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A SUFFICIENT CONDITION FOR A GRAPH TO BE TRACEABLE *
Ren Shijun and Luo Shengzheng

ABSTRACT

We prove that a 2-connected graph of order p is traceable if for
all distinct vertices u and v, dist(u,v)=2 implies that |[N(u){J
N(v)|> (p-1)/2. This result was once conjectured by T. E. Lind-
quester,

INTRODUCTION
A path in a graph G is called a hamiltonian path in G if it con-
tains all the vertices of G. A graph is traceable if it has a ha-
miltonian path. The neighborhood of a vertex v, denoted N(v), is
the set of all vertices adjacent to v. We define the distance,
denoted dist(u,v), between two vertices u and v as the minimum
of the lengths of all u-v paths. Let NC2=min|N(u)UN(v)|, where
the minimum is taken over all pairs of vertices u,v that are at
distance two in the graph. Refer to [2] for other terminology.
T.E.Lindquester has given the following theorem in (11]:
Theorem 1. Let G be a 2-connected graph of order p. If
NC2>(2p-5)/3 ,
then G is traceable.
He also raised the following conjecture:
Conjecture. Let G be a 2-connected graph of order p. If
NC2 > (p-1)/2 ,
then G is traceable.
He also pointed out that the 2-connected bipartite graph K(n-
2,n),nz 4, is nontraceable. If |K(n-2,n)|=p, then NC23 (p-2)/2.

Thus, the conjecture is the best possible result of this nature
that can be obtained.

* Project supported by the Science fund of Heilongjiang

— 73 —



PROOF OF THE CONJECTURE

In the following lemmas, we suppose that G=(V,E) is a 2-connected
graph of order p, NC23>> (p-1)/2 and G is nontraceable.

Lemma 1. If P: alaz...am be a path of maximum length in G, then

dlst(al,am)#Z .

Proof. Since G is nontraceable, there exists a vertex x not
on P but adjacent to vertices on P. Assume x is adjacent to a.

Since G is 2-connected, there exists at least one other patl'll‘
fram x to P, besides the edge xa,, that is vertex disjoint fram
P except at the end point, Let a, be the end vertex of such a
path P'. Without loss of general}.ty, assure i< j. Since P is of
maximum length, we have xai+l€ E. Thus,

dist(x,ai+l)=2 .

Now, we suppose '

dlst(al,am)=2.

We define the function f: N(x)UN(ai+1) —> V by
£(a )=q,  ,, for 2<k<i ;
f(ak)=ak_l, for i+2<kgm-1 ;
f(aJ.-i-Z)"X ;

f(y)=y for YyEP.

It is easily verified that for Yz eN(x)UN(a;
defined and f is injective. Thus, we have

1), f(z) is well

|E(N(x)UN(ay 1)) [=IN(x)UN(a,, ;) | > (p-1)/2 .

Since P is of maximum length, we have N(a )UN(a &SP . We
assert that

£(N(x)UN(a; 1)) N (N(a) JUN(a,))=¢ .
For if a € f(N(x)UN(a 1))n(N(a )UN(a )), then

(1). k#1,m. For alame E or the following path
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Xa....a,a ...a,
i 1™ m i+l

is longer than P. Hence a;. ame N(al)U N(am) .

(2). k#2,3,...,i. For (2.1) if ak-lai+le E, akale E, then
xai”'akal"’ak—lai+1"'am
is a path longer than P. (2.2).’if a]<;1ai+1e E, akame E, then

xai...akam...a‘_.L_,_lak__l...al
is a path longer than P. (2.3). if ak_ler, akale E, then

X _q...3;8 ...8

is a path longer than P.(2.4). if a.k_lxé E, akame E, then
L
al...ak_le aj...akam...aj+l

is a path longer than P.
(3). k#i+l. This is evident.

(4). k#i+2,...,m~1. The reason is the same as in (2).

It is clear that B amg £(N(x)UN(a;_;))U (N(a;)UN(a )), we have

p-l< | E(N(X)UN(a;, 1)) [+IN(a) DU N(a ) |=| £(N(x) UN(a;, 1)) U

(N(a,)UN(a ))|gp-2 .
A contradiction. The lemma has been proved.

Lemma 2. If P: alaz...am is a path of maximum length in G,
then there is no i,j such that

l1<igjgm, alaieE, alai_le E, ajameE, aj+1ameE. (1)

Proof. If there is i,j such that (1) holds, then

Pl: a; ;...3,a... .ajam. . 'aj+1

171 ' P2: a cee@,8....2

i-1 171 m

and P3: aj+l"'amaj"'a1
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are all of paths of maximum length and V(P1l)=V(P2)=V(P3)=V(P)
Thus,

N(aj)UN(a;_j)c P, N3 )UN(a; ;)S P .

By lemma 1, we have (N(al)UN(ai_l))n(N(am)UN(aj+1))=¢ . But

a. a € (N(al)UN(ai_l))U(N(am)UN(aj+1)). Hence
p-1<|N(a))UN(a;_j) [+IN(a )UN(ay, ) =l (N(a))UN(a; ;1)U (N(a))
UN(aj+1))|g p-2 (Since dist(al:ai_l)=dist(am,aj+1)=2).

A contradiction. The lemma has been proved.

Lemma 3. There exists a path P: a,a,.. -a of maximum length and
i,j such that

i<j, a e N(am), aje N(al) .

Proof. For any path P: ala2
j*=min[j|aje N(ak)]. If for a path of maximum length, i*> j*

holds, then let i*=j, j*=i. The path of lemma 3 has been found.
Now, suppose for any path of maximum length i*g j* holds. We
choose a path P: a.a,...a_ such that j*-i* is taken minimum. By
lemma 2, without l&s of l8enerality, we suppose that aie N(al)

...a, let i*=max[i|aie N(a;)1,

for 2<€i<i*. Since G is 2-connected, there exists e,f such that
e<ci*, £>i*, aeafe E. If fg£3j*, then

af_l... e+la1'..aeaf...am

is also a path of maximum length. But the j*-i* of this path
ia less than that of P. A contradiction. If f>3j*, then

a ...aa ...l
e 1 e+l m

is the required path of maximum length with i=j*, j=f.

Lemma 4. For any path P: a.,a....a_of lemma 3, if k#i,j, then
12 m
N(ak)C:P .
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Proof. Let i'=min[k|ate N(a ) for kst<i], j'=min[k|a € N(a,)
for ket<j)]. Since P is of maximum length, G[a a2,...a ] can
not be a hamiltonian graph. Hence 1i'>1, j'71+1, dlst(al

’

aji_q

1. If a; 16 N(a
tonian graph

)=2, dist(a.,_ ,a ')=2 .

1), then since G[a az,...a ] is not a hamil-
there exists t such that ict<]j' and ate N(am)
By lemma 2 we know a € N(al) for 2<s <i'-1l. Hence

a ...alat+1...a is a path of maximun length and

N(at)_g_ P for l¢t<gi’-2 .

2. If ai,_l'é N(al), then since G[al,...am] is not a hamil¥onian
graph, we have al: asi_q- aj'—l' am'é (N(al)UN(aj'—1).)U(N(ai'—l)
UN(a )). Thus,

p-1< N(a))UN(ay, ;) [+IN(a;,_))UN(a) [g p-4+|(N(aU
N(aj._l)mm(a uN(a Nl .

Hence

[(N(a)UN(a5,_1))N (N(ag,_IUN(3 ) [33 .
Let a_, ae (N(a; )UN(a.._l))(\(N(ai._l)UN(am)) Since
aj,_l...alaj,...am; aj, 1...a a...a al...a 1’ aLl...am are

all paths of maximum length, we have a_, afe N(al)nN(ai,_l) by
lemma 1. Without loss of generality, assume e<f . But if
£>i' , then

...a a...aa .O.a

Q1 £2i0-1"""%
is a path of maximum length and dist(af_l, a1)=2. This is a
contradiction to lemma 1. Evidently, f is not equal to i'-1,i’',

We have f<i'~1l. Fran the previous discussion we know N(at)_c:_ P

for 1st<f-1. Again, since

a ...aa.,...aa.,.-.a.
m 1

-1 %% 31-1



is a path of maximum length and a.

J._laj.e E: a-,_lamé E, we have
até N(ai,_l) for e€£t<i'-2, and

J

a‘..a. ...a

t l'-lat_l a.'.‘.amai'..'a"

173 3'-1
is a path of maximum length and N(at)_c;_ P for etlgt<i'-1 .
Since e< f, hence N(at)gp for 1lgctgi®-1 .

3. Since

a .- .ala:i R L L, Y

is a path of maximum length for i'-l1gt gi-1. Thus, N(at) <P
holds for i'-l1gtgi-1 .
From the above three aspects we know N(at) < P for l«t=<i-1.
Apply the above discussion to the paths aj—l' ..alaj. -.an and
a...a we will get N(at)g P for i+l<t<3j-1 and N(at)s_:_P

m 1’
for j+lgtgm. This campletes the proof of the lemma.

Lemma 5. Let P: a,a,...a be a path of maximum length, alaje E.

If there exists i such that 1< i <j and a, € N(am), then at’éN(am;
for 1gt<j-1, t#i .

Proof. For VYx€P, if xa, €E, then k=i or k=j by lemma 4. If
there exists t such that t< j, t#i, ate N(am), then N(ai) € P by
lemma 4. Hence aj is a cut point in G. This is a contradiction
to the fact that G is 2-connected. The proof of the lemma has
been campleted.

Now, we give the proof of the conjecture.
Theorem 2. Let G be a 2-connected graph of order p. If
NC2 >(p-1)/2
then G is traceable.

Proof. Suppose that G has no hamiltonian path. By lemma 3,
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we can choose a path P: ala2 a of maximum length and i,j such

that i<j, aie N(am), aJeN(a ). Let
a={a.a,,...,a, |} ; B= {aiﬂ,...,aj_l} ; C= aj+l,-...am§
and suppose |A|=min {IAI,IBl,ICIg (or, we may substitute

am...al or aj_l...alaj...am

for P in discussion). Since G is 2-connected, by lemma 4, we
can choose a vertex x of G such that x¢é¢ P and xaie E .

Hence, we have
|G]=p 2 |a|+|B|+|C|+d(x)
Since

TSR SRR, LRI |

is of maximum length and ajaj+1€ E, a, qa,¢€ E, by lemma 5, we
know

N(a; ;) € (A Ufa )\{a , similarly, N(a,, D= (BUla\{a;,,}
Since ai—lai+1e E, or
xaiam. - .ai+1ai_l .o .al

is a path longer than P, we have dJ.st(a__L 1-2 1)=2‘ and
IN(ai—l)UN(ai+l) | < |a|+|B|-1. Hence

|Al+|B]-12>N(a; ) UN(a;, )| 2NC2 3(p-1)/23 (|A]+|B[+|c|+d(x)-1)/2
that is

|Al+]|B|-2 3 |c|+d(x)-1 3 |A|+d(x)-1
thus

Bl > d(x)+1
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Since P is of maximum length, xai_lé'- E and dist(x,ai_1)=2 must
hold . But N(x)nN(ai_l)={ai}, so IN(x)UN(ai_l)|5d(x)+|A|-l.

Hence

d(x)+|Aa|-13 (|a]+[B|+|c|+d(x)-1)/2 .

2d(x)+2|A|-2 2 |a|+|B|+|c|+d(x)-1> 2|A|+|B]+d(x)-1
that is
d(x) » |B|+1 .

This is a contradiction to |B|» d(x)+l. This campletes the proof
of the theorem .
It is easily seen that theorem 1 is a corollary of theorem 2.
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