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$L^{2}$ THEORY FOR THE OPERATOR
$\Delta+(k\times x)\cdot\nabla$ IN EXTERIOR DOMAINS

TOSHIAKI HISHIDA

ABSTRACT. In exterior domains of $R^{3}$ , we consider the differential operator $\Delta+(k\times x)\cdot\nabla$ with
Dirichlet boundary condition, where $k$ stands for the angular velocity of a rotating obstade.
We show, among others, a certain smoothing property together with estimates near $t=0$ of
the generated semigroup (it is not an analytic one) in the space $L^{2}$ . The result is not trivial
baeause the coefficient $k\times x$ is unbounded at infinity. The proof is mainly based on a cut-off
taehnique. The equation $\partial_{\ell}u=\Delta u+(kxx)\cdot\nabla u$ can be taken as a model problem for a
linearLzed form of the Navier-Stokes equations in a domain exterior to a rotating obstaCle.
This paper is a step toward an analysis of the Navier-Stokes flow in such a domain.
Key words and phrases differential operators with unbounded coefficients, exterior domains,
semigroups, smoothing effects.

1. Introduction and statement of main results
Let $O\subset R^{3}$ be a compact obstacle which is bounded by a smooth surface $\Gamma$ . In the

exterior domain $\Omega=R^{3}\backslash O$ we consider the initial boundary value problem

(1.1) $\left\{\begin{array}{ll}\partial_{t}u=\Delta u+(k\times x)\cdot\nabla u, & x\in\Omega, t>0,\\u(x,t)=0, & x\in\Gamma, t>0,\\u(x,t)\rightarrow 0, & |x|\rightarrow\infty, t>0,\\u(x,0)=a(x), & x\in\Omega,\end{array}\right.$

where $k=(0,0,1)^{T}$ , so that $k\times x=(-x_{2},x_{1},0)^{T}$ . The aim of the present paper is to
establish some fundamental properties for the differential operator $\Delta+(k\times x)\cdot\nabla$ in ercterior
domain$s$ . It is proved that the operator with homogeneous Dirichlet boundary condition
generates a semigroup having a certain smoothing property and enjoys an eliptic regularity
estimate in the space $L^{2}$ .

Let us explain the motivation of this study. Assume that the exterior domain $\Omega$ is
occupied by a viscous incompressible fluid and that the obstacle $\mathcal{O}$ is rotating about the
$x_{3}$-axis with angular velocity $k$ . We then consider the fluid motion governed by the Navier-
Stokes equation in the domain $\Omega(t)=\{O(t)x;x\in\Omega\}$ , where
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$O(t)=\left\{\begin{array}{lll}cost & -sint & 0\\sint & cost & 0\\0 & 0 & 1\end{array}\right\}$ .

Unless the obstacle $\mathcal{O}$ is axisymmetric, the domain $\Omega(t)$ actually varies with time $t$ . In
general it is not so easy to treat directly $\dot{i}$itial boundary value problems in exterior $doma\dot{i}S$

with moving boundaries. It is reasonable to reduce our problem to an equivalent one in
the fixed domain $\Omega$ by using the $coord\dot{i}$ate system attached to the rotating obstacle
together with an appropriate transfomation of unknown functions. Borchers [3] has first
constructed the Navier-Stokes flow as a weak solution to the reduced problem. Chen and
Miyakawa [4] have also discussed the existence and some decay properties of weak solutions
to the related Cauchy problem. One of the important problems is now to find a unique
strong solution. To this end, we have to carry out the analysis of a lmearized form of the
reduced Navier-Stokes equation, which is given by (see [3, 4, 8])

(1.2) $\left\{\begin{array}{ll}\partial_{\ell}u=\Delta u+(k\times x)\cdot\nabla u-k\times u-\nabla p, & x\in\Omega, t>0,\\\nabla\cdot u=0, & x\in\Omega, t\geq 0,\\u(x,t)=0, & x\in\Gamma, t>0,\\u(x,t)\rightarrow 0, & |x|\rightarrow\infty, t>0,\\u(x,0)=a(x), & x\in\Omega,\end{array}\right.$

where $u$ and $p$ denote, respectively, unknown velocity vector field and pressure of the fluid.
The coefficient $k\times x$ of the convection term is understood as the rigid motion rotating
about the $x_{3}- ris$ . Since this unbounded coefficient is a significant feature of the problem
(1.2), we consider (1.1) as a model problem for (1.2).

For the study of semihnear problems associated with (1.1) (we keep the Navier-Stokes
equations in mind), the folowin$g$ properties for the operator $\Delta+(k\times x)\cdot\nabla$ play crucial
roles: the generation of a senigroup, its smoothing property, an elhptic regularity estimate
and an embeddin$g$ property for the domains of hactional powers. In this paper we discuss
them in the framework of $L^{2}th\infty ry$. As already mentioned, the essential difficulty is the
growth at infinity of the coefficient of $(k\times x)\cdot\nabla$ , which cannot be treated as a perturbation
of the Laplace operator. It is also impossible to apply the technique of Agmon [1] (see also
Ibnabe [15, Chapter 3]) on the generation of analytic semigroups. In fact, as shown in
Proposition 3.8, the related semigroup for the Cauchy problem in $R^{3}$ is never analytic on
$L^{2}(R^{3})$ ; besides, it is not a differentiable semigroup in the sense of Pazy [12, Chapter 2].
This tells us that the operator $(k\times x)\cdot\nabla$ does not conserve some properties of the Laplace
operator. Nevertheless, as clarified in this paper, the generated semigroup possesses a
certain smoothing property in the space $L^{2}$ .

Concerning differential operators with unbounded coefficients in another function space
over $R^{N}$ , we find the work of DaPrato and Lunardi [5]. They have studied the Omstein-
Uhlenbeck operator $\Lambda f=R[QD^{2}f]+(Bx)\cdot\nabla f$ in $R^{N}$ , where $Q$ is a symmetric positive
definite matrix and $B$ is a nonzero matrix. Such a class of operators covers $\Delta+(k\times x)$ . V.
For the generated semigroup $S(t)$ , they have shown the folowing result: $S(t)$ is not an
analytic semigroup on $UCB(R^{N})$ , the space of the uniformly continuous and bounded
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functions in $\mathbb{R}^{N}$ , but it enjoys the remarkable smoothing properties $D^{j}S(t)f\in UCB(\mathbb{R}^{N})$

for al $f\in UCB(\mathbb{R}^{N}),j\in N$ and $t>0$ with $\sup_{x\in R^{N}}|D^{j}[S(t)f](x)|=O(t^{-j/2})$ as $t\rightarrow 0$

for $j=1,2$ . They have also derived Schauder type estimates for the operator $\Lambda$ .
Although their results are interesting, it is difficult to apply directly them to the Navier-

Stokes equations. So, we here independently develop the $L^{2}$ theory for the operator $\Delta+$

$(k\times x)\cdot\nabla$ in exterior domams as well as in $\mathbb{R}^{3}$ because, as is wel known, $L^{2}$ is the standard
function space in the Navier-Stokes theory.

We define the linear operator $\mathcal{L}_{0}$ : $L^{2}(\Omega)\rightarrow L^{2}(\Omega)$ by

(1.3) $\left\{\begin{array}{l}D(\mathcal{L}_{0})=\{u\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega);(k\times x)\cdot\nabla u\in L^{2}(\Omega)\}\\\mathcal{L}_{0}=-\Delta-(k\times x)\cdot\nabla\end{array}\right.$

Here, for integer $m\geq 0,$ $H^{m}(\Omega)=W^{m,2}(\Omega)$ , and $W^{m,p}(\Omega)$ is the usual $ I\nearrow$ Sobolev
space. By $H_{0}^{m}(\Omega)$ we denote the completion of $C_{0}^{\infty}(\Omega)$ , the class of smooth functions
with compact supports, in $H^{m}(\Omega)$ . Since the operator $\mathcal{L}_{0}$ has an unbounded coefficient,
eliptic regularity estimates as given in Agmon, Douglis and Nirenberg [2] are not clear.
To derive such an a priori estimate in $L^{2}(\Omega)$ is also our task (Theorem 2). Therefore, at
present, it is not so easy to show the closedness of $\mathcal{L}_{0}$ directly. But it is verified that $\mathcal{L}_{0}$ is
a closable operator with dense domain in $L^{2}(\Omega)$ (section 2). We thus define the operator
$\mathcal{L}:L^{2}(\Omega)\rightarrow L^{2}(\Omega)$ by

(1.4) $\mathcal{L}=\overline{\mathcal{L}_{0}}$ (the closure of $\mathcal{L}_{0}$).

We start with the result on the generation of a semigroup.

Theorem 1. CZIie operator $\mathcal{L}$ is m-accretive, $so$ that $-\mathcal{L}$ generates a $(C_{0})$ semigroup
$\{e^{-t\mathcal{L}}\}_{\ell\geq 0}$ of contractions on $L^{2}(\Omega)$ .

We next give an $L^{2}$ a priori estimate for the operator $\mathcal{L}$ and clarify the domain $D(\mathcal{L})$ .
Theorem 2. For each $u\in D(\mathcal{L})$ , we $h$ave

$u\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega)$ , $(k\times x)\cdot\nabla u\in L^{2}(\Omega)$ .

There is a constant $C>0$ such that

(1.5) $\Vert u||_{H^{2}(\Omega)}+\Vert(k\times x)\cdot\nabla u\Vert_{L^{2}(\Omega)}\leq C||(1+\mathcal{L})u||_{L^{2}(\Omega)}$ ,

for all $u\in D(\mathcal{L})$ . As a resul $t,$ $D(\mathcal{L})=D(\mathcal{L}_{0})$ an$d$, therefore, $\mathcal{L}=\mathcal{L}_{0}$ .

By Theorem 1 fractional powers $\mathcal{L}^{\alpha},$ $0<\alpha<1$ , of $\mathcal{L}$ are well defined as closed operators
in $L^{2}(\Omega)$ . An embedding property of Sobolev type for the domains of $\mathcal{L}^{\alpha}$ is given by the
folowing theorem.
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Theorem 3. Le$tm=0,1$ . Assume that $ 2<p<\infty$ $ifm=0$ , and that $2\leq p\leq 6$ if
$m=1$ . Put $\alpha=3(1/2-1/p)/2+m/2$ . Then there is a constan$tC=C(m,p)>0$ such
that $D(\mathcal{L}^{\alpha})\subset W^{m,p}(\Omega)$ wrth estimate

(1.6) $||u||_{W^{m.p}\langle\Omega)}\leq C||(1+\mathcal{L})^{\alpha}u||_{L^{2}(\Omega)}$ ,

for ail $u\in D(\mathcal{L}^{\alpha})$ .
We finffiy present the result on the smoothing effect for the semigroup $\{e^{-\ell \mathcal{L}}\}_{\ell\geq 0}$ ob-

tained in $Th\infty rem1$ . Let $A$ be the operator &om $L^{2}(\Omega)$ into itself defined by

(1.7) $D(A)=H^{2}(\Omega)\cap H_{0}^{1}(\Omega)$ , $ A=-\Delta$ ,

which is closed on account of the wel known $L^{2}$ estimate ([2, 6])

(1.8) $||u||_{H^{2}(\Omega)}\leq C||(1+A)u||_{L^{2}(\Omega)}$ , $u\in D(A)$ .

By $Th\infty rem2$ we have $D(\mathcal{L})\subset D(A)$ . The operator $A$ is nonnegative selfadjoint so that
its fractional powers $A^{\alpha}$ are wel defined. The following $th\infty rem$ asserts that $e^{-t\mathcal{L}}a$ is in
$D(A)$ for al $t>0$ without any regularity assumptions on $a$, and that $e^{-\ell \mathcal{L}}a$ is in $D(\mathcal{L})$

for all $t>0$ under the additional assumption $(k\times x)\cdot\nabla a\in H^{-\infty}(\Omega)\equiv\bigcup_{m\geq 0}H^{-m}(\Omega)$ ,
where $H^{-m}(\Omega)$ is the dual space of $H_{0}^{m}(\Omega)$ .
Theorem 4. (i) Suppose that $a\in L^{2}(\Omega)$ . Then $e^{-\ell \mathcal{L}}a\in D(A)$ for $a\Pi t>0$ . Let
$0<\alpha\leq 1$ . Then there is a constan$tC=C(\alpha)>0$ such that

(1.9) $\Vert A^{\alpha}e^{-\ell \mathcal{L}}a\Vert_{L^{2}(\Omega)}\leq Ct^{-\alpha}||a||_{L^{2}(\Omega)}$ ,

for $0<t<1$ .
(ii) Suppose that $a\in L^{2}(\Omega)$ and that $(k\times x)\cdot\nabla a\in H^{-m}(\Omega)$ for some integer $m\geq 0$ .

Then $e^{-\ell \mathcal{L}}a\in D(\mathcal{L})$ for $a\Pi t>0$ , and

(1.10) $\mathcal{L}e^{-\ell \mathcal{L}}a\in C((0, \infty);L^{2}(\Omega))$ , $e^{-\ell \mathcal{L}}a\in C^{1}((0, \infty);L^{2}(\Omega))$ ,

with

(1.11) $\frac{d}{dt}e^{-\ell \mathcal{L}}a+\mathcal{L}e^{-\ell \mathcal{L}}a=0$ , $t>0$ ,

in $L^{2}(\Omega)$ . Let $0<\alpha\leq 1$ . Then there is a constan$tC=C(m, \alpha)>0$ such that

(1.12)
$\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a\Vert_{L^{2}(\Omega)}\leq C[t^{-\alpha}||a||_{L^{2}(\Omega)}+t^{-m\alpha/2}\{||(k\times x)\cdot$ Va $||_{H^{-m}(\Omega)}+11a11_{L^{2}(\Omega)}\}]$ ,
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for $0<t<1$ .
(iii) Suppose that $a\in D(\mathcal{L}^{\delta})$ for some $0<\delta<1$ an$d$ that $(k\times x)\cdot\nabla a\in H^{-m}(\Omega)$ for

some integer $m\geq 0$ . Let $\delta<\alpha\leq 1$ . Then there is a constant $C=C(\delta,m, \alpha)>0$ such
that

(1.13)
$\Vert \mathcal{L}^{\alpha}e^{-t\mathcal{L}}a\Vert_{L^{2}(\Omega)}\leq C[t^{-\alpha+\delta}||a||_{D(\mathcal{L}^{\delta})}+t^{-\frac{m(\alpha-\delta)}{2(1-\delta)}}\{||(k\times x)\cdot\nabla a\Vert_{H^{-m}(\Omega)}+||a||_{D(\mathcal{L}^{\delta})}\}]$ ,

for $0<t<1$ .
(iv) Let $0<\alpha\leq 1$ . Then

(1.14) $\Vert A^{\alpha}e^{-\ell \mathcal{L}}a\Vert_{L^{2}(\Omega)}=o(t^{-\alpha})$ as $t\rightarrow 0$ ,

for all $a\in L^{2}(\Omega)$ , an$d$

(1.15) $\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a\Vert_{L^{2}(\Omega)}=o(t^{-\alpha})$ as $t\rightarrow 0$ ,

for $a\Pi a\in L^{2}(\Omega)$ satisfying $(k\times x)\cdot\nabla a\in H^{-1}(\Omega)$ .
By the known method in nonhomogeneous problems (Pazy [12, Chapter 4]), the result

(ii) of Theorem 4 implies that the function

$u(t)=\int_{0}^{\ell}e^{-(t-\epsilon)\mathcal{L}}F(s)ds$ ,

is of the same class as (1.10) and satisfies

$\frac{du}{dt}+\mathcal{L}u=F(t)$ , $0<t<T$; $u(O)=0$ ,

in $L^{2}(\Omega)$ if the forcing tem fulfills

$F\in C^{\sigma}(I;L^{2}(\Omega))\cap L^{1}(0,T;L^{2}(\Omega))$ ,

$(k\times x)\cdot\nabla F\in C^{\sigma}(I;H^{-2}(\Omega))\cap L^{1}(0,T;H^{-2}(\Omega))$ ,

with some H\"older exponent $\sigma\in(0,1)$ for every compact interval $I\subset(0, T)$ . Estimnates
(1.9), (1.12) and (1.13) near $t=0$ together with (1.6) are useful in proving the local
existence of the strong solution to the semilinear problem associated with (1.1).

To overcome the difficulty caused by the lack of boundedness of the coefficient of $\mathcal{L}$ , we
employ the method based on a cut-off procedure, which is for instance sinilar to $[9, 14]$ .
In the proof of Theorem 1, besides the accretivity (section 2), we construct the resolvent
$(\lambda+\mathcal{L})^{-1}$ for ${\rm Re}\lambda>0$ by using resolvents for $R^{3}$ and for a bounded domain near the
boundary $\Gamma$ (section 5). It is noted that the surjectivity of $\lambda+\mathcal{L}$ does not folow $hom$

the simple consideration of the adjoint operator $\mathcal{L}^{*}$ of $\mathcal{L}$ since $D(\mathcal{L}^{*})$ as wel as $D(\mathcal{L})$ is
not clear before the proof of Theorem 2. In the proof of Theorems 2 and 3, a key step
is that $u\in D(\mathcal{L})$ implies $\Delta u\in L^{2}(\Omega)$ . We prove such a regularity property for a unique
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solution to the boundary value problem (section 5). In the proof of Theorem 4, we employ
the cut-off procedure once again for the initial boundary value problem with the aid of
some smoothing properties of solutions in $R^{3}$ and in bounded domains (section 7). For the
problem in $R^{3}$ we make $ful$ use of the Fourier transfom together with an explicit formula
of the solution (section 3), while the operator $\Delta+(k\times x)\cdot\nabla$ in bounded domains generates
an analytic semigroup (section 4).

In order to construct a unique local solution of the Navier-Stokes equations in the
exterior of a rotating obstacle, the above theorems for the associated operator are necessary.
Most part of the method developed here combined with Bogovskil’s $tecique$ for the
recovery of the solenoidal condition in cut-off procedures can be applied to the problem
(1.2); this wil be discussed elsewhere $[7, 8]$ .

The content of this paper is as folows. In section 2 we show the accretivity of $\mathcal{L}$ . In
sections 3 and 4 we respectively carry out the analysis of the operator $\Delta+(k\times x)\cdot\nabla$ in
$\mathbb{R}^{3}$ and in bounded domains. Section 5 is concerned with the construction of the resolvent
$(\lambda+\mathcal{L})^{-1}$ to prove Theorem 1. In section 6 we derive $L^{2}$ a priori estimates to prove
$Th\infty rem2$ together with $Th\infty rem3$ . The final section is devoted to the investigation of
the smoothing effect for the semigroup $e^{-\ell \mathcal{L}}$ to prove $Th\infty rem4$ .
Notation. Besides the symbols which have been already introduced, we adopt the folow-
ing notation. For a domain $G$ in $R^{3}$ , we denote the nom of $L^{2}(G)$ by $||\cdot||_{G}=||\cdot||_{L^{2}(G)}$ .
For simplicity, we use the abbreviation $||\cdot||$ for $||\cdot||_{\Omega}$ , where $\Omega=R^{3}\backslash \mathcal{O}$ is the given exterior
domain. The scalar product on $L^{2}(\Omega)$ and some duality pairings are denoted by $(\cdot, \cdot)$ . We
set $\mathbb{C}+=\{\lambda\in \mathbb{C};{\rm Re}\lambda>0\}$ , that is, the right half complex plane.

2. Accretivity
In this section we prove that the operator $\mathcal{L}$ defined by (1.4) is accretive and has the

dense domain in $L^{2}(\Omega)$ . It folows from the relation $D(\mathcal{L})\supset D(\mathcal{L}_{0})\supset C_{0}^{\infty}(\Omega)$ that $D(\mathcal{L})$ is
dense in $L^{2}(\Omega)$ . So, it is sufficient to show the accretivity of the operator $\mathcal{L}_{0}$ . In fact, this
implies that $\mathcal{L}_{0}$ is closable (so that $\mathcal{L}=\overline{\mathcal{L}_{0}}$ is wel defined), an$d$ that $\mathcal{L}$ is also accretive
(Ibnabe [15, Chapter 2]).

First of al, since we easily observe the folowing lemma without using the accretivity,
we give its proof.

Lemma 2.1. The $op$erator $\mathcal{L}_{0}$ defined by (1.3) is closable in $L^{2}(\Omega)$ .

Prvof Suppose that $u_{j}\in D(\mathcal{L}_{0}),$ $||u_{j}||\rightarrow 0,$ $||\mathcal{L}_{0}u_{j}-v\Vert\rightarrow 0$ as $ j\rightarrow\infty$ . For every
$\varphi\in C_{0}^{\infty}(\Omega)$ , an integration by parts together with $\nabla\cdot(k\times x)=0$ yields

$(\mathcal{L}_{0}u_{j},\varphi)=(u_{j}, -\Delta\varphi+(k\times x)\cdot\nabla\varphi)\rightarrow 0$ as $ j\rightarrow\infty$ .

We thus have $(v, \varphi)=0$ , which implies $v=0$ . $\square $

Due to the special structure of $(k\times x)\cdot\nabla$ , we obtain the folowing lemma, which just
asserts that the operator $\mathcal{L}_{0}$ is accretive in $L^{2}(\Omega)$ .
Lemma 2.2. For each $u\in D(\mathcal{L}_{0})$ , we have

(2.1) $Re(\mathcal{L}_{0}u,u)=||\nabla u||^{2}$ .
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Proof. Let $u\in D(\mathcal{L}_{0})$ . An integration by parts yields the folowing equality for large
$R>0$ :

$\int_{\Omega_{R}}[(k\times x)\cdot\nabla u]\overline{u}dx=-\int_{\Omega_{R}}u[(k\times x)\cdot\nabla\overline{u}]dx$ ,

where $\Omega_{R}=\{x\in\Omega;|x|<R\}$ . Here, note that the integral on $\Gamma$ vanishes because of
$u\in H_{0}^{1}(\Omega)$ , and that the integral on $|x|=R$ does because of $x\cdot(k\times x)=0$ . Since
$(k\times x)\cdot\nabla u\in L^{2}(\Omega)$ , letting $ R\rightarrow\infty$ in the above equality implies $((k\times x)\cdot\nabla u,u)=$

$-$ $(u, (k\times x)$ . Vu), so that ${\rm Re}((k\times x)\cdot\nabla u,u)=0$ . We thus obtain (2.1). $\square $

Corollary 2.3. For each $u\in D(\mathcal{L})$ , we have $u\in H_{0}^{1}(\Omega)$ vvith the relation (2.1), so that $\mathcal{L}$

$is$ an accretive operator in $L^{2}(\Omega)$ . As a resul $t$ , the operator $\lambda+\mathcal{L}$ has a continuous inverse
for each $\lambda\in \mathbb{C}+\cdot$

Proof. For $u\in D(L)$ , we take $u_{j}\in D(\mathcal{L}_{0})$ so that $\Vert u_{j}-u||_{D(\mathcal{L})}\rightarrow 0$ as $ j-\rangle$ $\infty$ . Then, by
(2.1) the sequence $\{u_{j}\}$ is a Cauchy one in $H^{1}(\Omega)$ so that $\Vert u_{j}-u\Vert_{H^{1}\langle\Omega)}\rightarrow 0$ as $ j\rightarrow\infty$ .
This implies $u\in H_{0}^{1}(\Omega)$ with (2.1). It folows $hom(2.1)$ for $u\in D(\mathcal{L})$ that

(2.2) II $(\lambda+\mathcal{L})u||\Vert u||\geq{\rm Re}\lambda||u||^{2}+||\nabla u\Vert^{2}$ , $u\in D(\mathcal{L})$ ,

which implies

(2.3) 11 $(\lambda+\mathcal{L})u\Vert\geq{\rm Re}\lambda\Vert u\Vert$ , $u\in D(\mathcal{L})$ .

Therefore, we obtain the latter assertion. $\square $

Remark 2.1. By (2.3) the operator $1+\mathcal{L}$ has a closed range on account of the closedness of
$\mathcal{L}$ . Consider the adjoint operator $\mathcal{L}^{*}$ of $\mathcal{L}$ , which is of the $form-\Delta+(k\times x)$ . V. If $1+\mathcal{L}^{*}$

is injective, then $1+\mathcal{L}$ is surjective so that $\mathcal{L}$ is an m-accretive operator. However, the
same argument as above implies (2.3) with $\mathcal{L}$ replaced by $\mathcal{L}^{*}$ for only $u$ belonging to the
completion of $D(\mathcal{L}_{0})$ under the graph norm of $\mathcal{L}^{*}$ . Since $D(\mathcal{L}^{*})$ is not clear (at present)
and may be larger, this consideration is not sufficient for the proof of the $m$accretivity of
$\mathcal{L}$ . The surjectivity of $1+\mathcal{L}$ wil be proved directly through the corresponding boundary
value problem in section 5.

3. The operator $\Delta+(k\times x)\cdot\nabla$ in $R^{3}$

Let $\mathcal{L}_{e,0}$ be the operator $homL^{2}(\mathbb{N}^{3})$ into itself defined by

$\left\{\begin{array}{l}D(\mathcal{L}_{e,0})=\{u\in H^{2}(\mathbb{R}^{3});(k\times x)\cdot\nabla u\in L^{2}(R^{3})\}\\\mathcal{L}_{c,0}=-\triangle-(k\times x)\cdot\nabla\end{array}\right.$

Then the same way as in Lemma 2.2 implies that $\mathcal{L}_{e,0}$ is a densely defined accretive
operator in $L^{2}(R^{3})$ . Thus the operator $\mathcal{L}_{e,0}$ is closable so that we can define the operator
$\mathcal{L}_{e}$ : $L^{2}(\mathbb{R}^{3})\rightarrow L^{2}(R^{3})$ by

$\mathcal{L}_{e}=\overline{\mathcal{L}_{e,0}}$ (the closure of $\mathcal{L}_{e,0}$).
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It is evident that the operator $\mathcal{L}_{e}$ has the same property as in Corolary 2.3. Therefore,
for each $\lambda\in \mathbb{C}+andf\in L^{2}(\mathbb{R}^{3})$ , we have the uniquenaes of solutions in $D(\mathcal{L}_{e})$ for the
equation

(3.1) $\lambda u+\mathcal{L}_{e}u=f$ in $L^{2}(R^{3})$ ,

which corresponds to the spectral steady problem

(3.2) $\lambda u-\Delta u-(k\times x)$ . Vu $=f$, $x\in \mathbb{R}^{3}$ .

The ffist purpose of this section is to prove the $folow\dot{i}g$ proposition.

Proposition 3.1. The resolven $t$ set $\rho(-\mathcal{L}_{e})$ of the $operator-\mathcal{L}_{\epsilon}$ contains the nght $h$alf
plane $\mathbb{C}+\cdot$ As a result, the operator $\mathcal{L}_{e}$ is m-accretive, so that $-\mathcal{L}_{e}$ generates a $(C_{0})$

seniroup $\{e^{-\ell \mathcal{L}}\cdot\}_{\ell\geq 0}$ of contractions on $L^{2}(R^{3})$ .
For the proof of Proposition 3.1, we have to establish the existence of the solution to

(3.1) for every $f\in L^{2}(R^{3})$ . The equation (3.2) is formally deduced ffom the Laplace
transfom of

(3.3) $\partial_{\ell}v=\Delta v+(k\times x)\cdot\nabla v$ , $x\in R^{3},t>0$ ,
(3.4) $v(x,0)=f(x)$ , $x\in R^{3}$ ,

with respect to the time variable. By a direct calculation (cf. the reduction of (1.2) in [8])
the function

(3.5) $v(x, t)=[U(t)f](x)=[e^{\ell\Delta}f](O(t)x)$ , $x\in R^{3},t>0$,

satisfies the initial value problem (3.3) and (3.4) with $f\in L^{2}(R^{3})$ , where

(3.6) $[e^{\ell\Delta}f](x)=(4\pi t)^{-3/2}\int_{R^{3}}e^{-\llcorner*-\#^{L^{2}}}lf(y)dy$ .

It is easy to see that

(3.7) $||U(t)f||_{R^{S}}=\Vert[e^{\ell\Delta}f](O(t))\Vert_{R^{3}}=||e^{\ell\Delta}f\Vert_{R^{3}}\leq||f\Vert_{R^{3}}$ , $t>0$ .

Set $U(O)=I$ . It is possible to show that the family $\{U(t)\}_{\ell\geq 0}$ is a $(C_{0})$ semigroup on
$L^{2}(R^{3})$ . But, at present, the coincidence between the domain of its infinitesimal generator
and the domain $D(\mathcal{L}_{e})$ of $\mathcal{L}_{e}$ defined above is not clear (this wil be clarified later). The
solvabihty for (3.1), however, can be established by using $U(t)$ .
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Lemma 3.2. For each $\lambda\in \mathbb{C}+andf\in L^{2}(\mathbb{R}^{3})$ , there exists a uniq $ue$ solution $u\in D(\mathcal{L}_{e})$

to (3.1). This solution possesses the regularity $\Delta u\in L^{2}(R^{3})$ with estimate

(3.8) $||\triangle u\Vert_{R^{3}}\leq||f\Vert_{R^{3}}$ ,

an $d$ is of class

(3.9) $u\in H^{2}(R^{3})$ , $(k\times x)\cdot\nabla u\in L^{2}(R^{3})$ .

Proof. The uniqueness of solutions in $D(\mathcal{L}_{e})$ can be deduced in the same way as in the
proof of Corolary 2.3 (as already mentioned). For given $\lambda\in \mathbb{C}+andf\in L^{2}(\mathbb{R}^{3})$ , we may
expect that the solution to (3.1) is given by

(3.10) $u(x, \lambda)=\int_{0}^{\infty}e^{-\lambda t}[U(t)f](x)dt$ ,

which is in $L^{2}(R^{3})$ because of (3.7). We have to prove that $u(\lambda)\equiv u(\cdot, \lambda)\in D(\mathcal{L}_{e})$ . We
first show that $\Delta u(\lambda)\in L^{2}(R^{3})$ with estimate (3.8). Consider the Fourier transform of
$u(\lambda)$ with respect to the space variable:

$\mathcal{F}[u(\lambda)](\xi)\equiv u\wedge(\xi, \lambda)=(2\pi)^{-3/2}\int_{R^{3}}e^{-ix\cdot\xi}u(x, \lambda)dx$

(3.11)
$=\int_{0}^{\infty}e^{-\lambda\ell}\mathcal{F}[U(t)f](\xi)dt$ ,

where $i=\sqrt{-1}$. For $v(t)=U(t)f\in L^{2}(\mathbb{R}^{3})$ , we have $(k\times x)\cdot\nabla v\in S^{\prime}(\mathbb{R}^{3})$ , the class of
temperate distributions. We thus take the Fourier transform of the initial value problem
(3.3) and (3.4). One can $veri\Psi$

(3.12) $\mathcal{F}[(k\times x)\cdot\nabla_{x}v]=(k\times\xi)\cdot\nabla_{\xi}v\wedge$,

so that

(3.13) $\mathcal{F}[U(t)f](\xi)i^{\wedge}v(\xi, t)=e^{-|\xi|^{2}}{}^{t^{\wedge}}f(O(t)\xi)$ .

Therefore, by (3.11) and (3.13) the FMbini and the Plancherel theorems imply

$\int_{R^{3}}|\xi|^{4}|u\wedge(\xi, \lambda)|^{2}d\xi$
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$=\int_{R^{3}}|\xi|^{4}|\int_{0}^{\infty}e^{-(\lambda+|\xi|^{2})t^{\wedge}}f(O(t)\xi)dt|^{2}d\xi$

$\leq\int_{R^{3}}|\xi|^{4}(\int_{0}^{\infty}e^{-\langle R\epsilon\lambda+|\xi|^{2})t}dt)(\int_{0}^{\infty}e^{-\langle R\epsilon\lambda+|\xi|^{2})\ell}|f\wedge(O(t)\xi)|^{2}dt)d\xi$

$=\int_{0}^{\infty}\int_{R^{3}}\frac{|\xi|^{4}}{{\rm Re}\lambda+|\xi|^{2}}e^{-(Ii\epsilon\lambda+|\xi|^{2})\ell}|f\wedge(\xi)|^{2}d\xi dt$

$=\int_{R^{S}}\frac{|\xi|^{4}}{({\rm Re}\lambda+|\xi|^{2})^{2}}|f\wedge(\xi)|^{2}d\xi$

$\leq\Vert f]|_{R^{3}}^{2}=||f||_{R_{\varpi}^{3}}^{2}\epsilon$

This yields $\Delta u(\lambda)\in L^{2}(R^{3})$ with estimate

$||\Delta u(\lambda)||_{R_{*}^{3}}=||\mathcal{F}[\Delta u(\lambda)]||n_{\epsilon}^{s}\leq||f||_{R_{r}^{S}}$ .
Rom this it folows that $u\in H^{2}(R^{3})$ and that $(k\times x)\cdot\nabla u=\lambda u-\Delta u-f\in L^{2}(R^{3})$ . Hence,
$u\in D(\mathcal{L}_{e,0})\subset D(\mathcal{L}_{e})$ , so that we can consider $\mathcal{L}_{e}u$ . By $(3.3)-(3.5),$ $(3.7)$ and (3.10) we
obtain

$\mathcal{L}_{e}u(\lambda)=-\int_{0}^{\infty}e^{-\lambda\ell}\partial_{\ell}[U(t)f]dt=f-\lambda u(\lambda)$ ,

in $L^{2}(R^{3})$ . Thus, $u(\lambda)$ is actually the solution to (3.1). We have completed the proof. $\square $

Proof ofPrvposition S. 1. Lemma 3.2 asserts that the operator $\lambda+\mathcal{L}_{e}$ is bijective in $L^{2}(R^{3})$

for every $\lambda\in \mathbb{C}+\cdot$ This implies $\mathbb{C}+\subset\rho(-\mathcal{L}_{e})$ so that $\mathcal{L}_{e}$ is an $m$accretive operator. By
the Lumer-Philhp $th\infty rem$ (Pazy [12, Chapter 1]) the operator $-\mathcal{L}_{e}$ generates a $(C_{0})$

semigroup $\{e^{-\ell \mathcal{L}_{*}}\}_{\ell\geq 0}$ of contractions. $\square $

We here mention that the semigroup $\{e^{-\ell \mathcal{L}}\cdot\}_{\ell\geq 0}\propto actly$ coincides with the $fam4y$
$\{U(t)\}_{\ell\geq 0}$ given by (3.5). In fact, since the unique solution to (3.1) is given by (3.10),
the resolvent is of the form

(3.14) $(\lambda+\mathcal{L}_{e})^{-1}=\int_{0}^{\infty}e^{-\lambda\ell}U(t)dt$ , $\lambda\in \mathbb{C}+\cdot$

On the other hand, we have

$(\lambda+\mathcal{L}_{e})^{-1}=\int_{0}^{\infty}e^{-\lambda\ell}e^{-\ell \mathcal{L}_{*}}dt$ , $\lambda\in \mathbb{C}+$

’

by the standard $th\infty ry$ of semigroups ([12, 15]). Therefore, for all $f$ an$d\varphi$ in $L^{2}(R^{3})$ we
get

$\int_{0}^{\infty}e^{-\lambda t}(U(t)f,\varphi)dt=\int_{0}^{\infty}e^{-\lambda\ell}(e^{-\ell \mathcal{L}}\cdot f,\varphi)dt$ .
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It folows from the uniqueness of the inverse Laplace transform in the class of continuous
functions that $(U(t)f, \varphi)=(e^{-t\mathcal{L}_{e}}f, \varphi)$ for al $\varphi\in L^{2}(\mathbb{R}^{3})$ . We thus obtain $U(t)f=e^{-t\mathcal{L}_{e}}f$

for all $f\in L^{2}(\mathbb{R}^{3})$ and $t>0$ .
Besides

(3.15) $||(\lambda+\mathcal{L}_{e})^{-1}f||_{R^{3}}\leq\frac{1}{{\rm Re}\lambda}\Vert f||_{R^{3}}$ ,

we give some estimates for the derivatives of the resolvent.

Lemma 3.3. It holds that

(3.16) $\Vert\nabla(\lambda+\mathcal{L}_{e})^{-1}f||_{R^{3}}\leq\frac{1}{(Re\lambda)^{1/2}}\Vert f\Vert_{R^{3}}$ ,

(3.17) $||D^{2}(\lambda+\mathcal{L}_{e})^{-1}f||_{R^{S}}\leq||f||_{R^{3}}$ ,

for ail $\lambda\in \mathbb{C}+andf\in L^{2}(\mathbb{R}^{3})$ .
Proof. Set $u=(\lambda+\mathcal{L}_{e})^{-1}f$ . Then the relation $||D^{2}u||_{R^{S}}=||\Delta u\Vert_{R^{3}}$ (by using the Riesz
transform) and (3.8) give (3.17). By $||\nabla u||_{R^{3}}^{2}\leq||\Delta u||_{R^{3}}||u||_{R^{3}}\leq||f\Vert_{R^{3}}\Vert u||_{R^{3}}$ , estimate
(3.15) implies (3.16). $\square $

The folowing proposition presents an $L^{2}$ a priori estimate for the operator $\mathcal{L}_{e}$ . This is
the entire space version of Theorem 2.

Proposition 8.4. For each $u\in D(\mathcal{L}_{e})$ , we $h$ave

$u\in H^{2}(R^{3})$ , $(k\times x)\cdot\nabla u\in L^{2}(R^{3})$ ,

wrth estimates

(3.18) $||\Delta u||_{R^{3}}\leq||\mathcal{L}_{e}u||_{R^{S}}$ ,

(3.19) $\Vert(k\times x)\cdot\nabla u||_{R^{S}}\leq 2\Vert \mathcal{L}_{e}u||_{R^{3}}$ .

There is a constan$tC>0$ such that

(3.20) $\Vert u||_{H^{2}(R^{3})}+\Vert(k\times x)\cdot\nabla u\Vert_{R^{3}}\leq C\Vert(1+\mathcal{L}_{\epsilon})u\Vert_{R^{3}}$ ,

for all $u\in D(\mathcal{L}_{e})$ . As a resul$t,$ $D(\mathcal{L}_{e})=D(\mathcal{L}_{e,0})$ an $d$, therefore, $\mathcal{L}_{e}=\mathcal{L}_{e,0}$ .

Proof. For $u\in D(\mathcal{L}_{e})$ and $\lambda>0$ , we set $f=(\lambda+\mathcal{L}_{e})u\in L^{2}(R^{3})$ . Then, by Lemma 3.2 the
unique solution $u$ to (3.1) with such $f$ is of class (3.9) so that $D(\mathcal{L}_{e})=D(\mathcal{L}_{e,0})$ . Further,
by (3.8) we have
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$\Vert\Delta u\Vert_{R^{3}}\leq\Vert f\Vert_{R^{S}}=\Vert(\lambda+\mathcal{L}_{e})u\Vert_{R^{3}}$ .
Letting $\lambda\rightarrow 0$ yields (3.18). Rom this it follows that

$||(k\times x)$ . Vu $||_{R^{3}}=||\mathcal{L}_{e}u+\Delta u||_{R^{3}}\leq 2||\mathcal{L}_{e}u||_{R^{3}}$ ,

which is just (3.19). We thus obtain

$||u||_{H^{2}(R^{3})}+||(k\times x)\cdot\nabla u||n^{s}\leq C(||\Delta u||_{R^{S}}+||u||_{R^{S}})+2||\mathcal{L}_{\epsilon}u||_{R^{3}}$

$\leq C(||\mathcal{L}_{e}u||_{R^{3}}+||u||_{R^{S}})$ ,

for $u\in D(\mathcal{L}_{e})$ . Since $1+\mathcal{L}_{e}$ has a bounded inverse, the above estimate gives (3.20). $\square $

We wil derive the smoothing effect for the semigroup $\{U(t)\}_{\ell\geq 0}$ given by (3.5) (and
Proposition 3.1).

Proposition 3.5. Suppose that $f\in L^{2}(R^{3})$ . Then $U(t)f\in H^{\mathfrak{n}}(R^{3})$ for $a\Pi t>0$ an$d$

every integer $n\geq 1$ . Given an integer $n\geq 1$ , let $0\leq s\leq n$ . If $f\in H^{\epsilon}(R^{3})\equiv(1-$

$\Delta)^{-\epsilon/2}[L^{2}(R^{3})]$ , then there is a constant $C=C(n-s)>0su$ch that

(3.21) $||D^{n}U(t)f||_{R^{S}}\leq Ct^{-(n-\epsilon)/2}||f||_{H\cdot\{R^{3})}$ ,

for $t>0$, where $D^{n}$ denotes each of denVatives of n-th order.

Proof. Since we have

$\int_{R^{3}}|\xi|^{2\mathfrak{n}}e^{-2|\xi|^{2}\ell}|^{\wedge}f(O(t)\xi)|^{2}d\xi\leq Ct^{-(\mathfrak{n}-\epsilon)}\Vert|\xi|^{\epsilon}f]|_{n_{\epsilon}^{s}}^{2}$ ,

for0 $\leq s\leq n$ , the formula (3.13) $giv\infty U(t)f\in H^{n}(R^{3})$ with estimate (3.21). $\square $

Proposition 3.6. Suppose that $f\in L^{2}(R^{3})$ an $d$ that $(k\times x)\cdot\nabla f\in H^{-m}(R^{3})$ for some
integerm $\geq 0$ , where $H^{-m}(R^{3})$ denotes the dual space of $H^{m}(\mathbb{R}^{3})$ . Then $(k\times x)\cdot\nabla U(t)f\in$

$H^{\mathfrak{n}}(\mathbb{R}^{3})$ for all $t>0$ an $d$ every integer $n\geq 0$ With estimate

(3.22) $||(k\times x)\cdot\nabla U(t)f||_{H^{n}(R^{S})}\leq C(t A 1)^{-\langle m+\mathfrak{n})/2}||(k\times x)\cdot\nabla f||_{H^{-m}(R^{S})}$ ,

for $t>0$ , where $t$ A $1=m\dot{i}\{t, 1\}$ and $C=C(m+n)>0$ .
Proof. Set $g=(k\times x)\cdot\nabla f$ and $v(t)=U(t)f$ . By (3.12), (3.13) and $(k\times\xi)\cdot\xi=0$ , we
obtain

$\mathcal{F}[(k\times x)\cdot\nabla_{x}v](\xi)=(k\times\xi)\cdot\nabla_{\xi}v\wedge(\xi, t)=e^{-|\xi|^{2}\ell}(k\times\xi)\cdot\nabla_{\xi}[f\wedge(O(t)\xi)]$ .

Since $ g\wedge=(k\times\xi)\cdot\nabla_{\xi}f\wedge$ and since $k\times(O(t)\xi)=O(t)(k\times\xi)$ , we have

$g\wedge(O(t)\xi)=[k\times(O(t)\xi)]\cdot([\nabla f\wedge](O(t)\xi))=(k\times\xi)\cdot\nabla\xi[f\wedge(O(t)\xi)]$ .
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Combining the above equalities yields

(3.23) $\mathcal{F}[(k\times x)\cdot\nabla v](\xi)=e^{-|\xi|^{2}}{}^{t^{\wedge}}g(O(t)\xi)$ ,

in $S^{\prime}(R^{3})$ . Hence, it follows from

$\int_{R^{3}}(1+|\xi|^{2})^{n}e^{-2|\xi|^{2}\ell}|^{\wedge}g(O(t)\xi)|^{2}d\xi$

$\leq(\max\{\frac{m+n}{2t},$ $ 1\})^{m+n}\Vert(1+|\xi|^{2})^{-m/2\wedge}g\Vert_{R^{3}}^{2}\epsilon$

$=\left\{\begin{array}{ll}\Vert g||_{R^{S}}^{2} & if m=n=0,\\[(\frac{2t}{m+n}) A 1]^{-(m+n)}||g||_{H-m(R^{3})}^{2} & if m+n>0,\end{array}\right.$

that $(k\times x)\cdot\nabla v\in H^{\mathfrak{n}}(\mathbb{R}^{3})$ with estimate (3.22). $\square $

By (3.23) it turns out that $U(t)$ is not an analytic semigroup on $L^{2}(\mathbb{R}^{3})$ although it
possesses the smoothing effect (3.21). This wil be proved in Proposition 3.8.

The next proposition is concerned with the existence of a strong solution to the Cauchy
problem.

Proposition 3.7. Suppose that $f\in L^{2}(\mathbb{N}^{3})$ and that $(k\times x)\cdot\nabla f\in H^{-\infty}(\mathbb{R}^{3})\equiv$

$\bigcup_{m\geq 0}H^{-m}(\mathbb{R}^{3})$ . Then $U(t)f\in D(\mathcal{L}.)$ for all $t>0$ , an $d$

$\mathcal{L}_{\epsilon}U(\cdot)f\in C((0, \infty);H^{\epsilon}(\mathbb{R}^{3}))$ , $U(\cdot)f\in C^{1}((0, \infty);H^{\epsilon}(R^{3}))$ ,

with

(3.24) $\frac{d}{dt}U(t)f+\mathcal{L}_{e}U(t)f=0$ , $t>0$ ,

in $H^{\epsilon}(\mathbb{R}^{3})$ for every $s\geq 0$ .
Proof. Set $g=(k\times x)\cdot\nabla f$ and $v(t)=U(t)f$ . By Propositions 3.4, 3.5 and 3.6 we have
$v(t)\in D(\mathcal{L}_{e})$ and $\mathcal{L}.v(t)\in H^{S}(R^{3})$ for all $t>0$ and every $s\geq 0$ . By (3.13) and (3.23) we
make a change of variable $\eta=O(t/2)\xi$ to obtain

$\overline{(\mathcal{L}_{e}v)}(\xi,t+h)=|\eta|^{2-|\eta|^{2}\langle t+h)^{\wedge}}ef(O(t/2+h)\eta)-e^{-|\eta|^{2}}(g(O(t/2+h)\eta)$

$=e^{-|\eta|^{2}\ell/2}\overline{(\mathcal{L}_{\epsilon}v)}(\eta,t/2+h)$ .

Using this relation, we get

$||\mathcal{L}_{e}v(t+h)-\mathcal{L}_{e}v(t)||_{H\langle R^{3})}^{2}$
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$=\int_{\mathbb{R}^{3}}(1+|\xi|^{2})^{s}|\overline{(\mathcal{L}_{e}v)}(\xi, t+h)-\overline{(\mathcal{L}_{e}v)}(\xi, t)|^{2}d\xi$

$=\int_{R^{S}}(1+|\eta|^{2})^{S}e^{-|\eta|^{2}t}|\overline{(\mathcal{L}_{e}v)}(\eta, t/2+h)-\overline{(\mathcal{L}_{e}v)}(\eta,t/2)|^{2}d\eta$

$\leq(\max t\frac{s}{t},$ $1\})^{s}||\mathcal{L}_{e}v(t/2+h)-\mathcal{L}_{e}v(t/2)||_{R^{S}}^{2}$

$=C_{s}(t\wedge 1)^{-\epsilon}||U(t/4+h)\mathcal{L}_{e}v(t/4)-U(t/4)\mathcal{L}_{e}v(t/4)||_{R^{S}}^{2}$ .

Hence, $\mathcal{L}_{e}v\in C((0, \infty);H^{s}(R^{3}))$ . The same reasoning as above gives

$\Vert\frac{v(t+h)-v(t)}{h}+\mathcal{L}_{e}v(t)\Vert_{H\cdot(R^{3})}^{2}$

$\leq C_{s}(t\wedge 1)^{-\epsilon}\Vert\frac{v(t/2+h)-v(t/2)}{h}+\mathcal{L}_{e}v(t/2)\Vert_{R^{3}}^{2}$

$=C_{\epsilon}(t\wedge 1)^{-\epsilon}\Vert\frac{U(t/4+h)v(t/4)-U(t/4)v(t/4)}{h}+\mathcal{L}_{e}U(t/4)v(t/4)\Vert_{R^{3}}^{2}$

Since $v(t/4)\in D(\mathcal{L}_{e})$ , letting $h\rightarrow 0$ implies that $v\in C^{1}((0, \infty);H^{\epsilon}(R^{3}))$ with (3.24). $\square $

Remark S. 1. It seems to be difficult to show further regularity properties of the semigroup
with respect to the time variable under the assumptions of Proposition 3.7. If, in addition,
$(k\times x)\cdot\nabla[(k\times x)\cdot\nabla f]\in H^{-\infty}(R^{3})$ , then we obtain $U(\cdot)f\in C^{2}((0, \infty);H^{\epsilon}(R^{3}))$ for
every $s\geq 0$ ; we do not enter into the detail.

We finaly prove the folowing proposition.
Proposition 3.8. The semigroup $\{U(t)\}_{t\geq 0}$ on $L^{2}(R^{3})$ given by (3.5) (an $d$ Proposition
3.1) is not analytic.

Prvof Suppose that $\{U(t)\}_{\ell>0}$ is an analytic sernigroup. Then for all $f\in L^{2}(R^{3})$ and
$t>0$ , we have $U(t)f\in D(\mathcal{L}_{e}\overline{)}$ (see [12, 15]); in particular, $(k\times x)\cdot\nabla U(t)f\in L^{2}(R^{3})$ by
Proposition 3.4. Therefore, for $g=(k\times x)\cdot\nabla f\in S^{\prime}(R^{3})$ with $ g\wedge=(k\times\xi)\cdot\nabla_{\xi}f\wedge$, it folows
ffom (3.23) that

(3.25) $e^{-|\xi|^{2}}{}^{t\wedge}g\in L^{2}(R_{\xi}^{3})$ , $\forall f\in L^{2}(R_{x}^{3}),$ $\forall t>0$ .

We fix $\varphi\in S(R_{\xi}^{3})$ , the class of rapidly decreasing functions, so that $\varphi(\xi)=1$ for $|\xi|\leq 2$ .
Let $\ell=(1,0,0)^{T}$ and consider the function $f$ given by

$ f=\mathcal{F}^{-1}f\in L^{2}(R_{x}^{3})\wedge$ , $f(\xi)\wedge=\frac{\varphi(\xi-\ell)}{|\xi-\ell|}\in L^{2}(R_{\xi}^{3})$ ,

where $\mathcal{F}^{-1}$ is the inverse of the Fourier transfom (3.11). Then

$\nabla_{\xi}f(\xi)=\frac{(\nabla\varphi)(\xi-\ell)}{|\xi-\ell|}-\frac{(\xi-\ell)\varphi(\xi-\ell)}{|\xi-\ell|^{3}}\wedge\in L^{1}(\mathbb{R}_{\xi}^{3})$ ,
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so that

$g\wedge(\xi)=\frac{-\xi_{2}}{|\xi-\ell|^{3}}$ if $\xi\in B\equiv\{\xi\in \mathbb{R}^{3};|\xi-\ell|<1\}$ .

We thus observe

$\int_{R^{3}}e^{-2|\xi|^{2}t}|g\wedge(\xi)|^{2}d\xi\geq\int_{B}e^{-2|\xi|^{2}t}\frac{\xi_{2}^{2}}{|\xi-\ell|^{6}}d\xi=\infty$ ,

for each $t>0$ , which is a contradiction to (3.25). $\square $

The proof of Proposition 3.8 shows also that $\{U(t)\}_{t\geq 0}$ is not a differentiable semigroup
in the sense of Pazy [12, Chapter 2].
Remark S.2. Lunardi and Vespri [11] have discussed generation of $(C_{0})$ semigroups in
$L^{p}(\mathbb{R}^{N})$ by eliptic operators of the type

$\Lambda f=\sum_{i,j=1}^{N}\frac{\partial}{\partial x_{i}}(q_{ij}(x)\frac{\partial f}{\partial x_{j}})+\sum_{i=1}^{N}[\frac{\partial}{\partial x}(a.(x)f)+b_{i}(x)\frac{\partial f}{\partial x_{i}}]$ .

The coefficients $t(x)$ and $b_{i}(x)$ are allowed to be unbounded, and thus the operator $\Delta+$

$(k\times x)\cdot\nabla$ is covered. But the proof of Proposition 3.1 is easier than that of [11], in which
more delicate argument is necessary because of the lack of continuity of $qij(x)$ .
Remark S. $S$. DaPrato and Lunardi [5] have studied nice smoothing properties of the
semigroup $S(t)$ (it is neither strongly continuous nor analytic) in $UCB(R^{N})$ generated by
the Ornstein-Uhlenbeck operator

$\Lambda f=R[QD^{2}f]+(Bx)\cdot\nabla f$,

as mentioned in section 1. It has been also pointed out in [5, Section 2] that $S(t)$ is an
analytic semigroup in suitable weighted $ I\nearrow$ spaces under either of the folowing assump-
tions: (i) $Q^{-1}B$ is symmetric and Det $B\neq 0$ , (ii) all the eigenvalues of $B$ have negative
real part. But, clearly, the operator $\Delta+(k\times x)\cdot\nabla$ is not covered.

4. The operator $\Delta+(k\times x)\cdot\nabla$ in bounded domains
Let $D$ be a bounded domain with smooth boundary. Define the operators $\mathcal{L}_{b}$ and $A_{b}$

from $L^{2}(D)$ into itself by

$\left\{\begin{array}{l}D(\mathcal{L}_{b})=D(A_{b})=H^{2}(D)\cap H_{0}^{1}(D)\\\mathcal{L}_{b}=A_{b}-(k\times x)\cdot\nabla\\ A_{b}=-\Delta\end{array}\right.$

In the case of bounded domains, it is possible to deal with $\mathcal{L}_{b}$ as $A_{b}$ plus its perturbation.
For $\delta>0$ and $r\geq 0$ , set

$\Sigma_{\delta}(r)=\{\lambda\in \mathbb{C};|$ arg $\lambda|<\frac{\pi}{2}+\delta,$ $|\lambda|>r\}$ , $\Sigma_{\delta}=\Sigma_{\delta}(0)\cup\{0\}$ .

We begin with the folowing lemma.
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Lemma 4.1. The operator $-\mathcal{L}_{b}$ is closed, an $d$ generates an analytic $(C_{0})$ semigroup
$\{e^{-\ell \mathcal{L}_{b}}\}_{t\geq 0}$ on $L^{2}(D)$ .

Proof. We use the standard method of perturbation. For any $\eta>0$ , there is a constant
$C_{\eta}>0$ such that

(4.1)
$\Vert(k\times x)$ . Vu $||_{D}\leq(\sup_{x\in D}|x|)||\nabla u\Vert_{D}=(\sup_{x\in D}|x|)\Vert A_{b}^{1/2}u\Vert_{D}$

$\leq C||A_{b}u||_{D}^{1/2}\Vert u||_{D}^{1/2}\leq\eta\Vert A_{b}u||_{D}+C_{\eta}||u\Vert_{D}$ .

Thus the closedness of $A_{b}$ implies that of $\mathcal{L}_{b}$ . Fix $e\in(O, \pi/2)$ arbitrarily. It is wel known
(see, for instance, [12]) that there is a constant $K_{\epsilon}>0$ such that

$||(\lambda+A_{b})^{-1}f||_{D}\leq\frac{K_{\epsilon}}{1+|\lambda|}||f||_{D}$ , $\lambda\in\Sigma_{\pi/2-e},f\in L^{2}(D)$ .

This together with (4.1) enables us to take a constant $r_{\epsilon}>0$ so that

$||(k\times x)\cdot\nabla(\lambda+A_{b})^{-1}||_{L^{2}(D)\rightarrow L^{2}(D)}\leq\frac{1}{2}$ , $\lambda\in\Sigma_{\pi/2-e}(r_{e})$ .
Then, by the Neumann series we obtain $\Sigma_{\pi/2-\epsilon}(r_{e})\subset\rho(-\mathcal{L}_{b})$ with estimate

(4.2) $||(\lambda+\mathcal{L}_{b})^{-1}f||_{D}=\Vert(\lambda+A_{b})^{-1}[1-(k\times x)\cdot\nabla(\lambda+A_{b})^{-1}]^{-1}f\Vert_{D}\leq\frac{2K_{e}}{|\lambda|}||f||_{D}$ ,

for all $\lambda\in\Sigma_{\pi/2-e}(r_{\epsilon})$ and $f\in L^{2}(D)$ . We thus obtain the assertion by the standard
theory of analytic semigroups ([15]). $\square $

We next refine the result of Lemma 4.1.

Proposition 4.2. (i) There aoe constan$\&\delta>0$ and $M>0$ so that the resolven $t$ set
$\rho(-\mathcal{L}_{b})$ of the $operator-\mathcal{L}_{b}$ contain$s\Sigma_{\delta}$ and

(4.3) $||(\lambda+\mathcal{L}_{b})^{-1}f||_{D}\leq\frac{M}{1+|\lambda|}||f||_{D}$ ,

for all $\lambda\in\Sigma_{\delta}$ and $f\in L^{2}(D)$ . As a result, the analytic semigroup $e^{-t\mathcal{L}_{b}}$ obtained in
Lemma 4. 1 is uniformly bounded.

(ii) There is a constan$tM>0$ so that

(4.4) $||\nabla(\lambda+\mathcal{L}_{b})^{-1}f||_{D}\leq\frac{M}{(1+|\lambda|)^{1/2}}||f||_{D}$ ,

(4.5) $||D^{2}(\lambda+\mathcal{L}_{b})^{-1}f||_{D}\leq M\Vert f||_{D}$ ,
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for all $\lambda\in\Sigma_{\delta}$ an$df\in L^{2}(D)$ .
(iii) There is a constan$tC>0$ so that

(4.6) $\Vert u\Vert_{H^{2}(D)}\leq C\Vert \mathcal{L}_{b}u\Vert_{D}$ ,

for all $u\in D(\mathcal{L}_{b})$ .
Prvof By the same calculation as in section 2 the operator $\mathcal{L}_{b}$ is also accretive in $L^{2}(D)$ .
$Mor\infty ver$ , by the Poincar\’e inequality we get

(4.7) $||(\lambda+\mathcal{L}_{b})u||_{D}||u\Vert_{D}\geq{\rm Re}\lambda\Vert u\Vert_{D}^{2}+||\nabla u\Vert_{D}^{2}\geq({\rm Re}\lambda+\mu)\Vert u||_{D}^{2}$ ,

for $u\in D(\mathcal{L}_{b})$ , where $\mu>0$ is the least eigenvalue of $A_{b}$ . On account of the closedness of
$\mathcal{L}_{b}$ , the operator $\lambda+\mathcal{L}_{b}$ for ${\rm Re}\lambda>-\mu$ has both a closed range and a continuous inverse.
Consider the adjoint operator $\mathcal{L}_{b}^{*}=A_{b}+(k\times x)\cdot\nabla$ with domain $D(\mathcal{L}_{b}^{*})=H^{2}(D)\cap H_{0}^{1}(D)$

(cf. Tanabe [15, Chapter 3]). Since $\mathcal{L}_{b}^{*}$ also satisfies (4.7) so that $\lambda+\mathcal{L}_{b}$ is surjective for
${\rm Re}\lambda>-\mu$ , we obtain $\{\lambda\in \mathbb{C};{\rm Re}\lambda>-\mu\}\subset\rho(-\mathcal{L}_{b})$ with estimate

$||(\lambda+\mathcal{L}_{b})^{-1}f\Vert_{D}\leq\frac{1}{{\rm Re}\lambda+\mu}$ li $f\Vert_{D}$ , ${\rm Re}\lambda>-\mu,$ $f\in L^{2}(D)$ .

This together with (4.2) gives (i). We next show (iii). By (4.1) and (4.3) with $\lambda=0$ we
have

(4.8) $\Vert A_{b}u||_{D}\leq||\mathcal{L}_{b}u||_{D}+\frac{1}{2}\Vert A_{b}u\Vert_{D}+C\Vert u\Vert_{D}\leq C\Vert \mathcal{L}_{b}u\Vert_{D}+\frac{1}{2}\Vert A_{b}u||_{D}$ ,

which together with the wel known $L^{2}$ estimate $||u||_{H^{2}(D)}\leq C||A_{b}u||_{D}([2,6])$ implies
(4.6). We finally show (ii). Let $\lambda\in\Sigma_{\delta}$ and $f\in L^{2}(D)$ . Then it follows &om (4.3) and
(4.6) that 1I $(\lambda+\mathcal{L}_{b})^{-1}f||_{H^{2}(D)}\leq C||f||_{D}$ , which yields (4.5). Since

$||\nabla(\lambda+\mathcal{L}_{b})^{-1}f\Vert_{D}=\Vert A_{b}^{1/2}(\lambda+\mathcal{L}_{b})^{-1}f\Vert_{D}$

$\leq||A_{b}(\lambda+\mathcal{L}_{b})^{-1}f||_{D}^{1/2}\Vert(\lambda+\mathcal{L}_{b})^{-1}f\Vert_{D}^{1/2}$ ,

(4.3) and (4.5) imply (4.4). We have completed the proof. $\square $

By (i) of Proposition 4.2 fractional powers $\mathcal{L}_{b}^{\alpha}$ of $\mathcal{L}_{b}$ are wel defined.

Proposition 4.3. For each $0\leq\alpha\leq 1$ , it holdS that $D(\mathcal{L}_{b}^{\alpha})=D(A_{b}^{\alpha})$ with equivalen $t$

norms. in particular, $D(\mathcal{L}_{b}^{1/2})=H_{0}^{1}(D)$ With equivalent norms.

Proof. Let $u\in H^{2}(D)\cap H_{0}^{1}(D)$ . By (4.8) we have obtained

(4.9) $\Vert A_{b}u||_{D}\leq C\Vert \mathcal{L}_{b}u\Vert_{D}$ .
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On the other hand, it folows from (4.1) that

$||(k\times x)$ . Vu $||_{D}\leq\frac{1}{3}$ ( $\Vert \mathcal{L}_{b}u\Vert_{D}+\Vert(k\times x)\cdot$ Vu $||_{D}$ ) $+C\Vert u\Vert_{D}$ ,

so that

$||(k\times x)$ . Vu $\Vert_{D}\leq\frac{1}{2}\Vert \mathcal{L}_{b}u\Vert_{D}+C\Vert u||_{D}$ .

This together with $||\mathcal{L}_{b}u||_{D}\leq||A_{b}u||_{D}+||(k\times x)$ . Vu $\Vert_{D}$ implies that

(4.10) $||\mathcal{L}_{b}u||_{D}\leq C||A_{b}u||_{D}$ .

In the proof of (i) of Proposition 4.2, it is proved that $\mathcal{L}_{b}$ is an $m$accretive operator. Since
$A_{b}$ is nonnegative selfadjoint, it is also $m$accretive. Applying the Heinz-Kato inequality
[10, Section 3] (see aJso Tanabe [15, Chapter 2]) to estimates (4.9) and (4.10), we obtain
the assertion. $\square $

5. Construction of the resolvent proof of Theorem 1,
In this section we construct the resolvent $(\lambda+\mathcal{L})^{-1}$ concretely to prove the folowing

proposition.

Proposition 5.1. CZIie resolven $t$ set $\rho(-\mathcal{L})$ of the $operator-\mathcal{L}$ contains the right half
plan $ e\mathbb{C}+\cdot$

We first observe that Proposition 5.1 in$\iota nediately$ implies $Th\infty rem1$ .

Prvof of Theorem 1. By Proposition 5.1 together with Corolary 2.3, the operator $\mathcal{L}$ is $m$

accretive in $L^{2}(\Omega)$ . The assertion thus folows $hom$ the Lumer-Philhps $th\infty rem$ ([12]). $\square $

We wil prove Proposition 5.1. In what folows we assume $\lambda\in \mathbb{C}+throughout$ . Given
$f\in L^{2}(\Omega)$ , we have already established in Corolary 2.3 the uniqueness of solutions in
$D(\mathcal{L})$ for the equation

(5.1) $\lambda u+\mathcal{L}u=f$ in $L^{2}(\Omega)$ .

Since $D(\mathcal{L})\subset H_{0}^{1}(\Omega)$ (Corolary 2.3), this equation corresponds to the folowin$g$ boundary
value problem with spectral parameter:

(5.2) $\lambda u-\Delta u-(k\times x)\cdot\nabla u=f$, $ x\in\Omega$ ,
(5.3) $u=0$ , $ x\in\Gamma$ .

We intend to construct the solution to (5.2) and (5.3) with the aid of the results in sections
3 and 4 via a cut-off procedure. We fix $b>0$ such that $O\equiv R^{3}\backslash \Omega\subset\{x\in R^{3};|x|<b\}$ ,
and set $D=\{x\in\Omega;|x|<b+3\}$ . For given $f\in L^{2}(\Omega)$ , define the functions $f_{e}\in L^{2}(R^{3})$

and $f_{b}\in L^{2}(D)$ by
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(5.4) $f_{e}(x)=\left\{\begin{array}{l}f(x)\\0\end{array}\right.$

$(x\in\Omega)$ ,
$(x\in \mathcal{O})$ ,

$f_{b}(x)=f(x)$ $(x\in D)$ .

Let $\varphi\in C^{\infty}(R^{3})$ be a fixed function satisfying

(5.5) $0\leq\varphi\leq 1$ , $\varphi(x)=\left\{\begin{array}{ll}0 & (|x|\leq b+1),\\1 & (|x|\geq b+2).\end{array}\right.$

We set

(5.6) $u_{e}=\mathcal{R}_{e}(\lambda)f=(\lambda+\mathcal{L}_{e})^{-1}f_{e}$ , $u_{b}=\mathcal{R}_{b}(\lambda)f=(\lambda+\mathcal{L}_{b})^{-1}f_{b}$ ,

and

(5.7) $w=\mathcal{R}(\lambda)f=\varphi \mathcal{R}_{e}(\lambda)f+(1-\varphi)\mathcal{R}_{b}(\lambda)f\in L^{2}(\Omega)$ .

Since $u_{e}$ an$du_{b}$ are, respectively, solutions to

(5.8) $\lambda u_{e}-\Delta u_{e}-(k\times x)\cdot\nabla u_{e}=f_{e}$ , $x\in \mathbb{R}^{3}$ ,

(5.9) $\left\{\begin{array}{ll}\lambda u_{b}-\Delta u_{b}-(k\times x)\cdot\nabla u_{b}=f_{b}, & x\in D,\\u_{b}=0, & \in\Gamma\cup\{x;|x|=b+3\},\end{array}\right.$

the function $w$ should satisfy

(5.10) $\lambda w-\Delta w-(k\times x)\cdot\nabla w=f+T(\lambda)f$ , $ x\in\Omega$ ,

as wel as the boundaxy condition (5.3) on $\Gamma$ , where the remaining tem is given by

(5.11) $T(\lambda)f=-2\nabla\varphi\cdot\nabla(u_{e}-u_{b})-[\Delta\varphi+(k\times x)\cdot\nabla\varphi](u_{e}-u_{b})$ .

We first deduce the regularity of the function $w=\mathcal{R}(\lambda)f$ .

Lemma 5.2. For each $\lambda\in \mathbb{C}+andf\in L^{2}(\Omega)$ , the function $w=\mathcal{R}(\lambda)f$ defined by (5.7)
is of dass

$w\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega)$ , $(k\times x)\cdot\nabla w\in L^{2}(\Omega)$ ,
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$wi$th estimate $\Vert\Delta w\Vert=\Vert\Delta \mathcal{R}(\lambda)f\Vert\leq C_{\lambda}\Vert f\Vert$ , where the constan $tC_{\lambda}>0$ is independent of
$f\in L^{2}(\Omega)$ .

Proof. We first show that $\Delta w\in L^{2}(\Omega)$ . By (5.7) with (5.6) we have

$\Delta w=\varphi\Delta u_{e}+(1-\varphi)\Delta ub+2\nabla\varphi\cdot\nabla(u_{e}-ub)+(\Delta\varphi)(u_{e}-ub)$ .
It folows $hom(3.8)$ and (4.5) that

(5.12) $||\varphi\Delta u_{e}||\leq||\Delta \mathcal{R}_{\epsilon}(\lambda)f||n^{s}\leq||fe||_{R^{S=}}||f||$ ,

(5.13) $||(1-\varphi)\Delta u_{b}||\leq||\Delta \mathcal{R}_{b}(\lambda)f||_{D}\leq C||f_{b}||_{D}\leq C||f||$ .

Also, by (3.15), (3.16), (4.3) and (4.4) we get

(5.14) $||\nabla\varphi\cdot\nabla(u_{e}-u_{b})||\leq Ct\frac{1}{({\rm Re}\lambda)^{1/2}}+\frac{1}{(1+|\lambda|)^{1/2}}\}||f\Vert$ ,

(5.15) $||(\Delta\varphi)(u_{e}-u_{b})||\leq Ct\frac{1}{{\rm Re}\lambda}+\frac{1}{1+|\lambda|}\}||f||$ .

Colecting $(5.12)-(5.15)$ , we obtain $\Delta w\in L^{2}(\Omega)$ . Since $w$ satisfies the boundary condition
(5.3), the standard dliptic regularity $th\infty ry$ ([2]) for the Laplace operator implies that
$w\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega)$ . Furthemore, by (5.14) an$d(5.15)$ we have $T(\lambda)f\in L^{2}(\Omega)$ . We so
get $(k\times x)\cdot\nabla w=\lambda w-\Delta w-f-T(\lambda)f\in L^{2}(\Omega)$ . This completes the proof. $\square $

The folowing lemma plays $an$ important role for the proof of Proposition 5.1.
Lemma 5.3. Suppose that $\lambda\in \mathbb{C}+\cdot$ Th $e$ operator $1+T(\lambda)h$as a $bo$unded invemse in
$L^{2}(\Omega)$ , where $T(\lambda)$ is given by (5.11).

Proof. Since the support of $T(\lambda)f$ is a compact set in $D$ , Lemma 3.3 an$d$ Proposition
4.2 imply that $T(\lambda)$ is a bounded operator &om $L^{2}(\Omega)$ into $H_{0}^{1}(D)$ for each $\lambda\in c_{+}$ . The
operator $T(\lambda)$ is thus compact in $L^{2}(\Omega)$ . Hence, by the $Redho$ alternative it is sufficient
to show the injectivity of the operator $1+T(\lambda)$ . To do so, we employ the argument of
Iwashita [9, Section 3]. Suppose that $f\in L^{2}(\Omega)$ fulfills $[1+T(\lambda)]f=0$ . By (5.10) the
function $w$ defined by (5.7) with such $f$ satisfies $\lambda w-\Delta w-(k\times x)\cdot\nabla w=0$ in $\Omega$ as
wel as (5.3) on $\Gamma$ . Since $w\in D(\mathcal{L}_{0})\subset D(\mathcal{L})$ by Lemma 5.2, it folows &om Corollary
2.3 that $w=0$ in $L^{2}(\Omega)$ . Therefore, for almost all $x$ satisfying $|x|\geq b+2$ , we have
$u_{e}(x)=[R(\lambda)f](x)=0$, which yields $f(x)=0$ by (5.8). Similarly, for almost all $ x\in\Omega$

$satis\theta\dot{m}g|x|\leq b+1$ , we have $u_{b}(x)=[\mathcal{R}b(\lambda)f](x)=0$ , and thus $f(x)=0$ by (5.9). So
the support of $f$ is contained in $\{x;b+1\leq|x|\leq b+2\}$ . We now consider the Dirichlet
problem in the ball $B=\{x;|x|<b+3\}$ :

(5.16) $\left\{\begin{array}{ll}\lambda u-\Delta u-(kxx)\cdot\nabla u=f, & x\in B,\\u=0, & |x|=b+3.\end{array}\right.$
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DefUe $\overline{u}b$ on $B$ by $\overline{u}_{b}(x)=u_{b}(x)$ (if $x\in D$) and by $\overline{u}_{b}(x)=0$ (if $x\in \mathcal{O}\equiv B\backslash D$). We
denote the restriction of $u_{e}$ on $B$ by the same symbol. Then both $\overline{u}_{b}$ and $u_{e}are$ solutions to
(5.16), and belong to $H^{2}(B)\cap H_{0}^{1}(B)$ . By the same argument as in section 2, the solution
to (5.16) in the class $H^{2}(B)\cap H_{0}^{1}(B)$ is unique for each $\lambda\in \mathbb{C}+$

’ so that $\overline{u}_{b}=u_{e}$ in $L^{2}(B)$ .
Therefore, $u_{b}=\Psi u_{e}+(1-\varphi)u_{b}=w=0$ in $L^{2}(D)$ . By (5.9) again, $f(x)=0$ for almost
all $x\in D$ . After all, we have obtained that $f=0$ in $L^{2}(\Omega)$ . Thus the operator $1+T(\lambda)$

is injective in $L^{2}(\Omega)$ . $\square $

Proof of Proposition 5.1. For each $\lambda\in \mathbb{C}_{+}$ and $f\in L^{2}(\Omega)$ , we set $u=\mathcal{R}(\lambda)[1+T(\lambda)]^{-1}f$ .
It then folows &om Lemmas 5.2 and 5.3 that the function $u$ is of class

$u\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega)$ , $(k\times x)\cdot\nabla u\in L^{2}(\Omega)$ ,

with estimate

(5.17) $||\Delta u||\leq C_{\lambda}||[1+T(\lambda)]^{-1}f||\leq M_{\lambda}||f||$ ,

where the constant $M_{\lambda}>0$ is independent of $f\in L^{2}(\Omega)$ . So, $u\in D(\mathcal{L}_{0})\subset D(\mathcal{L})$ and it is
$ac$tually the solution to (5.1). The uniqueness of solutions in $D(\mathcal{L})$ has been already proved
in Corolary 2.3. As a result, the operator $\lambda+\mathcal{L}$ is bijective for all $\lambda\in \mathbb{C}+\cdot$ We thus obtain
$\mathbb{C}_{+}\subset\rho(-\mathcal{L})$ with the representation of the resolvent $(\lambda+\mathcal{L})^{-1}=\mathcal{R}(\lambda)[1+T(\lambda)]^{-1}$ . $\square $

6. $L^{2}$ estimates, proof of Theorem 2 and Theorem 3
This section clarifies the domains of the operators $\mathcal{L}$ and $\mathcal{L}^{\alpha}$ together with some esti-

mates to prove $Th\infty rem2$ and Theorem 3.

Proof of Theorem 2. Given $u\in D(\mathcal{L})$ , we set $f=(1+\mathcal{L})u\in L^{2}(\Omega)$ . By the proof of
Proposition 5.1 the unique solution $u$ to (5.1) with such $f$ should belong to $D(\mathcal{L}_{0})$ . We
thus obtain $D(\mathcal{L})=D(\mathcal{L}_{0})$ . IFMrom this it folows that $D(\mathcal{L})\subset D(A)$ . By (5.17) with $\lambda=1$

we have also

(6.1) $||Au\Vert\leq M_{1}\Vert f\Vert=M_{1}\Vert(1+\mathcal{L})u\Vert$ ,

for aJ1 $u\in D(\mathcal{L})$ . By (6.1) we get

(6.2) $||(k\times x)$ . Vu $||=||u+Au-f\Vert\leq(1+M_{1})\Vert(1+\mathcal{L})u\Vert+||u||$ .

Collecting (1.8), (6.1) and (6.2) leads us to

$||u||_{H^{2}(\Omega)}+||(k\times x)$ . Vu $\Vert\leq C\Vert(1+\mathcal{L})u||+C\Vert u\Vert$ .
Since $1+\mathcal{L}$ has a bounded inverse, the above estimate gives (1.5). $\square $

Prvof of Theorem $S$. We make use of the relation $D(\mathcal{L})\subset D(A)$ with estimate (6.1).
Since both $1+\mathcal{L}$ and $A$ are m-accretive operators in $L^{2}(\Omega)$ by Theorem 1, we can apply
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the Heinz-Kato inequality ([10, 15]). We then get $D(\mathcal{L}^{\alpha})=D((1+\mathcal{L})^{\alpha})\subset D(A^{\alpha})$ for
$0\leq\alpha\leq 1$ with estimate

(6.3) $||A^{\alpha}u\Vert\leq e^{\pi\sqrt{\alpha(1-\alpha)}}M_{1}^{\alpha}||(1+\mathcal{L})^{\alpha}u||$ ,

for $u\in D(\mathcal{L}^{\alpha})$ . Let $m,p$ and $\alpha$ be the exponents as in $Th\infty rem3$ . Then, combining the
wel known embedding estimate

$||u||_{W^{m,p}(\Omega)}\leq C(m,p)(\Vert A^{\alpha}u\Vert+||u||)$ , $u\in D(A^{\alpha})$ ,

with (6.3), we obtain (1.6). $\square $

Remark 6.1. It is possible to give another proof of $Th\infty rem3$ without using the operator
$A$. Due to the $m$accretivity of $\mathcal{L}$ , its purely imaginary powers $\mathcal{L}^{i\epsilon}$ are bounded operators
for all $s\in R$ with estimnate (Kato [10, Section 2], Pr\"uss and Sohr [13, Example 2]):
$\Vert \mathcal{L}^{i\epsilon}\Vert_{L^{2}(\Omega)\rightarrow L^{2}(\Omega)}\leq e\not\in|s|$ . An important $\infty nsequence$ of the uniform boundedness of

$\mathcal{L}^{is}$ for $|s|\leq 1$ is the coincidence between $D(\mathcal{L}^{\alpha})$ and the complex interpolation space
$[L^{2}(\Omega), D(\mathcal{L})]_{\alpha}$ for each $0\leq\alpha\leq 1$ (see, for instance, Ttiebel [16]). Since we have already
known the relation $D(\mathcal{L})\subset H^{2}(\Omega)$ with estimate (1.5) in $Th\infty rem2$ , it folows $hom$ the
reiteration $th\infty rem$, an embedding property and the interpolation of $ I\nearrow$ Sobolev spaces
([16]) that

$D(\mathcal{L}^{\alpha})=[L^{2}(\Omega),D(\mathcal{L})]_{\alpha}\subset[L^{2}(\Omega),H^{2}(\Omega)]_{\alpha}=[L^{2}(\Omega), [L^{2}(\Omega),H^{2}(\Omega)]_{1/2}]_{2\alpha}$

$=[L^{2}(\Omega),H^{1}(\Omega)]_{2\alpha}\subset[L^{2}(\Omega),L^{6}(\Omega)]_{2\alpha}=L^{p}(\Omega)$ ,

for $0\leq\alpha\leq 1/2,2\leq p\leq 6$ and $1/p=1/2-2\alpha/3$ . $Sim4arly$, for $1/2\leq\alpha\leq 1,2\leq p\leq 6$

and $1/p=1/2-(2\alpha-1)/3$ , we get

$D(\mathcal{L}^{a})\subset[[L^{2}(\Omega), H^{2}(\Omega)]_{1/2},H^{2}(\Omega)]_{2\alpha-1}\subset[H^{1}(\Omega), W^{1,6}(\Omega)]_{2\alpha-1}\subset W^{1,p}(\Omega)$ .

We thus obtain (1.6) for $m=1$ . It remains to show the case $m=0,1/2<\alpha<3/4,6<$
$ p<\infty$ . But, in this case, we take $2<q<3$ satisfying $1/p=1/q-1/3$ and utilize (1.6)
with $m=1$ to get $D(\mathcal{L}^{\alpha})\subset W^{1,q}(\Omega)\subset L^{p}(\Omega)$ .

7. Smoothing effect, proof of Theorem 4
In this section we derive some smoothing properties of the semigroup $\{e^{-t\mathcal{L}}\}_{\ell\geq 0}$ obtained

in $Th\infty rem1$ . Consider the Cauchy problem for the evolution equation

(7.1) $\frac{du}{dt}+\mathcal{L}u=0$ , $t>0$ ; $u(O)=a$ ,

in $L^{2}(\Omega)$ , which corresponds to the initial boundary value problem (1.1). By $Th\infty rem1$

this problem has a strong solution $u(t)=e^{-\ell \mathcal{L}}a$, provided that $a\in D(\mathcal{L})$ . We here intend
to prove that $e^{-\ell \mathcal{L}}a$ is the strong solution to (7.1) under an weaker assumption.
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Let the constant $b>0$ and the bounded domain $D$ be the same as in section 5. We also
fix two functions $\eta,$

$\zeta\in C^{\infty}(R^{3})$ so that

$0\leq\eta\leq 1$ , $\eta(x)=\left\{\begin{array}{ll}0 & (|x|\leq b),\\1 & (|x|\geq b+1),\end{array}\right.$

$0\leq\zeta\leq 1$ , $\zeta(x)=\left\{\begin{array}{ll}1 & (|x|\leq b+2),\\0 & (|x|\geq b+3).\end{array}\right.$

Given $a\in L^{2}(\Omega)$ , we define the functions $\underline{a_{e}}\in L^{2}(\mathbb{R}^{3})$ and $\underline{a_{b}}\in L^{2}(D)$ by

(7.2) $\underline{a_{e}}(x)=\left\{\begin{array}{ll}\eta(x)a(x) & (x\in\Omega),\\0 & (x\in \mathcal{O}),\end{array}\right.$ $\underline{a_{b}}(x)=\zeta(x)a(x)$ $(x\in D)$ ,

which are different $hom(5.4)$ . The reason why we here introduce the functions $\eta$ and $\zeta$ is
Lemma 7.2 below. In what folows, the symbols $\underline{[\cdot]_{e}}$ and $\underline{[\cdot]_{b}}$ are respectively adopted for
other functions. Let $U(t)=e^{-t\mathcal{L}_{e}}$ be the semigroup given by (3.5) (and Proposition 3.1),
and $V(t)=e^{-\ell \mathcal{L}_{b}}$ the analytic semigroup obtained in section 4. We set

(7.3) $v_{e}(t)=U(t)\underline{a_{\epsilon}}$ , $v_{b}(t)=V(t)\underline{a_{b}}$.
MalCing use of the fixed fiiction $\varphi\in C^{\infty}(R^{3})satis\theta\dot{m}g(5.5)$ , we define the function
$v(t)\in L^{2}(\Omega)$ by

(7.4) $v(t)=\varphi v_{e}(t)+(1-\varphi)v_{b}(t)$ ,

which satisfies $\Vert v(t)\Vert\leq 2\Vert a\Vert$ for $t\geq 0$ and

(7.5) $\Vert v(t)-a||\leq\Vert v_{e}(t)-\underline{a_{e}}\Vert_{R^{S}}+\Vert v_{b}(t)-\underline{ab}\Vert_{D}\rightarrow 0$ as $t\rightarrow 0$ .
We have the relations

(7.6) $\Delta v=\varphi\Delta v_{e}+(1-\varphi)\Delta v_{b}+2\nabla\varphi\cdot\nabla(v_{e}-v_{b})+(\Delta\varphi)(v_{e}-v_{b})$ ,

(7.7) $(k\times x)\cdot\nabla v=\varphi[(k\times x)\cdot\nabla v_{e}]+(1-\varphi)[(k\times x)\cdot\nabla vb]+[(k\times x)\cdot\nabla\varphi](v_{eb}-v)$ ,

so that

(7.8) $\partial_{t}v=\Delta v+(k\times x)\cdot\nabla v+\Phi[a]$ , $x\in\Omega,$ $t>0$ ,

as wel as the boundary condition $v=0$ on $\Gamma$ , where the remaining tem is given by

(7.9) $\Phi[a](t)=-2\nabla\varphi\cdot\nabla(v_{e}-v_{b})-[\Delta\varphi+(k\times x)\cdot\nabla\varphi](v_{e^{-v}b)}$ .
We first deduce the regularity of the function $v(t)$ defined by (7.4) and $justi\theta$ the

equation (7.8) in $L^{2}(\Omega)$ .
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Lemma 7.1. Suppose that $a\in L^{2}(\Omega)$ . Then $v(t)\in D(A)$ for all $t>0$ . If in addition,

(7.10) $(k\times x)\cdot\nabla a\in H^{-m}(\Omega)$ , $\exists$ integer $m\geq 0$ ,

then $v(t)\in D(\mathcal{L})$ for au $t>0$ , an $d$

(7.11) $\mathcal{L}v\in C((0, \infty);L^{2}(\Omega))$ , $v\in C^{1}((0,\infty);L^{2}(\Omega))$ ,

With

(7.12) $\frac{dv}{dt}+\mathcal{L}v=\Phi[a]$ ,

in $L^{2}(\Omega)$ .

$t>0$ ; $v(0)=a$ ,

Prvof By (7.6) we make use of Proposition 3.5 for $U(t)$ together with the analfiicity of
$V(t)$ to obtain $\Delta v(t)\in L^{2}(\Omega)$ for $t>0$ . Since $v=0$ on $\Gamma$ , we get $ v(t)\in D(A)=H^{2}(\Omega)\cap$

$H_{0}^{1}(\Omega)$ ([2]). Let us assume (7.10). From this it folows that $(k\times x)\cdot\nabla\underline{a_{e}}\in H^{-m}(R^{3})$

since

$|((k\times x)\cdot\nabla\underline{a_{e}},\psi)|$

(7.13) $\leq\Vert(k\times x)\cdot\nabla a\Vert_{H- m(\Omega)}\Vert\eta\psi||_{H^{m}(\Omega)}+\Vert a\Vert||[(k\times x)\cdot\nabla\eta]\psi||$

$\leq c(||(k\times x)\cdot\nabla a||_{H^{- m}(\Omega)}+||a||)||\psi$ Il $H^{m}(R^{3})$ ,

for al $\psi\in C_{0}^{\infty}(R^{3})$ . So, Proposition 3.6 implies that $(k\times x)\cdot\nabla v_{e}(t)\in L^{2}(R^{3})$ . And,
therefore, (7.7) gives $(k\times x)\cdot\nabla v(t)\in L^{2}(\Omega)$ . We thus obtain $v(t)\in D(\mathcal{L})$ for $t>0$ . By
(7.6) and (7.7) we have

$||\mathcal{L}v(t+h)-\mathcal{L}v(t)||$

$\leq||\mathcal{L}_{e}v_{e,h}(t)\Vert_{R^{S}}+C||\nabla v_{e,h}(t)||_{R^{S}}+C\Vert v_{e,h}(t)\Vert_{R^{S}}$

$+||\mathcal{L}_{b}v_{b,h}(t)||_{D}+C||\nabla v_{b,h}(t)||_{D}+C\Vert v_{b,h}(t)||_{D}$ ,

and

$\Vert\frac{v(t+h)-v(t)}{h}+\mathcal{L}v(t)-\Phi[a](t)\Vert$

$\leq\Vert\frac{v_{e,h}(t)}{h}+\mathcal{L}_{\epsilon}v_{\epsilon}(t)\Vert_{R^{S}}+\Vert\frac{v_{b,h}(t)}{h}+\mathcal{L}_{b}v_{b}(t)\Vert_{D}$ ,

where $v_{e,h}(t)=v_{e}(t+h)-v_{e}(t),$ $v_{b,h}(t)=v_{b}(t+h)-v_{b}(t)$ . Hence, it folows from
Proposition 3.7 for $U(t)$ together with the analyticity of $V(t)$ that $\mathcal{L}v(t)$ is continuous in
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$L^{2}(\Omega)$ and that $v(t)$ is differentiable in $L^{2}(\Omega)$ with the equation of (7.12). Since $\Phi[a](t)$ as
wel as $\mathcal{L}v(t)$ is continuous, $v(t)$ is of class $C^{1}$ . The initial condition of (7.12) is satisfied
in $L^{2}(\Omega)$ on account of (7.5). This completes the proof. $\square $

Using Lemma 7.1, we consider $(d/ds)\{e^{-(t-\epsilon)\mathcal{L}}v(s)\}$ for $0<s<t$ to obtain

(7.14) $e^{-\ell \mathcal{L}}a=v(t)-w(t)$ , $t>0$ ,

in $L^{2}(\Omega)$ under the condition (7.10), where

(7.15) $w(t)=\int_{0}^{\ell}e^{-(t-s)\mathcal{L}}\Phi[a](s)ds$ .

By Proposition 3.5 for $U(t)$ together with the analyticity of $V(t)$ , it is possible to see that
$\Phi[a](t)\in D(\mathcal{L})\subset D(A)$ for al $t>0$ with estimates

(7.16) $||\Phi[a](t)||\leq C(t\wedge 1)^{-1/2}||a\Vert$ ,

(7.17) $||A\Phi[a](t)||\leq C(t\wedge 1)^{-3/2}\Vert a||$ ,

(7.18) $||(k\times x)\cdot\nabla\Phi[a](t)||\leq C(t\wedge 1)^{-1}||a||$ ,

where $t\wedge 1=m\dot{o}\{t, 1\}$ (see Lemma 7.3 below). The function $w(t)$ is wel defined by (7.15)
in $L^{2}(\Omega)$ on account of (7.16). However, (7.17) and (7.18) are too singular near $t=0$ to
prove $w(t)\in D(\mathcal{L})$ directly. In order to control the behavior of $\mathcal{L}\Phi[a](t)$ , we impose the
further regularity on $a$ as the first step (Lemma 7.5). We begin with the folowing lemma.

Lemma 7.2. Suppose that $a\in D(A^{\delta})$ with $0\leq\delta<1$ . Then the ffinctioo $\underline{a_{e}}$ an $d\underline{a_{b}}$

detined by (7.2) respectively satisfy

$\underline{a_{e}}\in H^{2\delta}(R^{3})$ , $\underline{ab}\in D(A_{b}^{\delta})$ .
There is a constan$tC=C(\delta)>0$ such that

(7.19) $\Vert\underline{a_{e}}\Vert_{H^{2\delta}\langle R^{S})}\leq C||a||_{D(A^{\delta})}$ ,

(7.20) $\Vert\underline{a_{b}}\Vert_{D(A_{b}^{\delta})}\leq C||a||_{D(A^{\delta})}$ ,

for all $a\in D(A^{\delta})$ .

Proof. For a domain $G$ in $R^{3}$ , we define $X_{G}$ to be the set of an bounded continuous
functions $f$ kom the strip $S=\{z\in \mathbb{C};0\leq{\rm Re} z\leq 1\}$ to the space $L^{2}(G)$ so that:
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(7.21) $f$ is analytic on the open strip $S^{o}=\{z\in \mathbb{C};0<{\rm Re} z<1\}$ ,

(7.22) $f(z)\in H^{2}(G)\cap H_{0}^{1}(G)$ if ${\rm Re} z=1$ ,

(7.23) $||f\Vert_{X_{G}}\equiv\max\{\sup_{\epsilon\in R}||f(is)||_{G},$ $\sup_{\epsilon\in R}||f(1+is)\Vert_{H^{2}(G)}\}<\infty$ .

Then $X_{G}$ is a Banach space equipped with nom $||\cdot\Vert x_{G}$ and complex interpolation spaces
between $L^{2}$ Sobolev spaees over the domain $G(=\Omega, \mathbb{R}^{3}, D)$ are deffied in terms of $X_{G}$

([16]). For each $a\in D(A^{\delta})=[L^{2}(\Omega), D(A)]_{\delta}$ and for every $e>0$ , there is a function
$f_{\epsilon}\in X_{\Omega}$ such that $f_{\epsilon}(\delta)=a$ with

(7.24) $||f\epsilon||x_{\Omega}<||a||_{|L^{2}(\Omega),D(A)|_{\delta}}+\epsilon\leq C||a\Vert_{D(A^{\delta})}+\epsilon$ .
$Bear\dot{i}g[f_{\epsilon}(\delta)]_{\epsilon}=\underline{a_{\epsilon}}$ and $\underline{[f_{\epsilon}(\delta)]_{b}}=\underline{a_{b}}$ in $m\dot{i}d$, we wil see that

(7.25) $[f_{\epsilon}(\cdot)]_{\epsilon}\in X_{R^{S}}$ , $\underline{[f_{\epsilon}(\cdot)]_{b}}\in X_{D}$ .
The analyticity of $f_{e}$ implies that both

$S^{o}\ni z\mapsto\int_{p\epsilon}\underline{[f_{e}(z)]_{e}}(x)\overline{g(x)}dx=\int_{\Omega}[f_{e}(z)](x)\eta(x)\overline{g(x)}dx$ ,

$S^{o}\ni z\mapsto\int_{D}\underline{[f_{\epsilon}(z)]_{b}}(x)\overline{h(x)}dx=\int_{\Omega}[f_{e}(z)](x)\zeta(x)\overline{h(x)}dx$ ,

are analytic for all $g\in L^{2}(R^{3})$ and $h\in L^{2}(D)$ since $\eta g,\zeta h\in L^{2}(\Omega)$ . We thus get (7.21).
Other conditions (7.22), (7.23), boundedness and continuity are easily verified from the
definition (7.2) of the symbols $[\cdot]_{\epsilon}$ and $\underline{[\cdot]_{b}}$, so that we obtain (7.25) with estimates

(7.26) $\Vert\underline{[f_{\epsilon}(\cdot)]_{e}}\Vert_{X_{-l}}\leq C||f_{\epsilon}||_{X_{\Omega}}$ ,

where $C>0$ is independent of $\epsilon>0$ . Hence,

$\Vert\underline{[f_{\epsilon}(\cdot)]_{b}}\Vert_{X_{D}}\leq C||f_{\epsilon}||_{X_{\Omega}}$ ,

$\underline{a_{e}}=[f_{\epsilon}(\delta)]_{e}\in[L^{2}(R^{3}), H^{2}(R^{3})]_{\delta}=H^{2\delta}(R^{3})$ ,
$\underline{a_{b}}=[f_{e}(\delta)]_{b}\in[L^{2}(D), D(A_{b})]_{\delta}=D(A_{b}^{\delta})$ .

Furthermore, it folows &om (7.24) an$d(7.26)$ that

$\Vert\underline{a_{e}}\Vert_{H^{2\delta}(R^{3})}\leq C\Vert\underline{[f_{\epsilon}(\cdot)]_{e}}\Vert_{X_{-S}}<C(||a||_{D(A^{\delta})}+\epsilon)$ ,

$\Vert\underline{a_{b}}\Vert_{D(A_{b}^{\delta})}\leq C\Vert\underline{[f_{e}(\cdot)]_{b}}\Vert_{X_{D}}<C(||a\Vert_{D\langle A^{\delta})}+e)$ .

Since $e>0$ is arbitrary, we obtain (7.19) and (7.20). $\square $

By using Lemma 7.2 we derive the estimates of $\Phi[a](t)$ near $t=0$ for $a\in D(A^{\delta})$ .
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Lemma 7.3. Suppose that $a\in D(A^{\delta})wi$th $0\leq\delta<1$ . Then the function $\Phi[a]$ defined
by (7.9) enjoys $\Phi[a](t)\in D(\mathcal{L})\subset D(A)$ for all $t>0$ . There is a constant $C=C(\delta)>0$

such that

(7.27) $||\Phi[a](t)\Vert\leq C(t\wedge 1)^{-(1/2-\delta)_{+}}\Vert a\Vert_{D(A^{\delta})}$ ,

(7.28) $\Vert A\Phi[a](t)\Vert\leq C(t\wedge 1)^{-3/2+\delta}\Vert a\Vert_{D(A^{\delta})}$ ,

(7.29) $||(k\times x)\cdot\nabla\Phi[a](t)||\leq C(t\wedge 1)^{-1+\delta}||a\Vert_{D(A^{\delta})}$ ,

for all $t>0$ and $a\in D(A^{\delta})$ , where $t\wedge 1=\dot{m}n\{t, 1\}$ an$d(\cdot)_{+}=\max\{\cdot, 0\}$ .
Proof. Since we are concerned with the behavior of $\Phi[a](t)$ near $t=0$ , we have only to
investigate the highest order tem $[\Delta+(k\times x)\cdot\nabla]\nabla(v_{e}-v_{b})$ for the proof of (7.28) and
(7.29). By Lemma 7.2 we have $\underline{a_{\epsilon}}\in H^{2\delta}(R^{3})$ . It thus folows $hom(3.21)$ together with
(7.19) that

(7.30) $\Vert\Delta[\nabla v_{e}(t)]\Vert_{R^{3}}\leq Ct^{-3/2+\delta}\Vert\underline{a_{e}}\Vert_{H^{2\delta}(R^{3})}\leq Ct^{-3/2+\delta}||a||_{D(A^{\delta})}$ .

Similarly, we get

(7.31) $\Vert\nabla\varphi\cdot\{(k\times x)\cdot\nabla[\nabla v_{e}(t)]\}\Vert\leq C\Vert D^{2}v_{e}(t)\Vert_{R^{3}}\leq Ct^{-1+\delta}\Vert a\Vert_{D\langle A^{\delta})}$ .

We next consider

$[\Delta+(k\times x)\cdot\nabla]\nabla v_{b}=\nabla[\Delta v_{b}+(k\times x)\cdot\nabla v_{b}]+k\times[\nabla v_{b}]$ .
By Proposition 4.3 we have

$\Vert[\Delta+(k\times x)\cdot\nabla]\nabla v_{b}(t)\Vert_{D}\leq\Vert\nabla[\mathcal{L}_{b}V(t)\underline{a_{b}}]\Vert_{D}+\Vert\nabla V(t)\underline{a_{b}}\Vert_{D}$

$\leq C\Vert \mathcal{L}_{b}^{3/2}V(t)\underline{a_{b}}\Vert_{D}+C\Vert \mathcal{L}_{b}^{1/2}V(t)\underline{a_{b}}\Vert_{D}$ .

We have only to investigate the first term of the right hand side. Since $\underline{a_{b}}\in D(A_{b}^{\delta})$ by
Lemma 7.2 and since $V(t)$ is a bounded analytic semigroup, it folows $hom$ Proposition
4.3 and (7.20) that

$\Vert \mathcal{L}_{b}^{3/2}V(t)\underline{ab}\Vert_{D}\leq Ct^{-3/2+\delta}\Vert \mathcal{L}_{b}^{\delta}\underline{a_{b}}\Vert_{D}\leq Ct^{-3/2+\delta}\Vert\underline{ab}\Vert_{D(A_{b}^{\delta})}\leq Ct^{-3/2+\delta}\Vert a\Vert_{D(A^{\delta})}$ .

Therefore, we obtain
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(7.32) $||[\Delta+(k\times x)\cdot\nabla]\nabla v_{b}(t)\Vert_{D}\leq C(t\wedge 1)^{-3/2+\delta}\Vert a\Vert_{D(A^{\delta})}$ .
By (4.6), Proposition 4.3 and (7.20) we have

(7.33) $||(k\times x)\cdot\nabla[\nabla v_{b}(t)]||_{D}\leq C\Vert \mathcal{L}_{b}V(t)\underline{a_{b}}\Vert_{D}\leq Ct^{-1+\delta}||a||_{D(A^{\delta})}$ .
Combining (7.32) with (7.33) yields

(7.34) $||\Delta[\nabla v_{b}(t)]||_{D}\leq C(t\wedge 1)^{-3/2+\delta}||a||_{D\langle A^{\delta})}$ .
We gather (7.30), (7.31), (7.33) and (7.34) to obtain (7.28) and (7.29). The proof of (7.27)
is similar, and is omitted. Since the support of $\Phi[a](t)$ is compact, estimates $(7.27)-(7.29)$

imply that $\Phi[a](t)\in D(\mathcal{L})$ . $\square $

In Lemma 7.1 the regularity properties of $v(t)$ have been already deduced. The folowing
lemma gives some estimates of $v(t)$ near $t=0$ for $a\in D(A^{\delta})$ .
Lemma 7.4. Suppose that $a\in D(A^{\delta})$ with $0\leq\delta<1$ . Then the ffinction $v(t)$ defined by
(7.4) satisfies

(7.35) $||Av(t)||\leq C(t\wedge 1)^{-1+\delta}||a||_{D(A^{\delta})}$ ,

wrth a constan$tC=C(\delta)>0$ independent of $t>0$ . in addition, let us assume (7.10).
Then there aie constants $C=C(\delta)>0$ an $d$ $C’=C^{\prime}(m)>0$ such that

$||(kxx)\cdot\nabla v(t)||$

(7.36)
$\leq Ct^{-\langle 1/2-\delta)_{+}}||a||_{D(A^{\delta})}+C^{\prime}(t\wedge 1)^{-m/2}(||(kxx)\cdot\nabla a||_{H^{-m}(\Omega)}+||a||)$ ,

for $t>0$ .
Proof. As in (7.31) and (7.33), we have

(7.37) $||\Delta v_{e}(t)||_{R^{3}}\leq Ct^{-1+\delta}||a||_{D(A^{\delta})},$ $||\nabla v_{e}(t)||_{R^{S}}\leq Ct^{-\langle 1/2-\delta)_{+}}||a||_{D(A^{\delta})}$ ,

(7.38) $||\Delta v_{b}(t)\Vert_{D}\leq Ct^{-1+\delta}||a||_{D(A^{\delta})}$ , $||\nabla v_{b}(t)\Vert_{D}\leq Ct^{-(1/2-\delta)_{+}}||a||_{D(A^{\delta})}$ .
In view of (7.6), estimates (7.37) and (7.38) imply (7.35). By (7.7), (3.22), (7.13) and
(7.38) we get

$||(k\times x)\cdot\nabla v(t)||$

$\leq c(t\wedge 1)^{-m/2}\Vert(kxx)\cdot\nabla\underline{a_{e}}\Vert_{H-m(R^{3})}+c_{t^{-\langle 1/2-\delta)}}+||a||_{D\langle A^{\delta})}+C||a||$

$\leq C(t\wedge 1)^{-m/2}(||(k\times x)\cdot\nabla a\Vert_{H^{- m}(\Omega)}+||a\Vert)+Ct^{-\langle 1/2-\delta)_{+}}\Vert a\Vert_{D\langle A^{\delta})}$ ,

which gives (7.36). $\square $

In order to derive the smoothing effect for the semigroup $e^{-\ell c}$ , we assume that $a$ is
rather smooth as the first step.
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Lemma 7.5. Suppose that $a\in D(A^{\delta})$ for some $1/2<\delta<1$ as well as (7.10). Then
$e^{-t\mathcal{L}}a\in D(\mathcal{L})\subset D(A)$ for all $t>0$ . For each $T>0$ , there is a constant $C_{T}=C_{T}(\delta)>0$

such that

(7.39) $\Vert Ae^{-t\mathcal{L}}a\Vert\leq C_{T}t^{-1+\delta}\Vert a\Vert_{D(A^{\delta})}$ ,

(7.40) $\Vert \mathcal{L}e^{-t\mathcal{L}}a\Vert\leq C_{T}t^{-1+\delta}||a||_{D\langle A^{\delta})}+C^{\prime}(t\wedge 1)^{-m/2}$ ( $\Vert(k\times x)\cdot$ Va $\Vert_{H^{-m}\langle\Omega)}+||a||$),

for $0<t<T$, where $C’=C^{\prime}(m)>0$ is the constant in (7.36).

Proof. By $(7.27)-(7.29)$ with $\delta>1/2$ we have $\Phi[a]\in L^{1}(0,T;D(\mathcal{L}))$ for al $T>0$ . On
$ac$count of the closedness of $\mathcal{L}$ , the function $w(t)$ defined by (7.15) belongs to $D(\mathcal{L})$ for al
$t>0$ with

$\mathcal{L}w(t)=\int_{0}^{t}e^{-(t-s)\mathcal{L}}\mathcal{L}\Phi[a](s)ds$ ,

so that $(7.27)-(7.29)$ give

(7.41) $\Vert \mathcal{L}w(t)||\leq C_{T}||a||_{D(A^{\delta})}$ , $\Vert w(t)||\leq CT||a||_{D(A^{\delta})}$ ,

for $0<t<T$. Also, (6.1) and (7.41) lead us to

$||Aw(t)\Vert\leq M_{1}\Vert(1+\mathcal{L})w(t)\Vert\leq C\tau\Vert a\Vert_{D(A^{\delta})}$ .
By (7.14) the above estimate combined with (7.35) implies that $e^{-t\mathcal{L}}a\in D(A)$ for $t>0$

with (7.39). Likewise, it folows ffom (7.35), (7.36) and (7.41) that $e^{-t\mathcal{L}}a\in D(\mathcal{L})$ for $t>0$

with (7.40). This completes the proof. $\square $

We next assume that $a$ is a little smooth and show the same results as Lemma 7.5.

Lemma 7.6. Suppose that $a\in D(A^{\delta})$ for some $0<\delta\leq 1/2$ as well as $(7.IO)$ . Then the
assertions of Lemma 7.5 hold true.

Proof. Since $\Phi[a](t)\in D(\mathcal{L})$ by Lemma 7.3, we can apply Lemma 7.5 with $a$ replaced by
$\Phi[a](t)$ . Indeed, by (7.40) with $m=0$ we get

$\Vert \mathcal{L}e^{-(t-\epsilon)\mathcal{L}}\Phi[a](s)\Vert$

(7.42)
$\leq C_{T}(t-s)^{-(1-\delta)/2}\Vert\Phi[a](s)\Vert_{D\langle A^{(1+\delta)/2})}+C^{\prime}\Vert(k\times x)\cdot\nabla\Phi[a](s)\Vert$ ,

for $0<s<t<T$ . We use the momentum inequality for fractional powers ([15]) to obtain

(7.43) $\Vert\Phi[a](t)\Vert_{D(A^{(1+\delta)/2})}\leq C(t\wedge 1)^{-1+\delta/2}\Vert a\Vert_{D\langle A^{\delta})}$ ,
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from (7.27) and (7.28). In view of (7.42), estimates (7.43) and (7.29) imply that

$e^{-(t-\cdot)\mathcal{L}}\Phi[a]\in L^{1}(0, t;D(\mathcal{L}))$ ,
and, therefore, $w(t)\in D(\mathcal{L})$ for $t>0$ with estimate

(7.44) $\Vert \mathcal{L}w(t)||\leq C_{T}t^{-1/2+\delta}||a||_{D(A^{\delta})}$ ,

for $0<t<T$. By (6.1), $Aw(t)$ aJso satisfies the same estimate as (7.44). This combined
with (7.35) gives (7.39) for $\delta>0$ by virtue of (7.14). We also colect (7.35), (7.36) and
(7.44) to obtain (7.40) for $\delta>0$ . We have completed the proof. $\square $

To obtain both (7.39) and (7.40) for $\delta=0$ , it is possible to repeat a procedure similar
to that in the proof of Lemma 7.6. This wil be done below in the proof of Theorem 4.

Proof of (i) of Theorem 4. By Lemma 7.6 we have (7.39) with $\delta=1/4$ . We employ it
with $a$ replaced by $\Phi[a](t)\in D(\mathcal{L})$ . Estimates (7.27) and (7.28) for $\delta=0$ together with
the momentum inequality then yield

$\Vert Ae^{-\langle\ell-\epsilon)\mathcal{L}}\Phi[a](s)\Vert\leq C_{T}(t-s)^{-3/4}||\Phi[a](s)||_{D(A^{1/4})}$

(7.45)
$\leq C_{T}(t-s)^{-3/4}(s\wedge 1)^{-3/4}||a||$ ,

for $0<s<t<T$ . Since $A$ is closed, it holds that $w(t)\in D(A)$ for $t>0$ with estimmate

(7.46) $||Aw(t)||\leq C_{T}t^{-1/2}||a||$ ,

for $0<t<T$. As the first step, we assume (7.10); then we have (7.14). Therefore, it
folows&om (7.35) with $\delta=0$ and (7.46) that $e^{-\ell \mathcal{L}}a\in D(A)$ for $t>0$ with estinate

(7.47) $\Vert Ae^{-t\mathcal{L}}a\Vert\leq C\tau t^{-1}||a||$ ,

for $0<t<T$. As the next step, we assume only $a\in L^{2}(\Omega)$ and take $a_{j}\in C_{0}^{\infty}(\Omega)$ such
that $a_{j}\rightarrow a$ in $L^{2}(\Omega)$ as $ j\rightarrow\infty$ . Then estiimate (7.47) for $a_{j}$ implies that $e^{-\ell \mathcal{L}}a\in D(A)$

for $t>0$ because $A$ is closed. We obtain also (7.47) for every $a\in L^{2}(\Omega)$ . Hence, the
momentum inequality gives (1.9) for $0<\alpha\leq 1$ . We have completed the proof. $\square $

Proof of (ii) of Theorem 4. An integration by parts yields

$|((k\times x)\cdot\nabla\Phi[a](t),\psi)|=|-(\Phi[a](t),(k\times x)\cdot\nabla\psi)|\leq|||x|\Phi[a](t)\Vert||\nabla\psi||$ ,
for $\psi\in C_{0}^{\infty}(\Omega)$ . This implies that

$\Vert(k\times x)\cdot\nabla\Phi[a](t)||_{H^{-1}\langle\Omega)}$

$\leq|||x|\Phi[a](t)\Vert$

(7.48)
$\leq C(||\nabla v_{e}(t)\Vert_{R^{3}}+||\nabla vb(t)||D+||v_{e}(t)\Vert_{R^{3}}+||vb(t)||D)$

$\leq C(t\wedge 1)^{-1/2}||a||$ .
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By Lemma 7.6 we have (7.40) with $\delta=1/4$ and $m=1$ . Using it together with (7.48),
(7.27) and (7.28), we obtain

$\Vert \mathcal{L}e^{-(t-\epsilon)\mathcal{L}}\Phi[a](s)\Vert$

$\leq C_{T}(t-s)^{-3/4}||\Phi[a](s)\Vert_{D(A^{1/4})}$

$+C^{\prime}\{(t-s) A 1\}^{-1/2}(||(k\times x)\cdot\nabla\Phi[a](s)\Vert_{H^{-1}(\Omega)}+\Vert\Phi[a](s)||)$

$\leq C_{T}(t-s)^{-3/4}(s\wedge 1)^{-3/4}\Vert a||+C\{(t-s)\wedge 1\}^{-1/2}(s\wedge 1)^{-1/2}||a\Vert$ ,

for $0<s<t<T$ . Therefore, $w(t)\in D(\mathcal{L})$ for $t>0$ with estimate

(7.49) $\Vert \mathcal{L}w(t)\Vert\leq C_{T}t^{-1/2}||a||$ ,

for $0<t<T$ . By (7.14) we gather (7.35), (7.36) an$d(7.49)$ to obtain that $e^{-t\mathcal{L}}a\in D(\mathcal{L})$

for all $t>0$ with estimate (7.40) for $\delta=0$ . Therefore,

$\mathcal{L}e^{-t\mathcal{L}}a\in C([\tau, \infty);L^{2}(\Omega))$ , $e^{-\ell \mathcal{L}}a\in C^{1}([\tau, \infty);L^{2}(\Omega))$ ,

with

$\frac{d}{dt}e^{-\ell \mathcal{L}}a+\mathcal{L}e^{-t\mathcal{L}}a=0$ , $ t\geq\tau$ ,

in $L^{2}(\Omega)$ for all $\tau>0$ , which implies (1.10) together with (1.11). Applying the momentum
inequality to (7.40) with $\delta=0$ , we obtain (1.12) for $0<$ a $\leq 1$ and $0<t<1$ . This
completes the proof. $\square $

Proof of (iii) of Theorem 4. For $a\in D(\mathcal{L}^{\delta})\subset D(A^{\delta})$ for $0<\delta<1$ , we have already
obtained (7.40) by Lemmas 7.5 and 7.6. On the other hand, we have also

(7.50) $\mathcal{L}^{\delta}e^{-t\mathcal{L}}a=e^{-t\mathcal{L}}\mathcal{L}^{\delta}a$ ,

so that

(7.51) $\Vert \mathcal{L}^{\delta}e^{-t\mathcal{L}}a\Vert\leq\Vert \mathcal{L}^{\delta}a\Vert$ .

We here observe (7.50) for completeness although the proof is the same as that for gen-
erators of analytic semigroups given in literature (for instance [12]). For each $e>0$ and
$f\in L^{2}(\Omega)$ , it holds that

$(e+\mathcal{L})^{-\delta}f=\frac{1}{\Gamma(\delta)}\int_{0}^{\infty}s^{\delta-1}e^{-s\langle e+\mathcal{L})}fds$ ,

where $\Gamma(\cdot)$ is the gamma function. Given $a\in D(\mathcal{L}^{\delta})$ , we set $f=e^{-t\mathcal{L}}(e+\mathcal{L})^{\delta}a$ in the
above formula to obtain $(e+\mathcal{L})^{-\delta}e^{-t\mathcal{L}}(e+\mathcal{L})^{\delta}a=e^{-t\mathcal{L}}a$ . Therefore, $e^{-t\mathcal{L}}a\in D(\mathcal{L}^{\delta})$ with
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$(e+\mathcal{L})^{\delta}e^{-t\mathcal{L}}a=e^{-t\mathcal{L}}(e+\mathcal{L})^{\delta}a$ . Letting $e\rightarrow 0$ implies (7.50). Now, by (7.40) and (7.51)
we make use of the momentum inequality to get

$\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a\Vert\leq C\Vert \mathcal{L}^{\delta}e^{-\ell \mathcal{L}}a\Vert^{\frac{1-\alpha}{1-\delta}}\Vert \mathcal{L}e^{-\ell \mathcal{L}}a\Vert^{\tau\overline{-}v}\alpha\delta$

$\leq Ct^{-\alpha+\delta}\Vert \mathcal{L}^{\delta^{1\alpha\alpha\delta}}a\Vert^{\overline{\tau-}\tau}||a||_{D(A^{\delta})}^{\tau\overline{-}\nabla}$

$+Ct^{-\frac{m(a-\delta)}{2(1-\delta)}\Vert \mathcal{L}^{\delta^{1-\alpha}}}a\Vert^{T-\nabla}(||(k\times x)\cdot\nabla a||_{H-m(\Omega)}+||a||)^{\iota_{-}}\alpha_{\overline{R}^{\delta}}$

for $\delta<\alpha\leq 1$ and $0<t<1$ , which together with (6.3) completes the proof of (1.13). $\square $

Prvof of (iv) of Theorem 4. Given $\alpha\in(0,1$], we fix $\delta\in(0, \alpha)$ . Let $a\in C_{0}^{\infty}(\Omega)\subset D(\mathcal{L}^{\delta})$ .
Then it folows ffom (1.13) with $m=0$ that

$\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a\Vert\leq Ct^{-\alpha+\delta}||a||_{D\langle \mathcal{L}^{\delta})}+C||(kxx)\cdot\nabla a||$ ,

for $0<t<1$ , which yields (1.15) for $a\in C_{0}^{\infty}(\Omega)$ . We are also led to (1.14) for $a\in C_{0}^{\infty}(\Omega)$

on account of (6.3). We next suppose that $a\in L^{2}(\Omega)$ and that $(k\times x)\cdot\nabla a\in H^{-1}(\Omega)$ . For
every $e>0$ , we take $a_{\epsilon}\in C_{0}^{\infty}(\Omega)$ such that $||a_{\epsilon}-a||<e$ . By virtue of (1.12) with $m=1$
we have

$\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a\Vert\leq\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a_{e}\Vert+Ct^{-\alpha}e+Ct^{-\alpha/2}||(k\times x)\cdot\nabla(a_{\epsilon}-a)||_{H^{-1}(\Omega)}$ ,

for $0<t<1$ . We have already obtained (1.15) for $a_{\epsilon}\in C_{0}^{\infty}(\Omega)$ , so that the estimate
above gives $\varlimsup_{\ell\rightarrow 0}t^{\alpha}\Vert \mathcal{L}^{\alpha}e^{-\ell \mathcal{L}}a\Vert\leq Ce$ . Since $e>0$ is arbitrary, we arrive at (1.15). By
the same approximation procedure as above with the aid of (1.9), we obtain (1.14) for
$a\in L^{2}(\Omega)$ . We have completed the proof. $\square $
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