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A SUFFICIENT CONDITION FOR A GRAPH TO BE TRACEABLE*

Ren Shijun and Luo Shengzheng

ABSTRACT

We prove that a 2-connected graph of order $p$ is traceable if for
all distinct vertices $u$ and $v$ , dist $(u,v)=2$ implies that $|N(u)\cup$

$N(v)|\geq(p-1)/2$ . This result was once conjectured by T. E. Lind-
quester.

INFK)D[KTIW

A path in a graph $G$ is called a hamiltonian path in $G$ if it con-
tains all the vertices of G. A graph is traceable if it has a ha-
miltonian path. The neighborhood of a vertex $v$ , denoted $N(v)$ , is
the set of all vertices adjacent to $v$ . We define the distance,
denoted dist $(u,v)$ , between two vertices $u$ and $v$ as the mintm
of the lengths of all u-v paths. Let NC2$=\min|N(u)\cup N(v)|$ , where
the minimun is taken over all pairs of vertices $u,v$ that are at
distance two in the graph. Refer to [2] for other terminology.

T.E.Lindquester has given the following theorern in [1] :

Theorern 1. Let $G$ be a 2-connected graph of order $p$ . If

NC2 $>(2p-5)/3$ ,

then $G$ is traceable.

He also raised the $foll\alpha\prime ing$ conjecture:

Conjecture. Let $G$ be a 2-connected graph of order $p$ . If

NC2 $\geq(p-1)/2$ ,

then $G$ is traceable.

He also pointed out that the 2-connected bipartite graph $K(n-$

$2,n),$ $n\geq 4$ , is nontraceable. If $|K(n-2,n)|=p$ , then $\mathfrak{X}2\geq(p-2)/2$ .
Thus, the conjecture is the best possible result of this nature
that can be obtained.

*Project supported by the Science fund of Heilongjiang
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PROOF OF THE $c\alpha CJEC_{\iota}T$RE

In the foUowing $lam\iota as$ , we $s\Psi pose$ that $G=(V,E)$ is a 2-connected
graph of order $p$ , NC2 $\geq(p-1)/2$ and $G$ is nontraceable.

Lamla 1. If $P:a_{1}a_{2}\ldots a_{m}$ be a path of $nGCjn|\iota m$ length in $G$ , then

dist $(a_{1},a_{m})\neq 2$ .
$Pr\infty f$ . Since $G$ is nontraceable, there exists a vertex $x$ not

on $P$ but $\ovalbox{\tt\small REJECT} jacent$ to vertices on P. Assuoe $x$ is $\ovalbox{\tt\small REJECT} jacent$ to $a$ .
Since $G$ is $2-connect\ovalbox{\tt\small REJECT}$ , therc exists at least one other pat $*\cdot$

fran $x$ to $P$ , besides the edge $xa_{i}$ , that $is$ vertex disjoint from
$P$ except at the end point, Let $a$ . be the end vertex of such a
path $P$ ‘. Without loss of generallty, assune $i<j$ . Since $P$ is of
\mbox{\boldmath $\iota$}tBxinun length, we have $xa_{i+1}\overline{\epsilon}$ E. Thus,

dist $(x,a_{i+1})=2$ .
Now, we suppose

dist $(a_{1},a_{m})=2$ .
Ne define the function $f:N(x)\cup N(a_{i+1})\rightarrow V$ by

$f(R)=a_{k+1}$ , for $2\leq k<i\sim i$

$f(a_{k})=a_{k-1}$ , for $i+2<k\leq m-1$ ;

$f(a_{i+2})=xi$

$f(y)=y$ for $y\overline{\epsilon}P$ .
It is easily verified that for $\forall z\epsilon N(x)\cup N(a_{i+1}),$ $f(z)$ is well
defined $a\iota df$ is inject.ive. Thus, we have

$|f(N(x)\cup N(a_{i+1}|))|=|N(x)\cup N(a_{i+1})|\geq(p-1)/2$ .
Since $P$ is of $\mathfrak{n}Gxi\iota n\iota\iota n$ length, ve have $N(a_{1})\cup N(a_{m})\subseteq P$ . We
assert that

$f(N(X)\cup N(a_{i+1}))\cap(N(a_{1})U^{N(a_{m}))=\emptyset}$ .
For if $a_{k}\epsilon f(N(x)\cup N(a_{i+1}))\cap(N(a_{1})\cup N(a_{m}))$ , then

(1). $k\neq 1,m$ . For $aa\overline{\epsilon}lmE$ or the folloming path
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$xa_{i}$ aa $\ldots a$

$is$ longer than P. Hence $a_{1},$ $a_{m}\overline{\epsilon}N(a_{1})\cup N(a_{m})$ .
(2). $k\neq 2,3,$

$\ldots,$
$i$ . For (2.1) if $a_{k-1}a_{i+1}\epsilon E,$ $a_{k}a_{1}\epsilon E$ , then

$xa_{i}\ldots a_{k}a_{1}\ldots a_{k-1}a_{i+1}\ldots a_{m}$

$is$ a path longer than P. (2.2). if $a_{k-1}a_{i+1}\epsilon E,$ $a_{km}a\epsilon E$ , then

$xa_{i}$ aa $\ldots a_{i+1}a_{k-1}\ldots a_{1}$

is a path. longer than P. (2.3). if $a_{k-1}xC\sim E$ , $a_{k}a_{1}\epsilon E$ , then

$xa_{k-1}\ldots a_{1}a_{k}\ldots a_{m}$

is a path longer than P. (2.4). if $a_{k-1}x\epsilon E,$ $a_{km}a\epsilon E$ , then

$a_{1}\ldots a_{k-1}xPa_{j}$ aa $\ldots a_{j+1}$

is a path longer than P.
(3). $k\neq i+1$ . This is evident.

(4). $k\neq i+2,$ $\ldots,m-1$ . The reason is the $sa\iota e$ as in (2).

It is clear that $- a_{1}$ $a\overline{\epsilon}mf(N(x)\cup N(a_{i+1}))\cup(N(a_{1})UN(a_{m}))$ , we have

p-l $<\sim|f(N(x)\cup N(a_{i+1}))|+|N(a_{1})\cup N(a_{m})|=|f(N(x)\cup N(a_{i+1}))\cup$

$(N(a_{1})\cup N(a_{m}))|<$ p-2 .
A contradiction. The lerrrna has been proved.

Lem 2. If $P:a_{1^{a_{2}\ldots a}m}$ is a path of maximum length in $G$ ,

then there is no $i,$ $j$ such that

$1<i\leq j<m$ , $a_{1}a_{i}\epsilon E$ , $a_{1}a_{i-1}\overline{\epsilon}E$ , $a_{j}a_{m}\epsilon E$ , $a_{j+1m}a\overline{\epsilon}$ E. (1)

$Pr\infty f$ . If there is $i,$ $j$ such that (1) holds, then

Pl: $a_{i-1}\ldots a_{1}a_{ij}$
$a$ a $\ldots$ $a_{j+1}$ ,

and P3: $a_{j+1}$ aa $\ldots a_{1}$

P2: $a_{i-1}\ldots a_{1}a_{i}\ldots a_{\iota m}$
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are all of paths of maximun length and V(P1) $=V(P2)=V(P3)=V(P)$
Thus,

$N(a_{1})\cup N(a_{i-1})\subseteq P$ , $N(a)\cup N(a)\subseteq mj+1P$ .
By lerr a 1, we have $(N(a_{1})\cup N(a_{i-1}))\cap(N(a)m\cup N(a_{j+1}))=\phi$ . But

$a_{1^{\prime}}a\overline{\in}m(N(a_{1})\cup N(a_{i-1}))\cup(N(a)\cup N(amj+1))$ , Hence
p-l$\leq|a_{1i-1mj+11i-1m}$

$\cup N(a_{j+1}))|\leq$ p-2 (Since dist $(a_{1^{\prime},}a_{i-1})=dist$ (a, $a$

m $j+1)=2$ ).

A contradiction. The lerrma has been proved.

Lerma 3. There exists a path $P:a_{1}a_{2}$ a of nHxinun length and
$i,j$ such that

$i<j$ , $a_{i}\epsilon N(a),m$ $a_{j}\epsilon N(a_{1})$ .
$Pr\infty f$ . For any path $P:a_{1}a_{2}\ldots R$ , let $i^{*}=[[Gx[i|a_{i}\in N(a_{1})]$ ,

$j^{*}\triangleleft\dot{u}n[j|a_{j}\in N(a_{k})]$ . If for a path of $\iota ruxinlun$ length, $i^{*}>j^{*}$

holds, then let $i^{*}=j,$ $j^{*}=i$ . The path of lerrma 3 has been found.
Now, suppose for any path of maxirrmm length $i^{*}\leq j^{*}$ holds. Ne
$cl\infty$se a path $P$ : a a
$la\mathfrak{m}\rceil a2$ , without $1\S_{S}\not\geqq of\S asuchthatenerality,$

$wesupposethata_{i}\epsilon N(a_{1})j^{*}-i^{*}istakenmi_{11}imu\mathfrak{n}By$

for $2\leq i\leq i^{*}$ . Since $G$ is 2-connected, there exists $e,f$ such that
$e<i^{*},$ $f>i^{*},$

$a_{e}a_{f}\epsilon$ E. If $f\leq j^{*}$ , then

$a_{f-1e+ll}$$aa\ldots$aa $\ldots$ a

is also a path of maximum length. But the $j^{*}-i^{*}$ of this path
ia less than that of P. A $contr\ovalbox{\tt\small REJECT} iction$ . If $f>j^{*}$ , then

$a_{ele+1}$$aa\ldots a_{m}$

is the required path of maximun length with $i=j^{*},$ $j=f$ .
Lamla 4. For any path $P:a_{1}a_{2}$ a of lemla 3, if $k\neq i,j$ , then
$N(a_{k})\subseteq P$ .
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$Pr\infty f$ . Let $i^{I}=\min$ [ $k|a_{t}\epsilon N(a)m$ for $k\leq t\leq i$ ], $j$ $‘=\min[k|a\epsilon tN(a_{1})$

for $k\leq t\leq j$ ]. Since $P$ is of maximun length, $G$ [
$a_{1},$ $a_{2’}$

a] can
not be a hamiltonian graph. Hence $i$ ‘ 71, $j^{I}>i+1$ , dist $(a_{1}$

$a_{j-1})=2$ , dist $(a_{i’-1’ m}a)=2$ .
1. If $a_{i^{t}-1}\in N(a_{1})$ , thaen since $G[a_{1} , a_{2}, \ldots a_{m}]$ is not a hamil-

tonian graph, toere exists $t$ such that $i<t<j$ ‘ and $a_{t}\overline{\epsilon}N(a_{m})$ .
By lerrma 2 we know $a_{S}\in N(a_{1})$ for $2\leq s\leq i$ $‘-1$ . Hence

$a_{t}\ldots a_{1}a_{t+1}\ldots a_{m}$ is $a$ path of $I\iota GXjm\sigma\urcorner$ length and

$N(a_{t})\subseteq P$ for 14 $t\leq i^{\prime}-2$ .
2. If $a_{i’-1}\overline{\epsilon}N(a_{1})$ , then since $G$ [

$a_{1’}$
a] is not a haniltonian

graph, we have $a_{1},$ $a_{i^{1}-1}$ ,
$a_{j}$ $,$ $-1’ a\overline{\in}m$ $(N(a_{1})\cup N(a_{j} , -1))\cup(N(a_{i^{1}-1})$

$\cup N(a)m)$ . Thus,

$p-1\leq|N(a_{1})\cup N(a_{j^{\prime}-1})|+|N(a_{i^{\prime}-1})\cup N(a_{m})|\leq p-4+|(N(a_{1})\cup$

$N(a_{j^{\prime}-1}))\cap(N(a_{i^{\prime}-1})\cup N(a_{m}))|$ .
Hence

$|(N(a_{1})\cup N(a_{j^{t}-1}))\cap(N(a_{i^{\prime}-1})\cup N(a_{m}))|\geq 3$ .
Let $ae’ a_{f}\in(N(a_{1})UN(a_{j-1}))\cap(N(a_{i’-1})\cup N(a_{m}))$ Since

$a_{j^{\prime}-1}\ldots a_{1}a_{j},$ $\ldots a_{m^{i}}$ $a_{j^{\prime}}-\cdots aa\ldots a_{j^{\prime}}a_{1}\ldots a_{i^{\prime}-1}$
;

$a_{1}$ a ae

all paths of Iruximun length, we have $a_{e},$ $a_{f}\in N(a_{1})\cap N(a_{i’-1})$ by

lerrma 1. Without loss of generality, as $s$ure $e<f$ . But if
$f>i^{\prime}$ , then

$a_{f-1i^{\prime}}$
$a$ a $\ldots a_{f}a_{i^{\prime}-1}\ldots a_{1}$

is a path of rruximum length and dist $(a_{f-1}, a_{1})=2$ . This is a
contradiction to lemma 1. Evidently, $f$ is not equal to $i^{\prime}-1$ $i^{\prime}$ .
Ne have $f<i$ $‘-1$ . Frcrn the previous discussion we lmow $N(a_{t})\leq P$

for $1\leq t\leq f-1$ . Again., since

$a\ldots$aa $\ldots$aa$\ldots ai^{\prime}-1$ljmi $j^{\prime}-1$
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is a path of maxiJmJn length and
$a_{j}$ $,$ $-lja,\epsilon E,$ $a_{j}$ $,$

$-lma\overline{\epsilon}E$ , we have

$a_{t}\epsilon N(a_{i’-1})$ for $e\leq t\leq i$ $‘-2$ , and

$a_{t}\ldots a_{i’-1}a_{t-1}\ldots a_{1}a_{j}$ aa ,
$\ldots a_{j^{1}-1}$

$is$ a path of maxirmm length ard $N(a_{t})\subseteq P$ for $e+1\leq t<\sim i’-1$ .
Since $e<f$ , hence $N(a_{t})\subseteq P$ for $1\leq t\leq i^{l}-1$ .

3. Since

$a_{t}\ldots a_{1}a_{j}$ , . . . $a_{m}a_{t+1}\ldots a_{j-1}$

$is$ a path of $mxiJn\iota n\iota$ length for $i$ $‘-1\leq t\leq i-1$ . Thus, $N(a_{t})\subseteq P$

holds for $i$ $‘-1\leq t\leq$ i-l .
Fran the above three aspects we know $N(a_{t})\subset P$ for $ 1\leq t\leq$ i-l.

Apply the above $d$iscussion to the paths
$a_{j-1}\ldots a_{1}a_{j}\ldots a_{m}$ and

a $\ldots$ $a_{1’}$m we wiU get $N(a_{t})\underline{=}P$ for $i+1\leq t4j-1$ and $N(a_{t})\subset P$

for $j+1\leq t\leq m$ . This canpletes the $pr\infty f$ of the lemma.

Lerma 5. Let $P:a_{1}a_{2}$ a be $a$ path of $\iota rGxiJ\mathfrak{n}un$ length,
$a_{1}a_{j}\epsilon$ E.

If there exists $i$ such that $1<i<j$ and $a_{i}\epsilon N(a_{m})$ , then $a_{t}\overline{\epsilon}N(a_{m})$

for $1\leq t\leq j-1,$ $t\neq i$ .
Proof. For $\forall x\overline{\epsilon}P$ , if $xa_{k}\epsilon E$ , then $k=i$ or $k=j$ by lema 4. If

there exists $t$ such that $t<j$ , $t\neq i,$
$a_{tm}\epsilon N(a)$ , then $N(a_{i})\subseteq P$ by

lerrma 4. Hence
$a_{j}$

is a cut point in G. This $is$ a contradiction
to the fact that $G$ is 2-connected. The $pr\infty f$ of the lemia has
been carpleted.

Now, we give the $pr\infty f$ of the conjecture.

Theorern 2. Let $G$ be a 2-connected graph of order $p$ . If

INC2 $\geq(p-1)/2$

then $G$ is traeeable.

$Pr\infty f$ . Suppose that $G$ has no haniltonian path. By lerma 3,
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we can choose a path $P:a_{1}a_{2}$ a of $maXjJ\mathfrak{m}X\mathfrak{n}$ length and $i,$ $j$ such

that $i<j$ , $a_{i}\in N(a)m$ $a_{j}eN(a_{1})$ . Let

$A=\{a_{1^{\prime}}a_{2^{\prime}}\ldots$ $a_{i-1}\}$ , $B=\{a_{i+1}$ , . . . , $a_{j-1}\}$ , $C=\{a_{j+1^{\prime}m}$$a\}$

and suppose $|A|=\min\{|A|$ , $|B$ I , $|C|\}$ (or, we may substitute

a $\ldots$ $a_{1}$m or
$a_{j-1}\ldots a_{1}a_{j}$

a

for $P$ in discussion). Since $G$ is 2-connected, by lerrma 4, we
can choose a vertex $x$ of $G$ such that $x\overline{\epsilon}P$ and $xa_{i}\epsilon E$ .
Hence, we have

$|G|=p\geq|A|+|B|+|C|+d(x)$ .
Since

$a\ldots$aa $\ldots$ a a $\ldots$$aj+1$mijl $i-1$

is of maxtm length and $a_{j}a_{j+1}\epsilon E,$ $a_{i-1}a_{i}\epsilon B$ , by lerrrna 5, we
know

$N(a_{i-1})\underline{c}(A\cup\{a_{i}\})\backslash \{a_{i-1}\}$ , similarly, $N(a_{i+1})\subseteq(B\cup[a_{i}\})\backslash \{a_{i+1}\}$ .
Sinee $a_{i-1}a_{i+1}\overline{\epsilon}E$ , or

$xa_{im}a\ldots a_{i+1}a_{i-1}\ldots a_{1}$

$is$ a path longer than $P$ , we have dist $(a_{i-1},a_{i+1})=2$ . arxl

$|N(a_{i-1})\cup N(a_{i+1})|\leq|A|+|B|-1$ . Hence

$|A|+|B|-1\geq|N(a_{i-1})\cup N(a_{i+1})|\geq \mathfrak{X}2\geq(p-1)/2\geq(|A|+|B|+|C|+d(x)-1)/2$

that is

$|A|+|B|-2\geq|C|+d(x)-1’/|A|+d(x)-1$

thus

$|B|>,$ $d(x)+1$ .

–79–



$Sin\not\in P$ is of rnaxirnun length, $xa_{i-1}\overline{e}E$ and dist $(x,a_{i-1})=2$ must
hold . But $N(x)\cap N(a_{i-1})=\{a_{i}\}$ , so $|N(x)\cup N(a_{i-1})|\leq d(x)+|A|-1$ .
Hence

$d(x)+|A|- 1\geq t|A|+|B|+|c|+d(x)- 1)/2$ .
Thus

$2d(x)+2|A|- 2\geq|A|+|B|+|C|+d(x)-1\geq 2|A|+|B|+d(x)- 1$

that is

$d(x)\geq|B|+1$ .
Thi$s$ is $a$ $contr\ovalbox{\tt\small REJECT} iction$ to $|B|\geq d(x)+1$ . Thi.s canpletes the $pr\infty f$

of the theorem .
It $is$ easily seen that theorern 1 is a corollary of theorem 2.
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