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Let I' be a fuchsian group of the first kind and assume that I" does

not contain the element (_(1) _(1)

forms of weight 1 on the group I' and denote by d, the dimension of the
space Si(I"). When the group I’ has a compact fundamental domain, we
have obtained the following (Hiramatsu [3]):

). Let S,(I") be the linear space of cusp

(*) d, = L Res ¢¥(s),
2 $=0
where £*(s) denotes the Selberg type zeta function defined by

ox(s) = i i (sgn 4,)" log |4, |2E, + 25E]0

asrEst G — Al

Here, 2,, denotes the eigenvalue (|4,.| > 1) of representative P, of the
primitive hyperbolic conjugacy classes {P,} in I'.
In this paper we give a formula of the dimension d, for a general

discontinuous group I" of finite type such that I" 2 (—(1) __(1)), by using the

Selberg trace formula (Selberg [5], Kubota [4])."”
The notation used here will generally be those of [1].

§1. The Selberg eigenspace .#(1, —$), Eisenstein series and
continuous spectrum

1.1. Let I' be a fuchsian group of the first kind not containing the

element <_ (1) _(1)), and suppose that I has a non-compact fundamental

Received February 9, 1987.
1) For the dimension d; in the case of I'» <_(1) _2), refer to Hiramatsu [2].
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domain in the upper half plane S. Let T be the real torus and put S =
S x T. Let L*(I'\S) be the space of functions f(z, ¢) on S satisfying the
conditions:

1) f(z, ¢) is a measurable function on S;

2) flele §) = [ 9) for ge T
3 |, e g) < oo.

Moreover we denote by .# (k, 2) = #(k,2) the set of functions f(z, ¢)
satisfying the following conditions:

(i) f(z, ) e L(I\S);
(i) 4f(z, ¢) = (2, §), (0/p)f (2, §) = —v —1kf(z, ¢),

P8 L F\, 5 9 8
where 4= ~<L+_>+__+ 9 o
Y \ax oy’ 4 of ya¢ 0x

Then the following equality holds (Hiramatsu [2]):
THEOREM 1. A(1, —%) = {e-"=*y'?F(2): F(z) € S,(I')}; and hence

(1) d, = dim S(I') = dim //(1, —%) :

1.2. We consider an invariant integral operator on the Selberg eigen-
space #(k, 2) defined by a point-pair invariant kernel

Co ) — (yy')” ) - VTEG-#
wa(z’¢7z9¢)_‘(z_§1)/2m (z——é’)/Zx/:_le =i ¢)s (5>1)°

Then, the integral operator w; vanishes on #(k, ) for all k=~ 1. It is
easy to see that the integral

[, Do g Me 99 D =1\5

is uniformly bounded at a neighborhood of each irregular cusp of I'. We
also see that by the Riemann-Roch theorem, the number of regular cusps
of I is even. In the following we assume that «,, k, is a maximal set of
regular cusps of I” which are not equivalent with respect to I. Let I'; be
the stabilizer in I" of k;, and fix an element ¢; € SL(2, R) such that ¢,c0

= k; and such that ¢;'";¢; is equal to the group I', = {((1) '{1) meZ }

Then the Eisenstein series attached to the regular cusp «; is defined by
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) . — ys - VX1 (¢ +arg (cz+d)) ] —
(2) Ei(z, ¢; ) v ez £ dl e (i=12),
(699)

where s =t + +/—1r with ¢ > 1. It is easy to check that
(i) E(M(z, ¢);s) = E(z,¢;5) for MeT;
(ii) JE(z, #;8) = {s(s — 1) — 3}E.(2, ¢; 5);
(iil) (B/oR)E(z, ¢;5) = —vV—1E(z, ¢; 5).

By the above (i), Ei(z, ¢; s) has the Fourier expansion at x; in the form

E(o(2,9);8) = 3. aiy,u(y, g5 8)e "7
The constant term a,; (y, ¢; s) is given by

e’ ba,; (¥, ¢; 8) = ay,; ((¥; 8)

SV By = A C NP RIPEE
= 04y */-—1\/7[ I'(s + 1) %;,o(s)y s

where d,; = 1 or 0 according to i =j or not, and

Z (Sgn C)N”(_C)~

c#0 ](:lZx

SDij‘o(s) =
with N,,(c) = ﬁ{O <d<|e|: (: 2) eo{‘Fo',}. We put

— I'(s)
)= —v—-147= s),
Sl’ij() «/ I'(s + %) SDtj,o( )
and &(s) = (p;,(s)). Then it is easy to see that the Eisenstein matrix @(s)
is a skew-symmetric matrix. The Eisenstein series E,(2, ¢; s) has no con-
stant terms in its Fourier expansion at any irregular cusp of I'.

1.3. First we define the compact part of E,(z, ¢;s) by
E¥(z, 43 5) = {Ei(z, $; 8)- — ayy,,(Am(07'2), ¢; 8), if Im(o7'2) > Y,
E(z, ¢; s), otherwise,

where Y denotes a sufficiently large number. Then, the following Maass-
Selberg relation of our case may be obtained in a way similar to the
proof of Theorem 2.3.2. in Kubota [4]:

Ys+s’—-1 . ‘p“(s)m)y-a—s’ +1

i J).
st o1 @+

1
(3) 5. (EX(z ¢;9), E(2,¢;5)) =
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We also see that the Eisenstein matrix @(s) converges to a unique unitary
matrix @(s,) when s tends to a point s, = % 4+ +/—1r,. Therefore we have

D(s)0(1 — ) = P(s)D(E) = — P(s)D(s0)
= O(s0)'P(s;) = I ;

and hence each E(z, ¢; s) has a meromorphic continuation to the whole
s-plane, and the column vector &(z, ¢; s) = (E,, E,) satisfies the functional
equation

6=, ¢;8) = D(8)E6(2, 451 — 5).

Since I is a discontinuous group of finite type, the integral operator
defined by o, is not generally completely continuous on LX/"\S) and the
space L*(I'\S) has the following spectral decomposition

L(I\S) = L(\S) ® L,(I'\S) ® L2,,.("'\S),

where L} is the space of non-analytic cusp forms, L2, is the discrete part
of the orthogonal complement of L} and L%, is continuous part of the
spectra. By using the meromorphic continuation of the Eisenstein series
E(z, ¢; s) defined by (2), we put

A2, ) = oo 2| hOEG ¢34+ V=INEE, ¢ 4 + V-1ndr.

Here A(r) denotes the eigenvalue of w, in .#(1, 2) which is given by

_oees. T +0)/2) (0 — S _ =
(4)  hr) =2 LORLOE D) F(EJM/”“ir)r(z «/“_1r)

with 2=8(s — 1) — § and s = { + v—1r. We put

Kz, ¢;2,¢") = 2. 0fz, ¢; M(Z, ¢)),

Mer

and
K,; = Kg - ﬁg.

The integral operator K, is uniformly bounded at a neighborhood of each
irregular cusp of I'. Therefore we may assume that x,, x, is a maximal
set of cusps of I'. Then the integral operator K, is complete continuous
on Lz(F\g) and has all discrete spectra of K;. Furthermore, an eigenvalue
of f(z, ¢) in LAI\S) ® L(I'\S) for K, is equal to that for K, and the
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image of K, on it is contained in L?,(F\S’). Considering the trace of K,
on LYI"\S), we now obtain the following modified trace formula (Selberg
[5]):

gl h(A™) = fﬁlzﬁ(z, é; 2, $)d(z, ¢)
= [ (Do 6 Mz, 9) — Bz, 632, )z, 9),

where each of 1Y denotes an eigenvalue corresponding to an orthogonal
basis {f™} for LYI'\S).

§2. A formula for the dimension d,

2.1. We put

[ (T ote 6 M ) — iz 65 2 D)dCz, 9)
= JD) + JP) + J(R) + J(e0),

where J(I), J(P), J(R), and J(oo) denote respectively the identity com-
ponent, the hyperbolic component, the elliptic component, and the parabolic
component of the traces. Then the components J(I), J(P) and J(R) were
obtained already in [3] and in the following we shall calculate the com-
ponent J(co). Let D, be a fundamental domain of the stabilizer I'; of
cusp k; in I’ and denote by ¢, a linear transformation such that ¢;'I;0,
= [",. Then we have

(o) =Tim (52 5% w(e, g3 Mz, 9)d(z, 9) — [ Hilz, g3 2 )z, )]

where DY denotes the domain consisting of all points (z, $) in D, such
that Im (¢;'2) < Y, and D, the domain consisting of all (z, $) € D =1\S
such that Im(s;'2) < Y for i =1, 2.

Making use of a summation formula due to Euler-MacLaurin, we
have for the first half of J(c0) (c.f. [2]),

_ _ o PARIG + 12 A
| op g3, 040 83 M@ )dle, ) = 2 HERT L B Tog Y o a0) + o)

€l
#1

as Y — oo, where «(0) denotes a function of § such that lim,_,da(d) = 0.
For the second half of J(o0), we have the following by the Maass-Selberg
relation (3):



162 TOYOKAZU HIRAMATSU AND SHIGEKI AKIYAMA

lzf f " WOE(z ¢; } + V=1IDE(z, 65§ + V= 1Indrd(z, ¢)

= 1 tim j j " WOEX(z, ¢t + V=INEIG, 63 ¢ + ¥~ 1Indrd(z, ¢) + o(1)

8z t-1/2
(as Y — o)
= L g [T o) YT 0o Y g4 61)  (as Y—> o)
Az t-112J - 2t — 1
I'/2)re + 1/2)
ra+ap  ogY

_ zl“ [* rryis + V=T, +V=Tndr + o)

as Y— oo and t— §, where j = i.

2.2. In the following we shall calculate the limit lim,.,dJ(0). By
the expression (4) of h(r), we have

cOlrf
rle

h(r) ~

as r — oo, where ¢(d) is independent of r.
On the other hand, we have ¢} ++ —1r)p,;(} — v —1r) = —1 by (3).
Therefore

o3 +v=1r) _ ¢,G—+—-1r) |

Saij(% + '\/_:ir) %/(% - ’\/—_‘—lr) '

and hence
[* it + v=np G+ V=Tndr = [~ he) £ + v=Trar.
- - Pij
Now, since the operator K, is complete continuous on LYI"\S), we have

liméf° h(r) gD—’{j(% ++=1r)dr =0.
- Piy

o—~+0

It is clear that the above result, combined with the formulas (*) and (1)
obtained in [3] and [2] respectively, proves the following

d, = L Rest*(s).
2 s=0

Now our main result can be stated as follows.

THEOREM 2. Let I' be a fuchsian group of the first kind not containing
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the element (—(1) __(1)) and suppose that the number of regular cusps of I'

is two. Let d, be the dimension for the space consisting of cusp forms of
weight 1 with respect to I'. Then d, is given by

d, = % Res (*(s),

where {*(s) denotes the Selberg type zeta-function defined in the first part
of this paper.

Remark. Let I' be a general discontinuous group of finite type not

containing the element (—(]i __(1)) Then, using the properties of the Eisen-

stein series defined at each regular cusp of I, we can prove that the
number of regular cusps of I" is even. We can also prove that in the
same way as in the above case, the contribution from parabolic classes
to d, vanishes.
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