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ON THE ALM0ST EVERYWHERE C0NVERGENCE OF BOCHNER-RIESZ MEANS

OF MULTIPLE F0URIER INTEGRALS F0R RADIAL $FUNrI0NS$

MICHITAKA K0JIMA

ABSTRACT. Let $n\geqq 2$ and $(s^{\delta}f)(x)=\S u\rangle$$\int|(s_{R}^{\delta}f)(x)|$ , where $S_{R}f\delta$ is the Bochner-

Riesz mean of order $\delta$ of the Fourier integral for $f$ on $R^{n}$ . We show that the

operator
$s_{*}^{\delta}$

is bounded from the Lorentz space $L^{p}\cdot 1$ $(R$ “ $)$ into $L^{p.\alpha}(R^{n})$ on the

critical line $\delta=n(1/p-1/2)-1/2$ for $2n/(n+2)\leqq p\leqq 2n/(n+1)$ besides $p>1$ when

acting on radial functions.

$Sl$ . Introduction.

Let $R^{n}$ be the $n(\geqq 2)$ -dimensional Euclidean space and for any $x=(x_{1}\ldots..x_{n})$ ,

$r--(y_{1}\ldots..y_{n})$ in $R$ “, we denote $(x, y)=x_{1}y_{1}+\cdots+x_{n}y_{n}$ and $|x|=(x.x)^{1/2}$ .

For the Fourier integral of a function $f\in L^{p}(R^{n})(1\leqq p\leqq 2)$ , its Bochner-Riesz

mean of order $\delta\geqq 0$ is defined by

(1) $(s_{R}^{\delta}f)(x)=(\sqrt{2\pi})^{-n}\int_{|y|\langle R}(1-\frac{|y|^{2}}{R^{2}})^{\delta}\wedge f(y)edyi(xy)$

where $\wedge f(y)$ is the Fourier transform of $f,$ $i.e$ .
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$\wedge f(y)=(\sqrt{2\pi})^{-n}J_{R^{n}}f(x)edx-i(x.y)$.
It has been $sh\varpi n$ that for $1\leqq p\leqq 2n/(n+1)$ there exists a function fELp(R“)

such that $(s_{R}^{\delta}f)(x)$ diverges alnost everywhere as $R\rightarrow\infty$. where $\delta=n(1/p-1/2)$

$-1/2$ ([Kol). On the other hand, acting on radial functions, it is knom that

for $1\leqq p\leqq 2n/(n+1)$ and $0\leqq\delta\leqq n(1/p-1/2)-1/2,$
$s_{n}^{\delta}$ is unbounded on radial $L^{p}(R^{n})$

([W]). But for $1\leqq p<2n/(n+1)$ and $\delta=n(1/p-1/2)-1/2$. $s_{R}^{\delta}$ is weakly bounded on

radial $L^{p}(R^{n})$ ([CH]), and for $p=2n/(n+1)$ and $\delta=0,$
$s_{R}^{\delta}$ is not weakly bounded

([IIT]) but restricted weakly bounded on radial $L^{p}(R^{n})([C])$ .
We put

(2) $(s_{*f)(x)=}^{\delta\delta}\S\$ 8^{|(S_{R}f)(x)|}\cdot$

Then, it is known that for $2n/(n+1)<p\leqq 2$ and $\delta=0$ . $s^{\delta}$

is bounded on radial
$L^{p}(R^{n})$ ([Ka], [P1), and for $p=2n/(n+1)$ and $\delta=0,$

$s^{\delta}$ is weakly bounded on

radial Lorentz space $L$“ 1 $(R^{n})$ ([RS]).

In this paper we shall prove the following $theore\blacksquare$.

THMREH. For $p>1$ and $2n/(n+2)\leqq p\leqq 2n/(n+1)$ and for the critical line

$\delta=n(1/p-1/2)-1/2,$
$s^{\delta}$

is weakly bounded on radial Lorentz space $L^{p}$ . ,
$(R^{n})$ . That

is, for any $\lambda>0$ and for any radial $f\in L$ . ’ $(R^{n})$ ,

$|\{x\in R^{n} ; (s^{\delta}f)(x)>\lambda\}|\leqq C_{p}(\frac{1}{\lambda}||f||..1)^{p}$

is valid, where $C_{p}$ is sone constant independent of $\lambda$ and $f$. Consequently, for

any radial function $f\in L^{p.1}$ $(R$“ $)$ , $(s_{R}^{\delta}f)(x)$ converges to $f(x)al\bullet ost$ everywhere

as $R\rightarrow\infty$.
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Here we remember the Lorentz $s$ pace $L^{p}\cdot q(R^{h})$ briefly. For any measurable

function $f$ on $R^{n}$ , we denote the distribution function and the non-increasing

rearrangement by $\lambda_{f}(y)$ and $f^{*}(t)$ respectively, $i.e$ .

$\lambda_{f}(y)=|\{x\in R^{n} ; |f(x)|>y\}|$ for $y>0$ ,

$f(t)=\inf\{y>0;\lambda_{t}(y)\leqq t\}$ for $t>0$.

When $ 1\leqq p<\infty$ , we put

$||f||p$ . $q=\{\int_{0}^{\infty}(f^{*}(t)t^{1/p})^{q}t^{-1}dt\}^{1/q}$

for $ 1\leqq q<\infty$ and

$||f\Vert$
$\sim=su_{@^{\{f^{*}(t)t^{1/p}\}=su}@^{\{y(\chi_{f}(y))^{1/p}\}}}t\rangle$

$y\rangle$

We denote the set of all functions on $R^{n}$ such as $||f||$ ,. $q<\infty$ by $L^{p.q}(R^{n})$ . Then,

$L^{p}\cdot\Gamma\subset L^{p}$ . for $ 1\leqq r\leqq s\leqq\infty$ and $L^{p.p}(R^{n})=L^{p}(R^{n})$ . Also, if $ 1<p<\infty$ and $ 1<q<\infty$,

then $(L^{p}\cdot q)=L^{r^{\prime}}\cdot q^{\prime}$ , where $p^{l}$ and $q^{\prime}$ are conjugate exponents of $p$ and $q$

respectively, and if $ 1\leqq p<\infty$ , then $(L^{p}\cdot 1)^{*}=L^{p^{\prime}.\infty}$ .

If $f$ is a radial function on $R^{n}$ , we write $f(x)=f_{0}(|x|)$ . Then we can express

$\wedge f(\xi)$ as
$\wedge f(\xi)=|\xi|^{-(n-2)/2}$

$\int_{0}^{\infty}f_{0}(r)J(n-2)/2(|\xi|r)r^{n/2}$ dr,

where $J\mu(t)$ is the Bessel function of order $\mu\geqq 0$. So, setting

(3) $K_{R}(r, s)=\sqrt{rs}\int_{0}^{R}(1-\frac{t^{2}}{R^{2}})^{\delta}J(n-2)/2$ (rt) $J(n-2)/2$ (st) $t$ dt

for $r>0,$ $s>0$, we rewrite (1) as
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(4) $(s_{R}^{\delta}f)(x)=|x|^{-(n-1)/2}$
$\int_{0}^{\infty}f_{0}(r)r^{(n-1)/2}K_{R}(r. |x|)$ dr.

We note that

(5) $K_{R}(r.s)=RK_{1}$ (Rr, Rs).

S2. Leras.

The following lena is wellknown.

Lema 1([SW]). If $f\in L^{p}(R^{n})(1\leqq p\leqq 2)$ and $\alpha\geqq 0$ . then for any $\epsilon>0$

the following $for\blacksquare ulas$ are valid ;

(i) $(s_{R}^{a+\epsilon}f)(x)=\frac{2\Gamma(a+1+\epsilon)}{\Gamma(a+1)\Gamma(\epsilon)}R^{-2(a+\epsilon)}\int_{0}^{R}(R^{2}-t^{2})\epsilon-1t(S_{t}f)(x)2a+1a$ dt,

(ti) $\frac{2\Gamma(a+1+\epsilon)}{r(a+1)\Gamma(\epsilon)}R^{-2(\alpha+\epsilon)}\int_{0}^{R}(R^{2}-t^{2})\epsilon-1t2a+1dt=1$ .
Therefore we get

(m) (S. $a+\epsilon f$) $(x)\leqq$ (S. $af$) $(x)$ .

We use the fact (i) with $\alpha=0$ and $\epsilon=\delta$ later on.

Let 1, H. $H^{\cdot}$ be the Hardy-Littlewood maximal operator, the Hilbert $trtsfor\blacksquare$.
the $\bullet axi\bullet al$ Hilbert transfor$\bullet$ respectively, and C’ be the Carleson‘ $s$ operator

$(C^{\cdot}f)(x)=\S^{u}\rangle\int|\left\{\begin{array}{l}\infty\\\frac{e^{-iRt}}{s-t}f(t)dt|\end{array}\right.$

-co
The fol lowing fact is known $([P])$ .

$k-2$. For any radial function $f(x)=f_{0}(|x|)$ , the inequality

(S. $0f$) $(x)\leqq C|x|^{-(n-1)/2}(ff+|H|+H^{\cdot}+C^{*})(|f_{0}(r)|r^{(n-1)/2})(|x|)$
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is valid. Furthermore, denoting $H+|H|+H^{*}+C^{*}$ by $T$ , we have

$\int_{-\infty}^{\infty}|$ (Tg) (t) $|^{p}w(t)dt\leqq C_{p}\int_{-\infty}^{\infty}|g(t)|^{p}w(t)$ dt

for $w\in A_{p}(R)(1<p<\infty)$ .

It is known that $|t|\gamma\in A_{p}(R)$ for $-1<\gamma<p-1$ .

For (3) with $R=1,$ $i.e$. for $K_{1}(r.s)$ , the following estimates are valid.

$k-3([CH])$ . For $\delta>-1$ .
(i) $|K_{1}(r, s)|\leqq C\frac{\ulcorner r}{\sqrt{1+r}}\frac{\ulcorner s}{\sqrt{1+s}}|r-s|^{-\delta-1}$ ,

(i) $|K_{1}(r.s)|\leqq C\frac{\Gamma r}{\sqrt{1+r}}\frac{\ulcorner s}{\sqrt{1+s}}$ .
(i) $|K_{1}(r, s)|\leqq C$ (rs) $(n- 1)/2$

By the lemm and (5), we get

(6) $|K_{R}(r, |x|)|\leqq CR\frac{\sqrt{Rr}}{\sqrt{1+Rr}}\mapsto 1+R|x|\sqrt{R|x|}|Rr-R|x||^{-\delta-1}$ ,

$\sqrt{Rr}$ $\sqrt{R|x|}$

(7)
$|K_{R}(r, |x|)|\leqq CRT1+Rr\overline{\sqrt{1+R|x|}}$ .

(8) $|K_{R}(r. |x|)|\leqq CR^{n}r^{(n-1)/2}|x|(n-1)/2$

The following lema is shown easily.

Iema $t$ For $ 1<p\leqq\infty$ , we have for radial function $f(x)=f_{0}(|x|)$ ,

$\int_{0}^{\infty}|$ fo (r) $|r^{n/p-1}dr\leqq C_{p}If|..1$ .
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$-\mu$

Proof. We put $\phi(x)=|x|$ $(x\in R^{n})$ for $\mu>0$ . Since

$\lambda_{\phi}(y)=|\{x\in R^{n} ; |\phi(x)|>y\}|=|\{x\in R^{n}$ ; $|x|<y$$-1/\mu\}|=\Omega_{n}y-n/\mu$

we have
$1/p^{\prime}$ $ 1-n(1-1/p)/\mu$

$|\phi|=p^{\prime}.\infty\Omega_{n}$

$y\rangle$

$su_{@}y$

$p^{\prime}$ , co
and so $\phi\in L$ $(R^{n})$ for $\mu=n(1-1/p)$ . Therefore for such the $\mu$ we get

$\int_{0}^{\infty}|f_{0}(r)|rn-1rdr=C-\mu\int_{R^{n}}|f(x)|\phi(x)dx\leqq C_{p}|fI_{p.1}$ .
Since $n-1-\mu=n/p-1$ . we get the conclusion.

S3. $k\infty f$ of tbe theoren.

We put $I_{k}=[2^{k}$ . $2^{k+1}$ ) and $I_{k}^{*}=[2^{k-1},2^{k}$“). $k=0$. $\pm 1,$ $\pm 2\ldots$ . For $1\leqq p$

$<2n/(n+1)$ we put $\delta=n(1/p-1/2)-1/2$. Since $(0, \infty)=\bigcup_{k=-\infty}I_{k}\infty$ , we have

$\{x\in R^{n} ; (s^{\delta}f)(x)>\lambda\}=\infty\cup\{x\in R^{n} ; |x|\in I_{k}, (s^{\delta}f)(x)>\lambda\}$

$k=-\infty$

for $\lambda>0$ . For each $k$ we decompose $f$ into

$f=fb_{k}\cdot+f\eta_{I_{k})^{c}}=f_{k}^{(1)}+f_{k}^{(2)}$

say. Then we have

(9) $|\{x\in R^{n} : (s^{\delta}f)(x)>\lambda\}|$

$\leqq\omega_{E}|\{x\in R^{n} ; |x[\in I_{k}, (s^{\delta}f_{k}^{(1\}})(x)>\lambda/2\}|$

$k=-\infty$

$+k=-\infty\infty\Sigma|\{x\in R^{n} ; |x[\in I_{k}. (s^{\delta}f_{k}^{(2)})(x)>\lambda/2\}|$ .
First we estimate $s^{\delta}f_{k}^{(1)}$ . Simplifying notations, we denote $f_{k}^{(i)}(x)$

$=f_{k}^{(i)}(|x|)(i=1.2)$ . By Lemma 1 and $L\infty r2$ , we have
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$(s_{*f_{k}^{(1)})(x)\leqq(S_{*}}^{\delta 0_{f_{k}}}(1))(x)\leqq C|x|^{-(n-1)/2}T(|f_{k}^{(1)}(r)|r^{(n-1)/2})(|x|)$

and so
$\varpi_{E}|\{x\in R^{n} ; |x|\in I_{k}. (s^{\delta}f_{k}^{(1)})(x)>\lambda/2\}|$

$k=-\infty$

$\leqq\infty E|\{x\in R^{n} ; |x|\in I_{k}, T(|f_{k}^{(1)}(r)|r^{(n-1)/2})(|x|)>C_{1}|x|(n-1)/2\lambda\}|$

$k=-\infty$

$\leqq_{k}\sum_{=-\infty}|\infty\{x\in R^{n} ; |x|\in I_{k}. T(|f_{k}^{(1)}(r)|r^{(n-1)/2})(|x|)>C_{2}2^{k(n-1)/2}\lambda\}|$

$\leqq C_{3}\sum_{k=-\infty}(2^{k\{n-1)/2}\lambda)^{-p}\infty\int_{I_{k}}\{T(|f_{k}^{(1)}(r)|r^{(n-1)/2})(s)\}^{p}s^{n- 1}$ ds

$\leqq C_{4}E(2^{k(n-1)/2}\lambda)^{-p}2^{k(n-1)}k=-\infty\infty\int_{I_{k}}\{T(|f_{k}^{(1)}(r)|r^{(n-1)/2})(s)\}^{p}$ ds

$\leqq C_{4}\lambda^{-p}k^{\sum_{=-\infty}2^{k(n-1)}}\infty$
(l-p/2)

$\int_{0}^{\infty}\{T(|f_{k}^{(1)}(r)|r^{(n- 1)/2})(s)\}$ $ds$ .

If $p>1$ , we apply Lemm 2 with $w(t)=1=|t|^{0}\in A_{p}(R)$ . Then the last term is

bounded by

$\leqq C_{5}\lambda^{-p}k^{\sum_{=-\infty}2^{k(n-1)}}\infty$
(l-p/2)

$\int_{0^{(|f_{k}^{(1)}(r)|r^{(n-1)/2})^{p}}}^{\infty}$ dr

$=C_{5}\lambda^{-p}\infty\sum_{k=-\infty}2^{k(n-1)}$
(l-p/2)

$\int_{I_{k}^{*}}|f_{0}(r)|^{p}r^{(n-1)p/2}$ dr

$\leqq C_{6}\lambda^{-p}k^{\sum_{=-\infty}2^{k(n-1)}}\infty$
(l-p/2) 2 (r/2-1)

$\int_{I_{k}}.|f_{0}(r)|^{p}r^{n-1}$ dr

$=C_{6}\lambda^{-p}k=-\infty\infty\Sigma$ $\int_{I_{k^{*}}}$ } $f_{0}(r)|^{p}r^{n-1}dr\leqq C_{7}\lambda^{-p}\int_{0}^{\infty}|f_{0}(r)|^{p}r^{n-1}$ dr

(10) $=C_{8}\lambda^{-p}\int_{R^{n}}|f(x)|^{p}dx=C_{8}(|f|_{p}/\lambda)^{p}\leqq C_{8}(|f|_{p.1}/\lambda)^{p}$ .
Thus we get the desired estimate for $f_{k}^{(1)}$ .

Next we estimate $(s^{\delta}f_{1}^{(2)})(x)$ on the set $\{x\in R^{n} ; |x|\in I_{k}\}$ . We want to prove

the estimate
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(11) $(s_{*}^{\delta}f_{k}^{(2)})(x)\leqq C_{p}|x|^{-\mathfrak{n}/p}\int_{0}^{\infty}$ lfo (r) $|r^{n/p-1}$ dr

for $(p, \delta)$ in the theorem.

If we can get (11), then by Lemma 4 we will have

$(s_{*}^{\delta}f_{k}^{\langle 2)})(x)\leqq C_{p}^{l}|x|^{-n/p}|f|_{p}$ . $1$

and so

$\infty\sum_{k=-\infty}|\{x\in R^{n} ; |x|\in I_{k}. (s_{*}^{\delta}f_{k}^{(2)})(x)>\lambda/2\}|$

$\leqq$
$\infty E|\{x\in R^{n} ; |x|\in I_{k}. |x|<(2C_{p}^{\prime}[f[p. 1/\lambda)^{p/n}\}|$

$k=-\infty$

$=|\{x\in R^{n} ; |x|<(2C_{p}’\Vert f|_{p.1}/\lambda)^{p/n}\}|$

$=\Omega$ . $(2C_{p}|f|_{p.1}/\lambda)^{p}=C_{p}([f|_{p}, 1/\lambda)^{p}$ .

Thus we will have the desired estimate for $f_{k}$
(2) and so, by (9) and (10), the

theorem $w$ ill be obtained.

For the sake of the proof of (11), we fix any $x\in R^{n}$ with $|x|\in I_{k}$ . So $|x|\sim 2^{k}$ .
Since supp $f_{k}^{(2)}(r)\subset(2^{k-1}.2^{k+2})^{C}$ , by (4) we decompose $(s_{*f_{k}^{(2)}}^{\delta})(x)$ as

(12) $(s_{*f_{k}^{(2)}}^{\delta})(x)=|x|^{-(n-1)/2}\int_{0}^{\infty}f_{k}^{(2)}(r)r^{(n-1)/2}K_{R}(r. |x|)$ dr

$=\int_{0}^{2^{k-1}}+$ $J_{2^{k+2}}^{\infty}=I_{R}^{(1)}(x)+I_{R}^{(2)}(x)$

$s$ay. We shall estimate $I_{R}^{(j)}(x),$ $j=1,2$, in the case of $0<R\leqq 1/|x|$ and $R\geqq 1/|x|$

separately.
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(I) Estimates for $I_{R}^{(2)}(x)$ .

In the case of $0<R\leqq 1/|x|$ . by (7) we have

$|K_{R}(r, |x|)|\leqq CR^{s/2}|x|^{1/2}$

and so

$|I_{R}^{(2)}(x)|\leqq C|x|^{-(n-2)/2}R^{3/2}\int_{2^{k+2}}^{\infty}|f_{0}(r)|r^{(n-1)/2}$ dr.

Since $(n-1)/2-(n/p-1)=-\delta\leqq 0$ , we have

$|I_{R}^{(2)}(x)|\leqq C|x|^{-(n-2)/2}R^{s/z}(2^{k+2})(n- 1)/2-(n/p-1)$ $\int_{2^{k+2}}^{\infty}|f_{0}$ $(r)|r^{n/p}$ dr

$\leqq C_{1}R^{3/2}|x|^{-n/p+3/2}\int_{0}^{\infty}|f_{0}(r)|r^{n/p-1}dr$

$\leqq C_{1}|x|^{-n/p}$ $\int_{0}^{\infty}|f_{0}(r)|r^{n/p-1}dr$.

In the case of $R\geqq 1/|x|$ , noting that $r-|x|\geqq r/2$ for $r\geqq 2^{k+2}$ , we have by (6)

$|K_{R}(r, |x|)|\leqq CR^{-\delta}(r-|x|)^{-(\delta+1)}\leqq C_{1}R^{-\delta}r^{-(\delta+1)}$ ,

and so we get

$|I_{R}^{(2)}(x)|\leqq C|x|-(n-1)/2R^{-\delta}$ $\int_{2^{k+2}}^{\infty}|$ fo (r) $|r(n-1)/2-(\delta+1)$ dr.

Since $(n-1)/2-(\delta+1)-(n/p-1)=-n(1/p-1/2)-1/2-\delta<0$, we have

$|I_{R}^{(2)}(x)|$

$\leqq C_{1}|x|-(n-1)/2R^{-\delta}(2^{k+2})^{-n(1/p-1/2)-1/2-\delta}\int_{2^{k+2}}^{\infty}|f_{0}(r)|rn/p-1$ dr

$\leqq C_{2}R^{-\delta}|x|^{-n/p-\delta}$ $\int_{0}^{\infty}|f_{0}(r)|rn/p-1$ dr

$\leqq C_{2}|x|^{-n/p}\left\{\begin{array}{l}\infty\\n/p-1\\|f_{0}(r)|r\\0\end{array}\right.$

–17 –



Therefore for $1\leqq p\leqq 2n/(n+1)$ we get the estimate

(13) $\S\$ 8|I_{R}^{(2)}(x)|\leqq C_{p}|x|^{-n/p}$ $\int_{0}^{\infty}|f_{0}(r)|r^{n/\nu- 1}dr$ .

(I) Estimates for $I_{R}^{(1)}(x)$ .
In the case of $0<R\leqq 1/|x|$ . noting that $Rr\leqq 1/2$ for $0\leqq r\leqq 2^{k-1}$ . we have by (8)

$|I_{R}^{(1)}(x)|\leqq C|x|^{-(n-1)/2}\int_{0}^{2^{k-1}}|f_{0}(r)|r^{(n-1)/2}R^{n}r^{(n-1)/2}|x|(n-1)/2$ dr

$=CR^{n}\int_{0}^{2^{k-1}}|f_{0}(r)|r^{n-1}dr$ .
Since $(n-1)-(n/p-1)=n(1-1/p)\geqq 0$ . we have

$|I_{R}^{(1)}(x)|\leqq CR^{\mathfrak{n}}(2^{\iota-1})^{n(1-1/p)}$ $\int_{0}^{2^{k-1}}|f_{0}$ $(r)|r^{n/p}$ dr

$\leqq C_{1}R^{n}|x|^{n(1- 1/p)}$ $\int_{0}^{\infty}|f_{0}(r)|r^{n/p-1}dr$

$\leqq C_{1}|x|^{-n/p}$ $\int_{0}^{\infty}|f_{0}(r)|r^{n/p-1}dr$.

In the case of $R\geqq 1/|x|$ . we decompose $I_{R}^{(1)}(x)$ as

$|I_{R}^{(1)}(x)|\leqq|x|^{-(n-1)/2}$ $\int_{0}^{2^{k-1}}|f_{0}(r)|r^{(n-1)/2}|K_{R}(r, |x|)$ tdr

$\leqq|x|^{-(n-1)/2}$ $\int_{0}^{|x|/2}$ lfo $(r)|r^{(n-1)/2}|K_{R}(r, |x|)|dr$

$=\int 01/(2R)+$ $1/(2R)|x|/2$ $=J_{R}^{(1)}(x)+J_{R}^{(2)}(x)$

say.

For $J_{R}^{(2)}(x)$ , noting that $Rr\geqq 1/2$ and $|x|-r\geqq|x|/2$ for $1/(2R)\leqq r\leqq|x|/2$, we

have by (6)
$-\delta$ $-(\delta+1)$ $-\delta$ $-(\delta+1)$

$|K_{R}(r, |x|)|\leqq CR$ $(|x|-r)$ $\leqq C_{1}R$ $|x|$
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and so

$J_{R}$
(2) $(x)\leqq C_{1}|x|^{-(n-1)/2-(\delta+1)}R^{-\delta}\int_{1/(2R)}^{|x|/2}|$ fo (r) $|r(n-1)/2$ dr.

Since $(n-1)/2-(n/p-1)=-\delta\leqq 0$, we have

$J_{R}^{(2)}(x)\leqq C_{1}|x|^{-(n+1)/2-\delta}R^{-\delta}(1/(2R))^{-\delta}\int_{1/(2R)}^{|x|/2}|f_{0}(r)|rn/p-1$ dr

$\leqq C_{2}|x|^{-(n+1)/2-\delta}$ $\int_{0}^{\infty}|f_{0}(r)|rn/p-1$ dr

$=C_{2}|x|^{-n/p}J_{0}^{\infty}|f_{0}(r)|rn/p-1$ dr.

Lastly, we estimate $J_{R}^{(1)}(x)$ . Noting that $Rr\leqq 1/2$ and $|x|-r\geqq|x|/2$ for

$0\leqq r\leqq 1/(2R)$ , we have by (6)

$|K_{R}$
$(r, |x|)|\leqq CR^{3/2-(\delta+1)}r1/2(|x|-r)^{-(\delta+1)}$

$\leqq C_{1}R^{1/2-\delta-(\delta+1)}|x|r1/2$

and so we get

$J_{R}$
(1) $(x)\leqq C_{1}|x|^{-(n-1)/2-(\delta+1)}R^{1/2-\delta}$ $\int_{0}^{1/(2R)}|f_{0}(r)|rn/2$ dr.

Since $n/2-(n/p-1)\geqq 0$ is valid only for $p\geqq 2n/(n+2)$ , for $p\geqq 2n/(n+2)$ we have

$J_{R}^{(1)}(x)$

$\leqq C_{1}|x|-(n+1)/2-\delta R^{1/2-\delta}(1/(2R))^{n/2-(n/p-1)}\int_{o^{|f_{0}(r)|}}^{1/(2R)}rn/p-1$
dr

$\leqq C_{2}|x|-(n+1)/2-\delta$ $\int_{0}^{\infty}|$ fo (r) $|rn/p-1$ dr

$=C_{2}|x|-n/p$ $\int_{0}^{\infty}|f_{0}(r)|rn/p-1$ dr.

–19 –



Thus for $2n/(n+2)\leqq p\leqq 2n/(n+1)$ we get

(14) $\S_{\rangle}^{u}\int|I_{R}^{(1)}(x)|\leqq C_{p}|x|^{-n/p}$
$\int_{0}^{\infty}|f_{0}(r)|rn/p-1$ dr.

By (12), (13) and (14) we get (11) and our proof is complete.

Remark. I don’ $t$ know whether the statement of the theorem is true when

$1\leqq p<2n/(n+2)$ for general $n$.
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