Nihonkai Math. J.
Vol.27(2016), 117-123

A REFINEMENT OF THE GRAND FURUTA
INEQUALITY

MASATOSHI FUJIT AND RITSUO NAKAMOTO

ABSTRACT. A refinement of the Léwner—Heinz inequality has been discussed by
Moslehian—Najafi. In the preceding paper, we improved it and extended to the
Furuta inequality. In this note, we give a further extension for the grand Furuta
inequality. We also discuss it for operator means. A refinement of the arithmetic-

geometric mean inequality is obtained.

1. Introduction

For an operator A acting on a Hilbert space H, A is said to be positive, denoted by
A > 0if (Az,z) > 0 for all x € H. In particular, A is said to be strictly positive,
denoted by A > 0 if A is positive and invertible, i.e., A > m for some m > 0. Based
on the strict positivity, we define the strict order A > B for selfadjoint operators A
and B if A— B > 0. Recently the Lowner—Heinz inequality was refined under the
strict order by Moslehian-Najafi [9]:

Theorem A. IfA—B>m >0 for A> B >0, then
AT=B">|| A" =(]| A| —m)" for r € [0,1].
Very recently we discussed a generalization of Theorem A for operator monotone

functions, and consequently gave it an improvement in [3], cf. [7].
IfA—B>m>0for A> B >0 and f is non-constant operator monotone on

[0, 00), then
fA) = f(B) = f(I B[ +m) = f(I B }) > 0.

As a consequence, we obtained the following improvement of Theorem A:
Theorem B. IfA—B>m >0 for A, B>0 andr € |0,1], then

A" =B >(|B||+m)— | B|'>0 forrelo1].
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On the other hand, the Lowner—Heinz inequality has a beautiful extension, so-
called the Furuta inequality. So another direction of generalizations is to discuss it
for the Furuta inequality, [4]. We obtained that the Furuta inequality preserves the
strict operator order A > B > 0.

In this note, we prove it for the grand Furuta inequality which is a further exten-
sion of the Furuta inequality.

2. The Furuta inequality

First of all, we cite the Furuta inequality (FI) established in [5], see also [2], [6], [§]
and [10] for the best possibility of it.

The Furuta inequality. If A > B > 0, then for each r > 0,

holds for p > 0, ¢ > 1 with

(14+r)g>p+r.

We here remark that the case r = 0 in (FI) is just the Léwner-Heinz inequality.
As a matter of fact, we showed an extension of Theorem B in the form of Furuta
inequality in our preceding work [4]. For convenience, we introduced a constant
k(b,m,p,q,r) for b,m,p,q,r > 0 by

pEr p+r

k(bam7p7Qar> = (b+ m) e T — T_Tv
and denoted by mp =|| B~ ||7!. We showed the following results:

Lemma 1. Let A and B be invertible positive operators with A — B > m > 0.
Then for 0 <r <1,

P

A" — (ABBPAR)s > k(| B ||, m, p,q,m)m]
holds for p >0, ¢ > 1 with (1 +7r)g>p+1r > qr.

Proof. For the reader’s convenience, we cite a proof. We note that ¢ > 1 and

(1+7)g > p+r > qr assure the exponent ’% — 7 in the constant & belongs to [0, 1].
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Since 0 < r < 1, it follows from Theorem B that

ptr

A

—(AEBPAR). = A" — ASBY(BEATBY)i ' B AS
— A" — AFBY(BFATBF)iBhAb
> A" — AB3(BEB B %) iBhAS
ptr

— A% _A%BP—(P-FT)(l—é)A%
— A5(AT T - BN ) A
> k(|| B |l,m,p,q,m)A"
> k(| Bl,m,p,q,r)m}. O
]

In the Furuta inequality, the optimal case where p > 1 and (1 +r)g = p+ 17 is
the most important, for which a beautiful mean theoretic expression is presented by
Kamei [8] as follows:

A satellite of (FI) If A> B >0, then

A" #1.. B? < B(< A)

p+r
holds for p > 1 and r > 0, where A #s B = A%(A_%BA_%)SA% for A > 0.

By the use of it, we have the following estimation for the optimal case of the
Furuta inequality.

Theorem 2. Let A and B be invertible positive operators with A — B > m > 0.
Then

AV (ABBPA)e > mm)
holds for p > 1 and r > 0.
Proof. Taking r = 1 in Lemma 1, we have
A? — (A%BPA%)P%I > mmy = my,

where mp =|| B! ||"!. Put A; = A2, B, = (A3BPA3)si1, C' = A3BPAZ and

P = ’%1. Then the satellite assures that
Al_s# 1s B:fl < By,
p1+s
that is,
2(1+s)
A% 0. C < By, e, (A*CA®)pir2s < A°BA®

p+1+2s
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for s > 0 and p > 1. Hence it follows that for r = 2s + 1 with s > 0,

14r 2(1+s)

AT — (ASBPAR)vir = A20HS) _ (ASCA®) it
> A(A% — B))A® > my A% > mm%T = mm/).

Hence the conclusion is obtained. O

An estimation of the Furuta inequality for a general case is given as an application
of Theorem 2 and Theorem A.

Theorem 3. Let A and B be invertible positive operators with A — B > m > 0.
Then

ptr

A" — (ATBPAR) 2| A" — || AT = [T
holds for p,r >0, ¢ > 1 with (1+7r)g>p+r.

Proof. Put A = A"*", B, = (A2BPA: )P+r and m; = mm”;. Then Theorem 2 says

that A; — By > mq. So we apply Theorem A to A; > By and r; = (f:rgq e (0,1].

Namely we have

Al = B Z[ Ay | = || Ar—my ||

3. Grand Furuta inequality
First of all, we mention the Ando-Hiai inequality, [1]:
(AH) f A #, B<Ifor A, B> 0, then A" #, B" <1 forr > 1.

To compare with (AH) and (FI), we arrange (AH) as a Furuta type operator
inequality. Now the assumption of (AH) A #, B < I is equivalent to the inequality

By =(ATEBATH)" < A7 = Ay,
Similarly, the conclusion A" #, B" < [ is equivalent to
A7 2 [ATEBTATE] = [ATH(AR(ATEBATE AR AT

Replacing p = a™!, (AH) is reformulated that

T

A > By>0 = A} > (AF (A, *BIA, ) AR (1)
forr > 1 and p > 1.

Moreover, to make a simultaneous extension of both (FI) and (AH), Furuta added
another variable t € [0, 1] as in the case of an extension of (LH) to (FI).

Grand Furuta inequality (GFI) If A > B >0 andt € [0,1], then
[A5 (A~ IBPA: )SA ](p S < ALt
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holds for r >t and p,s > 1.

As a matter of fact, (GFI) interpolates (FI) with (AH), i.e
(GFI) fort =1, r=s <= (AH)
(GFI) for t =0, (s =1) < (FI).
In this section, we discuss the strict positivity for the grand Furuta inequality.

For convenience, for s & [0, 1], we denote by A, B = A2(A"2BA~2)5Az2 for A > 0.

Theorem 4. If A— B > m for some m >0 and t € [0, 1], then

1—t+r

AT (A3 (A3 TBPATT) A3 @055 > mm/
forp, s>1andr >t.

Proof. Tt is known that By = (A" f, Bp)ﬁ < B, where p; = (p — t)s + t. Actually,
if 1 <s <2, then
A, BP < BP* andso B; < B.

Next, if By = (A? g, Bp)ﬁ < B holds for some s > 1, then, for s; € [1,2] and
p2=(p—t)ss1+t,

= (Al BP)72 = (A' b, (A", BP))7s = (A'h, BI) < B < B

by s1 € [1,2] and (p; — t)s1 + ¢ = ps. Hence we make it sure.
So, applying Theorem 2 for A — Bi(> A— B) > m > 0 and p; = (p — t)s + t,
ry =r —t, we have

1—t+r

Al-t+r [A*(A 2B;zzA )sA ](p t>s+r ALt [A%BflATQ ]m > mmA )

4. A refined arithmetic-geometric mean inequality

In the above, we discuss the strict positivity on the Furuta inequality and the grand
Furuta inequality. In this section, we apply its idea to the arithmetic-geometric
mean inequality and consequently obtian a refinement of the inequality. It says that
if A> B >0, then AV, B > A #; B. In other words, the arithmetic-geometric
mean inequality preserves the strict positivity.

Theorem 5. ]fA—B>m>OforA B >0, thenforeach0§t§1

<AV, B-A#, B< A

where mp =|| B~ |7t and fi(x) =1 —t +tx — z'.

— 121 —



Proof. It A— B>m >0 for A,B > 0, then H = A2 BA~3 has bounds such that

mpg m
—— < H<1-—— <1
A Al

Actually we have
H Z mBA_l Z mp || A ||_1

and
H<A ' A-m)=1-mA'<1-m|A|".
Now, for a fixed ¢t € (0,1), f = f; is decreasing and positive on [0, 1) because
flz)=t(1l—2"1) <0 and f(1)=0.

Hence it follows that 0 < f(H) < mpy and so

> f(|H|) > f1——2 f(H) < < f(2E ),
JH) = [ H ) = ||AH)’ i )_f(mH)_f(“A”)
Since AV, B— A #, B = Az f(H)Az, we have the conclusion. O

Finally we discuss the strict positivity of the geometric-harmonic mean inequality.
For this, we cite the following lemma:

Lemma 6. If A— B > m for some m > 0, then B~ — A~1 > m =m.

As a matter of fact, it is proved as

B A =B (Brm) | B || Bam = m.

Now, combining Lemma 6 with Theorem 5, we have

- - - - m
BV AT =B AT 2 (1 m)mfﬂ = ma.

If we put By = (A#,B)~' = B7'4,_; A~!, then it follows from Lemma 6 again that
)
(I B[ +me) | By |

That is, we have the strict positivity of the geometric-harmonic mean inequality as

(B_l#l—t A_l)_l - (B_lvl—t A_l)_l 2

follows:

Corollary 7. Notation as in above. If A— B > m for some m >0 and t € (0,1),
then
mo mo

> .
(I By [l +ma) || By [l — (I B=H || +ma) [| B

A#,B — Al,B >
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