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THE CONFIGURATION SPACE OF A MODEL FOR
5>-MEMBERED STRAIGHT-CHAIN HYDROCARBON
MOLECULES PARAMETRIZED BY CHAIN LENGTHS

SATORU GOTO, KAZUSHI KOMATSU, AND JUN YAGI

ABSTRACT. We provide a mathematical model of n-membered straight-chain hy-
drocarbon molecules. The configuration space of the model is parametrized by
chain lengths. By assuming the bond angle conditions required for hydrocarbon
molecules, we determine the topological types of fibers of the configuration space
of the model by chain lengths when n = 5.

1. Introduction

A straight chain with n vertices is defined to be a graph in R® with vertices
{vo,v1,...,v,—1} and bonds {f1, Ba, ..., Bn_1}, where (; connects v;_y with v; (i =
1,2,...,n—1). A bond angle is defined to be the angle between two adjacent bonds.
The chain length of a straight chain with n vertices {vg, v1,...,v,_1} is defined to
be the distance between vy and wv,_;. For simplicity, B; denotes the bond vector
v; —v;_1, where 1 = 1,2,...,n— 1.

We consider straight chains in R® with rigidity as a mathematical model of
straight-chain hydrocarbon molecules. Organic synthesis chemists are interested
in lengths of flexible hydrocarbon chains with a straight-chain part because they
have important significance in terms of chemical properties. For instance, it was
reported that the observed lengths of the flexible hydrocarbon chains of receptor
blockers are related directly to their inhibitory effect on the activity of an asthma
chemical mediator ([1]). To detect the change in chain length, we consider the set,
which is called the configuration space, of all such straight chains, and study the
topology of fibers of the configuration space by chain lengths.

Definition 1. We fix 6 with 0 < 0 < 7, and put three vertices v; = (—1,0,0),

vy = (0,0,0), v3 = (—cosh,sind,0). We define functions f, : (R*>)"3 — R

by fr(vo, U1, U2, U3, va, ..., Un1) = S(IBklP = 1) for k =1, 4,--- ,n—1, and gy :

(R*)"® — R by gi(vo, V1,00, U3, V4, .. -, Un1) = (=B, Brs1) — cosl for k = 1,
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3,---,n—2, where { , ) denotes the standard inner product in R*® and || - || the
standard norm ||| = /(x,x), and v; (i = 1,2,3) means that v; removes from
(vo, V1, yUp_1), €.g. (Vo, V1, V2, VUs3,04) = (Vo,v4), (Vo, V1, Vs, Vs, Vg, v5) = (Vo, Vg, Us)
and (vg, U1, Ua, Uz, Uy, U5, V) = (Vo, V4, V5,06). Then we define the configuration space
M (n) of straight chains with rigidity by the following:

filp) = g;(p) =0
M(n) = P = (Uo,ﬁl,ﬁg,ﬁg,v4,...,'Un_l) < (R3>n_3 7= 1,4,"' ,Tl—l
j=1,3,...,n—2

fi and g; are called rigidity maps, which determine the bond lengths and angles
of any chain in M(n). Note that a straight chain in M (n) is an equilateral and
equiangular straight chain with n vertices and bond lengths 1. The dihedral angle
for three bond vectors By, Bri1 and B, o is the angle between two planes that consist
of the plane spanned by the two vectors By and B3;.; and the plane spanned by the
two vectors By and Bg.2. Because the straight chains in M (n) are parametrized by
dihedral angles with the angular range of 2, we see that M (n) is (n—3)-dimensional
torus 7" 3. We consider the fibers of M(n) by chain lengths. For convenience, we
put the bond vector vy — v,_1 = Bo.

Definition 2. We put a positive real number £, and set f§ : (R®>)"2 — R by
fSo,va, -+ vnm1) = 3(IBoll> — €). We define the fiber My(n) of M(n) by the
following:

Me(n) = {p € M(n) | fo(p) = 0}.

Note that M;(n) is the set which consists of straight chains in M (n) whose chain
length is ¢. So we see that M(n) = UMg(n) In particular, when ¢ = 1, we
¢

can regard M,(n) as the configuration space of the model of n-membered ringed
hydrocarbon molecules in [2], [3] and [4]. In this paper, we assume that the bond
angle 6 is equal to the tetrahedral angle cos™'(—3) which is the standard bond
angle of the saturated carbon atom, and study the topology of the fiber M;(n) of
M(n) = T™3 for any chain length £. When n = 3,4, the fiber M,(n) is simple. In
fact, we can easily verify that the topological types of M;(3) of M(3) are one point
set if £ = \/§ and the empty set if ¢ # \/g. And, the topological types of M,(4) of

M(4) = T' = S' are two point set if 2 < £ < @, one point set if £ =3 or @ and
the empty set if ¢ < g or @ < /L.
When n = 5, we obtain the following theorem:

Theorem 3. Let { be a positive real number. The topological type of the fiber My(5)
of M(5) = T? is given by the following:



(1) If ¢ = é\/g or 41/2, My(5) is one point set,

(2) ]fg\/g <tl<fori<i< 4\/5, My(5) s homeomorphic to a circle S*,

(3) If ¢ = &, My(5) is homeomorphic to a union of two circles that intersect at
two points,

(4) If ¢ < gl\/g or 4\/g < L, My(5) is the empty set.

Remark. Hydrocarbon molecules have three basic structures: ringed chains, straight
chains, and branched chains. In [6], Jun O’Hara studied the configuration space of
equilateral and equiangular spatial hexagons for any bond angle, as a mathematical
model of 6-membered ringed hydrocarbon molecules.
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Fi1G. 1. The configuration corresponding to one point.
When ¢ = é\/g (resp. 4\/% we have the configuration as in Fig. 1 (a) (resp. (b))
as the straight chain corresponding to one point. So we can easily verify Theorem
3 (1) and (4). In Section 2 we will give a proof of Theorem 3 (2) by the similar

argument to [3]. In Section 3 we prove Theorem 3 (3) by giving explicit expressions
of all the possible shapes (cf. [6]).

2. Proof of Theorem 3 (2)

In this section we assume g\/g <l < %, g </l < 4\/% We first prove the
following proposition.

Proposition 4. M,(5) is an orientable closed 1-dimensional submanifold of R®.
We show the following lemma for the proof of Proposition 4:

Lemma 5.

(1) All vertices cannot be in one plane for each straight chain in M,(5).
(2) M,(5) is not the empty set.



(a) (b)

F1G. 2. Local planar configurations of the successive three bonds.

Proof of Lemma 5. (1) We assume that for a straight chain in M,(5) all vertices are
in one plane. Since the straight chain has local configurations as in Fig. 2 (a) or
(b), the straight chain is one of the four types as in Fig. 3.

V4 ) V3 Vg V4 V1 Vo

Yo U3 [ 0

(b)-(ii)

Fia. 3. Four types of local planar configurations.
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By calculating, chain lengths of four straight chains as in Fig. 3 are 3 % in the

case of Fig. 3 (a), § in the case of Fig. 3 (b)-(i), § in the case of Fig. 3 (b)-(ii) and
4\/§ in the case of Fig. 3 (c¢). This means that any straight chain of M,(5) cannot
be in one plane.

(2) We consider all straight chains in M (5). We define a function d : M(5) — R
by d(vo,v4) = [|[vo — v4||. We note that d is continuous with respect to vy and vy.

From the proof of (1), if we have a configuration as in Fig. 3 (a) (resp. (c)), the

value of d(vg, v4) is equal to é\/g (resp. 4\/g) From the connectedness of M (5),

the configuration space M,(5) is not the empty set. O

Under the above preparation, we prove Proposition 4. From now on, f{ is simply
denoted by fp when ¢ is fixed.



Proof of Proposition 4. We define I : (R*)? — R° as F' = (f1, fo, f1,91,93). Then
we see My(5) = F~1({0}) for O = (0,...,0) € R’. By the regular value theorem,
we show that O € R’ is a regular value of F. Due to [5], it is sufficient to prove that
the gradient vectors (grad f1),, (grad fo), (grad f1),, (grad g1), and (grad gs), are

linearly independent for any p € F~*({O}) = M,(5), where (grad f), = (%(p))

J J
Using the zero vector 0 = (0,0,0) and the bond vectors By (k = 0,...,4) of the
straight chain corresponding to p € M,(5), we decompose the gradient vectors of fj

and g, into 1 x 3 blocks as follows:

(grad f1), (=B, 0),
(grad fo), = ( Bo. —Bo)
(grad f4)p - ( 07 B4)7
(grad g1), = ( B2y 0),

(grad gs), = ( 0, —Bs).

We assume that the gradient vectors (grad f1),, (grad fo),, (grad fi),, (grad g1),
and (grad g3), are linearly dependent. This means ¢, # 0 and ¢ (grad f), +
ca(grad fo), + cs(grad fi), + ca(grad ¢1), + cs(grad g3), = (0,0) for some k. We
then have the bond vector relations:

—c1f1 + @Byt aB: = 0,
—2B0 + 3814 — B3 = 0.
Let vg, v1, v9, v3 and vy denote the vertices of the straight chain corresponding to
p € My(5). Because two successive bond vectors By and By, are linearly indepen-
dent for k # 0,4, we get c5 # 0. So the bond vector relation —c¢1 81 + o8¢+ c4B2 = 0
implies that the vertices vy, v1,vo and v, are in one plane, and the bond vector re-
lation —coBy + 384 — ¢533 = 0 implies that the vertices vy, v2, v3 and vy are in one
plane. This means that all vertices of the straight chain are in one plane. However
this contradicts Lemma 5 (1).
Thus, since O € R’ is a regular value of F, M,(5) is an orientable closed 1-
dimensional submanifold of R®. 0

We define a differential function i : (R*)2 — {O} — R derived from the dihedral
angle for By, B2, B3 by h(vo,v4) = —2 where vy = (20, Yo, 20) and O € (R3)2-
Y

)
6+

Proposition 6. h|M,(5) has two critical points.

Proof. Due to [5] p € My(5) is a critical point of h|M,(5) for h : (R*)?> — R if and
only if there exist a; € R (i = 1,2,3,4,5) such that (grad h), = ai(grad f1), +
as(grad fo), + as(grad fi), + as(grad g1), + as(grad g3),. We can easily check that



(grad h), = <0, fg%, 2175&%0,0 0 0) Note that the first 1x3 block (O, 12:/025, —?é’f}?)
is orthogonal to 3y and B;. So, we see that ay # 0 if (grad h), = ai(grad f1), +
as(grad fo), + as(grad fi), + as(grad g1), + as(grad gs),. By the same argument as
the proof of Proposition 4, the vertices vg, v9,v3 and v, of the straight chain corre-
sponding to a critical point p are in one plane Span (fs, 84) = Span (fs, B4, 5o). We
transform the straight chain by the congruent transformation that maps v, v3 and
vy 10 (0,0,0), (1,0,0) and (g, 2\3[, 0) in this order, and denote the image of vy, as wy.
Since wy, we, w3 and wy are in xy-plane, we put wy = (a, 3,0). From the restriction of

the bond length and bond angle, we have |Jwy — wy|| = \/(a — 32+ (8- %5)2 =/,

|ws — wol| = a?+ 52 = (/5. Remark that the two solution pairs (o, 5)
of the two equations (a — 3)* + (8 — 2\[) =, o + p? = % are given by

(ax, Be) = (£(32 — 60 £ /6,/02(32 — 302)), L ( 16\/_ 3\/‘£2q:2\/3e2 32 — 302))

(double sign in same order). Note that ay and fy are real numbers when —\/j <

3

(<8 5 or 3 8 < ¢ < 4,/2, and that oy and B are determined by £. We denote the co-

ordlnate (a,ﬁ, 0) of wo as (g, fx,0), and put w; = (— g,:c%{,y%{) (22 +y? =1).

From [lwy — w1 |? = (e + 3)* + (B — x%i)Q + (y%i)Q =1 and 2?4+ y* = 1 we see

_ Atoy
that z = NI

Claim 7. We see that (;;561)2 <1 and (245/?,31 )2 > 1 if £ satisfies g\/g <l<3$,

and that (;\J/“;ﬂtr )2 <1 and (24%:)2 > 1 if £ satisfies § < { < 4\/%

Proof of Claim 7. We see that (;jg‘ﬁ:)z > 1 (resp. < 1) if and only if (2v/28+)% —

(4+a4)? > 0 (resp. < 0). Since (2v/264)2— (4+ay)? = £YZ5E(64+90%)(2V/60+
V32 — 3¢?) (double sign corresponds), we have only to check the factors of the right
side are positive or negative.

First, we assume that % 2 < ¢ < & When g\/g < ¢ < & we have that

3 3 3
(—64 +9¢%) < 0 and 2v/6¢ + /32 — 32 > 0. Then, we get that (2v/25,)> — (4 +
ap)? = —M( 64 + 90%)(2v/60 + /32 — 3(2) < 0. Meanwhile, we can see that
260 — V3230 = A2 > 0. Then, we get (2v28-)° — (4 +a-)* =
—M( 64 + 90%)(2v/60 — /32 = 3(2) > 0. Hence, we get (—2=)2 < 1 and

2v/26_
44« 4
(e >1ifd /<<t
Secondly, we assume that ¢ satisfies % <l < 4\/2 . When /¢ satisfies % <l<4

we have that (—64 4+ 9¢2) > 0 and 2v/6/ + /32 — 32 > 0. Then, we get that
(2v/28:) — (4+ay)? = Y364 4 902)(2v/6( + /32 — 3(2) > 0. Meanwhile, we

can see that 2v/6( — /32 — 3(2 = M%E:SQ—W > 0. Then, we get that (2v/28_)? —




(4+a)? = —¥Z5L(_64 + 90%)(2v/6( — /32 — 3(2) < 0. Hence, we get that

(%)2<1and(;jgﬁi)2>lif§<€<4\/§.
The proof of Claim 7 is completed. U
From Claim 7, when % % </l < % or % <l < 4 %, either (ay,f4,0) or

(a_,_,0) satisfies 1 — 2? > 0. So, we can represent the coordinate of w; =
(21,41, 21) by the following:

r = —1/3,
yr = (4+a)/308,
21 = £24/2(1 —22)/3,

where (a, f) = (a_, f_) or (ay, 55). The vertices vy, v3,v4 and vy are determined
uniquely and just two positions of the vertex v; are determined for the original
straight chains with vertices {vy, v3, v2, v1,v9}. We then have only two configurations
of straight chains corresponding to the critical points. They are mirror symmetric
with respect to the plane Span (s, 84). Thus h|M,(5) has only two critical points.
For instance, the critical configuration is shown in Fig. 4. We choose a viewpoint
in order to see easily configuration.

Fia. 4. A critical configuration.

U

By Proposition 6 M,(5) is connected. Thus, M,(5) is homeomorphic to a circle
St

Remark 8. M,(5) is also diffeomorphic to a circle.

3. Proof of Theorem 3 (3)

When ¢ = % there are straight chains corresponding to singular points (see Fig.
5). So, we need to give explicit expressions of all the possible shapes.



Fia. 5. A singular configuration in one plane.

Let S be a union of two circles that intersect at two points. We consider a straight

4 2v2 2v/2

chain in My(5). The coordinates of vy and vy are vy = (—3, 242 cos 0y, 242 sin 6, )

and vy = (4(1_250392), 2‘/5(4;%302) 22 iy 05), where 0 < 61,0, < 27w. We note that

vy and vy depend on #; and 6, respectlvely. Since vy, vy and vz are fixed, any

straight chain in M,(5) is determined by the positions of vy and v, in the straight
chain. So we denote by [vg, v4] a straight chain in M,(5). From ||Bo]]? = ||vo—v4]|? =

(_%_4(1—2900592))2+(2f 0089 2\/5(4;C0592))2—}—(2\[(SH1 61 sin 92))2 — (%)2’ we have
(44 cos 0y) cos O + (3sin By) sin §; = —(1+4 cos ). Since we see cos? 0 +sin?0; = 1
— (144 cos 02) (4+4cos 02) F6+/6 sin f24/ 1—cos? 2

(4+cos 02)2+(3 sin 02)2 and sin ), =

and 1 —cos? 6, > 0, we get cost); =

—3sin 02 (144 cos 02)42v/6(4+cos 02)4/ 1—cos? Oz
(4+4-cos 62)2+(3sin 62)?

of vg = (o, Yo, 20) is given by the following:

(double sign corresponds). Thus the coordinate

o = —4/3,

B —2\/5(1 + 4 cosby)(4 + cosby) F 24+/3 sin Oy1/1 — cos? Oy
o= 3((4 1 cos02)2 + (35in65)2) ’
s —6/25in 0(1 + cos 0) £ 8v/3(4 + cos fy) /T — cos? Oy

O p— .

3((4 4 cosby)? + (3sin by)?)

When 6y # 0, 7,27 we have 1 —cos? 0, = (1 —cos ) (1+cos ) > 0. So we obtain
two straight chains in M,(5) for 6, (# 0,7, 27). Therefore, {[vy,v4] | 0 < 03 < 7}
and {[vg,v4] | ™ < 03 < 27} correspond to two disjoint arcs. Since {[vg, v4] | 02 = 7}
and {[vg,v4] | O2 = 0,27} are one point, we have {[vg,v4] | 62 = 0} U {[vg,v4] | 0 <
0y < 7} U {[vo,v4] | 02 = 7} U {[vg, 0] | T < 0y < 27} U {[vo,v4] | O, = 27} = S.
Thus the configuration space M,(5) is homeomorphic to a union of two circles that
intersect at two points.
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