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CONTROLLABILITY OF NONLINEAR IMPULSIVE
SECOND ORDER INTEGRODIFFERENTIAL
EVOLUTION SYSTEMS IN BANACH SPACES

GANESAN ARTHI AND KRISHNAN BALACHANDRAN

ABSTRACT. This paper deals with the controllability of impulsive second order
integrodifferential systems in Banach spaces. Sufficient conditions for the con-
trollability are derived with the help of the fixed point theorem due to Sadovskii
and the theory of strongly continuous cosine family of operators. An example is
provided to show the effectiveness of the proposed results. Further, we study the
controllability of second order integrodifferential evolution systems with impulses
by using the Schaefer fixed-point theorem.

1. Introduction

In various real-world applications, there is a necessity given to steer processes in
time. More and more it becomes acknowledged in science and engineering, that these
processes exhibit discontinuities. Our paper on theory of control and on theory of
dynamical systems gives a contribution to this natural or technical fact. One of the
fundamental concepts in mathematical control theory is controllability which plays
an important role in deterministic control theory and engineering because they have
close connections to pole assignment, structural decomposition, quadratic optimal
control, observer design and many other physical phenomena [2]. This concept leads
to some very important conclusions regarding the behavior of linear and nonlinear
dynamical systems. Most of the practical systems are nonlinear in nature and hence
the study of nonlinear systems is important.

On the other hand, many systems are characterized by abrupt changes at certain
moments due to instantaneous perturbations, which lead to impulsive effects. Such
behavior is seen in a range of problems from: mechanics; chemotherapy; optimal
control; ecology; industrial robotics; biotechnology; spread of disease; harvesting;
medical models. The reader is referred to [8, 12, 22, 29] and references therein
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for some models and applications to the above areas. Impulsive dynamical systems
exhibit the continuous evolutions of the states typically described by ordinary differ-
ential equations coupled with instantaneous state jumps or impulses. The presence
of impulses implies that the trajectories of the system do not necessarily preserve
the basic properties of the non-impulsive dynamical systems. To this end the theory
of impulsive differential systems has emerged as an important area of investigation
in applied sciences [14, 30]. It is well-known that the notation of “aftereffect” in-
troduced in physics is very important. To model processes with aftereffect it is
not sufficient to employ ordinary or partial differential equations. An approach to
resolve this problem is to use integrodifferential equations. Integrodifferential equa-
tions arise in many engineering and scientific disciplines, often as approximations
to partial differential equations, which represent much of the continuum phenom-
ena. Many forms of these equations are possible. Some of the applications are
unsteady aerodynamics and aeroelastic phenomena, viscoelastic panel in supersonic
gas flow, fluid dynamics, electrodynamics of complex media, many models of pop-
ulation growth, polymer rheology, neural network modeling, sandwich system iden-
tification, materials with fading memory, mathematical modeling of the diffusion of
discrete particles in a turbulent fluid, theory of lossless transmission lines, theory of
population dynamics, compartmental systems, nuclear reactors and mathematical
modeling of hereditary phenomena. The theory of impulsive integrodifferential equa-
tions in the field of modern applied mathematics has made considerable headway in
recent years, because the structure of its emergence has deep physical background
and realistic mathematical models.

Impulsive control systems have been studied by several authors [9, 24, 27, 28]. In
[24] the problem of controlling a physical object through impacts is studied, called
impulsive manipulation, which arises in a number of robotic applications. In [27]
the authors investigated the optimal harvesting policy for an ecosystem with im-
pulsive harvest. For some recent references on different control strategies, including
impulsive control, we refer the reader to [1, 6, 10, 16, 18] and the references therein.

Controllability problems for different types of nonlinear systems have been consid-
ered in many publications and monographs. The extensive list of these publications
can be found, for example, in the papers [3, 4, 5, 15, 20]. The study of dynam-
ical systems with impulsive effects has been an object of intensive investigations
[7, 13, 17, 21]. Li et al.[13], using the Schaefer fixed point theorem, studied the
controllability of impulsive functional differential systems in Banach spaces. In [21],
sufficient conditions were formulated for the exact controllability of second-order
nonlinear impulsive control systems. This paper is devoted to extending controlla-
bility results to impulsive second-order evolution systems. To be precise, in [5], the
authors used Schaefer’s fixed point theorem to establish controllability results for



second-order integrodifferential evolution systems in Banach spaces. Some papers
on deterministic controllability problems contain a strict compactness assumption
on the semigroup and cosine function, in this case the application of controllability
results are restricted to finite dimensional space. Here, we obtain controllability
results for impulsive second order integrodifferential systems with a noncompact
condition on the cosine family of operators. Also, we establish the controllability
conditions for integrodifferential evolution systems with impulsive conditions. How-
ever, the corresponding theory of impulsive integrodifferential equations in abstract
spaces is still in its developing stage and many aspects of the theory remain to be
addressed. To our best knowledge, there is no work reported on the controllability
of nonlinear impulsive second order integrodifferential evolution systems in Banach
spaces. To close the gap in this paper, we study this interesting problem.

2. Second Order Impulsive Delay Integrodifferential Sys-
tems

Before stating and proving the main result, we first introduce notations, definitions
and preliminary facts which are used throughout this section. A is the infinitesi-
mal generator of a strongly continuous cosine family of bounded linear operators
(C(t))ser defined on a Banach space X endowed with a norm || - ||. We denote by
(S(t))ier the sine function associated with (C(t))icr which is defined by

¢
S(t)x:/C’(s)xds, reX, teR.
0

Moreover, M and N are positive constants such that ||C(t)|| < M and ||S(t)]| < N,
for every t € J.
The notation [D(A)] is the space D(A) = {x € X : C(t)z is twice continuously
differentiable in ¢} endowed with the norm ||z||4 = ||z|| + ||Az||, x € D(A).
Define E' = {z € X : C(t)z is once continuously differentiable in ¢} endowed with
the norm ||z||p = ||z]| + sup ||AS(t)z|, x € E. Then E is a Banach space. The
0<t<1

operator-valued function

C(t S(t

g — | €O S
AS(t) C(t)

is a strongly continuous group of bounded linear operators on the space E x X
1

generated by the operator A = ?4 0 defined on D(A) x E. From this, it

follows that AS(t) : E — X is a bounded linear operator and that AS(t)z — 0,
t — 0, for each z € E. Furthermore, if  : [0,00) — X is a locally integrable



function, then y(t fo (t — s)x(s)ds defines an E-valued continuous function
which is a Consequence of the fact that

/Qt—s[ ]ds— /St—s ds/C’t—s ]

defines an (E x X)-valued continuous function.
The existence of solutions for the second order abstract Cauchy problem

2'(t) = Axz(t)+g(t), 0<t<b, (2.1)
z(0) = v, 2(0)=w, (2.2)

where g : [0,b] — X is an integrable function, has been discussed in [25]. Similarly
the existence of solutions of semilinear second order abstract Cauchy problems has
been treated in [26]. We only mention here that the function z(-) given by

2(8) = C(tw + S(Hw + /t S(t— $)g(s)ds, 0<t<bh,

is called a mild solution of (2.1) — (2.2) and that when v € E, z(-) is continuously
differentiable and

' (t) = AS(t)v + C(t)w + /tC'(t —38)g(s)ds 0<t<b.

The following properties are well known [25]:

(i) if x € X then S(t)x € E for every t € R.
(i) if # € E then S(t)z € D(A),(d/dt)C(t)x = AS(t)z and (d?/dt*)S(t)x =
AS(t)x for every t € R.
(iii) if z € D(A) then C(t)z € D(A), and (d*/dt*)C(t)x = AC(t)x = C(t) Az for
every t € R.
(iv) if z € D(A) then S(t)xz € D(A), and (d*/dt*)S(t)x = AS(t)x = S(t)Ax for
every t € R.
To consider the impulsive conditions, it is convenient to introduce some additional
concepts and notations.
Denote Jy = [0, 1], Ji = (tk, tgr1], k = 1,2,...,m. Let I C R be an interval. We
define the following classes of functions :
PC(I,X)={x:1— X :z(t) is continuous everywhere except for some ¢ at
which z(t;,) and x(t]) exist and z(t; ) = x(tx), k= 1,2,...,m}.
For x € PC(I,X), take ||z||pc = sup ||z(t)]|, then PC(I,X) is a Banach space.
tel

Let (Z,]]lz), (W,||-|lw) be Banach spaces. The notation £(Z, W) stands for the
Banach space of bounded linear operators from Z into W endowed with the uniform
operator norm denoted by || - ||z(zw), and we abbreviate this notation to £(Z) when
Z = W. Moreover, B,(x : Z) denotes the closed ball with center at x and radius



r > 0in Z and we write simply B, when no confusion arises.
The following lemma is crucial in the proof of our main result.

Lemma 2.1 ([19]: Sadovskii’s Fixed Point Theorem). Let F' be a condensing oper-
ator on a Banach space X. If F(S) C S for a conver, closed and bounded set S of
X, then F' has a fized point in S.

This section is concerned with the study of controllability of delay integrodiffer-
ential system with impulsive conditions described in the form

Z"(t) = Ax(t) + Bu(t) + f<t, Ty, /Ot a(t, s, xs)ds>,

teJ=[0,0, t £ty k=1,2,....m, (2.3)
rg = ¢on[-r0], 2'(0)=neX, (2.4)
Adl(ty) = Ju(x ( )) k=1,2,...,m, (2.6)

where A is the infinitesimal generator of a strongly continuous cosine family of
bounded linear operators (C(t));cr defined on a Banach space X. The control func-
tion u(-) is given in L?(J,U), a Banach space of admissible control functions with U
as a Banach space and B : U — X as a bounded linear operator; a : J x J x D —
X, f:IxDxX =X, I : X =X, J,: X=X (k=1,2,...,m), A¢(t) repre-
sents the jump of a function £(-) at ¢, which is defined by A&(t) = (tT)—&(t7). D =
{p:[-7r,0] = X, p(t) is continuous everywhere except a finite number of points ¢
at which p(t7), o(t7) exist and p(t7) = ()} 0 < t; <ty < ... < t, <b, ¢:
[—7,0] — X. For any continuous function z defined on [—r,b]\ {t1,...,t,} and any
t € J , we denote by x; the element of D defined by x;(6) = z(t + 6),—r < 0 < 0.
Here z;() represents the history of the state from time ¢ — r, up to the present time
t.

Definition 2.1. A solution z(-) € PC([—r,b], X) is said to be a mild solution of the
abstract Cauchy problem (2.3) — (2.6), if zo = ¢ on [—r, 0], the impulsive conditions
Ax(ty) = L(z(ty)), A/ (ty) = Je(x(ty)), k = 1,2,...,m, are satisfied and the
following integral equation is verified :

o) = C06(0)+ Sty + /0 "S- s) [Bu(s)—l— (s /0 Sa(S,T,:L’T)dT)}dS

+ > Clt—t) (=) + > St —t)Ju(x(t;)), te

0<tp<t 0<t<t
Definition 2.2. The system (2.3) — (2.6) is said to be controllable on the interval
J, if for every xy = ¢ € PC([—r,0],X),2'(0) = n and z; € X, there exists a control
u € L*(J,U) such that the mild solution z(-) of (2.3) — (2.6) satisfies z(b) = 2.



In order to establish the controllability result, we introduce the following technical
hypothesis:
(H1) The function f:J x D x X — X satisfies the following conditions :
(i) a(t,s,:) : D — X is continuous for each t,s € J and the function
a(-,+,xz) : J x J — X is strongly measurable for each = € D.
(i) f(t,-,-) : D x X — X is continuous for each ¢ € J and the function
f(,x,y): J — X is strongly measurable for each (z,y) € D x X.
(iii) For every positive constant r, there exists o, € L'(.J) such that
sup ||f(t, z, )| < a,(t), for ae. t € J.

llzll,[[yll<r

(iv) There exists an integrable function n : J — [0, 00) such that

H /ta(t, s,qb)ds“ < (Yol 6llpe). tminf 2E) Z R < oo,
0 gm0 &
for almost all t € J, ¢ € PC([—r,0], X), where 1, : [0,00) — (0, 00) is a
continuous non-decreasing function.
(v) There exists an integrable function m : J — [0, 00) such that

¥1(§)
£

=A< o0,

(& &, 2)[| < m()¥n(lléllpe) + [zl lim inf

for almost all ¢ € J, ¢ € PC([—r,0], X), where ¢ : [0,00) — (0,00) is a
continuous non-decreasing function.

(vi) For each t € J, the function f(t,-,-) : D x X — X is completely
continuous.

(H2) B is a continuous operator from U to X and the linear operator W :
L*(J,U) — X, defined by

Wu = /bS(b — s)Bu(s)ds,

has a bounded invertible operator W1 which takes values in L*(J,U)/kerW
and there exists a positive constant M; such that [|[BW ™| < M;.
(H3) The impulsive functions satisfy the following conditions:
(i) The maps Iy, Jy : X — X,k = 1,2,...,m are completely continuous
and there exist continuous non-decreasing functions pu, oy : [0,00) —
(0,00),k =1,2,...,m, such that

k()| < pellll), (1) < ow(llzl), 2 € X.
(ii) There are positive constants Lj, Ly such that
Hk(21) = Te(z2)|| < Lafley — 2,
Vi) — T < Lallor — 2o, avaz € X, k=1.2,....m.



Theorem 2.1. Suppose that (H1)—(H3) are satisfied. Then the system (2.3)—(2.6)
15 controllable on J provided that

b b m
(1+ bNM;) NA/ m(s)ds + N]\/ n(s)ds + > (ML + NLQ)] <1
0 0 k=1

Proof. Using the assumption (H2), for an arbitrary function x(-), we define the

control
u(t) = Wtz —C(b)p(0) — S(b)n — /0 S(b— 3)f<3,x8, /OS a(s,, xT)d7'>ds
—Zm:C’(b—tk Ii(z iS (b—ty) J(x ))] (t).

We shall now show that when using this control the operator @ defined by

P (t) = C(1)p(0) + S(t)n + /Ot S(t = &BW ™ |21 — C(b)¢(0) — S(b)n

_/bs(b_s)f<3,x8,/sa(sTm7d7'> Zm:ob—tk I (x(t;,))
0 0 k=1

_ZS(b—tk)Jk(a:(tk))] (€)de + / St —9)f (s, /0 sa(s,T,xT)dT)ds
+ > Clt—t)(a(ty) + > St —t)Jela(ty)), te

0<tp<t 0<tp<t

has a fixed point. This fixed point is then a mild solution of the system (2.3) —(2.6).
Clearly (@z)(b) = z; which means that the control u steers the system from the
initial function ¢ to z; in time b, provided we can obtain a fixed point of the operator
@ which implies that the system is controllable.

For ¢ € PC([—r,0], X), we define ¢ € PC([—r,b], X) by

- cwe), o<t<b,
o) = { p(t), —r<t<O0.

If z(t) = y(t) + ¢(t), t € [—r, D], it is easy to see that y satisfied yo = 0 and

y(t) = S(tn+ / S(t—&)BW |z — C1)b(0) — Sb)n

[ 501 (st b [ a4 drrir)as



—ZC — te) I(y(t,) + &(t;) ZS —tr) iy tk)*‘ﬁg(t;;))](f)df

k=1

+/O S(t—S)f(S,ys+¢5,/OSCL(S,T,yT+¢T>dT>dS
+ Z Ct — t) Lu(y(ty) + d(t;)) + Z St —tu) Ju(y(ty) + o(ty))

O<tp<t O<tp<t

if and only if = satisfies

o) = C00)+Son+ [ St — BW | 21 — C(16(0) - S(bn

_/Obg(b_s)f<5,xs,/osa(s7'x7 dT) ic' —te) I (2(t),))

_ZS(b—tk)Jk(x(t,;))] (€)de + /0 St —s)f (.2, /OSQ(S,T,xT)dT)ds
+ ) Clt—t) () + > St —te) Ju(z(ty))

0<tp<t O<trp<t

and z(t) = ¢(t), t € [-r,0].

Define PCy = {y € PC(|-r,b],X) : yo = 0} and ¥ : PCy — PCy by (¥y)(t) =
0, —r<t<0and

@0 = s+ [ St — BW| 21 — C)0(0) — S(byn — I

X f(sa Ys + Cgsa/o CL(S,T, Yr + QET)dT>dS - Z C(b - tk>lk(y(tl;) + Qg(tl;))
k=1

m

— > S —tk)dly(ty) + 95(%2))] (£)d¢ + /Ot S(t —s)

<15 0 [ alsimope )i )ds + 3D Ol = Ll(t) + 6(6)

0<trp<t

+ ) St —t) Jkly(ty) + oty ), tE .
O<tr<t
Obviously, the operator @ has a fixed point if and only if ¥ has a fixed point. So we
have to prove that ¥ has a fixed point.
Now we claim that there exists » > 0 such that ¥(B,(0,PCy)) C B,(0, PCy).
If we assume that this assertion is false, then for each » > 0, we can choose x" €
B,(0, PCy) such that [|[(Ty")(t")]| > .



ro< (@) )l

t"
< Nl + NM, /
0

leall + MG} + Nl + N / (Y (1 + bl
n(s)ea(llyt + 6.1 ]ds+MZ (174057 (1) + 6(8)) — T(@(t) |

() ||}+NZ[HJk (1) + 6(t7)) = IS ()]

RG] [de + N / )0l + Bl + nls)ea(llys + dell) | ds
+M§[ufk<yf<t;>+q3<tk>> L@t + IT@))I]
+N§; (16007 () + 0(6)) = Ju(@(t )] + 1) ]

< Nl + 5N | za]l + M) + Nl + N / ()8 (r + 1)

() + 116,1)] ds + M Z [Lar + [ T(SEN] + N D [Lor

k=1

HIAGEDI| + 8 [ [t + 1600 + s + 1) s

m m

—I—MZ [Lir + H[k(ﬂg(tlz))lﬂ + NZ [Lor + HJk(QAS(tl;))H]

k=1 k=1

and hence

b b m
(14 bNM,) [NA/ m(s)ds+NA/ n(s)ds+ Y (ML + NLy)| > 1,

k=1

which contradicts our assumption.

Let r > 0 be such that ¥(B,(0, PCy)) C B,(0,PCy). In order to prove that ¥
is a condensing map on B, (0, PCy) into B,(0, PCjy). Consider the decomposition
U =Y, + ¥, where

Uiy(t) = Sn+ Y Clt =t lily(ty) + (1)) + Y St =) Jey(ty) + (t;),

O<tp<t O<trp<t

Uoy(t) = /Ot S(t—s) [f <s, Ys + O, /05 a(s, 7, yr + QZA)T)dT> + Bu(s)] ds.



Now

b
[Bu(s)] < M ||21||+Mll¢(0)llJrf\/'||77ll+f\/'/0 a(s)ds

m

MY g (ly @)+ o)) + N Y on(lly@)I + o)1)

k=1 k=1

IN

b
M, Hle+M||¢(0)H+NH77H+N/ a(s)ds
0

+ > (Mpuy+ Noy)(r + [lo(t;)])

k=1

From [15, Lemma 3.1], we infer that ¥, is completely continuous. Moreover, from
the estimate

@0 — Trw|| < (ML + NLy)|lv — w],
k=1

it follows that ¥ is a contraction on B, (0, PCj) which implies that ¥ is a condensing
operator on B, (0, PCy).
Hence by the Sadovskii’s fixed point theorem, ¥ has a fixed point § in PCy. Let

z(t) = (t) + o(t), te[—r bl

Then z(-) is a fixed point of the operator ¢ which is a mild solution of the problem
(2.3) — (2.6). This completes the proof. O

Corollary 2.1. If all conditions of Theorem 2.1 hold except that (H3) replaced by
the following one,

(C1) : there exist positive constants cg,dy, fr,gx and constants Oy, 0, € (0,1),k =
1,2,...,m such that for each ¢ € X,

1 1(B)|| < e +d(lo])%, k=1,2,...,m,

and

Ik(O) < fi + gr(llelD™,  k=1,2,....m,

then the system (2.3) — (2.6) is controllable on J provided that

(1+ bNM,) {NA/Obm(s)derNf\/Obn(s)ds] <1



FExample 2.1. Consider the following impulsive partial delay integrodifferential equa-
tion of the form

o2 02 . sinz(t —r,¢)
ﬁz(t,g) - 6_522(t’§) +:u(tv€) + (1 +t)(1 —|—Zf2)

Z(t -, é) tefz(sfr,g)
A+ 001+ 8 /0 as, (27)

fort € J =10,b],0 <& <1, subject to the initial conditions

z(t,0) = =z2(t,1)=0, t>0,

2(t,&) = ¢(t,¢), for —r <t <0,

0
az(oaﬁ) = 20(§),

Nz(ty)(§) = /0 ' er(ty — 8)z(s,&)ds, k=1,2,...,m,

A (1)) = /Okék(tk—s)z(s,g)ds, k=1.2,....m,

where e, €, € C(R,R).

We have to show that there exists a control i which steers (2.7) from any specified
initial state to the final state in a Banach space X.

Let X = L?[0,1] and let A be an operator defined by Az = 2” with domain

D(A) ={z € X : 2,2 are absolutely continuous , 2" € X, 2(0) = z(1) = 0} .

It is well known that A is the infinitesimal generator of a strongly continuous cosine
function (C(t))ier on X. Moreover, A has a discrete spectrum with eigenvalues of
the form —n2 n € N, and the corresponding normalized eigenfunctions given by
w,(¢) := v/2sinn. Also the following properties hold :

(a) The set of functions {w, : n € N} forms an orthonormal basis of X.
(b) If z € D(A), then Az = > > —n*(z, w,)w,.

n=1

(c) For z € X,C(t)z = > 7, cos(nt)(z, w,)w,. The associated sine family is
given by S(t)z = S 0D (2 4 Vwy, 2 € X

n=1 n

' _ Z(t e 5) ! —z(s—r,€)
/0 a(t, s, zs)(§)ds = 100+ 5 /0 e s,

Let

f(t, 2, /Ot a(t, s, zs)ds> &) = ! [sin 2(t —1,§)

(14+t)(1+1¢?)
_ ———l
+2(t T,f)/o e s]




Also define the operators I, and J;

Further, we have

1
A+t

1
(1+1¢2)

] [sinz(t —r &)+ z(t —1r8) /t e_z(s_r’f)ds] < |2].
0

Assume that the bounded linear operator B : U C J — X is defined by
(Bu)(t)(§) = a(t,€), 0<¢<1.

Further, the linear operator W is given by

0o 11
W = — s 1(8,§), wp)wpds, 0< 8§ <1
e =3 | s simnstits. & wywnds. 0% ¢

Assume that this operator has a bounded inverse operator W' in L*(J,U)/kerW .
With the choice of A, B, W, f, I and J, (2.3) — (2.6) is the abstract formulation
of (2.7). Hence the second order impulsive system (2.7) is controllable on .J.

3. Second Order Impulsive Integrodifferential Evolution Sys-
tems

The main objective of this section is to study the controllability of systems governed
by a second order integrodifferential evolution equation with impulsive conditions
of the form

2'(t) = A(t)z(t) + Bu(t) + f(t, (), 2/ (1)) —1—/0 h(t, s, x(s),x'(s))ds,

teJ=[0.T), t£ty, k=1,2,...,m, (3.1)

z(0) = =z, 2'(0) = yo, (3.2)
Ax(ty) = I(z(ty),2'(ty)), k=1,2,...,m, (3.3)
Ax'(ty) = Je(x(ty),2'(ty)), k=1,2,...,m, (3.4)

where zg,yo € X, A(t) : X — X is a closed densely defined operator. The control
function u(-) is given in L?*(J,U), a Banach space of admissible control functions with
U as a Banach space and B : U — X as a bounded linear operator ; f(-), h(-), Ix()
and Ji(-) are appropriate functions and the jump A(t) of the function £(-) at ¢
defined by AE(t) = &(t1) — £(t7).

Let X denote a real reflexive Banach space and, for each t € [0,7], let A(t) :
X — X be a closed densely defined operator. The fundamental solution for the



second-order evolution equation,
2"(t) = A(t)z(t), (3.5)

has been developed by Kozak [11]. Let us assume that the domain of A(t) does not
depend on t € [0,7] and denote it by D(A) (for each t € [0,T], D(A(t)) = D(A)).

Definition 3.1. A family S of bounded linear operators S(t,s) : X — X, t,s €
[0, 77, is called a fundamental solution of a second order equation (3.5) if :
(Z1) For each z € X, the mapping [0,7] x [0,T] > (t,s) — S(t,s)r € X is of
class C'* and
(i) for each t € 0,77, S(¢,t) =0,
(ii) for all t,s € [0,T7], and for each z € X,

0 0
aS(t, s) _r=1, %S(t, s) _ =z

(Z2) For all t,s € [0,T1], if x € D(A), then S(t,s)z € D(A), the mapping [0, T] x
0,T] > (¢,s) — S(t,s)r € X is of class C* and
(i) 2:5(t, s)x = A(t)S(t, sz,
(i) 255(t,s)r = S(t, s)A(s)z,
(i) £55(t,5)|_x=0.
(Z3) For all t,s € [()_,ST], if € D(A), then £5(t,s)z € D(A), there exists
g—;%S(t, s)x, g—;%S(t,s)x and
(i) 25 2S(t, s)x = A(t) 2 S(t, s)x,
(i) 25 2 S(t, s)x = 25(t,5)A(s)x
and the mapping [0,7] x [0,7] > (t,s) — A(t)ZS(t, s)z is continuous.

We now consider some notations and definitions concerning impulsive differen-
tial equations. In what follows we put ty = 0,%¢,,.1 = T and we denote by PC
the space formed by the functions = : J — X such that z(-) is continuous at
t # tg, x(t;,) = x(t) and z(t;) exists for all k = 1,2,...,m. It is clear that PC en-
dowed with the norm ||z|pec = sup||z(¢)|| is a Banach space. Similarly, PC' will be

teJ

the space of the functions z(-) € PC such that z(-) is continuously differentiable on
J\{tx : k=1,...,m} and the lateral derivatives z/;(t) = lim M, x(t) =

s—07t

wta)o0) are continuous functions on [ty ty1) and (ty,ty11] respectively.

lim
s—0~
Next, for z € PC' we represent by z/(t) the left derivative at ¢ € (0,7] and by
2'(0) the right derivative at zero. It is easy to see that PC' provided with the norm

[zllper = llzllpc + l|2'[|lpc is a Banach space.

For x € PC, we denote by Zx,k = 0,1,...,m, the unique continuous function



Ty € C([tg, trs1]; X) such that

- ZE(t), for t € (tk, tk+1],
1) =
T (1) { z(tf), fort =t

The proof is based on the following fixed point theorem.

Lemma 3.1 ([23]: Schaefer’s Theorem). Let E be a normed linear space. Let
F . E — FE be a completely continuous operator, that is, it is continuous and the
image of any bounded set is contained in a compact set, and let

((F)={z € E:xz=\Fz for some (0 <\ < 1}.
Then, either ((F') is unbounded or F' has a fixed point.

Definition 3.2. A function € PC' is said to be a mild solution of problem
(3.1) — (3.4) if z(t) € D(A(t)), for each t € [0,T] and if it satisfies the following
integral equation,

z(t) = —%S(t s)

5=0

zo + S(t, O)yo-i—/tS(t s)Bu(s)ds
+/ S(t,s)f(s,x d8+// (t,s)h(s, T, z(T),2'(1))drds
=Y st ) + Y SR 0), te T

0<tk<t O<tp<t
Definition 3.3. The system (3.1) — (3.4) is said to be controllable on the interval
J, if for every xg,y0 € D(A) and 2; € X, there exists a control u € L*(J,U) such
that the mild solution z(-) of (3.1) — (3.4) satisfies z(T") = 2.

To investigate the controllability of problem (3.1) — (3.4), we use the following
assumptions:

(A1) z(t) € D(A(t)), for each t € [0,T].

(A2) There exists a fundamental solution S(t, s) of (3.5).

(A3) S(t,s) is compact for each ¢,s € [0,7] and there exist positive constants
M, M* and N, N*, such that
M =sup{||S(t,s)|| : t,s € J}, M* =sup{||2S(t,s)||:t,s € J} and
N =sup{||2S(ts)||:t,s€ J}, N* = sup{||[2LS(t,s)||: t,s € T}, re-
spectively.

(A4) B is a continuous operator from U to X and the linear operator W :

L*(J,U) — X, defined by

Wu = /T S(T, s)Bu(s)ds,



has a bounded invertible operator W~! which takes values in L?(J, U)/kerW
and there exists a positive constant M; such that || BW ™| < M;.

(A5) f(t,-,-): X xX — X is continuous for each ¢ € J and the function f(-, z,y) :
J — X is strongly measurable for each (z,y) € X x X.

(A6) h(t,s,-,-) : X x X — X is continuous for each ¢,s € J and the function
g(+, - xy): J x J— X is strongly measurable for each (x,y) € X x X.

(AT) For every positive constant k, there exists o, € L'(J) such that

sup || f(t,z,y)|| < ag(t), for ae. te J
Izl llyll<k

(A8) For every positive constant k, there exists 8, € L'(J) such that

sup
=l llyll<k

t
‘/ h(t,s,x,y)dsH < B(t), for ae. t e J.

(A9) There exists an integrable function p : J — [0, 00) such that
L&)l < p@OQl +lyl), teJ, 2y e X,

where € : [0,00) — (0,00) is a continuous non-decreasing function.
(A10) There exists an integrable function ¢ : J — [0, 00) such that
t
| [ #ts..pas] < awatlall + ol e 7, ay e x

where € : [0,00) — (0,00) is a continuous non-decreasing function.
(A11) The impulsive functions satisfy the following conditions:

a) The functions Iy, Ji : X x X — X,k =1,2,...,m are continuous.

b)There exist positive constants al, bl =1,2,k=1,2,...,m such that

k(2| < ag (]l + [|2'[) + af, ([ Je(z, @) < (]l + [|2']]) + b, for z,2" € X.
(A12) p=3" [(M* + N¥)al + (M + N)b,ﬁ] <1and

1 1

(M + N) /OT b(s)ds </COO W, where ¢(t) = max[l

T
M, = [Hle+M*||xo||+MHyoH+M/ p()Q[z ()| + 112" (s) ) ds
+M/ $)Q([|z(s)]| + [l (s)]]) ds+z M*a? + Mb})
+ Y (0 + Mo (@) | + 1’ (501 |
k=1
1 * * -
and ¢ = 1_u[(M +N9)| |150H+Zak M+N)[\|yOH+M1M2T+Zb§}].

k=1 k=1



Theorem 3.1. If the assumptions (A1) —(A12) are satisfied, then the system (3.1)—
(3.4) is controllable on J.

Proof. Consider the space Z = PC'(J, X) with norm ||z||* = max{|z|,]|z]}.
Using the assumption (A4), for an arbitrary function z(-), define the control

2+ 2S(T,s)

_ -l
u(t) = W 95

xo — S(T,0)yo — /0 S(T,s)f(s,x(s),2'(s))ds

s=0

_ /0 /08 S(T, s)h(s,7,x(r), 2/ (7))drds + ) %S(Ta te) I (2 (th), /()

=3 S(T, 1) Ji(w(ty), x’(t;))] (t).

k=1

Using this control we shall now show that the operator @ : Z — Z defined by

(Px)(t) = —%S(t, s) o + S(t,0)yo + /Ot S(t,n)BW 1
8 S(T s) B0~ S(T,0)yo — /0 S(T,s)f(s,z(s),2'(s))ds

// (T, 8)h(s, 7, z(7), 2'(1))drds

+Za (T, t) I (a(te), o Zsm (i), @5 >>] (n)dn

/Sts s, x( ds+//5ts (s,7,2(7),2'(1))drds

- %S(Etk)fk(fﬁ(tk)axl(t/?))+ > St te) (b, 2 (1),

O<trp<t O<tp<t

t € J, has a fixed point. This fixed point is then a mild solution of the system
(3.1) — (3.4).

Clearly, (®x)(T) = 21, which means that the control u steers the system from the
initial state xg to z; in time 7", provided we can obtain a fixed point of the operator
@ which implies that the system is controllable.

In order to study the controllability problem for system (3.1) — (3.4), we have to
apply the Schaefer fixed-point theorem to the following operator equation,

z(t) = MPx(t), A€ (0,1).



Let o(t) = sup ||z(s)|| and 7(t) = sup ||z’(s)||. Then from

s€[0,t] s€[0,t]
8 t
#(t) = ~Am-8(1,5)| w0+ AS(1,0)yo + A / St ) B!
5= 0
o T
+ S(T S) to S(T,0)yo — / S(T,s)f(s,x(s),z'(s))ds
0

/ / (T, $)h(s, 7, (7), 2’ (7)) drds
9

+ Z_: 50 (Lot (e (ti), 2 (1) — Z S(T, 1) Ju(2(ty), ﬂ(t,;))] (n)dn

+ )\/0 S(t,s)f(s,x(s),2'(s))ds + )\/0 /05 S(t,s)h(s, 7, z(T),2'(1))drds
—\ Z %S(t,tk)lk(x(tk),x'(t,;)) + A Z S(t,te) Je(x(ty), o' (t,)), t € J.

0<trp<t O<tp<t

we have,

t
lz@)] < M*onHJrMHyo\HM/ IBW = 21l + M [oll + Myl

+M/ Qllz(s)]l + [[2(s )II)ds+M/ $)Q(||z(s)]| + [[2'(s)]])ds
+Z(M*ai+Mb2 +Z (M*aj, + Mby) ||x(tk)||+||x(tk)||)]

+M/0 p()||z(s)]| + [l="(s )H)d8+M/ $)Qo(l|z(s)]| + 12 (s)I)ds

+ > (MG + MB) + Y (M a + Mbp) ([t | + |2/ (211

0<tp <t 0<tp<t

which implies that
o(t) < M* leo|I+M||yoH+MM1M2T+M/ Q(llz(s)]l + 11" (s)I])ds

M / 9] + [(5) s + 3 (M2 + MB2)
k=1

+ > (M7aj+ Mb) (et + 12/ (8)1)-
k=1



On the other hand,

, 9 0 B ‘ a

6’ S(T s) to S(T,0)yo — /o S(T,s)f(s,z(s),2'(s))ds

//STS s,7,2(7), 2/ (7))drds

- Z o2 S(T ) I ((t), )= > S(T i) Ju(x (zk))] (n)dn

k=1
+)\/t§S(ts)f d8+)\//—5ts s, 7, x(7),2'(1))drds
A Y 2T, 2 (7))

+A ) ES(t,tk)Jk(x(tk),x’(t,;)),t cJ

O<trp<t

Thus we have,

t
1/ (O] < N*llzoll + Nl + N / 1B

[zl M|zl + Mol

+M/ Q[lz()ll + [l (s )|I)d8+M/ ()Q(llz(s)ll + [l="(s)]1)ds

Ms

+) (Mrai + MB) + > (M*aj + Mby) ||x(tk)||+||x’<t,:>|l)]dn
k=1

=
Il

1

N p Qllz()1l + [l="(s)1) d8+N/ $)Qo(l|z(s)]| + 12" (s)I)ds

+ Y (N"ag +NB) + Y (N7a + Nop) ()| + 12/ ()11

O<tr<t O<trp<t

and hence

() < N IIxoll+N||yo||+NM1M2T+N/ Q(llz(s)[l + l="(s)[)ds

4N / 9] + [(5) s + 3 (Va2 + NB)
k=1

+ 3 (N*ay + Nog) (lz(te) | + 12 (:)1).
k=1



From the assumption on p and the previous estimates, it follows that

ot)+7(t) < c+ ﬁ

arem| [ ' p(s)2o(s) + 7(s))ds

+ [ a0l (s) + )5

Let p(t) = o(t) + 7(t), t € J. Then p(0) = ¢ and

1iuuw+Nﬁ<dew+ﬂwww@madw+ﬂmu

= SO+ N)[Qp(t) + Q(p(t))]. t € T

pt) <

This implies

/p(t) ds ( ) T A( ) ° ds

— < M+N/<;§sds</ ——— te J
o0) $2(8) + Qo(s) 0 e Qs)+Qo(s)

This inequality implies that there is a constant K such that

o(t)+7(t)=pt) <K, tel
and hence
[2||" = max {||z[], |2"]|} < K,

where K depends only on 7" and on the functions p, ¢, 2 and €.

In the second step we prove that the operator @ : 7 — Z is a completely contin-
uous operator. Let By = {x € Z : ||z||* < k} for some k£ > 1. We first show that
@ maps By into an equicontinuous family. Let x € By and ty,t, € J. Then, if
0 <ty <ty <T, we have

(@) (t) — (D) (t2)]]

gH%wﬁwﬂ—ﬂm@] [S(t1,0) = S(t2, 0)lo

s:O

t1 B 8
+ [ wumﬂ—ﬂmmwBWIHWﬂ+m%aﬂ@

+Hﬂﬂ®%%+/!WU%W%@W&ﬁ/\WUJN&@MS

+ZH@ (T, 1) H (t)) + a] +ZI\5Ttk)H[bk(() 7(t)) + by

k=1

dn

to
+/|H@,WBW1H

t1

Jaall || =S, 5)| o] + ST 0ol




n /OT 1S(T, 5)|lcve(s)ds + /OT 1S(T, 5)11Bx(s)ds + i H%S@’ ol

x [a(o(t) +7(8) +ai] + > IS(T, tn)|[bi(o(t) + 7(1)) + b7]

k=1

/ |S(t1,8) — S(ta, 8|l (s ds—i—/ 1S (ts, s)||ax(s)ds
/HSh S(ta, )| (s @+/rwmswa>
+ Z Ha (t1,t4) = S(t2, )| [ah (o (0) + 7(0)) + 0] + Y Ha (12,10

dn

t1<tp<ta
x [ak(o (t)+7 )+ ar] + Y ISt ts) = St )| [b(o(t) + (1) + b7
O<tp<t1
1 2
+ > 1St ) [br(e () + (1) + 7]
1y <t <tz
—0 as t; — to,
and similarly,
(@)’ (t1) — (D)’ (L2
or o 0 0
< &[8715@1 ) = 55, s)} ) xOH H[atlsm 0) - a—tQS(tz,oﬂyOH
b ) )
+ [ [t = g Sta] [1BW - lal+ | 50|

+Hﬂﬂ®mﬂ+A|W0ﬁW%@M&ﬁA|W@ﬁmmwﬂs

3| L5
k=1

+Lf -
o [ use astos + [ 15 o + 3 | Zsir)

x [ap(o(t) +7() +ag] + Y IS(T, )| [br(o(8) +7(1)) + ]

k=1
_|_/
0

ai(o(t) +7(1) + ap] + > IS(T,t)l| [bh(o () + 7(t)) + b7
k=1

dn

S(es,m) 1B [l + || 2o

o + 15T 0)pol

dn

—S(tg, S)

to a
ax(s)ds + /
t1

[ES(tl, s) — iS(tg s)] e

oty Oto

ax(s)ds



%S (t2, s Hﬁk

+/1]
0

7501 = gyt s+ [

o3 ;S[ai‘lsal,tk)—§s<t2,tk>} [ab{o(t) + (2)) + 3]
. Z o [t 00] [lako ) + 70 +

N Olét ‘ %S(tl,tk) - a%s(tg, )| [ (t) + 7(8)) + 8]

- Z \—s ta, 1) | k(o (1) + 7(8)) + B3]

—0 as t; —ta.

Thus, @ maps B, into an equicontinuous family of functions. It is easy to see that
the family @By, is uniformly bounded.

Next we show @B}, is compact. Since we have shown @By, is an equicontinuous
collection, it suffices by the Arzela-Ascoli theorem to show that @ maps By into a
precompact set in X. Let 0 < ¢ < T be fixed and € be a real number satisfying
0 <e<t. For x € By, we define

(.2)(t) = —%S(t, )|z + 56,0090+ /0 S, B
+ 9 ST, 5)| _mo— S(T,0)0 - /0 S(T, 8)f(s,2(s),2'(s))ds

/ / (T, s)h(s,T,2(T),x (7'))de8+Z%S(T,tk)lk(x(tk),x/(t;))
_ ZS T tk Jk ) ( ))]( )dn+/0_€ S(t,S)f(S,x(S),J;/(S))dS

e / 0 1fg—
—l—/o /0 S(t,s)h(s, 7, x(7),2'(T))drds — Z %S(t,tk)lk(:c(tk),x(tk))

0<tr<t

+ > St t) Ju(w(te), 2 (t), tE .

O<tp<t

Since S(t, s) is a compact operator, the set Y.(t) = {(P.z)(t) : x € By} is precom-
pact in X, for every €, 0 < € < t. Moreover, for every x € By, we have



[(@2)(t) — (Pe) (1)

t
_ 0
< [ IsnliEw ) flal + | 5 s
t—e

0|+ 1S 0)wol

sS=

+ /OT IS(T, ) cun(s)ds + /OT IS(T, )| B(s)ds + Xm: H%Sm 2l

x [ar(o(t) +7(1) +ai] + Y IS(T )| [Br(o (1) +7(1)) + bi]

k=1

t t
+/|W@w%@w+/|wmwm@m—m as €0,
t—e t—e

dn

and

[(@2)'(t) = (Pe)' (1)]]

t
<)
t—e

T /OT IS(T, 5)[|ax(s)ds + /DT ST, o) uls)ds + 3 |55

9 st 18w

laall + H%S(T, s)

o + IS(T. 0ol

S=

x [ak(o(t) +7(6) +ai] + Y IS(T )l [bio(t) +7(1)) + 0]

k=1

+ [ |ast s+ [

—€ t—e

dn

t

%S(t,s)”ﬁk(s)ds —0 as €—0.

Therefore, there are precompact sets arbitrarily close to the set {(®z)(t) : * € By}.
Hence, the set {(®.x)(t) : © € By} is precompact in X.

It remains to show that ¢ : Z — Z is continuous. Let {z,},” € Z with z,, —
in Z. Then there is an integer r such that ||z, (t)|| < r, |« (t)|| < r for all n and
teJ,sollzt)] <r|l2'(t)|| <rand z,2’ € B,. By A(5) and A(11), we have
(i) Iy and Ji, k= 1,2,..., m are continuous.

(ii) f(t,xn(t), 2 (t)) — f(t,x(t),2'(t)) for each t € J and since

1f (&, a(2), 2,(8)) — f (£, (), 2" ()] < 200 (2).

(iil) h(t, s, x,(s),z.,(s)) = h(t,s,x(s),2'(s)) for each t,s € J and since

H /Ot[h(t, 8, Tn(8), ,(s)) — h(t, s,x(s),m’(s))]dSH < 26,(1).

we have by dominated convergence theorem,



|Px,, — Pz

t
</
0

+ /OT /03 S(T, s) [h(S,T, T (1), 2, (7)) — h(S,T,$(T),$/(T)):|d7—dS

S(t,n)BW 1 /OT S(T, s) [f(s, za(s), 2 (s)) — f(s, x(s),x'(s))} ds

4 kz %S(T, tr) [Ik(xn(tk)a%(ti)) — Ii(z(ty), I/(ti))}

+ > S(T 1) [Jk<xn<tk>,x;<t;>> - Jk<x<tk>,x'<tk>>}] ()|
/ 1St ) [ (5 2a(s), 21()) — F(s,2(5), 2/(5))] s
/ / 1S(t, s)|h(s, T, xn(T), z,,(T)) — h(s,7,x(7’),x'(7’))}||d7ds

+ Z Has tatk;)[lk(xn(tk)? n(k))_[’f(x(tk)’x/(t’;))”)

0<trp<t

+ Y IS ) [Tlwa(te) 25, (6)) = Tl (te) 2" ()]

0<tp <t

— 0 asn — oo,

and similarly,

(@) — (D)

[l
<

St B!
// Ts h(s, T, xn(7), 2, (7)) — h(S,T,ZE(T),ﬁl(T))}deS

/ ST, 3) [ F(s.20(s). 2 (5)) — Fs,2(5).2/(s))] ds

+;$ T, tk [ k xn<tk)7xn< k)) - Ik(m(tk)’x/(t;))}

dn

+ i: S(T, ty) [Jk(.Tn(tk), () — ez (te), a:’(t,;))}] (n)
-/ 2 50,9 [ 5, (51, 0) — (5, (0), (50 s
(%S t,s) [h(s, 7, xn(7), 2 (7)) — h(s, T, 2(7), x'(r))} Hdes

o[ [l




+ 3 || S 0 [ Beat), @l (1)) = Tl (), @' (1) ]|

b3 [ 20,0 [, 2, 07)) — et 5|

0<tp<t

— 0 asn — oo.

Thus, @ is continuous. This completes the proof that @ is completely continuous.
Finally the set ((®) = {z € Z : 2 = \®x, A € (0,1)} is bounded, as we proved in

the first step. Hence, by the Schaefer fixed-point theorem, the operator @ has a fixed

point in Z. This means that any fixed point of @ is a mild solution of (3.1) —(3.4) on
J satisfying (®x)(t) = x(t). Thus the system (3.1) — (3.4) is controllable on J. O
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