1]. Lei Efr be an almost CR-structure on M of finite

distance to °T". Then there is a unique element φ of Γ(M, Ή.om(°T", T'))

such that

(1.5) E" = {X- φ(X); Xe °T"}.

Conversely let ^ e Γ(M, Hom(°T", T)) and we write

φ = ψx + φ2

where φx e Γ(M, ΐlom(oT", °T")) and φ2 e-Γ(M, Kom(0T"9 CF)). For any φ

satisfying φ1(φ1(X)) Φ X or ψ2(ψ,(X)) Φ φ2(X) for all Xe ° Γ , (XφO), the

formula (1.5) defines an almost CR-structure E" of finite distance to ° T".

The almost CR-structure E" defined by (1.5) in terms of ψ will be

denoted by φT". We identify ΨT" with φ, and φ is also called an (almost)

Ci?-structure on M, when φT" is an (almost) CR-structure.

Next we will examine when T" is integrable, i.e., a Ci?-structure on

M. For any XeΓ(CTM) we put

Xτ. = πf{X) and X.τ,, = π(X) .

The following formulation for the integrable condition is due to T. Akahori

[4].

PROPOSITION 1.4. Let φeΓ(ΐlom(°T", T')) be an almost CR-structure

on M. Let P(φ) be a map of Γ(/\ΐOT") into Γ(T') defined by

P(φ)(X, Y) = [X- φ(X), Y - ψ(Y)]τ. + φ([X - φ{X), Y -

{ for X,YeΓ(°T").

Then φ is integrable if and only if

P(ψ) = 0 .
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In order to compute the infinitesimal deformation of °T", we must define

t h e o p e r a t o r 5^:Γ(T'® / \ * ( O T " ) * ) ^ Γ(T' ® A'*ι(°TfT), P = 0,1, 2, •••.

At first for p = 0, 3<°>: Γ(Γ') -+ Γ(T 0 °T") is defined by

(1.7) Φ^uχX) = [X, u\τ., for u € Γ{T) and Xe Γ(T") .

For convenience sake we set

Xu = [X, u]τ,.

For p ^ 1,

(i .8) = έ ( - ly-'Xiψ (Xu •••,χι,-- ,χP+i)

+ Σ (- l)j

where Xu , Xp+1 e Γ(° T"), and ψ e Γ(T' ® ̂ p(° Γ")*). From definitions of

δ^} it is clear that Sίp+1) 5ίp) = 0, i.e.,

is a complex.

We explain the convexity of the Ci?-structure °T" on M. Let Xu ,

XTO be a frame of Γ(°T/r| [/) for some open set £7 in M. Then X1? , Xn

become the frame of Γ(°T"\U). Take a cross-section S of Γ ( F | C7) such

that S(p) Φ 0 for any pe U. Hence we obtain smooth functions Cjk on

U defined by

XJ = CJkS (mod T " Θ °T"),

for 1 < j , έ < n .

It is trivial that the functional matrix

\\CJk\\ is hermitian .

DEFINITION 1.5. °T" is strongly pseudo-convex, when for any peM,

there is a cross-section S of Γ(F\ U) such that

IIC?* II > 0 , on some neighborhood U of P .

Finally let us consider a complex manifold V and an imbedding ί: M

-> V, where dimc V = n + 1 and dimΛ M = 2n + 1. Then a complex sub-

bundle °Γ// on M is defined as follows: For any point peM,
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(i.io) °rp' = ap*TM n τup) v,

where TUp) V denotes the holomorphic tangent space of V at i(P). Since
i(M) is a real hypersurface of V, ° T"(M) becomes the subbundle of CTM
of complex fiber dimension n. Clearly °T" is integrable, i.e., this sub-
bundle defines a CR-structure on M.

DEFINITION 1.6. Let i:M-> 7 be an imbedding as above. Then the
CR-structure °T" on M defined by (1.10) is called the induced CR-
structure by i, or simply the induced CR-structure.

§2. C7?-structures on negative line bundles over abelian varieties

2.1. Let T be an abelian variety with an n X 2τι-matrix ω —

(c>i)i<,t£n,i<:a£2n as a period matrix, that is, let Cn be the space of n complex
In

variables (zl9 , zn) and let Z2n = Z x x Z. The elements of Cn and
Z2n are written as column vectors of length n and 2n, respectively. For
any element d = \d\ , d2n) of Z2n, we put

t / 2n In

\«=i a ' «=i

if A denotes the lattice {ω-d;deZ2n} in Cn, then

Now let B be a negative line bundle over T and let π be the projection
of Cn onto Γ. Then the induced bundle π~\B) of S under π is isomorphic
to the trivial bundle Cn X C. From this fact there exists a holomorphic
map /: Cln X Z2n -> C - {0}, called an "automorphic factor" of B, satisfy-
ing the following conditions (6);

(C.I) For du d2 in Z 2\ and z e Cn ,
f(z, dx + d2) = /(« + ω*

(C.2) let — be the equivalence relation in Cn X C defined by

fa, Ci) - (z2, Q <==Φ there is deZ2n such that

Then the line bundle B over Γ is isomorphic to Cn X C/~. It is clear
that automorphic factors of B depend on the choice of isomorphisms of
π~ι{B) onto Cn X C And we can take an automorphic factor f of B
which has the following form (c.f. pp. Ill, [5]);
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For any zeC and deZ2π,

(2.1) f(z, d) = exp {2π^ϊ(tzQωd + %dA°d + ιbd)}

where

Q=

.QnU ' ' ' 9 Qnn.

is an (n X n)-matrix such that ιQ = —Q, and A° is a (2n X 2n)-matrix

and b denotes a real column vector of length 2n. We fix the above aut-

omorphic factor / with (2.1). Let h: Cn: -* R be the smooth positive fun-

ction defined by

(2.2) h(z) = exp (~2πΛί^ΛtzQz) .

Then we have h(z) = h(z + ωd) \f(z, d) |2 for every deZ2n and -εeCn, so

that h induces the hermitian metric h on the line bundle B over T. Hence

the Chern class c(B) of B equals to the de Rham cohomology class of

ilogΛ= Σ Qtjdz* Adz') .

However since B is negative, we have ^ί^ΛQ < 0, that is, the hermitian

matrix V —1Q is negative definite.

2.2. From the negativity of B we know that if T is regarded as the

zero-section of B, then there exists an analytic variety T and a holomor-

phic map g of B onto T such that for some point t0 e T.

g is a bi-holomorphic map of £ — T onto T — {ί0}, and g(T) = ί0.

(cf. [6])

Clearly T has the isolated singularity point tQ, which is denoted by

(T, t0). Let S be a real hypersurface around t0 in Γ — {ίo} Then local

deformations of isolated singularity (T, ί0) induce ones of the induced CR-

structure on S by the inclusion ί§: S —> T — {t0}. However in terms of the

biholomorphic map g: B — T—• T — {t0} we shall consider local deforma-

tions of the induced Ci?-structure on a real hypersurface around T in

B-T.

Now let Bx be the unit circle bundle over T defined by the hermitian

metric h on B, i.e.,
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PROPOSITION 2.1. Let °T//(B1) be the induced CR-structure on Bx by

the inclusion cBl: Bλ -> B. Then °77//(S1) is strongly pseudo-convex, that is,

2?! is the real (2n + ί)-dimensional compact strongly pseudo-convex manifold.

This proposition is proved by the following two lemmas. At first let

ψ be the natural projection of Cn X C onto B = Cn X C\~ as in § 1.

Here put

Cn X C) .

Then it is trivial that

V = {(z,ζ)eCn X C;h(z)\ζf = 1} .

Moreover let ψ be the diίfeomorphism of Cn X Sι onto V defined by

ψ(z,θ) = ( « , 4 ^ - ) , for (z,θ)eCn X

here θ is the angular coordinate of S\

LEMMA 2.2. Le* °T"(V) = CΓF Π Ϊ^ XC" X C) 6e ίΛe mdwced Ciϊ-
structure on V. Lei Zτ, , and Zn> be vector fields on Cn X S1 defined by

— , j — 1, , n .
θdz3 2 oz3 oθ

Then {ΨxiZj)}7}^ become the global basis of °T"(V).

Proof. By direct calculations we obtain

dlogh e^θ J? 1_ dlogh e~v~19
/ d \ __ d _ JL̂

Ψ*(Z'Θ)\~W~) ~ dzj 22 dz' Vh dζ 2 dzj Vh dζ

and

ΎJΓ~dζ

Here we have

/o Λ\ i (Ύ\ d

 F dlogh d 1

(2.4) Ψ*CZj) = -^ZT- - C—r^ r^ , J = 1, * , n .
dzs dz3 dζ

This means ψ*{Ztθ)(Zj) e Ί%fatβ)(Cn X C), for any (z, θ)eCn X S\ so that the

ψ*(Zj) are cross-sections of °T"(V). It is clear that {ψ*(Zj)}?=1 is the

global base of °Γ"(V). Q.E.D.
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Next let °T"(Cn X S1) be the complex subspace of CT(Cn X S1)

generated by the basis {Zj}n

j=1. Then from the above lemma it is trivial

that °T'(Cn X S1) = °T"{V), and that °T"(C* X S1) is the CJS-structure

on Cn X S1. CT{Cn X S1) has the following decomposition; let F = {#(9/90)}

be the real line bundle over Cw X S1, spanned by d/dθ. Then we get

CT(Cn X S1) = °T"(Cn X S1) Θ ° f "(Cn X S1) Θ CJF7.

LEMMA 2.3. °Γ//(Cn X S1) is strongly convex.

Proof. Put Zj = Z3(j = 1, -, n). By (2.3) and (2.2) it follows that

(2.5) [Zj,ZJ = ̂ ^ * A = &Q,,A ( 1 <„•,;„)

On the other hand since Q is negative definite, °T"(Cn X S1) is strongly

convex. Q.E.D.

Remark. The next formulas are trivial;

for 1 < i, j < n .

We shall express the induced Ci2-structure °T"(βύ by using {Zj}%τ.

Let $ be the canonical projection of Cn X C onto JB = Cn X C\~ and ψ

the composite map of ψ and ψ;

ψ = ψof:Cn X S ' - ^ C 7 1 X C - ^ B .

It follows from (C.2) in 2.1 and the definition of ψ that for (z, θ)9 (έ, θ') e

Cn X S\ f(z, θ) = ψ(^, 00 means that there is SL deZ2n such that

z! = z + ωd, and 0' = 0 -

LEMMA 2.4. For (z, 0) e Cn X S1, and rfeZ2n

and

Therefore {Ψ^(Zj)}jssίt...tn and ψ *(9/90) become vector fields on Bt.

Proof. It follows that
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= T __ / dz3 __ g log h(z + ωd) J_

Here set

Vh(z

and

Using &(#) = h(z + ωd) \f(z, d)\2 as in § 1, we get

(2.7) A - Ϋ ^ ^ — + _ ζ^ -

On the other hand let gd be the bi-holomorphic map of Cn X C onto Cn

X C defined by

gd(z, Q = (z + ωd, f{z, d)ζ) , for any deZ2n .

Then we have

d 4 9lQg/fe^);> (A4

and

ίr 3 \_F( d \
,f(.z,d)-Ko)\i=>~^~ I ~~ ^\~^p~ I3ζ / \ 3ζ

Hence from (2.7) it follows that

A = (^^d)(.,/(.,«-ic )(Ψ*(..o^) (cf. (2.4))

But as ψ^ rf = ψ, we have finally

Similarly it is proved

^ ( ) Q.E.D.

Let us return to the proof of Proposition 2.1. By virtue of Lemmas

2.2 and 2.4. the induced CR-structure °Γ//(B1) on βj is spanned by ψ*(Zz),
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• , and ψ*(Zn), denoted by {{ψ%(Zj), , ψ*(Zn)}}. Furthermore we have

the next decomposition of CTBί;

(2.8) CTBX = °r\Bx) Θ °T "(Bλ) Θ CF(BX) ,

where

(o {tf ( ^ , , (J,}}
(2.9) °T"(Bd = {{^(ZO, , Ψ*(Zn)}} ,

ί
Thus our proposition is completely proved.

§3. Infinitesimal deformations of °T"(Bι)

Notations being as in § 2, let us first consider relations between almost

Ciϊ-structures of finite distance to °T"(Cn X S1) on Cn X S1 (c.f. Lemma

2.3) and ones of finite distance to °T"(BΪ) on BίΛ For this purpose we set

°T\Cn X S1) = °f "(C* X S1) Θ CF

and

From Proposition 1.3 it is enough to consider the correspondence between

ΓQlom(oT"{Cn X S1), T'(Cn X S1))) and A H o m ί 0 ^ ^ ) , ^(50)). Here we

put for simplicity

° Γ = ^ ^ ( C " X S1) and T = T\Cn X S1) .

Let Zτ, , and Zn be the basis of °T" defined by Lemma 2.2. Then

we have the following

PROPOSITION 3.1. For any φeΓQlom{oT", Tf)) we can write

(3.1) φ(Zj) = ± φ)Zk + φ* (j = 1, - , ή) ,
k = l 00

where φ) and φs are smooth functions on Cn X S1. Then φ induces an

element of Jπ(Hom(°T//(JB1), Tf(B$)) if and only if the following condition

(C) is satisfied]

Ufi(z, θ) = φ%z + ωd,θ+ arg/fe d))

{φfa θ) = <pj(z + ωd, + arg/(2, d)) ,
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for each d e Z2n and (z, θ) e Cn X S\

Proof. Let τ be the linear map from Γ(ΆΌm(°T"(Bύ9T'(Bύ)) to
Γ(Hom ( ° Γ , TO) defined as follows; let φ be any element of Γ(Hom (° Γ'^B,),
TWd))- Then we put, for any (z, θ)eCnX S\

If φ is an element of Γ(Ή.om(°T"(B1), T'iB,))) with the expression

then it follows that

(τφ)(Zj)= ±{φ)

Thus τφ satisfies the condition (C). Conversely an arbitrary element
<pe Γ{Ή.om(°T'\ T)) satisfying (C) induces an element φ of ΓiHomCT^B,),
T'(Bl))), and we have

ψ = τφ . Q.E.D.

We denote by Γ(C)(Rom(°T", T')) the set of all smooth-section of
Hom(°T", T') satisfying the condition (C). The above Proposition 3.1 shows
that

T: Γ(Hom (°T"(βύ, T\BX))) -> Γ((7)(Hom (°T", TO)

is isomorphic.
More generally let ΓiC)(/\* (°T")* Θ T) be the set of all smooth-

sections ψ of f\k(°Tγ® T', (k = 0, 1, , n) such that, when ψ is ex-
pressed as

(1 < h < - < h < n) .

Then all coefficients <p-ju...,-jk and φjx,...,jk satisfy the condition (C). Then
T induces the isomorphism of Γ(/\k(°T"(BJ)* ® T(Bλ)) onto ΓiC)(AkCT")*
® TO- Here we have the following commutative diagram;
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0 > ΓiT'iB,)) —-» Γ(Hom (° r ' B,), ^'(JB,

| |
-^* ΛnίHomCΓ'.J ))

§«>

where the d(

b

k) denote the operators defined by (1.7) and (1.8).

Let HX°T"{Bλ)) and Hk

C)(°T") be the &-th cohomologies of complexes

{Γ(Λ* (°r'(Bd)* ® r ( ^ ) ) , 3?>}ϊ-o and {Γ(£7)(Λfc ί 0 ^ ) * ® ϊ7 '), 3? }B-, respec-
tively. Then we know that

3.1. We shall determine explicitly a basis of the first cohomology

Hlo(°T"), that is, the infinitesimal deformation of °Γ//(B1) First of all

let φ be an element of Γ{C)(Rom (° T", T) with

(3.1) φ{Zi) = Σ 9fZfc + p *L 0* = 1, . . , ή) .
k = l OU

Then we obtain the following

PROPOSITION 3.2. It follows that S^φ = 0 if and only if for all i,

je{l, - ,n},

(3.2) Ztf-Zrf = 0 , (fe = l, . . . , n )

(3.3) Σ (PΪΦ« - 9*Φ*j) + ZιΨj - Zm = 0
1

(3.4) ΦtJ = arQ4, (c.f. (2.1)) .

Proof. By (1.8) and (2.6) we see that

Σ φΊ - z-)Ψ\)Zk Σ
k=l k=l
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However as \Zh Zt] = 2πQi-j{djdθ) (c.f. (2.5)), it is trivial that

Zj) = ± (ZιΨ\ - Z-jΨ\)Zk
l

±
τ ι = l

\+ Zιψi ~ Zmί~w •

This fact proves Proposition 3.2. Q.E.D.

In order to study properties of the {φ% ψj} k,j = 1, , n on Cn X S1

satisfying the differential equations (3.2) and (3.3), we denote by @(/) the

Fourier expansion of any function f on Cn X S1 with respect to the angular

parameter of S\ Let us put

(3.5) ©(£>!)(£, 0) =

Then from the uniqueness of Fourier expansions and the condition (C) it

follows that

(3.6) φk

hm(z + ωd) = φlm(z)e- *=*« «» /(«.*

for any deZ2n and m = 0, ± 1 , ±2,

At first we consider the differential systems (3.2). By (2.3), (3.2) means

that

JtyL_._M_
(3.7) dzι dzj

_ v ^ 7 ! (dloghjz) dψ) _ dloghjz) dφ\\ ^ Q

2 \ dzι dθ dz3 dθ I

LEMMA 3.3. For each meZ, the fy>f,m} k, j = 1, , n satisfy the follow-

ing equation;

(3.8) M- - %- + -%-βΆ*,. ~ -%^*..) = 0 .
dzi dzj 2 \ dzι dzj I

Proof. This lemma is trivial from (3.7) and definitions of the φ)tm.

Q.E.D.

Moreover we have

LEMMA 3.4. Let ψm be the element of ΓiC)(Άom (° T", T')) defined by

Σ e*=-™φin(z)Zk (meZ).Σ
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Then there exists an element ζm of Γ((7)(Γ/) for every non-zero integer m such

that

ζm = ±ζk

m(z)Zk ,

and

(3.9) 5VKm(Z3) = φm(Z}) =ί ' dθ

Proof. Put ψf ,„(«) = <pΊ ,J,z)hml\z). Then we find from (2.2) and (3.6) that

(deZ2n).

Therefore if we set

Ψl = Σ ΨUdz1,

ψk

m is regarded as the cross-section of the vector bundle J5"m®/\ 0 > 1(T)

over the abelian variety T, where /\ M (T) represents the bundle consist-

ing of (0, l)-type differential forms on T. Let 3 be the usual exterior

derivation of type (0,1) on T. Then it is clear that

But

ozι I ozz 2

so that using (3.8), we obtain, for any me Z,

Now let m # 0. Then, since B is a negative line bundle and the holo-

morphic tangent bundle of T is analytically trivial (dim^ T I> 2), there is

an element rfm of Γ(B~m) such that, for any w ( ^ 0 ) ,

If we write ^ the pull-back of ^ by the projection ψ: Cn -> T, ηk

m is the

cross-section of the trivial bundle Cn X C over Cw and satisfies the following

relations;
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(OΛV) <

[dyl = Vm.

Furthermore let ζ*> be the smooth function on Cn X S1 defined by

We have then from (3.10)

ζk

m(z + ωd,θ+ arg/(z, d))

that is, the vector field ζm defined by

belongs to Γ,C)(T).

This ζm satisfies (3.9). Indeed it follows that

k l kΣ
k

* dzj k dθ

Here using dηk

m = ψ^ in (3.10), we have

= 2_j e ψj.m^k + 2_J ίmΨkj y.Γi.JJ.
A; A;

Next for (3.3), we set

pj)(z, β) = Σ φsΛzW"1™9 > 0* = l, , n ) .

Let 0m e /"(o (Horn (°T", Γ7)) be as in Lemma 3.4. If we define the element

φm e Γ(C)(Hom ( ° Γ , TO) for each meZ, by

A (j = 1, . ., n) ,
oσ

then each φm is the e^^^^-component of the Fourier expansion ^(φ) of φ,

that is,

Σ
mez
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Here <&(φ) is defined by

+ ®{φϊd-, U = i, , n).
k Oϋ

Since d^φ = 0, we find

d^ψm = 0 , for every meZ .

Moreover we can write, for any non-zero integer m, using ζm in Lemma 3.4,

(3.11) (φm - dVKM) = φjtm(z)e^^^ , j = 1, . . . , n ,

where the φJ>m(z) are smooth functions on C n such that

φj>m(z + ωd) = ^ , m ( 2 ) , for all (z, d)eCnx Z2n .

LEMMA 3.5. Let m by any non-zero integer. Then φm — 3&0)ζm m (3.11)

is d^-boundary, i.e., there exists an element ηm— of Γ{C){T') such that

dθ

Proof. As d$\φm — ̂ 60)ζm) = 0, the family of functions {&,m}j-i,,...,n i

the right hand side of (3.11) satisfies the following relations;

dfo.m _ ^«.» . w (dlogh- dlogfe \ 0

Therefore this lemma is proved in the same way as Lemma 3.4. Q.E.D.

We obtain from Lemma 3.5 the following

PROPOSITION 3.6. Let φ be an arbitrary element of Γ{C)Q3om(0T", T'))

such that BPφ = 0. Moreover let ©(^) be the Fourier expansion of φ with

respect to the parameter θ of S1;

®(φ) = Σ ψm

mez

where the φm are elements of Γ^C)(Hom (° T"\ T')) defined by

Then for all m (Φ 0) 6 Z, we have,
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φm = ~dfKm , for some ζm e Γ{C){T) .

Furthermore we can prove the following

PROPOSITION 3.7. Let all notations be as in the above proposition.

Let φeΓ(C)(J&oΐ&(°T"yT'), with d£υ^ = 0. Then ψ is 5b-cohomologous to

φ0, where ©(9) = φQ — Σ ^ - w s m ^ .

Proof. In general let / be any C°°-function on Cn X S\ Then ©(/)
converges uniformly on every compact subset of Cn X S1. Now for any

(°T//, TO), we define the norm, denoted by \φ\, as follows;

Let φ(Zj) = 2 φ*Zk - <Pι—. Then we have
dθ

\φ\= max {sup|pf

This is well-defined because of the condition (C). Here if we put
<5k(φ) = Σ| m ! ^ f c ^ m , for any non-negative integer k, we find that for any
ε > 0, there exists an integer k(ε) ̂ > 0, such that

\φ- ©fc(ε)(p)l<ε

Let τ be the isomorphism of the complex {Γ(f\k (°T"(BJ)* ® Tf(B,)\
dl) onto {Γ{C)(/\k(°T")*® T'),db{k)} as in the proof of Proposition 3.1.

On the other hand we impose the hermitian innerproduct, < , > on
CT(Bd such that, ψ*(Zi), ...,ψ*(Zn), ψ*(ZJ, •• ,ψ*(Zll) and ψ^d/dff) are
orthonormal basis. For every φeΓ(/\k CTiBJ* ® JΓ^BI)), we set

= Σ

The L2-norm, denoted by || \\Bl, on Γ(/\k(°T"(Bί))* ® T\BX)) is defined by

HPIk = f

where dυ denotes the volume element associated with the hermitian inner
product < , > on CTiB,).

We can further form the formal adjoint

Sr: Γ(Λfc ( e r " ( W ® T'(BJ) -> ΓίΛ'"1 ί 0 ^ ^ ) ) * ® T(BJ)

of S^"^ with respect to the above norm || \\Sι, (k = 1, , ή).
Now take an element ψ of Γ{C){(°T")Tf) with ψφ = 0. For any ε > 0.

there exirts an integer β(ε) such that
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(3.12) llτ-V-τ-^^^IKε.

Moreover it is clear that S^τ"1^ = 0. Since °T//(Bί) is strongly pseudo-

convex and dimΛ Bx ^ 5, we know from § 6 [1] that there exists ζ e Γ(Tr{B^)

and f) e Γ(°T'(Bd* ® T'(BJ) such that

τ"φ - z-'φo = η + 5^ζ ,

where (3Γ-3?* + 3 W > ? = 0.
We shall show η = 0. Indeed suppose ή ±? 0. Then it follows that

||r-ty - r-Volk ^ ll^lk > fii , for some ^ > 0 .

Here for any ε > 0 with ε < ε1? we choose an integer β(ε) satisfying (3.12),

and put

©ίco(?>) = ®*c.)(f>) — ̂ o

It follows from Proposition 3.6 that there is an element ε e Γ(T') such that

so that we have

ε > ||τ-> - r-Vo - r-^ίcX^IU, = ||r"V - r-V^^'^IU, ̂  llΫlk .

This is a contradiction and so our proposition is proved. Q.E.D.

By virtue of the above arguments, in order to determine the infini-

tesimal deformation HlC)(
oT") (^ HVT'iBJ)), it is enough to consider the

following subcomplex (3.13) of {ΓiC)(/\p (°T")* ® T'\ df}; Let

φeΓ(/\*(°T'T®T')

and set

φ(Zh, •• ,Zh) = ± φi

ht...,,tZt + Ψ J A
ii oσ

We denote by Γτ(/\k(°T")* ® Ή the set of all φ e Γ(/\k(°T")* ® 7") such

that pj,.—,J* and ψiu...,jk are smooth functions on the abelian variety T.

Then the complex

(3.13) 0 • ΓT(T) ̂  Γτ((° T")* <g> T)

TV (Λ 2
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is the required one.

THEOREM 3.8. Let °T" be the strongly pseudo-convex CR-structure on

Cn x S 1 (n ^ 2) induced from the negative line bundle B over the abelίan

variety T (dimc T = n), as before. Let ψ e Γ ( C )((°T")* ® T) with

<3.14) ψ{Zi) = Σ C)Zk + a,— , (j = l,---,n),
k-1 Oϋ

where the C) and the a$ are arbitrary constants such that

(3.15) Σ CJQt, = Σ QQkJ , (1 < i, j < 7i) .

Then any element of HlC)(°T'f) can be represented by some element p as

above.

Proof. Take φ e ΓT((°T")* ® T) such that 5?V = 0 and

(3.16) φ(Zj) = ± φ)Zk + φd , (j = 1, - , ή) .
k=i oσ

Recall that φ) and φ5 are C°°-functions on T. By Proposition 3.2, d^φ = 0

means that φ satisfies equations (3.2) and (3.3). Here using φ) and φό in

(3.16), we put

n Cs n

ψ = Σ ψkj ® dzj , α> = 2 ψjd^ ,

and

φ = Σ Φijdzj A dzj (= V —139 log /ι) , (c.f. (1.2)) ,

where Φi3 = 2πQih

Let /\(p>q) (T) be the set of all differential forms of type (p, q) on T.

Moreover let A be the generalized interior product, that is, for any

ψ e Λ ( p '9 ) (T) <g> Γ(T(T)) with

# = Σ . Σ . Σ A£,...,<pji,... j/fe' 1 Λ Λ dz*' Λ d^ 1 Λ

the linear map ψ7\: Λ ( ' 'm )(Γ)-> f\^^~^^\T) is defined by
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Ψ7\( Σ Bn,...,.t,h,...,udsfι A • • A dz" A dzH A • • • dzβA
βl,'~,βm

= Σ Σ Σ Σ Σ{Σ(-V''+1AL..,tp,hdzuA
ily'",ip Ju — Jq ctι, ',ae βi,~',βm k U'=l

• Λ dz1' A dzh Λ Λ dz'* A Bau...,aeβu...,βmdzaiA

• Λ dza^ A (Λ-d*"^ A - Λ dza* A dzβl A Λ dzβA .

Then (3.2) and (3.3) are rewritten as follows;

(3.17) Bψ = 0 ,

and

(3.18) ψ A Φ - 5ω = 0 .

Next we examine conditions for 9δ-boundary in the complex (3.13).

For this aim let

j=i - ' dθ

be an element of ΓT(T') such that ψ — 5£0)ψ. Then we obtain

(3.19)

Set here

/ = I, , Λ ) .

dzk

Then (3.19) means that

(3.20) ψ = 3£ and ΰ) = ί A Φ + ̂ .

Therefore in terms of (3.17), (3.18) and (3.20) the complex (3.13) reduces

to the following one;

0 — • Γ{T{T)) Θ ^?7) ® Γ(T{T))) Θ Λ(0>

Θ Λ (0'2)

where
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, V) = Φζ, ξπφ + dη)

and

d$Kf, o>') = (5ψf, Ψ'7\Φ- dω') ,

for (ξ, η) e Γ{T{T)) θ C~(T) and (ψ\ ω') e (Λ<0'υ (71) ® IXΓ)) Φ A ( 0 > 1 )(r) .

Now let (ψ', ω') e Ker d$\ As δψ' = 0, it follows that there exist

constants {Cf} 1 < j , k<n and ?eΓ(T(T)) such that

Ψ'= Σ c f d ^ Θ ^ + a?.

Moreover we have

(3.21) f A Φ - 0 V = Σ C|Φfc?df^ Λ d^̂  + 3(£ Ά Φ - α/) = 0

Therefore the 3-cohomology class of Σ<Λ,* C)Φkιdz5 Λ rf^* is zero. How-

ever since C) and Φfcj are constants, we get

(3.22) 2 QΦkϊdzj Adz* = 0

This fact shows (3.15). Moreover it follows from (3.21) and (3.22) that

B(ξ 7\ Φ — α/) = 0, so that we are able to write

(3.23) ξγ\φ - ω' = f]

where the a5 are constants and η0 is a smooth function on T. Clearly

belongs to Ker^ 1 } . It follows that (ψ,ω') and

are 3^0)-cohomologous. Indeed we have

^ , Σ

= (5f, f Λ Φ - 3%) = ^

Thus our theorem is completely proved. Q.E.D.
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§ 4 Integrable CΉ-structures on Cn X S\

Let all notations be as before. Recall that °T" is the strongly
pseudoconvex Ci?-structure on Cn X S1 induced by ψ: Cn X S1 -» Cn X C
(see the bottom of Proposition 2.1). Let now φe Γ((7)((OΓ")* ® T7') be at
finite distance from ° Γ . Then *T" = {X - <p(X); Xe °T") becomes an
almost Ci?-structure on Cn X S\ It follows from Proposition 1.4 that φ
is integrable if and only if P(φ) = 0, where the linear map P: Γ({°T")* <8>
T)->Γ{/\2(°T")*®T) is defined by (1.6).

PROPOSITION 4.1. Let φ e Γ{C)((°T")* ® TO 6e as in Theorem 3.8. TΛera
p is integrable.

Proof. This is trivial from the definition of P and (3.14). Q.E.D.

For convenience sake we write Jf1 the set of all φ e ΓiC)((°T")* ® ϊ77)
satisfying (3.14) and (3.15) in Theorem 3.8, so that Jί?1 is isomorphic to
Hlo(°T"). Let p be any element of ^ with

(4.1) φ(Zj) = Σ QZk - - V ^ α " , ( = 1, , n) ,
fc=i Z c/v

where the norm \φ\ of φ is sufficiently small. Then φ is at finite distance to
°T" and we get

(4.2) Z]-φ(Z]) =

7 = 1, '",n .

And the Ciϊ-structure φT" is generated by {Zj — ̂ (Zj)} j = 1, , n.
We shall next determine complex structures on C" X C which induce

^structures φe Jf1 on Cw X -S1 by the map ψ: Cn X S1-> Cn X C.
Remember that ψ is defined by

ψ(z, θ) = (0, - ^ ^ = ) for (2, ^ e e x S 1 .

PROPOSITION 4.2. Let φeJ?1 with (4.1). Lei z\ —-,zn and ζ 6e the
canonical coordinates of Cn X C, and put
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(4.3)

( ! •

7%en ί&e CR-structure 9T" on Cn X S1 is ίΛe one which is induced from
the complex structure {{Z\, • • •, Zφ

n, d/dζ}} on Cn X C by f, that is,

") = Ψ*(CT(C« x s1)) n {{if, , zι, A } j .(4.4)

Proof. First of all we see the system (4.3) is integrable. In fact it
follows that

k=i dζ
= 0

and

Thus (4.3) is integrable. We next show the relation (4.4). For this aim
it is enough to prove that

However it follows that for all (z, θ) e C X S1,

f/1

. Q E D.

Now for any φeJf1 with (4.1), we denote by T'r\Cn X C) the sub-
bundle of CT(C X C) generated by the system (4.3) in Proposition 4.2, or
the complex structure on C X C denned by (4.3). Moreover let Tφ be
the diffeomorphism of C* X C onto Cn X C defined by
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(4.5)

zΌT'(w, t) = ws-

ζ o T'(w, t) = t exp

(j = 1, • , ri) ,

QtjCfmw +^"*iΣ

where (u;, ί) and (z, ζ) are usual coordinates on Cn X C
Then we have the following

PROPOSITION 4.3. Let φ be an element of J?1 with (4.1). Then the
complex structure T"(Cn X C) is induced from the standard complex structure
on Cn X C by the diffeomorphism Tφ:Cn X C -> Cn X C defined by (4.5), that
is,

Proo/. By direct calculations we have

d

dz**\dw>)~\d2' έ i

9ζ '

However from h(z) = exp (2πV —1 ΣJ M-I QI'I2^1), it follows that

so that we find, for every (w, t)eC X C,

r t
5

d]ogh
3ζ

On the other hand it is clear that

TJ 3 \ _ 3CO71" 3
*\3ί/ 3ί 3ζ '

Then the above equations show
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Q.E.D.

§5. The main theorem

We shall complete in this section the proof of the following.

THEOREM 5.1. Let T be an abelian variety of complex dimension n

(n ^ 2), and let B be a negative line bundle over T. We denote by {B, T)

the isolated singularity defined from B and T, as stated at 2.2 in % 2. Then

any local deformation of (B, T) is also (B\ T'), where Tf is an abelian

variety of dimc T' = n, and Bf represents a negative line bundle over T'.

First of all recall that the infinitesimal deformation H\°T/(Bί)) of

(J3, T) is isomorphic to 3^1 as in the previous section, and that any element

of Jf1 is integrable (c.f. Proposition 4.1.). Therefore we shall at first prove

that small Cfi-structures in ^ are induced ones from negative line bundles

over abelian varieties.

Now let us take any element φ of ^ with φ{Z3) = Σ*-i CfZk -

V — laj(d/dβ), (j — 1, , ή), whose norm \φ\ is sufficiently small, and fix φ.

Then the CJS-structure *T'\Cn X S1) on Cn X S1 defined by (4.2) is induced

from the complex structure T"(Cn X C) on Cn X C determined in terms of

(4.3) in Proposition 4.2. Moreover from Proposition 4.3, T"(Cn X C) arises

out of the standard complex structure on Cn X C by the map Tφ: Cn X C

-> Cn X C which is defined by (4.5). We regard this map Tψ as the bundle

map between two trivial bundles Cn X C over C\ Thus in order to prove

the above statement it is enough to show that there exist an abelian

variety Tf and a negative line bundle B' over Tr such that the bundle

map Tψ:Cn X C-+Cn X C induces canonically a bundle map fψ:B X B.

From now on we shall show the above statements. For this aim let

us put

and
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Then the condition (3.15) becomes

(3.15)'

where t denotes the transpose of matrices. Furthermore the map Tψ is

also represented as follows;

T*(w, t) = (w - C - ϊϋ9t exv {2πVZIϊtwtQCCw

- J^Λπ'w'QCw + 'aw}) ,

where

Here we set

(5.1) g(w) = exp {2πΛf=ΛtwtQCCw - ^ϊπ'w'QCw + law} .

so that it follows that

(5.2) T'(w, t) = (w- Cm, g(w)t) .

Now we write ωf and f'(w9 d) a periodic matrix and an automorphic

factor respectively, corresponding to an abelian variety Tf and a negative

line bundle Bf over Tf to be required for the given Ci?-structure φ e Jί?1.

Then since Tψ in (5.2) induces a bundle map of Br onto B, ωr and f must

satisfy the following conditions;

(5.3) ωr — cω' = ω

and

g(w + ωrd)f\w, d) = g(w)f(w - Cϊϋ, d) ,
(5.4)

for all (w, d)eCnX Z2n ,

where ω is the periodic matrix of T and / denotes the automorphic factor

of B in § 2. Since \φ\ is sufficiently small, there exists a unique ωf satisfy-

ing (5.3), and we fix ω\ Furthermore we obtain the following.

PROPOSITION 5.2. Let f be the map of Cn X Z2n into C defined by

(5.4). Then f becomes an automorphic factor for the periodic matrix, ω',

that is,

(5.5) /' is the holomorphic map of Cn X Z2n into C — {0} ,
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and

f'(w, d, + d2) = f'(w + ω'du d2)f'(w, dx) ,

' for weCn and d, e Z*n (i = 1, 2) .

The proof of this proposition is due to the following two lemmas.

LEMMA 5.3. For an arbitrary (w, d)eCn X Z2n, we have

(5.7) f(w, d) = f(w, d)g(ω'dY1 exp {-2π^f^lt(ω'd)tQCCw} .

Proof. At the beginning we get, using (5.1), (5.3) and CQC = 'CQ,

g(w + ω'd) = g(w)g(ω'd) exp {2π^Γ-ltWtQC(Cω' - ω')d

Therefore it follows from (5.4) that

f'(w, d) = f(w - CW, d)g(ω'd)~1 exp {-2π-f^VwιQC{Cω' - ω')d

On the other hand we find from (2.1)

f(w - Cw, d) = exp {2πΛί^ϊt(w - Cΐϋ)Qωd + A(d)} ,

where we put A(d) = j'dA°d + ιbd, so that we obtain

f'(w,.d) = giω'd)'1 exp {-2πV^ϊt(ω'dYQCCw}

X exp{-2π\r^ϊtw'QC(Cω' - ω')d)

X exp {2πΛί^Ίt(w - Cw)Q(ω' - Cω')d + A(d)}

= g(ω'd) exp {- 2πJ=ϊt{ω'd)tQCCw}f{w, d) . Q.E.D.

Moreover we have

LEMMA 5.4. /' satisfies (5.6).

Proof. From (5.7) it is clear that

f'(w, d, + rf2) = f(w, d, + d^giω'id, + d,))-1

X exp{-2τrv c :Ί ί(ω'(^ + d^QCCw) .

Using the fact that / is the automorphic factor, we get from (5.8)

giω'd, + ω'd2) = giω'ddgiω'd,) exp {2πΛί^V{ω'd1)
tQC{Cω> - ω')d2}

Hence it follows that
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f'(w, dx + d2) = f(w + ωdu d2)f(w, dύ

(5.9) X exp (-2τrVΓ=l ί(ω/rf1)
ίQC(Cω/ - ω')d2 -

X exp {-2πV^Λt(ω'd2)
tQCC(w + ω'dί)} .

But we get

f(w + ω'du d2) = f(w + ω'du d2) exp {2πV^Λt(-Cωfdi)Q(ωί - Cω')d2) .

Finally noting XCω'dJQ = t(ω'dί)
tQC9 we find in terms of (5.9) and the

above relation,

f'(w, d, + d2) = f(w + ω'du

X exp {-2πV^ϊt(ωίd2)
tQCC(w + ω'dx)}

X f(w, ddgiω'dj-1 exp {-2πV~^ϊt(ω/dί)
tQCCw} .

This equation shows (5.6). Q.E.D.

From the above lemmas, Proposition 5.2 is proved. Further let Tr and

23' the abelian variety and the line bundle over T', respectively, defined

from ω' and f in Proposition 5.2. Then we have that following.

PROPOSITION 5.5. Let all notations be as above. If C is sufficiently

small, then B' is negative. Moreover the map Tψ: Cn X C-+Cn X C defined

by (4.5) (or (4.5)0 induces canonically the bundle map TΨ:B' -+ B.

Proof. This is trivial from constructions of Tψ and B\ Q.E.D.

Thus all small Cfi-structures in 3ti?1 are induced ones from negative

line bundles over abelian varieties.

Now from the universality theorem in § 9 [1], we know the following

facts; Let cBl:B1-^B be the inclusion map as before and let N be any

neighborhood of Bλ in B. When Nω is a deformation of the complex

structure on N which is the open submanifold of B, where ω e Γ(N, T"(N)*

® T'(N)) and an embedding i: Bx -> N is given, we denote by ω o i the in-

duced CjR-structure on V by ί: Bx -> N. Finally let 2tfλ

κ be the harmonic

space in Γ(oT"(Bύ* ® T(BJ) with respect to the operator S?>*3?> +

(dimΛ 2/PK < oo). Then there exists a differential map

® T'(BX)) satisfying the following conditions;

(a) ψκ(0)t = t for any t e #\.
(β) If Nω is a deformation of N such that λvSobolev-norm ||ω||n i of ω

is sufficiently small (nλ is a sufficiently large integer), then there

are a point tω e f̂̂  and an embedding iω: Bx —> iVω such that
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O) o ίω — ψκ(ίω) .

Moreover iω and tω are infinitely differentiable on ω, and when ω

is zero, it follows that tω = 0 and ωoiω = er.

Here we can prove the following

PROPOSITION 5.6. For any sufficiently small point t e ̂ ι

Ki Ψκ(t) is an

induced CR-structure on V form a negative line bundle over an abelian

variety.

Proof. At first, for any small φβJf1 with the expression (4.1) we

have shown that the complex structure T " on B defined by (4.3) becomes

one of a negative line bundle Ή over an abelian variety Tf (c.f. Proposi-

tion 5.5) and that the Ci?-structure is induced from B!. Here let T be

the smooth map of Jf1 into Γ(T"{B)* ® T'(B)) defined by

(έ - «,)<f , c/ -

for any ψ e 2tf\ with (4.1), (see (4.3)). Moreover let f̂71 be a sufficiently

small neighborhood of 0 in f̂ί such that Proposition 5.5 and the above

statement (β) hold good. Then we have from (β) a smooth map

T: Jf 1 > #ex

κ such that f (φ) o ίΓ(9» = Ψi.(τ(0) and τ(0) = 0 .

In order to prove this proposition it is enough to show that the derivation

τjo) of T at 0 is injective, because of diraJf1 = d i m ^ ^ . Here let s be a

small real number. Then it follows from Theorem 7.1 and (5.16) in [1] that

(5.10) lim T(sφ)oiT(sφ) - T(sφ)ocBι

0 Ss-0

where ξ is an element of Γ{T'(βύ).

On the other hand we get from the definition of T

(5.11) lim

Therefore we have from (5.10) and (5.11)

df(sφ) Q iT{sψ)

ds
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Furthermore it follows, using (β), that

dψκ(τ(sφ))

ds

so that

(5.12) τ'(0) φ =

Now suppose that τ'(0) -φ = 0. Then it is clear from (5.12) that the

3^-cohomology class of φ is zero, but as φ belongs to £fι we have φ — 0.

Thus τ'(0) is injective. Q.EJλ

Our main Theorem 5.1 is obtained from the above Proposition 5.6.
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