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HOMOLOGY AND RESIDUES OF ADIABATIC
PSEUDODIFFERENTIAL OPERATORS

SERGIU MOROIANU

Abstract. We compute the Hochschild homology groups of the adiabatic alge-
bra ¥, (X), a deformation of the algebra of pseudodifferential operators ¥ (X)
when X is the total space of a fibration of closed manifolds. We deduce the
existence and uniqueness of traces on ¥,(X) and some of its ideals and quo-
tients, in the spirit of the noncommutative residue of Wodzicki and Guillemin.
We introduce certain higher homological versions of the residue trace. When
the base of the fibration is S*, these functionals are related to the n function
of Atiyah-Patodi-Singer.

§1. Introduction

The interplay between analytic properties of manifolds and algebras as-
sociated to them is a fruitful topic of current research. Indeed, appropriate
algebraic constructions lead to various analytical objects like de Rham co-
homology [7], the index of elliptic operators, [17], [11], the residue trace [17]
and the n-invariant [18]. One may even speculate that analysis on manifolds
could in principle be reduced to “formal” analysis in the spirit of [22].

In the present paper we study algebraic properties of the algebra ¥, (X)
of adiabatic pseudodifferential operators associated to a fibration X — M
of closed manifolds, in particular we compute its (topological) Hochschild
homology groups. Mazzeo and Melrose [13] have used this algebra in their
study of adiabatic families of Riemannian metrics, i.e., time-dependent fam-
ilies of metrics on the total space X such that the base directions blow up
att =0:
dh?

2
The algebra ¥,(X) can also be obtained from the methods of [24]. In
particular, if X has a spin structure and M = S!, it turns out that the

gt = dU2 +
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family D; of Dirac operators corresponding to the metric g; is an adiabatic
family of differential operators. In [20], [21] we use the adiabatic algebra and
some results of this paper to study adiabatic limits of the eta functions of
any elliptic adiabatic family of first order differential operators, extending
the holonomy formula of Witten [27] and Bismut-Freed [3], whose proof
only holds for Dirac operators.

The definition of the algebra W,(X) is lengthy (see Section 2) so let
us try to give in this introduction the simple idea behind it. Let ¢ be a
parameter in Ry =: [0,00), x local coordinates on the base M, y local
coordinates on the fiber F'. Intuitively, the algebra ¥,(X) associated to
the fibration X — M is made of pseudodifferential operators of the form
a(t,z,y,tDy, Dy), where a is a classical symbol in the last two variables,
smooth in the parameters t,z,y for ¢ > 0. For fixed t > 0 we recover
the usual algebra of classical pseudodifferential operators on X. The adi-
abatic family of Dirac operators discussed above is of this form, and one
hopes (as it is indeed the case) that one can reasonably invert it inside the
adiabatic algebra. The main point is that Dy is no longer elliptic, hence
classical elliptic analysis fails. Therefore, the adiabatic algebra gives a bet-
ter understanding of families of (pseudo)differential operators like D; in the
degenerate limit t — 0.

For reasons explained below, we adjoin the inverse of ¢ to the algebra,
thus admitting Laurent expansions in t at ¢ = 0. We will denote by ¥4”(X)
the space of adiabatic operators of order ¢ and vanishing at least to order
—j at t = 0. The second index will be omitted when it is not restricted or
it is clear from the context. Thus for instance, ¥ °°(X) denotes the ideal
of those adiabatic operators which are smoothing for each ¢ > 0.

To give an outline of this work, recall first the description by Mel-
rose and Nistor [17] of the Fredholm index map as the boundary map in
Hochschild homology arising from the short exact sequence

0—- ¥ X)) - ¥(X)— S(T"X) — 0,
where ¥(X) is the algebra of classical pseudodifferential operators on X,
and S(X) is defined by this sequence. More precisely, HH (¥ ~>°(X)) is
concentrated in dimension 0 and isomorphic to C through the trace map.
Given an elliptic operator A, they constructed a class in HH 1(S(X)) which

maps through the boundary map to the index of A.
We consider the analogous short exact sequence in the adiabatic setting

(1) 0— U, 2(X) = ¥y (X) - As(X) — 0.



HOMOLOGY AND RESIDUES OF ADIABATIC OPERATORS 173

In Section 4 we compute the Hochschild homology of the total symbol alge-
bra A, := Vo (X)/V,*(X), by using the spectral sequence argument from
[5]. The principal symbols of adiabatic operators live naturally on a mod-
ified cotangent bundle “T*X — X x R,. There is a natural map ¢, from
T*X x Ry to “I'"X which is an isomorphism for ¢ > 0 but fails to be an
isomorphism at ¢t = 0. To compute the first differential d; in the spectral
sequence, we replace the symplectic duality operator % of Brylinski [4] by
a (non-canonical) duality *, on differential forms on “T*X, obtained from
qb;l* *¢» by means of a connection V in X — M. A completely non-obvious
result is the convergence of the spectral sequence.

THEOREM 1.1. The homology groups of the total symbol algebra A, (X)
are

HH ,(Ay (X)) = (HQN_’“(S*X x S1) @ HANFI7k(§* X x Sl)>
® C®R)[t].

This result is similar to that of Brylinski and Getzler [5]. Note that the
theorem would fail if we did not adjoin ¢!, since the operator *, involves
negative powers of ¢t. In particular, the residue trace for positive t extends
to A,(X) as a trace functional singular in ¢ at t = 0.

A remarkable difference from the case of the algebra ¥(X) is that
now the “smoothing” ideal ¥, °°(X) has homology in dimensions from 0
to n 4+ 1. In dimension 0, the homology of ¥ °°(X) is 1-dimensional as a
C*®(R4)[t"!-module. In higher dimensions it is concentrated near t = 0, in
other words it is inherited from the quotient I5(X) := ¥, *°(X) /¥, ™" (X).
This quotient is a L-vector space, where £ is the field C[[t,t~!] of formal
Laurent series. The homology of I5(X) is computed in Sections 5 and 6 by
using the spectral sequence E with respect to the filtration by the powers
of t.

THEOREM 1.2.  The homology of I5(X) = ¥, °(X)/V, " (X) is
HH(Io(X)) = (H"*(M,0M) & H"*1(M,0M)) © £
where OM is the orientation bundle of M. Moreover,

HH ,(I5(X)) if k> 2,
HHp(V, (X)) = H" Y (M, OM)® L& C®(R)[t7Y ifk=1,
Co(R)[t™] if k=0,
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and the map induced in homology by the quotient map V,;*°(X) — I5(X)
is the obvious surjection.

The first isomorphism is realized by the map *,x,, where Y, is a noncom-
mutative analog of the Hochschild-Kostant-Rosenberg map x defined on
Hochschild chains by:

(2) R ...Rc¢k &Trv(éovtél A.../\Vték).

The right-hand side will be explained in Section 6; for the moment, let us
only say that Try is the fiberwise trace applied to a family of suspended
operators in the sense of Melrose [16], V! is a ”covariant derivative” which
differentiates suspended operators in horizontal directions, and the output
is a (2n — k)-form on T* M whose coefficients are Schwartz along the fibers.
We deduce the existence of a unique continuous trace on I(X) (up to
multiplication by £), which moreover extends the usual operator trace on
U (X) for t > 0.

The ideal U, *° is H-unital in the sense of [28]. This technical condi-
tion is actually fulfilled by all the ideals arising in this paper and we will
not mention it further; a detailed proof of this fact is given in [19]. The
interested reader should also consult [2] for more on this subject. Thus,
there exists a long exact sequence of Hochschild homology groups induced
from the short exact sequence (1) and in particular of boundary maps

§: HH(Ay (X)) — HHy 1 (W (X)).

Section 7 contains the second type of results of this paper, based on the
homological computations from the previous sections. We first describe the
boundary maps J in terms of our identifications of Hochschild homology.

THEOREM 1.3. The composition
1) _
HH;(As (X)) = HH 1 (Y, (X)) — HHp_1(15(X))

is given in terms of the isomorphisms from Theorems 1.1 and 1.2 by inte-
gration along the fibers of S*X — M 1in the first factor, and by the Laurent
ezpansion map C*°(Ry)[t™1] — L in the second factor.

To prove this, we introduce certain higher analogs of the residue trace, with

values in A*(M,OM). Namely, let ¢ = ¢p®...®c € Cr(V,(X)) and define

(3) R(c) = Res.—q / faxa(Q0)

T*Ms—o/M
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where @) is a positive adiabatic operator of order 1. We prove that R is
the first component (in the filtration by the order of vanishing at ¢t = 0) of
some Hochschild cochain. This means that while we restrict the order of
vanishing, we allow arbitrary operator orders in ¢, as in the zeta-function
definition of the residue trace.

THEOREM 1.4. The map
R : Cy(¥a(X)) — A" F(M,0M)
descends to Ci(Vo(X)/¥,>°(X)) and has the following properties:
(1) Ifc € Cx(Vo(X) /¥, (X)) is Hochschild exact, then R(c) is de Rham

ezxact.

(2) If ¢ € Cr(Vo(X)/V,°(X)) is Hochschild closed, then R(c) is de
Rham closed.

Therefore R descends to Hochschild homology, with values in the de
Rham cohomology of the base M. For comparison, the only such explicit
cochain known in W(X) is the residue trace, in dimension 0. If M = {x}
then U, (X) = C*°(R4,¥(X)), and our residues are only defined in di-
mensions 0 and 1. In that case both of them are variants of the residue
trace.

Finally, in Section 8 we examine the action of our functionals on the
Melrose-Nistor cycle tr(A® B), where A € ¥, (X) is elliptic, B is a parametrix
of A and tr is the generalized trace functional [12]. We recover essentially
the residue of the eta function of a self-adjoint pseudodifferential operator
on a closed manifold (this residue is known to vanish by the results of [1] and
[8]). Thus the residues R encode highly non-trivial analytic information,
and will hopefully find other interesting applications.

NOTATION. All symbols in this paper are classical (i.e., one-step poly-
homogeneous) of possibly complex order. We denote by S. (V') the clas-
sical symbols, by 8§(V') the Schwartz (rapidly vanishing) functions, and by
S(V) :== Sa(V)/8(V) the formal symbols on the total space of a vector
bundle V' — X. The superscript ¢ in a filtered algebra denotes objects in
filtration order ¢, while [i] denotes homogeneous degree i in the associated
graded algebra. For instance,

s¥(v) = ][ s,

jeN
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the space of formal sums of homogeneous functions of homogeneity bounded
above on the complement of the zero-section.
The field C[[t,t~!] of formal Laurent series is denoted by L.

Acknowledgements. This paper is based on my Ph.D. dissertation
[19] supervised by Professor Richard B. Melrose. I wish to thank him for
teaching me about the adiabatic algebra and for his inspiring guidance. I
am also indebted to Gustavo Granja, Colin Ingalls, Robert Lauter, Andrei
Moroianu, Victor Nistor and Ioanid Rosu for their help, and to the referee
for careful remarks.

§2. Overview of the adiabatic algebra

2.1. The adiabatic algebra

The construction of the adiabatic algebra is based on the general for-
malism from [15]. It is a particular case of an algebra constructed in [13],
and can also be defined as in [24]. For simplicity we describe it in the scalar
case, noting that it extends easily to operators between sections of vector
bundles.

Let X™t" 5 M"™ be a fibration of compact manifolds. The adiabatic
limit of this geometric data means exploding the base while keeping the
fibers fixed, so that the points in the base become disconnected, at least
in a first approximation. From this point of view, the underlying space of
the adiabatic limit as ¢ — 0 is the product X x R;. The central idea in
Melrose’s approach is that the limiting value t = 0, where the interesting
phenomena occur, is of the same nature as the positive values of ¢, provided
one works in the appropriate ”adiabatic category”.

Denote by TX/M the vertical sub-bundle of TX. A smooth family v :
Ry — I'(X,TX) of vector fields is called adiabatic if v(0) € I'(X,TX/M).
Thus, an adiabatic vector field is a family of vector fields on X which in the
limit does not “see” the base. Mazzeo and Melrose [13] remarked that the
adiabatic vector fields are the sections of a vector bundle over X xR, called
TX. f X =F xM — M is a trivial fibration, then “I'X is canonically
isomorphic to T'X x R;. In general, the vector bundles T'X x Ry and “I'X
are non-canonically isomorphic as bundles over X x Ry. When X = M we
denote by “I'M the adiabatic tangent bundle of the identity fibration.

DEFINITION 2.1. Let ¢® : T'’X — TX x R, be the tautological map
of vector bundles which transforms a section of *I'X into itself, viewed as
a time-dependent section of T'X.
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Denote by ¢4 : T*X x Ry — “T"™X the dual map.

Following [15], [13] we construct an algebra of pseudodifferential op-
erators in which the adiabatic vector fields are the differential operators
of order exactly 1. This algebra is a space of conormal distributions on a
radial blow-up of X x X x R, . More precisely, let X xp; X be the fiber
diagonal in X x X. Let ST be the positive half-sphere of the normal bundle
N(X x 1 X x {0}) inside X? x R.

DEFINITION 2.2. Let

X2 = [X%xRy; X xpr X x {0}].
As a set, this is (X2 x Ry \ X x3 X x {0}) U S*. The front face of the
blow-up, denoted ff, is just S*. The set X2 has a natural C® structure,
defined by gluing the two parts along the normal geodesic flow of some Rie-
mannian metric. As manifold with corners, it has one boundary component
of codimension 1 if n = 0, three if n = 1 and two otherwise.

There exists a natural blow-down map 3 : X2 — X2 x R,. Let A be
the diagonal in X2. We define A,, the lifted diagonal, to be the closure
in X2 of B71(A x (0,00)). Note that A, is transversal to ff. Let 2X2 be
the double of X2 across the front face. By definition, a distribution on
Xz,
restriction of a distribution on 2X2, conormal to 2A,,.

Let Q, — X2 be the pull-back via 7 o 3 of the density bundle Q =
QmIn(eT*X), where mg : X2 — X is the projection on the second factor.

The set of adiabatic differential operators (defined as compositions
of adiabatic vector fields and multiplication operators) corresponds via
Schwartz’s kernel theorem to the space of (,-valued distributions on X2
which are supported on the lifted diagonal and extendible across the front
face. In light of this fact, let \I/fl’O(X ) be the space of those Q,-valued distri-
butions on X2 which are classical (i.e., 1-step poly-homogeneous) conormal

conormal to the lifted diagonal, is smooth to the front face if it is the

to A, of order i, vanish rapidly to the boundary faces of X2 other than ff,
and are extendible across ff. This space forms a module over C**(R ). For
j € C,i € R define further U5/ (X) := 7w (X).

DEFINITION 2.3. The adiabatic algebra of X — M is defined by

VAH(X) = ] T (X).
1,JEZL
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The fiber of the natural projection X2 — R, for ¢ > 0 is just X2, hence
transverse to A, and therefore the restriction of adiabatic operators to such
a fiber is well-defined. Clearly, such a restriction gives the Schwartz kernel
of a classical pseudodifferential operator on X. Thus for all £ > 0 we get a
map from U2%(X) into W%(X).

The algebra structure on \P%’Z(X ) is given by the following theorem.

THEOREM 2.4. The space W2%(X) has a C*°(Ry)[t~Y-algebra struc-
ture which induces the usual algebra structure on W%(X) for every fized
t>0.

Proof. The composition rule is defined by constructing a triple blow-
up space Xo, such that there exist three maps 77, 7¢, g to X2 which are
b-submersions [15]. This space is defined as the iterated blow-up

a

XS = [X3 X R+;A3 X {0},D172 X {0},D1’3 X {0},D273 X {0}]

where Az is the triple diagonal, and D, is the fiber-diagonal in X 3 in the
components a,b € {1,2,3}. Using the properties of conormal distributions,
set

(4) Ao B = (nc)u((nhA)(r}B)).

Associativity follows from the action of W2%(X) on C®(X x R,). Alter-
nately, it also follows from the associativity of multiplication on ¥#(X).

For £, F vector bundles over X, define W5/ (X,E,F) by considering
distributional kernels as above with values in Q, ® £ X F. This is again
an algebra if £ = F. By Morita equivalence, for homology purposes it is
enough to consider scalar operators.

2.2. Ideals, quotients and filtrations

The algebra \Il%’Z(X ) has two increasing filtrations. The first super-
script specifies the order of singularity at the lifted diagonal. The ideal
v, Oo’Z(X ) is called the smoothing ideal by abuse of notation; an operator in
this ideal has smooth Schwartz kernel and is actually smoothing for fixed ¢ >
0 as an operator on X. while the quotient A,(X) := \I/%’Z(X)/\I/;OO’Z(X)
is called the adiabatic symbol algebra.

The second superscript denotes the negative of the order of vanishing at
t = 0, so both filtrations are increasing. Let A5(X) := \I'%’Z(X)/\P%’_OO(X)
be the boundary algebra.
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We will use the notation F; for the first filtration, and 77 for the second.
Let Iy(X) := W°0%(X)/U;°°°(X) be the boundary ideal. Let
Apo(X) = UEH(X) )(0, % (X) + U5 (X)) be the boundary symbol
algebra. The following diagram summarizes the different ideals and quo-

tients:
(5) 0 0 0
00— T, ™ (X)) —= U (X) I, 0
00— Uz %(X) Vo(X) Ag(X) —0
00— Ih(X) Ag(X) Ap,0(X) —=0
0 0 0

The horizontal and vertical sequences are exact.

2.3. The description of the product
PROPOSITION 2.5. The adiabatic structure map ¢, induces a canonical
splitting

Proof. There exists a tautological inclusion map TX/M xR, — TX,
which views a time-dependent family of vertical vector fields as an adiabatic
family. Hence T'X/M is a subspace of “I'X|;,_y. The null-space of d)ﬁ:o’
7 TM and 7*“T'M|;—, are canonically isomorphic, and form a complement
of TX/M in “T'X ;.

Hence, “T"X|;— is canonically isomorphic to (T'X/M)* & m*“T"M,—o.

From the definition of the blow-up, it follows immediately that the
normal bundle to the lifted diagonal in X2 is canonically isomorphic to
T X. In other words, X2 resolves the degeneracy of adiabatic vector fields.

PROPOSITION 2.6. The interior of ff is naturally diffeomorphic to the
lift of “T'M to X X X.
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Proof. By definition, ff* — X x 7 X is a fiber bundle with contractible
fibers. Define the O-section as the class of the tangent vector d; on X2. Take
an adiabatic vector field v which lives in “T'M at t = 0 (see Proposition 2.5)
and lift it via g o 3 to X?2. The restriction of the lift ¥ to the front face is
tangent to the fibers of ff and depends only on the restriction of v at t = 0.
Integrating such vector fields gives the desired identification.

Thus ff° has a natural vector bundle structure over X x s X.

The product structure on W,(X) is given by (4), which is rather inex-
plicit. We have more explicit descriptions of the product on A,(X), I5(X)
and ¥, " *(X). First, ¥, °°(X) is isomorphic to the space of rapidly
vanishing families of smoothing operators on X endowed with the standard
product.

Let A@’Z = AQZ/AZ_I’Z be the filtration quotients of A,(X). As in
the standard case, the associated graded algebra A([,Z 2 s isomorphic to the
algebra of homogeneous symbols on the adiabatic cotangent bundle *T*X.

Let us fix an adiabatic quantization, i.e., a diffeomorphism from an open
subset of the radial compactification “T'X to a subset of X2, which

(1) extends the diffeomorphism from the zero section to the lifted diago-
nal;

(2) induces the identity map between the normal bundle to the zero sec-
tion and the normal bundle to A, (they are both canonically isomor-
phic to T X);

(3) extends the natural diffeomorphism from m* T M—q to g, ;

(4) induces the identity map on the normal bundle to these two spaces
(they are both canonically isomorphic to T'X/M).

This choice allows us to find a vector space isomorphism called total symbol
map

(6) Ae(X) = S(TX)[t]

in the following way: take an adiabatic operator, cut it off near fUr™1"M);_,
pull it back via the quantization and apply Fourier transform in the fibers
of “I'X . Only the leading component of the resulting symbol is independent
of the choices made.

Let us define the adiabatic Poisson bracket { , }; as the push-forward
of the Poisson bracket on 7*X under the canonical map ¢,.
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PROPOSITION 2.7. For any choice of adiabatic quantization, the iso-
morphism (6) induces the canonical isomorphism of graded algebras

APLZ(xy o S (X)) [t71).

Moreover, the product induced on S(°T*X)[t~!] by the map (6) is a smooth
t-dependent star product, i.e., it is given by a series of bi-differential oper-
ators

@ = SR
i>0
such that Py(t)(a,b) = ab, Pyi(t)(a,b) — Pi(t)(b,a) = {a,b}s, and P; is of

homogeneity —i in the cotangent fibers.

Proof. The first claim follows directly from the construction of the total
symbol map, which starts with the principal symbol. The product structure
on ¥, (X) is local in ¢ since C*° (R4 )[t!] is central. Therefore, for any ¢t > 0
the statement follows from the corresponding result for ¥%(X). Since for
every %, the product map Ut @ Wkt — g2 g continuous, it follows that
P;(t) extends down to ¢t = 0 as a smooth differential operator, and that the
identities hold down to ¢t = 0.

Consider now the case where X = M. Adiabatic limits in this setting
are called semi-classical limits. Let £ = C[[t]][t '] denote the field of formal
Laurent series in the variable t. An adiabatic quantization map gives now
vector space isomorphisms

(8) Ag(M) = Se(“T Myy—o)RL Io(M) = 8("T M) QL

(the hat means that we allow infinite sums of tensors, provided that they are
finite, or equivalently convergent, in each degree). The first isomorphism
from (8) is compatible with (6) in the following sense: for an operator
A € ¥, (M), we get a formal symbols with Laurent coefficients over R
from (6), and a Laurent series of classical symbols from (8); these two
objects must map to the same formal series in S(“T*M‘t:0)®£. One may
ask how this compatibility translates in terms of the product. The answer
is given below.

PRrROPOSITION 2.8. Let M — M be the identity fibration. The product
induced on Sq("T'My—o)RL by (8) is given by the same formula as the
product (7) on formal symbols, specialized to the case X = M.
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Proof. In the semi-classical limit algebra, unlike the general adiabatic
case, it is not hard to see that the product on Ay(M) is local, hence given
by a star-product. The induced product on formal symbols is by defini-
tion (7); moreover the bi-differential operators appearing in the product
have polynomial coefficients, thus we can recover them from their action on
formal symbols.

In general, the ideal I5(X) is a module over I5(M ), generated by the
algebra of smoothing operators in the fibers of X — M.

A Taylor coefficient at ¢ = 0 of an element in ¥,(X) becomes, after
Fourier transform in the fibers of “I"M|;_g, a classical symbol on “T"M,—,
taking values in the space of classical pseudodifferential operators on the
fibers of X. Note however that adiabatic operators have joint symbolic
behavior in the fibers and in the base. Then the product on Laurent series
at ¢t = 0 is a combination of a star-product on *I'*M and of the usual
convolution product in the fibers.

Let w20 (X)) be the vertical algebra of ¥, (X),

W) = w00 /U (X).

The algebra g2l (X) is a fibered version of the suspended algebra [16], [18].
Let ¥, (X) = IBZ’O(X)/Ig’I(X) s g2l (X) be the vertical smoothing
ideal associated to I9(X). An element in ¥, oo,[0] (X) is the restriction to
the front face of the Schwartz kernel of a non-singular smoothing adiabatic
operator. On ff, the density bundle €2, decomposes as Qr @ Q(“T'X), where
Qg is the bundle of densities in the second F factor. We identify such a
restriction with its Fourier transform in the fibers of “T'M|;—o. Hence by
Fourier transform,

U, ol0(X) 5 8(X xar X x “T*X, Qp).

Note that the isomorphisms (8) induce, by passage to the associated
graded objects, canonical isomorphisms

WEZOI(MY 22 Sy (T*M),
Wl () = 8('TM),
20O (A1) = SE (70,
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83. Hochschild homology and derivations

3.1. Hochschild Homology
Let A be an unital algebra over C. Let C;(A) = A®*! be the space of
Hochschild chains. For j =0,...,1, define b; : C;(A) — C;_1(A) by

b.
a0®...®aj®aj+1®...®ain—]>a0®...®ajaj+1®...®ai

b,
AR ... 0a;— aiay R ... da;_1.

Define the Hochschild boundary map by b = Z;ZO(—l)jbj. The homology
of the complex (C,, b) is the Hochschild homology of the algebra A (relative
to A).

If A is not unital, let A be the augmented algebra A@® C. We define the
chain spaces of A by Cy(A) = ker(A®*+1 — C®+1) This definition, ap-
plied to an unital algebra, gives different chain spaces from the ones above.
Nevertheless, there are canonical chain maps which induce isomorphisms
on homology.

Benameur-Nistor [2] defined the Hochschild chains for a large class
of algebras with topology. We use these chain spaces for the adiabatic
algebra. Like the usual algebra of pseudodifferential operators, this is not a
topological algebra, in the sense that the product is not jointly continuous.
This is however only a minor problem. For every ji, j2, k1, ke € CU{—00},
the multiplication map

\Ijghkl (X) ® \I’{E’I@ (X) N \1,21+j2,k1+k2 (X)

is continuous with respect to natural Fréchet topologies.

The two filtrations by the order, respectively by the negative of the
vanishing order at ¢ = 0, are compatible with multiplication in ¥, (X).
They induce filtrations on the Hochschild chain spaces in the following way:
a pure tensor ag®. . .Qay is said to belong to C,i’j;l if qp € Wiodo (X),...,ax €
WEI (XY g+ . Aip =1, o+ Ajk = jand ia <, jo < lfora=1,... k.
Then C’,i’j ! is defined as the closure of the linear span of pure tensors with

4,55l

respect to the projective tensor product topology in €}, and we define
Cy = U C]i’j;l.
i,J,lEZ

See [2] for more comments on this issue.
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The boundary map b is compatible with these two filtrations, hence
we get filtrations on the Hochschild complexes of ¥, (X), U, (X)), A, (X),
etc. We will denote the associated spectral sequences by °E, respectively
9F, or simply by E when no confusion can arise.

Note that although Ap(X) is an L-vector space, our definition of
Hochschild homology involves only tensors over C.

Let us recall the Hochschild-Kostant-Rosenberg map [10]. Let A be a
commutative C-algebra. Define

9) X3Ck(A)—>QZ/<c ap ® ... ag — apdai A ... Adag.

PROPOSITION 3.1. Let Y be a compact manifold, possibly with bound-
ary. The map x induces isomorphisms

HH,(C™(Y)) = A*(Y) HH,(C*(Y)) = A%(Y),
where the dot denotes rapid vanishing to the boundary of Y.

This result is known as the Hochschild-Kostant-Rosenberg theorem, and it
was proved in [7] for the algebra C*°(Y') when Y is a closed manifold. The
other cases follow from this one, by considering for instance the double
of a manifold with boundary, and the H-unital ideals of rapidly vanishing
functions.

3.2. The action of derivations on Hochschild Homology

Let d be a derivation on an algebra A. We define the inner product,
respectively the Lie derivative with respect to d on HH (A) by the following
chain maps [12]:

DEFINITION 3.2.

a0®a1®...®aklﬁ> (—l)kﬂd(ak)a()@...@ak,l;
L
a0®a1®...®akJza(]@...@d(ai)@...@ak.

7

If d is an inner derivation, then eg and Ly both vanish on HH(A) [12].
ProrosiTION 3.3.

(1) [Ld1=€d2] = €[dy,da]*
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(2) €d,€dy = —€dy€d, -

Proof. The first statement is true at chain level [25]. For the second,
we note that di ®dy = —da®d; in the graded commutative ring HH*(A, A).
The claim follows from the action of this ring on HH ,(A).

If d is continuous, then e; and L, extend to the topological chain spaces
and to topological Hochschild homology.

3.3. The derivative with respect to ¢

If we restrict adiabatic operators to ¢t > 0, we remark a canonical deriva-
tion preserving the filtrations, namely D := t%. In the blow-up picture, it
is given by the Lie derivative in the direction of the lift of the vector field
t% to the interior of X2 through the blow-down map. This vector field
vanishes on the fiber-diagonal at t = 0, hence its lift extends to ff as a
(non-degenerate) vector field, tangent to the fibers of ff°. In light of Propo-
sition 2.5, we can identify it with the radial vector field in 7**I'M. We can
therefore extend the action D to the whole algebra ¥,(X); by continuity,
it will stay a derivation.

Let us choose a connection in X — M. It induces an extension of the
splitting “I"X|,—o = (T X/M)* @ 7*T"M);—¢ to “T"X over R, and defines a
splitting T* X = (T X/M)* & n*T* M. Recall that “T*M and T*M x Ry are
canonically isomorphic. Then the map ¢, (Definition 2.1) takes the form

10
(10) b= o 3]
Let Ras be the radial vector field in 7*T* M. We can lift Rys to “I™X

by using the connection.

PrROPOSITION 3.4. On AL,Z}’Z and Ag,[z]} the derivation D takes the

following form.:

d
11 D=t—+Ry.
( ) dt+ M

Proof. From the above expression of ¢,

(12) (d0)- (%) =4 R,
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In any quantization independent of ¢ for t > ty > 0, the action of t% on
symbols is just the action of the vector field t% on functions. The blow-
down map 3 induces the isomorphism ¢, : T*X x (0,00) — T"X|;5.
The relation between principal symbols is simply pull-back via ¢, hence
the induced derivation on A for ¢ > 0 is gba*(t%) = t% + Rm. By
continuity, this is valid down to ¢ = 0.

We have implicitly proved that the partial Fourier transform in the
horizontal fibers of the operator L g (tL) equals L, 4 TRy This implies the

dt dt

result for Ag’ 1] .

We note that (11) is a sum of two well-defined terms on the front face,
while in the interior they depend on the connection. Their sum is of course
independent of this choice.

Remark that D preserves all ideals like I5(X), VU, *>°(X), etc. As in
Definition 3.2, we get an action ep on the Hochschild homology of these
algebras. Moreover, D preserves the two algebra filtrations, hence it induces
maps of spectral sequences for the Hochschild complexes.

3.4. The conjugation by log Q)

Let Q € \I/é’o(X ) be a positive elliptic adiabatic operator of order 1
acting on the sections of a vector bundle over X. Then the complex powers
Q7, z € C, are adiabatic operators of complex order z. Indeed, by the result
of Seeley [26], for any fixed ¢ > 0 the complex powers of the restriction () are
classical pseudodifferential operators. Using the method of Bucicovschi [6]
extending a proof by Guillemin [9], one can construct the complex powers of
the images of @ in Ay(X), respectively in A,(X). Moreover, these families
are unique. Patching them together gives the family {Q*}.cc.

We choose @ with 01(Q) = r where r : “T"X — R is the length function
of some non-degenerate metric on “I'X.

Let D,(a) := (@ %aQ? — a)/z, and let Dg be the following derivation
on ¥, (X):

d
ool

‘z:O -

(13) Dg(a) := lim D,(a) Q%aQ?), .
z—0 |z=0
PROPOSITION 3.5. [Dgq, D] is an inner derivation.

Proof. Follows easily from the fact that

d
—(DQ?)|._, € Wo(X).
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O

LEMMA 3.6. Dgq decreases the order by 1. If A is an operator of order
7, then

0j-1(DqA) = %{7“7 oj(A)}t,

where {, }; is the adiabatic Poisson bracket.

Proof. The symbol of Q* is r*. The result follows from Proposition
2.7.

84. The homology of the algebra of adiabatic symbols

In this section we compute HH ,(A,(X)) with the spectral sequence
°F. Let N =m +n = dim X. Recall that all operators in this paper have
classical (i.e., 1-step, polyhomogeneous) symbols.

4.1. The E5 term
Recall that the subscript [i] denotes homogeneity i in radial directions.
We first compute the E; term.

PROPOSITION 4.1.  The first term in °E(Cy(Ay(X))) is given by
BV (Ap (X)) = AFFECTX O\ {0} [,

Proof. From Proposition 2.7, the associated graded algebra GA,(X) =
S(°T*X)[t] is the graded commutative algebra of formal symbols on “T*X,
with t~! adjoined. This implies that Eik (As(X)) is the component of
homogeneity i of HH;,(S(“T*X)[t™1])). By Proposition 3.1,

HHy(S('T*X)[t™1]) = AS(*T"X)[t71].
The isomorphism is given by the map .

Consider the following inclusions of algebras

(14) WL=2(X) — O°(R,, UE(X)
(15) UE (X)) = Wa(X),

The second map is induced by the blow-down map 3. Let us examine the
induced map on the spectral sequences of the symbol algebras. Note that
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all the terms of these spectral sequences are HH ,(C° (R, )[t~!])-modules,
hence local in t. As in Proposition 4.1, we see that
EF (AL (X)) = ALFCT X\ {0})[t™);
'7k ~Y 3 k * —_
B (O (R, S(X)) = ARy x T X\ {0
where the dot denotes rapid vanishing at ¢t = 0.

For t > 0, the canonical map ¢, : T* X xRy — *T"X is an isomorphism.
Then the map induced by (14), respectively (15) on Ey and E; terms is the
inclusion, respectively the pull-back by ¢,. The point of this argument is
that we already know the differential d; for the algebra of families of sym-
bols, by the results of [5]. Denote the differential in the spectral sequence
of A,(X) by a superscript a. For t > 0 we get

(16) df = (¢}) " 1o}

We will extend (16) by continuity down to t = 0. Choose a connection in
X — M as in Section 3.3. Let d, = d—dt® L 4 be the de Rham differential

dt
in the vertical directions in a product decomposition of *I"*X. Let * be the
symplectic duality operator on A(T*X) introduced by Brylinski [4]. Let %4
be the conjugation of * by ¢,:

*(b = gb:;il * qb:;

PROPOSITION 4.2. Fort > 0, the differential d§ can be written (up to
sign) in terms of the product structure on *T*X as

(17) df = xg(dy —t7'dt @ L) *4 -
Proof. The differential d; for the algebra S(X) = W%(X)/¥~>®(X) was

computed in [4], [5]. Up to sign, which is irrelevant for homology, it equals
«dx, where d is the de Rham differential on 7% X \ 0. Hence, in the spectral
sequence of the families algebra C*° (R4, S(X)), we get di = *(d—dt® %)*.
From (16) and (12), it follows that
& = #o(¢7(d - dt © £ 1)60)%s
= *xg(d —dt ® E%*(%))m)
0
= xp(d —dt@ (5 + t7 Lro)) %o -

(we have used the invariance by pull-back of d).
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Let YAk

i) denote the space zdiAk (“T*X \ {0})[t™] of forms that do not
t

(4]
contain dt.

PROPOSITION 4.3. The involution x4 extends to A*(“T*X)[t™1]. Its

restriction to ”Aﬁrj acts as follows:

vAGt) ¥ vA2N—i—j vpA 2N —i—j—1 vA 2N —i—5+1
(18) AT AN @ dt AN T e de ACATY T

Proof. Follows from the following observations: First, the operator x*
commutes with dt and, as noted in [4], it maps AZ[;}” (T*X) to A?g:;fj (T*X).
Secondly, ¢} maps UAﬁ‘] onto (1+t~1dt® zRM)A'[‘;'.}, and ¢*~! maps A'[“ﬂ onto
(1 —t71dt ® 1w, )"Ay-

As a corollary, the identity (17) holds by continuity down to ¢ = 0.

DEFINITION 4.4. Fix a product structure on “I*X. Define the adia-
batic duality operator x4, on A*(“T*X) by

(19) g 0= (1+t71dt @ 1Ry, )*g-

From the definition, *, is an isomorphism with inverse 4(1 —t~1dt ®1z,,).
Also, it is clear that *, consists of the first and third terms of *, from the
decomposition (18).

PROPOSITION 4.5. The first differential d. is conjugated to the vertical
de Rham differential:

xqdfxy ! = d,.
Proof. Direct computation, using (17) and the definition (19).
Hence df : Eij (Ax (X)) — Eifl’j(Ao(X)) is conjugated via *, to

2N —i—j 2N—i—j+1 dy yp2N—i—j+1 2N —i—j+2
(20) UA[N,]-} Sdt® UA[Nin] = ”A[ij] ddt® UA[ijH]
Let %S*X — R, be the sphere bundle of “I"*X viewed as a bundle over
R4. Denote by C*°(R4, H}(%S*X)) the space of sections in the (trivial)
fiber cohomology bundle.
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THEOREM 4.6. At the Ey level, the spectral sequence with respect to
the total operator degree filtration of the Hochschild complex of the formal
symbol algebra is isomorphic to a family of de Rham cohomology spaces
indexed by R :

CORy, HY /(1" X x SOt if j=N,
By?(Ag(X)) = § C®(Ry, HY /(WS X x SH)[t™Hdt  if j=N+1,

0 otherwise.

Proof. We have seen that E;] (As(X)) is isomorphic to the homology
of the complex (20). Since d, preserves homogeneity and commutes with
dtA, this complex splits. We claim that

(21) H (A (T X\ 0Dt Y], dy) = 0 for k # 0.

Indeed, let R be the radial vector field on “I™*X. Then, for v € Afk] (T*X\

{0}[t71]), we have Lrv = kv. Assume v is d,-closed. Since d/dt is defined
using a product decomposition of *I™X, we have

d
22 R,—| =0.
(22) 2
Thus
kv = Lryv = digy + 1rdv = dyigv + irdyv = d,(1gv).
Hence if k # 0 it follows that v is exact.
On the other hand, it is straightforward to check that
Hj(Ajgy (“TX N\ 0N, do) =2 CF(Ry, HI(%™X % SY)[E71].
a

By the homotopy invariance of cohomology, the isomorphisms from
Theorem 4.6 are independent of the choices made.

4.2. Action of derivations and degeneracy

The derivation D introduced in (11) acts by ep on Cy(A,(X)). Since
it commutes with b and preserves the filtration F;, this action descends to
the spectral sequence.

PROPOSITION 4.7.  The effect of ep on x,F1(As(X)), and hence on
Eo(Ay;(X)), is contraction by the vector field t%.
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Proof. The following commutations hold trivially on E1 (¥ )):

Since x is invariant by pull-backs, we can pull it back via the map ¢,. It
follows that

XED =Ygy, (t4)X F0U o)t & T Ya)ut &

which implies *gx ep = U (1) ¥ X and so

(23) (1+ tldt ® 1Ry ) *¢ Xep = (1 + tldt ® ZRM)(Zt% + 1R ) * X
= zt%(l +t7ldt @Ry, ) %o X-

This identity extends by continuity down to ¢t = 0.

Hence the map ep is injective on E3" 7" (4, (X)) and vanishes on

the rest of E9(A,(X)). This implies that the spectral sequence “E(A,(X))
degenerates at Fs.

PROPOSITION 4.8. The effect of Lp on [a] € Ex(As(X)) is the Lie
derivative L, 4 [a] applied to the cohomology class [a] representing a at Ey =

E in the presentation of Theorem 4.6. In particular, if a is a class of
homogeneity k in t, then Lp(a) = ka.

Proof. From the definitions, y o Lp = £(¢ (12X i.e Lp acts as the
a ) * dt

Lie derivative £ () ) on F4, i.e., on forms. This Lie derivative commutes

d
«(t

with x4 and with (1 +¢~!dt ® 1g,,). Finally, L%,, = 0 on cohomology.

Let t~'dtA be the following operation on C, (¥, (X)):
71d n .
a4 ® ... 3 a, —5 (D)t lap®...®aet®. .. Qa,
=0
Since t belongs to the center of W,(X), t~1dtA is a chain map.

PROPOSITION 4.9. Set a :=ept™'dtA, B:=t"'dt Nep. The following
tdentities hold on homology:

(1) (ttdtrn)? = 0.
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(2) ept~tdt A+t71dt Aep = 1.

(3) Cu(Ay(X)) and HH (A, (X)) split as im(ept~1dtA) @im(t~1dt Aep).

Proof. The first two statements follow by direct computation. From
part (4.9), a3 = 0. Then part (4.9) implies that o = a(a + 3) = a? and
B = (a+ B)B = 2% so a and 3 are idempotents. Since 1 = a + 3 =
(a+ B)? = a+ B+ Ba, we get also Ba = 0. This proves part (4.9).

Let r~ldr be the generator of H'(S') in Theorem 4.6.

PROPOSITION 4.10. After identification of Fo with de Rham cohomol-
ogy, the derivation Dq acts as an exterior product:

€pg = r~tdru.

Proof. First, by Propositions 3.5 and 3.3, ep, commutes with t=LdtA
and with ep. This implies that ep, preserves the spaces of 0 and 1-forms
int. Let a € E;’ern be a representative for a homology class with no dt.
Then, by Theorem 4.6, ep,(a) is determined by its part in homogeneity
i—1.

From Lemma 3.6, it follows that x(o(ep,(a))) = % A x(a), which im-
plies the desired formula after applying the conjugation (14t~ 'dt®1g,,)*s.
The case where the class of a is a multiple of dt follows by multiplication
with ¢~ 1dt.

4.3. Convergence of the spectral sequence
This section is unavoidably technical because of the crucial role played

by the two filtrations F; and T} in the definition of the topological chain
spaces for W, (X).

THEOREM 4.11.  The spectral sequence for Ay (X) is convergent, in the
sense that there exists an isomorphism

HH (A (X)) = By VN @ gy V-0

compatible with the filtration {T;}icz, where the Es spaces are given in
Theorem 4.6.
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A homology class is said to belong to F; if it has a representative in Fj.
Thus Theorem 4.11 contains what is usually meant by convergence:

By ifi=k—N
Fy/Fioa(HH (A (X)) 2= S By VW ifi= k= N — 1
0 otherwise

but also something more: first, the “residual” homology

(") F(HH ,(Ao(X))
iE€EZ

vanishes; secondly, there exists a (natural) splitting of HH ;(A,(X)) as the
direct sum of its filtration quotients, as C°°(R, )[t~!]-modules.

One can construct abstractly a formal extension of any element in F,
to a closed “chain”. The issue is finding asymptotically summable exten-
sions, i.e., bounding from above the T-order in accordance with the defini-
tion of the topological chain spaces (by definition, the T-order of a chain
ap ® ... ® ayp with respect to a increasing filtration 75 is at most [ if a; € T;
for all j). We claim that we can achieve this, and moreover we can find such
an extension of the same boundary filtration order as the starting element
in Fy.

The proof uses some results and ideas from [18].

We identify elements in ‘llaZ’[O] with the Fourier transform of their
Schwartz kernel. The algebra of polynomial functions on *I'™*M is central in

\IlaZ’[O]. Let A%’[O] be the symbol algebra of ‘llaZ’[O].
PROPOSITION 4.12. The spectral sequence UE(A%’[O}) degenerates at Eo.

Proof.  Let B C A%’[O} be the ideal consisting of the symbols that
vanish rapidly at the vertical sub-bundle of “I"X. Let F{,,s denote the

quotient A%’[O]/B(sus). These algebras are filtered by the operator order,
thus we get spectral sequences for each of the three Hochschild complexes.

Since the polynomial functions on “I"*M commute with these algebras,
we can define the following two types of natural operations on the spectral
sequences: contractions by vector fields with polynomial coefficients, and
exterior multiplication by forms with polynomial coefficients. These opera-
tions define splittings of the homologies and of the spectral sequences, which
are preserved by the differentials. We can also consider the action of the
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Lie derivative in the direction of Rjs, the radial vector field in *T*M. This
replaces the dilation argument from [18]. The different spectral sequences
split as eigenspaces of this action. By computing the eigenvalues, one can
prove as in [18, Propositions 6 and 7 and Lemma 7] that the spectral se-
quences E(F(s,s)) and E(B(s)) degenerate at Fp. The same argument
shows that the long exact sequence in homology is determined at E, hence
implying the proposition.

The convergence of these sequences follows from the fact that the chain
spaces are defined as inverse limits, and the following lemma:

LEMMA 4.13. Let a € Cip(C™®(Y) ® L) be a boundary of T-order .
Then there exists ¢ € Cp11(C®(Y) ® L) of T-order max{0,l} such that
a = b(c).

Proof. If Y is O-dimensional, the statement follows directly. This and
the proof of the Eilenberg-Zilber Theorem imply the result for arbitrary Y.

Note that there is no analog of the index map for the suspended algebra
([18], Lemma 8). Namely, the short exact sequence

induces a long exact sequence in homology (by H-unitality) which actually
splits into short exact sequences. See also Proposition 7.15.

Consider now the graded algebra Ag’[z] (X). It is canonically isomorphic

to \I/%’[O] ® L. In the statements above, we can replace the algebras by their
tensor product with £. A careful analysis of the T-orders shows that the
spectral sequences are still convergent.

We have proved

PROPOSITION 4.14. Let a € C,Z’i;l(\IIQ(X)) be a chain of order j, such
that a?l survives at ”Eg’kfj(\llg’[z]). Then there exists A € Ci’“max{l’o}(\lla(X))
such that A —a € O 1 (W,(X)) and b(A) € O 1T, (X)).

PROPOSITION 4.15. If a € C,z’i;l(\lia(X)) survives at Eg’k_j(AU(X))
and k —j # N,N + 1 then there exists x € Ciﬁ’iJrl(\I/a(X)) such that
br —a € C’iil’i(‘lla(X)) and moreover the T-order of x is at most
max{T—order(a),0}.
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Proof. Let v be the form corresponding to a in Eg’k_j (As(X)), so that
dy(v) = 0. From (21), it follows that

v=C"td,(1rv)

where C = k—j— N —1or k—j— N, depending on whether v does or does
not contain dt. The assumption on k — j means exactly that C # 0. The
passage between E1 and E5 is done via the isomorphism (1 -+t~ 'dt®ip v )¥e
(Proposition 4.5). Then 1gv corresponds to

c= 071%(1 —tdt® 1Ry IRV = C™I1R# e A k(1 — tldt ® 1Ry Vs

where R#¢ is the 1-form dual to R under wg. We see that this 1-form is in
T, since (¢q)7'R = R, R = a, the canonical 1-form, and (¢, ).c € T.
Now find a chain x( in C,iﬁ’zﬂ;max{l’o} representing the class c¢ at

E1(A;(X)). By Proposition 4.14, one can find the desired z.

Proof of Theorem 4.11. By applying Proposition 4.15 repeatedly, it fol-
lows that Fj,_n_1HH (A, (X)) = 0. We must still prove that the edge map
F,HH(A,(X)) — E;k_z is surjective. Start with a € T;F;C}, so that o(a)
represents a class in Eé’N(AU(X )), hence assuming that a contains no dt.
This means that we can change the sub-principal symbol of a in T so that
b(a) € F;_».

From Proposition 4.14, there exists A € T;Cy(V,(X)), 0(A) = a, such
that b(A) € Tj_;. Observe that we can assume that the sub-principal
symbols of A and a agree up to a chain u € T;F;_; with the property
b(p) € Fi_o. This follows from the proof of Proposition 4.14. Now b(A)
represents a form which is the zero element in EL >N*1(4,(X)). We can
assume that this form contains no dt (if not, project onto the no-dt part). As
in Proposition 4.15, it follows that there exists x € T;F;_1 such that b(A) —
b(x1) € T;F;—3 and T' — order(xz) < max{ord(a),0}. Repeated applications
of Proposition 4.15 will yield an infinite sequence x, € F;_, of chains of
uniformly bounded orders and of t-degree j. Due to the decreasing operator
orders and bounded T-orders, such a sequence is asymptotically summable
in the sense of our definition of chain spaces. It follows that b(A—3_ z,) = 0.
The case where the class a contains dt is similar.

COROLLARY 4.16. The group HH(Ap (X)) splits into eigenspaces of
the Lp action with integer eigenvalues.
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Proof. First, note that the spectral sequence associated to A ,(X) also
degenerates at E? and is convergent, by the same argument as above. Since
«a and 8 commute with b and L p, the splitting form Proposition 4.9 is inher-
ited by Hochschild homology and is preserved by L p. Via the edge inclusion,
ES_N_I’NH(A&U (X)) is a subspace of HH,(Ap (X)). By Proposition 4.7,
[ acts the identity and a acts as 0 on this subspace, which therefore coin-
cides with ¢m(3). Then the inclusion im(a) — HH ;(Ag »(X)), followed by

the edge surjection HH ;,(Ag »(X)) — Eé:_N’N(Aa(7 (X)), is an isomorphism
which commutes with Lp. Now use Proposition 4.8.

85. The semi-classical limit algebra

Consider the case where X = M, i.e., the fiber of the fibration X — M
is just one point. In this case, the adiabatic algebra is called the semi-
classical limit algebra. Consider the short exact sequence

(24) 0— Ig(M) < Ag(M) L Ay o (M) — 0.

This sequence is compatible with the filtration 7}, hence it induces a short
exact sequence of the associated graded algebras

(25)
0 — S(T*Mi—o) © £ > Sa(*T"Mjp—g) ® £ L S(T*M_o \ {0}) © £ — 0.

In this section, °E stands for the spectral sequences with respect to the
filtration 7; of the Hochschild complexes of I5(M), As(M) and Ap ,(M).
The following Proposition is entirely similar to Proposition 4.1. We have
kept the powers of ¢t and dt in order to keep track of the filtration.

PROPOSITION 5.1. Let 9F denote the spectral sequence of the Hochschild
complex with respect to the filtration T;. Then the Eq terms of the semi-
classical algebras are:

OBV (Ig(M)) = EY(8(“T*M)y—)&L)
2 ¢ AGH (T M) ® A 77 (T M)t~ Lt
By (Ag(M)) = By (Sa(T*M =) &L)
> NG (T M) @ Afg_cl]_l(“T*M‘tzo)t”"ldt;
B (Ag,0 (M) = By (S(T"Mj—g) L)
= NG (T M) ® A7~ (T M)t~ Lt
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Proof. The subscripts 8, Sq and S stand for forms with Schwartz,
classical symbol, respectively homogeneous symbol coefficients The first
isomorphism for each space follows from the fact that the induced product
on Ag,[z] (M) is the usual commutative product on functions (Proposition
2.8). The second isomorphism for each space is realized by the Hochschild-

Kostant-Rosenberg map x (Definition 9).
Let dy be the first differential in the above spectral sequences.

PROPOSITION 5.2. In the spectral sequences E(19(M)), E(Aa(M)) and
E(Ap - (M)), the first differential takes the form

(26) dy = (%0) dy %4 .

Proof. We first prove the assertion for the algebra Ay ,(M). Let a €

Ci[fg}-[z](Aaﬁ(M )) be a chain of pure homogeneity s in the fibers of “T"*M,
which survives at E}7. Then a also survives at “ES"77%(A ,(M)). The
identification of both °F; and °E; with forms on “T*M is realized by the
map x. From the definition, di[a] = x([b(a)];—1]) is represented by the part
of b(a) of degree [—i + 1] in ¢t. From the structure of the product on the
boundary algebras, this is exactly the part of pure homogeneity s — 1 of
b(a), i.e., it is equal to d{[a]. The claim follows from Proposition 4.5.

Note that dy and (*,)~1d,*, are operators with polynomial coefficients
in the fibers of “I""M|;—g. We claim that we can recover d; from its action
on homogeneous forms, i.e., aEi’j (Ap,s(M)). Indeed, we can retrieve the
coeflicients of a differential operator with polynomial coefficients from its
action on polynomials.

We can describe the homogeneity with respect to t of the operator *,
as follows:

(27) tTAR(T* My—g) &t~ dt A AT M —p)
ﬁ) t—i—l—k—nAQn—k(aT*M't:O) ® t—i—l—k—n—th A AQn_k+1(aT*M‘t:0).

The following Proposition is a consequence of (27) and Proposition 5.2.



198 S. MOROIANU

PROPOSITION 5.3.  Conjugation by M on °E; induces the following
identifications for the Eo terms:

(28) OB (Iy(M)) = (=" B2 (T "M )
® tk—n—th ® Hgnfikarl(afIv*M‘t:O);
AVk ~Y — —1— *
OB; (Ag(M)) = t* " HZ" ™ *(“T" M),
® tkfn72dt ® Hgn—i—k-l-l(afl—v*M‘t:O);
(29) 8Eé’k(A8,g(M)) o~ tk:—nH2n—i—k(aS*M|t:0 % Sl)
@tk—n—th ® H2n—i—k+1(aS*M|t:0 > Sl);

We can now compute the effect of derivations on these Fs terms. As
in Proposition 4.7, the operator ep acts on Ea(I5(M)), Ea(As-(M)) and
Ey(Ay(M)) by contraction with the vector field t%. Hence the splitting
from Proposition 5.3 is given by the null-space and image of ep.

PROPOSITION 5.4. At the level of E;’k, the operator Lp equals k —n
on ker(ep) and k —n —1 on im(ep).

Proof. Imitate the proof of Proposition 4.8 to obtain that Lp acts as
the Lie derivative L 4¢a- Hence, ep has eigenvalues k—n and k—n — 1
) Mg

on E;’k, corresponding to the splitting from Proposition 5.3. This splitting
is given by the image and null-space of ep.

COROLLARY 5.5. The spectral sequences from Proposition 5.3 degen-
erate at Es.

Proof. By naturality, the boundary maps in the spectral sequences

commute with the maps ep and Lp. In particular, they preserve the null-
space and the image of ep. On ker(ep) N aEé’ , Lp acts as multiplication
by k — n. This shows that for s > 2, the map ds : ker(ep) N aEé’k —
ker(ep) N BE?S*M*S must vanish. Similarly, ds vanishes on the image of

ep.
COROLLARY 5.6. Let OM denote the orientation bundle of M. Then

HH,(Io(M)) = (H”_k(M, OM) @ H™ (M, OM)) ® L.



HOMOLOGY AND RESIDUES OF ADIABATIC OPERATORS 199

Proof. The convergence in the sense of Section 4.3 of the spectral se-
quence is easy, since there is only one filtration to control. In particular
there is no residual homology (i.e., in filtration —00). Since we deal with
vector spaces over £, we see that HH([5(M)) is isomorphic to the di-
rect sum of its filtration quotients, which by Corollary 5.5 are just the Eq
terms computed in Proposition 5.3. In fact, the isomorphism is canonical,
corresponding to the splitting in eigenvalues for Lp. Finally, we use the
Thom isomorphism to integrate the cohomology along the fibers, picking
up coefficients in the orientation bundle along the way.

§6. The homology of the boundary ideal

In this section, E(I5(X)) will represent the spectral sequence with re-
spect to the filtration T} of the Hochschild complex of I5(X). We define
an algebra map ¢ : ¥ >°(M)—WV_*°(X), and show that it induces an iso-
morphism Fi(I(M)) = E1(I9(X)). This will imply that ¢ induces an
isomorphism in Hochschild homology.

There exists a natural fibration X2 ™ M2. The fibers of this fibration
are F' X I, where F' is the fiber of X — M. Choose a smooth family dv of
densities of volume 1 in each fiber of X — M.

DEFINITION 6.1. Define ¢ : (M) — ¥ >°(X) by
A (7"A) @ dug,
where dvpg is the density dv in the second term of the fiber F' x F'.

It is immediate that ¢ is a map of algebras, from the structure of the
triple spaces. Indeed, X3 fibers naturally over M2, with fiber F? and the
assertion follows from (4).

6.1. A connection on the vertical algebra

Consider the following diagram of fibrations:
(30) 1{ <L (T M=)
M <~Lt—T*M [t=0

Fix a connection in X — M and lift it through p to a connection
in m(T*"M;—g) — “T"M|;—o.- Over a point x € M, the restricted fi-
bration p~!'7~!'(z) — p~(x) is canonically isomorphic to the product
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Xz X “TyM;—g, and the induced connection is the canonical trivial con-
nection on the product.

Let I's, (Al(“T*M‘tZO)) denote the space of 1-forms on “T"M,_y with
symbolic coefficients in the fibers. The connection defines a derivation

S(m* (“T" M=) ~> T, (A (“T"My=g)) @ 8" (“T"Mj—o)).

Recall the identification of ¥y " (X), via Fourier transform, with 8(X x 5/
X Xp GT*M|t:0, Qr). Let

7TR,7TL2X><MX XMaT*M‘tZOHXXMaT*M‘tZO

be the projections on the first, respectively the second X factor. The action
of U2 on w0 i 77 (C*°(X))-linear. After Fourier transform, g2l

acts 8(“T""M;—p)-linearly on 8(X xns “T*M)—):

V2O 8(X X “T*Mjs—g) > (A, f) = (AT} (f)) € 8(X X1 “T*Mj—o).

This action is faithful. We extend by duality the derivation V to \1!%’[0]:

(VA)(f) = V(Af) = AV())-

In local coordinates, one sees easily that V preserves W, 00,(0],

Let V! = V + £dt be the extension of V to 22 (X)), Then V!
commutes with multiplication by 8(“T"M),—) ® L, in the following sense:
Let A € WEP(X), V e Ts(T(T" M=) @ £ & 8§("T*My—g) ® L and
g € 8(T"M;—p) ® L. Then

(31) Vtgv(A) = thV(A).

By duality, V! is a derivation on g2l g L.

6.2. The analog of x

The product in I5(X) is a deformation of the vertical product. It follows
that Eo(Iy(X)) = Ep(V, oo,[Z] (X)). Moreover, this isomorphism commutes
with dy. By using the Kiinneth formula for continuous Hochschild homology
[18], we obtain

By (Ip(X)) = By (0, (X))
= HH (0, (X))
=171 @ HH (0,00 @t~ dt @ HH,; 1 (0%,



HOMOLOGY AND RESIDUES OF ADIABATIC OPERATORS 201

There exists a 8(“I"*M|;—q)-valued trace functional on the vertical ideal

U, OO’[O], defined by push-forward under the projection map 7 of the re-

striction to the diagonal of each fiber of kernels in ¥, 00,[0] Actually, Try
extends to W, " “%(X) for € > 0:

Try
A= / |A><]Ma’1’*]w‘t:0'
AX p T *M =0/ T*M =0

Let A= Ag®@A1®...Q@ A € Ck(\IJJOO’[Z] (X)). The following definition
was inspired by [18]. Define x, : Cy(¥, " @ £) — Ag(T"M;,—g) ® AL by

(32) Xa(A) := Try(AgVIA AL AVEAL).

For Vi,..., Vi, € Ts(T(“T*"Mj1=9)) ® L & Sa(T*Mj—) ® LZ, we have

Xa(A)(Vi, ... Vi) =Try [ D AgViy, o, (A1)... Vi, (Ar)

€Sk

Note that x4(A) can be defined for any A = Ag® A1 ® ... ® Ay €

(\IJ%’[Z] (X))®k+1 such that the real part of the order of AgV!A;A...AV!A,
is strictly less than —m.

PROPOSITION 6.2. If A € F_m_k_e(}k(\llaz’[z] (X)), then xq0bA = 0.
Proof. From the Leibniz identity for V¢, it follows that

Xa(b(A)) = (—DF Try[ARAgVIAL A ... AVEAL_,
— ontAl VAN Vt(Akfl)Ak]

Now use the fact that Try vanishes on commutators of operators of total
order less than —m — €.

In particular, y, descends to the Hochschild homology of the vertical
ideal I(X).

PROPOSITION 6.3. For A,B € U, % M) ® L,

Proof. Straightforward; however, it is not true that V¥ (¢(A)) = ¢(d(A))!
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PROPOSITION 6.4. The map X is related to x through x, o ¢ = X.
Hence, xq is surjective.

Proof. Let A=Ag® A1 ®...® Ay € Cp(Vy (M) ® £). Then

Xa($(A)) = Try[¢(Ao)Vi6(A1) A ... AV 3(Ap)]
= Try[V'¢(A1) A A (V' 6(AR))6(Ao)]
= Try[V'¢(A1) A ... A VIG(Ar_1) A $(d(Ar) Ag)]
=...=Try[¢(d(A1) A ... Nd(Ag)Ao)]
=d(A1) N ... Nd(Ak)Ao
= Xx(4).

We have used Proposition 6.3 and commutativity of the trace.

6.3. The E; term

Since y is an isomorphism on Hochschild homology [7], by Proposition
6.4, xo must be surjective. In order to prove that x, is an isomorphism at
FE4 we need to prove injectivity. Recall the decomposition b = Zfzo(—l)ibi
of the Hochschild differential on CY.

Let g be a metric on M and r, the injectivity radius of (M, g). Let 1 be
a cut-off function supported inside (—r4,74) with ¢(0) = 1. For two points
x1, 72 in M at distance less than ry, let 7,1 denote the parallel transport
along the shortest geodesic from z; to x5 in X — M, with respect to the
connection V, and also in “T"M);—o — M with respect to V. Fix again a
vertical density dv on the fibers of X — M.

Let P; = (&, ui,v;) denote a typical point in “T"M,_q xp X Xp X
over a base point z; € M, ¢ = 0,...,k.h The topological chain space
Cre(T2 P (X)) s just

8((GT*M‘t:0 XX X X)k+1) X [,(to, - ,tk) (09 dvo R...&® dvk.
Let a be a cycle in Cy (¥, ol L),

a = A(tO)é-O)uO)UO) o 7tk7§k‘)uk7vk‘)dvo ®...® dvk'

For [l € {0,...,k+1}, we say that a satisfies the property P; if the following
two conditions are satisfied:

1. bj(a) =0for j =0,...,1 - 1.
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2. The function A is independent of vg, ..., v;_1.

PROPOSITION 6.5. If a satisfies P;, then it is homologous to another
cycle a', which satisfies Pyy1.

Proof. Define hy : Cp(V7 " @ £) — O 1 (92 @ £) by

hl(a)(t07 PO, N 7tk+1, Pk+1)
= Y(d(zy, xlﬂ))eilhjllﬂél“*5l||2dvl

Ti+1
® CL(tO,PO,. .. 7t17§luul77—xl UVi41y- - 7tk+17Pk‘+1)'

Note that h;(a) has Schwartz behavior in both & and &1 — &, therefore
also in & 41. Let o’ be defined by the following equation:

b(lu(a)
= (Da+ (1) (e, ) eI ey

® (/ A(t()yPOy o )tlugluulyTgllJrlzutl-i-lagl-f—la 2y U141, - - )dZ
X

Tl41
/le+1

— hu(b(a))
— (-1)(a—d).
Since, by hypothesis, b(a) = 0, we have h;(b(a)) = 0. In addition, o’ satisfies

P, since a does. Thus bj(a’) = 0 and o' does not depend on v;, hence o’
satisfies Pp11.

Ti4+1
A(t07P07' .. )tlaglauhz)tlughz)Txl V415« - - ,)dZ)

700,[

By induction, every cycle a € Ci (¥, 0] ® L) is homologous to a cycle
which satisfies Py.

DEFINITION 6.6. Let a be a cycle in C’k(\I/;OO’[O] ® L), which satisfies
Pi. For I € {0,...,k+ 1}, we say that a satisfies R; if the the function A
is independent of ug, ..., u;_1.

PROPOSITION 6.7. If a satisfies Ry, then it is homologous to another
cycle a’ which satisfies Ri11.
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Proof. Define q; : Ci(V, [Z]( X)) = Cp1 (Vo [Z]( X)) by

ai(a)(to, Pos - - - s tkt1, Pet1)
= (d(a a))e I S0 Py
® a(to, Po, - t1, & Ty g1, - s bt Prgr)-
(a) is well defined. Since a satisfies Py, it follows that
b(qi(a))
= (=1)'a — (=)' (d(e, zr41))e T 66 gy

(L.
— (—1)(a—a),

where the last equality is the definition of a’. Note that a’ satisfies Py,
and R; since a does, and moreover it is independent of u;.

As above, ¢

A(t07 P07 cee 7tlv glv T;cll+lul+17 tl+17§l+17 Zy .. )dz>

Therefore, every cycle a € Crp(¥, ™ O L) is homologous to a cycle
which satisfies P, and Ry1.

COROLLARY 6.8. Ifa € Ci(V, ol g L) is a cycle, then xq(a) is in-
dependent of V.

Proof. We have seen above that a is homologous to some a’ which
lies in the image of the map ¢, i.e ' = ¢(c). By Proposition 6.2, we have
Xa(a) = Xxa(a’). Finally, by Proposition 6.4, it follows that x,(a’) = x(c),
hence x,(a) is independent of V.

PRrOPOSITION 6.9. The map
Xa : Bi(Ig(X)) = HH, (¥, F(X)) — As(“T*M);—p) ® AL

s injective. Together with Proposition 6.4, this implies that x, is an iso-
morphism.

Proof. Let a be a cycle in Ci (¥, ol g L) so that [a] € ker(x,). We
can assume that a satisfies Py, and Ry41. This means that

a€im(¢: Cp(U;0(M) @ L£) — CpLe; <0 (X) @ £).
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Say a = ¢(a). Then, by Proposition 6.4, we have
0 = Xa(a) = Xa(¢(a)) = x(a).

Since x is an isomorphism, it follows that a is exact in C, (¥, <><>’[O](]W )R L).
As ¢ is an algebra map, it commutes with the Hochschild differential, and
so a is also exact.

THEOREM 6.10. The map ¢ induces an isomorphism between the ho-
mology groups of the semi-classical and adiabatic smoothing ideals (see Sub-
section 2.2 and Section 5):

HH.(Iy(M)) 2 HH,(Iy(X))
= (H"*(M,0M) & H" 1 (M,0M)) & L.

Proof. Propositions 6.4 and 6.9 imply that x, is an isomorphism, hence
the map ¢ induces an isomorphism between F1(Ig(M)) and Eq(Ip(X)). The
result follows using a general property of spectral sequences [14]. We only
need to notice that the two spectral sequences are (almost tautologically)
convergent.

The map ¢ and the derivation D commute. From Theorem 6.10 and
the similar properties of I5(M), it follows that ep acts on Eo(I5(X)) by
contraction with the vector field t%. The space E(I5(X)) splits as the
direct sum of the null-space and the image of ep. The effect of Lp on
ker(ep) N aEl’:(Ia(X)), respectively on im(ep) N aE;’f(Ia(X)), is multipli-
cation by k — n, respectively k —n — 1.

Notice that HH((Ip(X)) is always a l-dimensional L-vector space.
Thus there exists essentially a unique trace functional on I5(X). In Subsec-
tion 7.3 we will show that this trace extends to a trace on ¥ °°(X) which
for positive t is simply the operator trace.

§7. The residue functional

7.1. Definition of the residue

Since Q% € \IIZ’O(X ), multiplication by Q% descends to \llaz’[o] and ex-
tends to chains in C*(\I/%’[Z} (X)) by @*(ap® ... ®ap) = (Q%ap) @ ... R ap.
We denote by *M the operator *, on “I*M. Let OM be the orientation
bundle of M.
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DEFINITION 7.1. For z € C, R(z) sufficiently negative, define
F(z): Ch(WEE(X)) = AV MM, OM) @ £ & A" M,0M) @ Ldt

A %y (Xa(Q7A)).
T*Ms—o/M

PROPOSITION 7.2. For R(z) < h— N —i, the dt-free part, zdidt/\F(z),
t

of F(z) is well-defined and holomorphic on FiCh(\IJ%’[Z] (X)). For R(z) <
h—N —i—1 the dt part, 10 F(z), of F(2) is well-defined and holomorphic
dt

on FCy (W27 (xy).
Proof. From the definition, for V' C U open sets in M and V relatively

compact in U, F'(z)(A)),, depends only on A1 ))n+1. Hence F(z) is local
in M.

lv

LEMMA 7.3. The operator F(z) is independent of V.

Proof. Work over a coordinate patch U C M. Let (x;,&;), (a:l-,éj) be
local coordinates adapted to the cotangent structure in 7*M and “T"M—o
over U. The map ¢, takes the form (x;,§;) — (x;,t&;). Let Id be the local
isomorphism (z;,&;) — (z;,&;). Let ¥ be Brylinski’s duality operator on
A(T*M). We denote by + the conjugate of *™ by Id. On h-forms,

(33) Z%dt/\ (*g —|—t71dt®lRM*g) =¢hn U z%dt/\.

Using this and the fact that the integral along the fiber vanishes on forms
that are not multiples of d&; A ... d&,, we get

1adt AF(2)(A) = / "7 U0 dt A xa(Q7A)
dt UxR" /U dt
(34) _
= thn/ *U TI‘\/(QZCL()VECAH VANV nglh),
UxR? /U

where V¢ = Zv%d@-. Recall that we Fourier-transform the kernels in
the horizontal tangent directions. Since the connection is lifted to X X ps
X X *I*"M — *T*M from X xp; X — M, it follows that Vasi is actually
independent of V. This proves that the dt-free part of F(z) is independent
of V. The other case follows by replacing formula (33) with (36).
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Using Lemma 7.3, we can assume that we work in local coordinates and
that formula (34) holds. From the properties of symbols, the assumption
on the order of A, and the assumption (z) +i — h < —N, it follows that

(35) Q?agVeiy A ... A Veiy, € de"F, ;W22 (X)

and hence is of trace class (recall that all operators of order less than —m
are of vertical trace class). Taking the trace increases homogeneity by m,
hence

Trv(Q?aoVear A ... A Veay) € dEMS=HM+m(T N, )@ L
and so

M Trv(QZCLOngl VAN ngh) € A[Q;L_;}ih+N](aT*M|t:0) ®Q L.

Hence for R(z) +i¢ — h + N < 0, this form is of negative homogeneity and
therefore integrable along the fibers of “I"*M|,_o/M. This proves the first
assertion. The other one is similar and uses the identity

(36) 1. (*g +t7ldt ® ZRM*g) = th LUy P20 AU g din
dt dt dt

instead of (33). Here « is the pull-back via Id~! of the canonical form on
T*M, and has homogeneity 1.

Remark 7.4. From (34), we see that ¢ 4 dt A\ F(z) shifts the t-degree by
t
h —n on h-chains.

PROPOSITION 7.5. Let A, € FZ-Ch(\I/%’[Z} (X)) be an entire family of h-
chains in filtration i. Then F(z)(A.) is meromorphic, with at most simple
poles at the real integers.

Proof. Denote by H(B) the holomorphic functions in the band B =
{—1 < R(2) < 1}. We shall show that F'(z)(A,) has at most a simple pole
at 0 in the band B. Fix a total symbol map for adiabatic operators, i.e.,
amap q : ¥u(X) — S(°T*X)[t™!], which extends the symbol map. Let
Al be the component of order z + j of q(@)(z) ®a1(z)...®ap(z)). By
Proposition 7.2, only a finite number of A%’s are significant for the poles of
F(z)(A;) in B. Fix a metric |r| = [({,n)| on “T"X. Choose B such that
q(B) = AL. Let ¢ be a cut-off function, ¥(r) = 0 for small r, ¢(r) = 1 for
r>1.
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LEMMA 7.6. The following identity holds modulo a holomorphic family
of forms on Ag(*“T*M):

/ M Try (xa(B)) / X, mx(49).
M), /M “T*X|y_o /M

Proof. Both terms are local, so we can prove the statement in local
coordinates. The left-hand side is independent of the connection. We claim
that the part in %2 x(AZ) which is a multiple of the fiber volume form dV’
of “I"X}—o/M, is also independent of V. Indeed,

o = (L+t71dt @ gy, )5 * &5,

where ¢, is given by (10). Let p denote a monomial form in local coor-
dinates. First, if u does not contain a multiple of dV, then neither does
(14t~ dt ® 1»,, )" 'u. Secondly, if p contains any dz,dn, dy, then *u

a

does not contain multiples of dV' [4]. Finally, if u contains some dz, dn, dy,
then so do all monomials in ¢} . Therefore, only those p that contain only
d&’s survive in f“T*X‘t:o/M P(€,m) xX . Moreover, the result is seen to be

independent of the map A in (10), which can therefore be assumed of the
form A(x,y,&,n) =& Then, modulo H(C, Ag(*T*M)), we have

e = [ e
|t=0 |t=0

LEMMA 7.7. Let p1j(z) € Ay)(“T"X \ 0) be entire in z. Then

/ P (2)
T*X|=0/M

has only one simple pole at z = —j, and

Resz_j/ Y(r)ripi(z) = —/ 1R 145(0).
X |p—o/M aS*X|4—o/M

Proof. Let R be the radial vector field on “I"*X. In polar coordinates,

/ By (2) = / Sy / e
aT*X‘tZO/M 0 aS*X‘tZO/M

The first factor equals —ij (mod H(C)). The second one is entire.
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From Lemma 7.6, F'(z)(A) has the same poles in B as a finite sum
S e
G T X e=0/M

where 11(z) is entire in 2 and of homogeneity j in the fibers of “T"X),_.
By Lemma 7.7, the proposition follows.

DEFINITION 7.8. For A € C’h(\I/%’[Z] (X)), define
R(A) = Res,—o(F(2)(A)).

DEFINITION 7.9. Let A=A)®...® A, € Ck(\IJ%

Q7AQ" — Ay
z

1 g, L). Define

eq=(A) = (=1)"2Q* ( > A RA1Q...0 Ap_1.

If A e Cp(Ve(X)), define eg-(A) by the same expression, where now
all products are in W,(X). Note that eg- = (—1)"2Q%ep, (see (13)). By

direct computation, the following identity holds on C*(\ll%’[o] ® L) and on
Ci (T (X))

(37) Qb = bQ* + 2Q%ep..
Z,]

PROPOSITION 7.10. The identity Rob = 0 holds on C,(32% @ r).

Proof. Using Lemma 37,

R(b(A)) = Res,—o / £ Try (xa(b(Q7 4)))

T*M)—o/M
+ Res,—o(2F(2)(eq=(A))).

(38)

Note that eg-(A) is holomorphic, including at z = 0. By Proposi-
tion 7.5, the second term vanishes. By Proposition 6.2, the first integrand
vanishes for small R(z), so it extends to be identically zero by analytic
continuation.

It follows that R induces a map

(39) R : HH (W5 (X)) =AM, OM) @ AL.
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We claim that on this space, Roep = 1,4 R. Indeed, \Il%’m (X) is a mod-
dt

ule over £ ® Polyn(“T*M), and hence HHk(\IJ%’[Z] (X)) is a module over
HH (L ® Polyn(*T*M)), i.e., over the ring of differential forms with poly-
nomial coefficients. Then, by exactly the same reasoning as in Chapter 4,
we can prove that formula (23) holds with x replaced by x,. Note that the
claim is false at chain level.

This observation shows that the map (39) takes im(«),im(5) onto
forms without dt, respectively multiples of dt.

PROPOSITION 7.11. Let A € Fy_nHH,(W2(X)) nim(a). Then

R(A) = 1.0dt A R(A) = — / 1 X x(o(A)).
dt aS*X\tzo/M

Let A € Fh_N_lch(\IJ%’[Z] (X)). Then R(A) is a multiple of dt and
R == [ s x(o(4)
45*X | ¢—0/M

Proof. We know that in the first case, R(A) does not contain dt. Apply
Proposition 7.2 with ¢ = h — N — 1, respectively i = h — N — 2. It follows
that 2.4 dt A F(z), respectively F(z), is holomorphic for such chains around
z = O,dtwhich implies that 24 dt A R(A), respectively R(A) depend only on
o(A). The result follows from Lemmas 7.6 and 7.7.

Remark 7.12. This Proposition implies that we can improve Remark
7.4 as follows: The map (39) shifts t-degree by h — n when applied to
HH (V2P (X))nim(a), and by h—n—1 when applied to HH ,(¥5% (X))n
im(0).

From Proposition 7.2, it follows that R vanishes on ¥, <><>’[Z](X ), SO we
think about it as being defined on symbols, with a natural extension to
vertical operators. Using the projection T;A,(X) — g2l
the definition of R to Cy(A,(X)).

, we can extend

PROPOSITION 7.13. Let A € F,_nCp(As(X)) or F_n_1Ch(Ax(X))
represent a class [A] in HHp(As(X)). Then R(A) is de Rham closed in M.
If A is Hochschild exact, then R(A) is de Rham ezact.
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Proof. We have seen in Theorem 4.6 that the differential form
X
[Alm, = 5 x(a(A))

is closed and of homogeneity 0. Hence Lg[A]g, = 0. Using (22), this
implies (1rdy + dyir)[A]E, = 0, hence 1z [A]g, is closed. Proposition 7.11
shows that

dyR(a) = d, / 1r[Al, = / dyir[Alg, = 0.
aS*X‘t=O/M “S*X‘tzo/M

If [A] = 0, then [A]g, = d,( is exact, and, since d,, preserves homogeneity,
we can assume that [ is also homogeneous of homogeneity 0. Therefore
Lr B = 0. This implies 1z [A] g, = 1rdy3 = —dyir3, and so

R(a) = / welAlm, = —d, / -
aS*X|t=0/M 4S* X |t=0/M

7.2. The boundary map

Let by denote the differential map in C*(\I/%’[Z} (X)). We will derive a
formula for the boundary map ¢ of the short exact sequence (1) in terms
of the presentations found in Chapters 4 and 5 for Hochschild homology
as de Rham cohomology groups. As with all spectral sequences, we can in
principle observe only the top part, say do : HH (A (X)) — HH(15(X))),
of 9. This might be zero on some element even though § itself does not
vanish on that element.

Remark 7.14. The boundary map commutes with ep, Lp, t " dtA, o
and [, since these operations are maps of complexes on C,(¥,(X),b).

This means that d preserves the dt and dt-free parts, and the t-homogeneity
in the presentation by cohomology spaces.

PROPOSITION 7.15. If dim M # 0 then dg = 0.

Proof. It M = {pt}, then the adiabatic algebra becomes isomorphic to
the algebra Wg, (X) of one-parameter families of pseudodifferential opera-
tors. In that case, § = §p since t is a “flat” parameter. If dim M # 0, we
claim that the vertical boundary map vanishes. This is essentially Lemma 8
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from [18]. For convenience, we reproduce the proof. Let A € C}, (IUZ 1] (X))
be a cycle. Let A € Ck(\IJ%’[Z] (X)) be an extension to the full vertical

algebra. Then, using Proposition 6.9,

50(/1) = / *(]lwxa(boA).
T*Ms—o/M

From Corollary 6.8, this is independent of V. The vector fields tangent to
the fibers of “I""M|,_y — M are outer derivations on the algebra \Il%’m (X).
By naturality, the boundary map commutes with the action Ly of such
a vector field: [dg,Ly] = 0. But Ly (A) has order 1 less than A. After
repeated applications, the order of Ly, ... Lvsfl will be less than —m—k—1,
so, by Proposition 6.2, x,(b(Ly, ...Lvsfl)) = 0. Hence, Ly, ... Ly,0p(4) =
0. Since V1, ..., Vs were arbitrary and do(A) is a Schwartz form on “T"M;—,
the proposition follows.

Therefore, the first significant part of ¢ is
o1« HH (A (X)) — HH (Io(X)) -1,
which decreases the t-filtration by 1.

THEOREM 7.16. The leading part of the boundary map is essentially
integration along the fibers,

5 =i / .
45*X | t=0/M

Proof. From Remark 7.14, it is enough to prove the claim for a class
[a] represented by some a € T;HH(As(X)) Nim(ca). Such a class can be
represented by a chain A € T;Fy—,—mCr(As(X)). By H-unitality, we can
find A € T;C,(V4(X)) a pre-image of A, such that bA € Cp_1(Ip(X)).
Since dp(a) = 0, it follows that there exists v € T;Ck(I5(X)) such that
bA — by € T;_1. By replacing A with A — ~, we can assume that §(a) =
[bA] is represented by a chain in T;—1. We use now a choice of a vector
space isomorphism between A, (X)/I,(X) and its graded algebra g2l (X).
Let A}, Ajj—1) be the components of A in Ck(\I/%’[Z](X))[j],

Ck(\IJ%’[Z] (X))[j—1], where the subscript denotes the negative of the t-degree.

respectively
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Using (37), we see that

i) = [ Mo (b))
STy /M

e (/ *éVIXa(szA)[j_l]>
Mo/ M
(40) = (/ *g/IXa(bQZA)[j—l]>
T*M =0 /M |2=0

(41) + (/ *yxa(ZQzeszl)[ju)
T*Ms—o/M

We shall prove that (40) vanishes and (41) equals the desired expression. In
(40), we can replace A by Apj) + Apj—q) since we are looking only at the part
of degree j —1 in t. Let b = by + b1 + ... be the expansion of b according to
the t-degree. By Proposition 6.2, x,(boQ*A[j_y)) vanishes for small R(z),
so the analytic continuation of the corresponding part in (40) is 0 at z = 0.

|z=0

|z=0

PROPOSITION 7.17. The identity bo(A7) = 0 implies that

(42) / M (b1 Q7 Agy)
T M)y —o/M
_d, / M (xa (@A) € ZH(B)
TM o/ M

thus faT*M‘t:O/M *g/fxa(leZAm) tends to 0 in A2"F+1(A[)/dA2"F (M) as

z — 0.

Proof. This would be clear if we knew that bo(Q*A;)) = 0. Indeed, in
this case, for ®(z) <0,

(43) Xa(lezA[j}) = dU(Xa(QZA[j}))

(compare with Proposition 5.2). In the semi-classical limit case, this con-
dition holds by commutativity of the vertical algebra \II%’[O] (M). The proof
in the general case consists of following an explicit proof of (43) and noting
that whenever we have to commute %, we get an error term in zH(B).
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LEMMA 7.18. Let C € Tij,NCk(\I/a(X)). If A[J] = boC, then

/ x5 Xa(01Q% A -1
M=o/ M

vanishes at z = 0.
Proof. Notice that

Xa(B1Q* A1) = Xa(b1Q%boC)j_y
= Xa(b1boQ*C + b12Q%ep,C).

The last term belongs to Fi_n—2+.Cr—1 and is a multiple of z, hence like
in Proposition 7.2, its integral vanishes at z = 0. From b? = 0, we deduce
b1by = —bobl Since 01Q*C € Tj_4, it follows from Proposition 6.2 that
faT*M‘t oM ¥a My o (bob1 Q7 C')[j—1) vanishes for R(z) sufficiently small, hence

it is identically zero.

Note that the term (41) is by definition Rj_l(eDQfl). From Remark
7.12, this is a dt-free form of t-degree —j + k — n. From Propositions 4.10
and 7.11,

R(eDQfl) = z/ wr(rtdr Aa)g,) = Z/ [a] g, -
aS*X‘tZO/M aS*X‘t:O/M

We have assumed that a € Tj;. We can also ask that [a]g, be of
pure homogeneity with respect to Lp. This homogeneity must be at least
—j 4k —n, and if it is bigger, then [a] g, is the class of some a’ € T;_1. So
we can also assume that [a]p, has homogeneity —j +k —n. Using again
Remark 7.12, we conclude that R;_ 1(eDQA) R(eDQA) R(epga). This
ends the proof of Theorem 7.16.

Recall the decomposition of T; /T HH,(As (X)) as eigenspaces of Lp.
Let a be of pure type with respect to this decomposition. Assume a is dt-
free. Since 4 increases the t degree at most by k£ — n, it follows that [a]
belongs to Ty n H*N7F(S*X x S1) with h < k Hence L 4 acts on [a] as

multiplication with h—i—n. Assume that 0;(a) = 0. This means that & (a) €

Ti—sHHy_1(I5(X)) for some s > 2 minimal with this property. Let §(a)s
be the image of §(a) in T;_s/Tj_ o1 HH 1 (I5(X)) = ESTF 717075 (15(X).
L 4 acts as multiplication with s + k —¢ — 1 — n on this space. But from
hdtg kand s >2weget h—i—n<s+k—i—1—n. Since § and L a

dt
commute, we deduce
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PROPOSITION 7.19. Let a € T;HH(As(X)). If 61(a) = 0, then there
exists some a with a —a € T;_1HH;;(As(X)) and 6(a) = 0.

Theorem 7.16 and Proposition 7.19 completely characterize the bound-
ary map
0: HH(Ay(X)) — HH(I5(X)).
7.3. Traces on the adiabatic algebras
From the long exact sequence derived from the short exact sequence

(44) 0 — W, (X) o W, 0(X) — I(X) — 0,

the ideals I5(X) and ¥, °°(X) have the same homology, except in dimen-
sions 0 and 1. Consider the following map:

Tr: U, ®(X) — C®R)[t7Y], A Ay, -

LEMMA 7.20. The map Tr generates HHO(\IIG_OO’Z(X)) as a module
over C®(Ry)[t™Y].

Proof. Let first A € C®(Ry, U~=(X)) = ¥, °(X) be a rapidly
vanishing family of smoothing operators. For any ¢t > 0, the map A —
Tr(A)(t) is a trace. Choose any local embedding of TX in X2. Cut A off
near the diagonal and pull it back to T X as a compactly supported section
in the fiber density bundle. The pull-back of the fiber density bundle to
the O-section of T'X is just the density bundle Q(7°X). In local coordinates,
and pulling back via the canonical map ¢,, we get

1 A 1 .
Tr(A) = —— AN = AN
@ = Gy /m YT @y lm o

where w,w, are the symplectic form, respectively the adiabatic symplectic
form. This formula extends to ¥, °°(X), and is an extension of the map

1 / ~ M
o Try(A)(wg )"
(2) oT*M|—o
7
= *axa(4) € £,
(2) oT*M|—o

which, by Theorem 6.10 and Propositions 6.9 and 5.3, is a generator over
L of HH®(I5(X)). This implies that the boundary map

HH1(I5(X)) — HHo(¥, > (X))

I@(X) SA—

vanishes.
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Recall that ep is an isomorphism from im(3) C HH1(I5(X)) to HHo(I5(X)).
A similar statement is valid for ¥, °>"°°(X). From this, it follows that
Troep is a Hochschild cochain which generates im(3) C HH (¥, (X)),
and that the other boundary map of (44) also vanishes.

Since we have the explicit C*°(R.)[t~!]-valued cochain Tr on ¥ °°(X),
we can imitate the construction of the residue trace to get explicit cocycles
on ¥,(X). Namely, we claim that the maps

Ty (X) — C°(Ry)[t™Y A Res,— Tr(Q*A)
C1(Ty(X)) = C®R)[tTY A® B — Res,—o Tr(Q°D(B)A)

are cocycles on ¥, (X). Since ep is a map on homology, it is enough to prove
the claim for the first map. We have seen that the residue is well-defined.
We want to show that it vanishes on commutators. We have

Res,—o Tr(QZ[A, B]) — Res.— Tl"([QZAy B] + zQZWA

) = 07
since the first term vanishes for small #(z), and the second term has no
residue at zero by Proposition 7.5.

For t > 0, the first map is just Wodzicki’s residue trace on X, hence it
equals [og.y (A,N)znwév. By continuity, this holds down to ¢t = 0. We note
here that for ¢t > 0, w) = (¢;1)*(w?) belongs to T_,A?(°T*X). Indeed,
from (10), det(¢,) = t". Therefore, the residue trace of a smooth adiabatic
operator is a Laurent function in ¢ of degree —n.

7.4. Properties of the residue functional

We can extend Proposition 7.13 to arbitrary orders. We first treat the
semi-classical limit case. Recall that the subscript ¢ means taking the part
in T;/T;—1, i.e., the coefficient of t~* in the Laurent expansion at t = 0.

ProprosiTION 7.21. If A € T;Cx(As(M)) is a boundary, then R;(A)
s dy-exact.

Proof. The spectral sequence ?Ey, which computes HH (A, (M)) using
the T; filtration, degenerates at Fs, so we can assume A = b(P) with P €
T;—1Ck41(As(M)). The semi-classical limit vertical algebra is commutative
so (Q*P);—1 is b-closed (this is not true in the general adiabatic setting).
The projection ¥, — S, is surjective; let P be a pre-image of P. Using
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(37), we get:
R;(A) = R;(bP)

= Res.— / 5! (Xa(Q°DP));
M=o/ M
Jmm/ M (a(b(Q*P)),
T*M|p—o/M
—|—RGSZ:0/ *flw(Xa(ZQZ@QZp))i-
T*M)p—o/M

By Proposition 7.5 and because of the z factor, the last term vanishes
since eg- P € Tj is entire. As for the first term, we claim it is exact.

LEMMA 7.22. For R(z) sufficiently small, we have

*M z R >l<M z . )
m>Lw”WQMWsz%<@%MMG%@PmJ

Proof. We notice that QP survives at aEi’k_i(\IféJrZ(M)) Then (45) is
the computation of dq[@*P] in the spectral sequence of the symbol algebra
of order z + Z. The identity dy = *, 'd,*, (see (26)) holds in this context.
The proof of Proposition 7.17 applies to prove the result.

By the de Rham theorem, the space of exact forms is closed. A mero-
morphic family of forms, which takes exact values for z in an open set, must
have exact residues. This finishes the proof of Proposition 7.21.

From Theorem 4.6 and Proposition 7.13 it follows that every Hochschild
class in T;HH(A,(X)) has a representative a such that R;(a) is closed.
Together with Proposition 7.21, this proves:

COROLLARY 7.23. The residue R; descends as a map
R:T;HH(Ay(M))—H" " (M) @ A L.

Proposition 7.21 is a model for the general case. The main difference
is that multiplication by Q? destroys the cycle property.

PROPOSITION 7.24. Let A € T;Cr(Vo(X)). IfbA € Ti—1Cr—1(Vo (X)),
then R;_1(bA) = dR;(A), where d is the de Rham differential on M.
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Proof. QQ*A; is not a cycle in the vertical algebra, but, since b(A;) = 0,
it has the property that by(Q*A4;) is a holomorphic multiple of z. The proof
of Proposition 7.17 goes through, with the following modification: replace
congruences (mod zH(B)) by equalities of residues at z = 0.

It follows that if A € T;C(V,(X)) is Hochschild closed, then R;(A) is
de Rham closed. Let now A € T;F;C,(As(X)) Nim(c). Assume that A is
b-exact and that j > k— N. Then, there exists some P € T;_1Cl41(As(X))
such that bP — A € T;Fj_1Cy(A;(X)). This is a restatement of Proposi-
tion 4.15. By Proposition 7.24, R;(A) = R;(A — bP) modulo exact forms.
Inductively, R;(A) = R;(A4’), where A’ € T;F,_nCi(¥,(X)). From Propo-
sition 7.13, R;(A’) is exact. As a consequence, we get the main result of
this section:

THEOREM 7.25. The residue R; descends as a map on the Hochschild
homology of adiabatic symbols with values in the cohomology of M (with
twisted coefficients):

Ty HH  (Ay (X)) & HY R (M, OM)EF—" @ HP 1 (M, OM)tH—24t.
On chains A = Ay ® ... @ Ay, € TiCr(Vo(X)), Ry is given by the explicit

formula

Ri(A) = Res.— / M (xa(Q* A1),

“T*M|y=o/M
§8. An example

Consider a fibration X — S! and let A € ¥,(X) be an elliptic adiabatic
operator. Choose an inverse b of @ modulo ¥ °°(X), then the Hochschild
1-chain a ® b defines a cycle in C1(V,(X)/¥Y,>°(X)). This cycle was in-
troduced by Melrose and Nistor in [17]. The t-degree of this cycle is 0, in
other words a ® b € ToC1(Ay(X)).

We can therefore apply the functional Ry to this cycle. We examine
below the dt-free component f(A) € HY(M) of Ry(tr(a ® b)).

Let z,§ be local coordinates in “I""M|;_, (this bundle is canonically
trivial in our case). The adiabatic symplectic form has the form w, =
t=1d¢ A dx. Let «, 3 be the images of a,b in the suspended algebra of the
fibers with parameters in the circle M = S! (i.e., in the graded algebra of
U, (X) associated to the filtration 77;). Following the definition, we get

f(A) = [Reszzo /R Try (Q*adeB)dé € A°(S)

HO(Sl)
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Since we proved in Theorem 7.25 that Ro(tr(a ® b)) is exact as a form on
M, it follows that Res,— fRs Try(Q*ad:B)dé € A°(S!) is constant as a
function of z € S'. This constant equals Trg(a(x)de3(x)) for all z € S,
where Trg = Res,—g Tr o Q% is the residue trace on the suspended algebra
defined in [23]. This motivates the following definition:

DEFINITION 8.1. Let Y be a closed manifold. Let a € W1y (Y, &, F)
be an elliptic suspended operator in the sense of Melrose [16]. Define

where (3 is an inverse of a modulo \IIS_HZ?D(Y).

It is straightforward to see that f has the following properties:

1. f(«) is homotopy invariant inside elliptic suspended operators.

2. flawag) = f(a1) + f(az).

3. When a = D+i&, where D is a positive first-order differential operator
on Y, then f(a) equals the residue at the origin of the meromorphic
function n(D, s). From [1], this residue vanishes so f(D +i§) =0

4. If « is differential, or more generally has even symbol in the sense of
Gilkey [8], and dim(Y") is even, then f(a) = 0.

The first two properties show that f depends only on the class in
KT, wY) = KY(T*Y) of the principal symbol of a. For dim(Y) odd,
this K group is generated rationally by the symbols of twisted signature
operators, for which f was seen to vanish. Thus f is identically zero when
dim(Y") is odd.

On even dimensional manifolds, Gilkey [8] has shown that K°(S*Y)
is generated rationally by self-adjoint polynomial symbols of even degree
with values in GL. To such a symbol p of degree k& we associate the class
p+i&(p? + 5%)% € KY(T*Y); in fact these classes generate K(T*Y, Q).
Let A € WF )(Y) be the suspended operator defined by

sus(1
2k—1
2k

A= P +if(P? 4+ £2F)

where P is an invertible self-adjoint differential operator on Y with symbol
p (such an operator exists since we can add a small real constant to remove
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the possible eigenvalue 0). We set @ := (A*A)% and B := A~!. The
operator A is not differential, nor is its symbol even, so we cannot conclude
directly that f(A) = 0. However, for each fixed £ € R, the operators A, @
and J¢ A preserve the eigenspaces of P. We decompose the trace defining
f(B) over these eigenspaces; we get

/RTrV(Q_ZBagA)dﬁ =n(P,z)h(z)

where n(P, z) is the APS eta function of P, and h(z) is the integral on R of

a smooth function in &, depending holomorphically on z, which grows like
z(k+1)
€2 75 as [¢] — oo. This integrand can be made explicit, but we only

need to notice that h(z) is regular at z = 0. Together with the regularity
of the eta function shown by Gilkey [8], this implies that f(B), and so also
f(A), vanish when dim(Y") is even.

Therefore in this example the invariant f vanishes identically. Nev-
ertheless, this vanishing is highly non-trivial. This fact suggests that the
homological residues I?; introduced above may lead to subtle geometric and
analytic properties of elliptic operators.
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