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0. Introduction

In the previous paper (3], we have considered an infinitesimal transformation which
leaves ¢ ;% invariant in a contact metric space and obtained the following
THeEOREM 0.1. In o conlact melric space, an infinilesimal transformation which leaves ¢ j*

wnvariant satisfies
(Y £95=0(g5i+057+)
0. 2 £9:=07:

where p is a constant. Conversely ©f vt satisfies (0.1) aznd (0.2), then v lewes ¢ ;¢ tnvari-
ant and consequently-p is a constant,

The condition (0.1) is a formal generalization of an infinitesimal conformal transform-
ation in a Riemannian space. Therefore it is natural that we consider a infinitesimal tra-
nsformation satifying (0.1) only where o is a scalar function. We shall call such a trans-
formation an infinitesimal %#- conformal transformation. In this paper we shall discuss su-

ch a transformation in a contact, a K- contact or a normal contact metric space.
£

1. Preliminaries

An almost contact metric space means an odd dimensional (n=2m-+1) differentiable
manifold with structure tensors ¢ ; *, &%, 7, and gj; satisfying the following relations
§:9.=1, rank(p;id=n—1, @;i9,=0, ¢;*£/=0,
d. 1 . o . .
PiTPri=—0; +&%5, 9T =%s,  Gii@rIQ R =Grr—N 47 k.
(6.73. On the other hand if the condition
1. 2 2910 7 =2¢ji=057:—0in;

hold in an almost contact metric space, the space is called a contact metric space. A con-
tact metric space with a Killing vector &¢ is called a K-contact metric space. By a nor-

mal cormal contact metric space we mean a contact metric space satisfying
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1. 3 © VeQii=0i9ki—0igrj

from which we can deduce that &7 is a Killing vector, where Vi denotes the covariant
differentiation with respect to the Riemannian connection [17.

Let Rps». Rj; be the Riemannian curvature tensor and the Ricci tensor respectively

and put

Hj,=@% Brjin=—% ¢** Renji,

1. 4)
Rii=¢ ;" By..

In a contact metric space, ¢j; is a skew symmetric closzd tensor and

a. & Vyei”=(n—1)y;’

holds good.

In a K-contact metric space the following identities are valid

e

1. 6 | V ini=0is

a. 7 V@it Byrjié” =0,
‘1. 8) H,,2r =0,

1. 9 R, 27 ={n—1>y..

In a normal contact metric space

(1.10) VEe@is=%j9ri—7i9kj)

(1.11) N Brji” =Mk G5i—05 ks
hold. Operating V; to (1.10) and making use of Ricci’s identity and (1.4), we obtain
(1.12) Rii—Hji=(n— 2)g;j.

A vector field v* is called a Killing vecter or an infinitesimal isometry if £g¢;;=0,
v

where £ denotes the Lie derivative with respect to a vector v* ; an infitesimal conformal
v

transformation if £ g¢g;,=2pg9;; where p is a scalar (homothetic, if p is a constant) ; an
infintesimal contac: transformation if £y;:=0ay; where ¢ is a scalar ; an infinitesimal
. . . v
projetive transformation if £ {;‘i}=6if P.+0.mp;.
NS
A vector field v? is called an automorphism if vt leaves four structure tensors. invari-

ant.

A K-contact metric space in which the Ricci tensor takes thz form

(1.13) Rji=agji+byin;

is called .a K-contact »-Einstin space, where ¢ and b become constant (n>3) [42.
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2. Infinitesimal 7-conformal transformation

It is well known that in a compact Kéhlerian space, an infinitesimal conformal transf-
ormation becomes an infinitesimal isometry ([27]. Corrzsponding theorem to a compact
normal contact metric space has not been known. However we can prove the following

TuEOREM 2.1. In a compact normal contict melric space (n>>3), an infinitesimal 7-
con formal tran formation is necesswrily an in finitesimal isometry.

Proor. For an infinitesimal -conformal transformation v?, we put
2. , £951=0(gi+2i7:)
where p is-a scalar function. If we substitute (2.1) into the identity
55{;‘1;}:%—gh’(vl'fgm‘f-Vi-%grf““vr.%gjl)x
then we have »
n 0;i @i +Er9i)+0. (0. " +&r7;)
@. 2 £t =% _ p;=0jp.
v —0n (Qji+tnini)+ 2000k, +oity;)),
According to the identity =
2. 3 flikah =V ‘% {;'Ii}—vj ég{zz}
and (2.2), we get |
2. 4 Nr flfkjir =502% Ve0i — 2% V;0i —%r Vi (Gii+1i 7 )
9y Vi 07 (Grit9z 0 ) +@r 05 — @i Ok + 2 Qri0s — 77 07 (QriYj
— @ik + 2ri0: >+ 2 0(Gime —Gri%i )] ‘
On the other hand, from (1.11) we have A
(2. 5 Brj” s:J"?r +7, ‘f«Rkjir Z{)(gy‘n?k —Grij )+gjz1:3€77k '—gki;f,??j.
from (2.4) and (2.5), we gef |
(2. 6) Ryjim L1 +3C29 Veoi — 29 Vi 0i =2 V& 0r (9ii+2i 7 )
+%r Vi 07 (Gri+7e 0 )+ Qri 05 — @i Pk + 2 Qi 0i —Nr 07 (QrWj
—QjiNk +2 PriMi )]zgﬁka ASIAE

Transvecting (2.6) with ¢7¢ and ¢hkgf‘ respectively, we have

@ D Hier £7, +3(—1 0p3Vj 07 —10k +19y 07 72 D=0 8" £7r,
v v

2. 8 Re” £, +F(— (n—2) 7, ¢ Vj0r —30& + 37 0" %)
v

:(_'T),— 1>¢kr £77'r
v
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Subtracting (2.7) from (2,8) and making ise of (1.12), it follows that
, 2. 9 Ok — 07 0" e —@r" s V,0¢ =0, (n>3)
from which we have
(2.10) 7 V0" =an;j —%j
where we have put .‘
a=E576V, 04 i =QiTPr.

Next, if we transvect (2.6) with &® and using (1.11) and (2.10), we.get
(2-1D 2V;ipi =a(—giit+ 390 )—2 @i 0 +0:i %5 ).
Differentiating (2.11) covariantry and then transvecting with ¢*i, we have from (1.4)

2H:" 0y =¢i”" Vya+(3n—03)an; —2n3; + 2(V, 07 )7,.
Transvecting with &% and taking account of (1.8), we get
(2-12) 2v, 0" +(3n—5)}z=o.
On the other hand, transvecting (2.11) with ¢j; we get
(2.13) 2V,0” +(n—3)a=0.
Comparing (2.12) and (2.13), we have V, p” =0.
Consequently by Green’s theorem we see that p=0, p=const.

n+1

5P by Green’s theorem we get p=0. q. e. d.

Lastly from (2.1) we get V,0"=-

In an %-Einstein space, it i5 known that if £g;;=0, then £%;=0 holds good [53.

In this case by means of ‘Fhorem 0.1, £¢ ;¢ =0 .also holds.
‘v

Thus we have the following
CoroLLARY. In a compact normal contact n-Einstein space with b 0 (n>>3), an infini-
tesimal n-con formal transformation is an automorophism.
When the associated function p of an ®-conformal transformation is a constant, (2.2)
becomes
£{&=0(pi* 9 +oi* 9;).
v
By the identity (2.3), it follows that
(2-14) £RBji=0Vy (@i" 7 +¢i” %5 )
v

(2.15) £ R=gii £ Rji+ Rjs £ gi= —p(B+ Ryit3 € ).
v v v

?
gji» we have

If we assume that the space be Einstein that is Rj;=
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e R—— n—+ 1
» n

oR= 0,

from which we get p=0.Thus we have
THEOREM 2.2. In an Einstein contact metric space, an infinitesimal n-conformal trans-
Jormation with p= constant is necessarily an in finitesimal isomziry.
If we assume that the space under consideration be K-contact, then (2.15) turns to
LR=—p(R+n—1)
v

because of (1.9). Thus
CoroLLARY. In a K-contact metric space with constant scalar curvature -R>x-(n—.1), an..
in finitesimal n-con formal transformation with p= constant is an in finitesimal isometry.
CororrLary. In a K-coniact p-Eins.ein space with b><0 (n>3), an infinitesimal »-
con formal transformation with p=constant is an aut;)mmﬂphism.
THEOREM 2.3. In a contact metric space, if an infinitesimal p-conformal transform-

ation vi suisfies one of the the following conditions, then vi is an automorphism.
1) £7:=0, (i) £&1=0, (iii)  £¢;i=0-
v v v,
Proor. (1). From the weéll known identity
Vifwi —£Vjiw =0 ,£{7}
v v v

we have —{:Vj Ni =70 f{,’-i}
from which _-,E.goj,-: 0 follows. Hence (i) reduces to (iii).
(). £8 =giiLn; i £ =95L0; —208
2o=8 £9j =—7; £F =0

from which we have £9ii= 0 and £%:; =0. Hence (ii)reduces to (i).

(ii1), L£0jii=9riL @i +0¢j:
v v
Transvecting this with g##, we get
L@t =—pp;h
v
Next, operating £ to
v
PiT oyt =—0;t +&
we have

205 —& 1)=£E 7))

from which we have p=0.
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THEOREM 2.4. In order that a transformation in a contact metric space be an in finitesimal
isometry,it s necessawry and suf ficient that the transformation be infinitesimal »-con formal
and infinitesimal af fine at the swume time.

Proor. The necessity is evident. We shall prove the sufficiency.

From (2.2) we have

p; (0% +Ery )+p:i (057 +E%ni )— o0 (gis+nini)
£{;1,}=’§‘ ’
v +20(pitn; +@ity;)

By cotittaction with respect to j and h, we get p; =0, and

o(@ikn; +¢iry; )=0.

Transvecting the last equation with ¢ 7 &, we'find p=0. q. e. d.

More generally, if an infinitesimal #%-confornal transformation v¢ is an infinitesimal

projective transformation, we have £g¢;;=p(g9ji+ 7 7: ) and £ {;‘,} =03;had; +0;h0;.
. v v .

From (2.2), it follows that '

(2.16) ! p; 8k +Er9 )+p: (8% +Ehy;)

8itai+8:ho;=%
U =0 @i+nim )+ 20 @ity +oityi) ).
Contracting (2.16) with respect to j and h, we get p; = 2 ;. Next transvecting (2.16)

with %5, we get
%5 0y +%i 65 =(r07) (gjitn; 7i)
from which we obtain %, 67 =0 and ¢; =0. By virtue of Theorem (2.4), v¢ is an infi-
nitesimal isometry. Thus we have '
THEOREM 2.5. In order that a-transformation in & contact metric space be an in finitesimal
isometry, it is necessmrily and sufficient that the transformatiobn bz in finitesimal n-conformal
and infinitestmal projective of the syme time.

Lastly we shall consider the case that v—éOnformal transformation is a contact transfo-

\

rmation.

LemMma. In a contact metric spacz, if an infinitesimal n-conformal transformation be an
in finitesimal contact transformation, tht is, £9;:=p(gii+vi %i ) ond £%:; =0y, than we have
s v ‘ v

PROOF. 0=§&' £y =—9 £& =—n. (97 £y +9; £97)=2p—0.
Thus taking accoZnt of The:em 0.1, we haize the foﬁOWing

THEOREM 2.6. In order that an infinitesimal transformation in a contict metric space lez-
ves ¢t invwriand, it is necasswily and sufficient that the transformation be an in finitesimal
y-conformal and infinitesimal contact af the sime time.

Moreover the following theorem is known [8.3].
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THEOREM. In o compact contact metric space an in finitesimal transformation which leaves
@ jt tnvariant is an qutomorphism.
According to the last two theorems, we have

THEOREM 2.7. In a compact contact metric space, if an infinitesimal y-con formal transfo-

rmation bz an in finitesimal contact transformation, then it is an aufomorphism.
NiuGaTa UNIVERSITY.
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