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1. Introduction

Let Mt be an 4k-dimensional compact orientable differentiable manifold, Py the 2k-
dimensional complex projective space, 2 the (oriented) cobordism ring, and Q the field of
rational numbers.

It is known that M4* is decomposed as follows:

Mt~ S Aj, o, iPaiy X X Py,

it =k
where '~ means 'is equivalent to’ in 2QQ and Ai,, . .., i,’s are rational numbers. In [2],
[3]and [4], similarly to[1], we determined the values of some A, . . ., i,’s and considered
some applications to the embedding problem. In this paper, we will consider, similarly to
[17, another application of the cobordism decomposition.

2. Cobordism decomposition

Let M4¢ be an 4k-dimensional compact orientable differentiable manifold, and é}p;ti
i=0
= .1211(1+r,-t) a formal factorization where p;=p;(M#k) is the i-dimensional Pontrjagin class
=

of M4. We defined in [ 2] a multiplicative series——

: . . i — '\/7’:2’ — —
Q. D igdz(u, v; b1, ..., PDZ 21 tghv/os (I+utgh 2v/ ¢z YA +ovtgh? vz )

where %, v and z are indeterminates. Since

tg‘f;'/t—lmc 1) e BiGriay,

Vi tgh vy = 5 (~ 1 EEE By

where Bj is the j-th Bernoulli number, we have:
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4(u, v; p1) =.b1(u+v)+%h,
85(, 03 B, £2)=0(2+ 0D+ pr%0 +L(4pr—0:2) (ut-0) + 5 (Ta— 112,
2y(, 93 s, bay B5) = DoC3+0%) -+ Do pr (ot ur?)+ L. (69— Do 1) (wi-0%)
+-L. (80201 301% v + (1725~ 8pab1+ 2815 ()

+ g5k (6205— 130201+ 201%),
A(u, v; b1, - . ., D)= pa(ut+ v+ pap1(UBv+uv®) + p2up?

+ %(8104—!73?1) (u8+1%)+ %(61@1 +4p,2— 3p 1) (WP0+ U?)
+ ;113(108?4— 27psp1— Tp2+6p2012) (w24 1v2)
+ = 5 (102P31>1+ 80p22—135p2 9124 33p1uv

+ gk (7440, 325pa91— 176 7%+ 248 popy—51p14) (w-+)

+ (38Lp4—T1p3p1—19p2+-22p3p12— 319,

1
34.52.7
dsCu, v; Py, « - - , P5)=ps(U5+ %)+ pyp1(wto+uvt) -+ papo(udv?+ u?v®)

+1(10p5— p4p1) (Wh-+09) +—5-(8pu1-+ 4pspa—3ps ) (WPo-+ur®)
+ (403 bo— 1) w02 + J=(185p5— 3Tpupy— Thapo-+6papr®) (wP+ %)
+ (36401573 52— 293 12— 260531+ 1152515 (o + ur?)

gk (212095 —620p 1 —336p 5+ 221 papr+ 111 b7

—51p2p13) (W2 +12) + 5= (1488p 4 p1+2856p3 po— 2140pg 42

3357

— 2648 po2p1+2329 po p13— 440 p15)uv+ ——=—+-—(6910 p5— 2809p 4 p1

3% 52 7
— 3171 pap2+2142p3p12+ 2272p52p1 — 18082 513+ 310 p15) (% +2)

+Wlﬁ(5110P5— 919p4p1—336pap2+237ps p12-+127p2p,



Some application of the cobordism decomposition 53

—83pap13+10p15), ... ([2]1 A.9DD.

Let «f M4] denote the value of an 4k-dimensional cohomology class x on the funda-
mental class of M. Since

Py = g G=0,1,..., 8

Zor? [ Pop =1

where g3 is the generator of H2(Py; Z), we have:

. = 1 (2kH1Y 2R+ 1Y,
2 3 MG, 03, -, OLPul= 3 (YR Yo,

i+ j=-
Since Mtk is decomposed in 2XQ as follows:

Q. 9 M4k7+...f_‘-—1-‘it_’:4"v e ooy igPaiy X oo X Pyiy
1

where Ai, . .., i’s are rational numbers, and 4k(%, v; By, . . . , pr)L M*] is a cobordism in-
variant, we have ([2] (3.2)):

Ak(u: Y Z TR pk)[M“]
Cz- 5) = 2 Aip e s ey '}A";(u’ N Pl, “ ey pi),)[PZﬁ]'"Ait(u: v; pl!

i T -k
L) pig)[PZit]'
For some small %’s, by comparisons of coefficients of #i»/’s in both sides of (2. 5), we have
([23(3.4), (3.6), (3.8), (3.10) and (3.12)):

A= pl M),

A= (=205 L M?]

An= %—(5Pz—2ﬁ12)[ M?],

Ag= 2-(3ps—3patr+ I M*]
An=1(—21p3+19p; 51— 6p5 M2]

A =31 (2803— 23 1+ TP M2],
Ai=5(—4pu+40s 17+ 20— a2+ O M1

(2. 6) Ay =5 (360~ 33pap1—18p72+ 339, 0:2— 81O M18]



54 C. Yoshioka
Agp==(18p4—18p5 p1—Tps2+16p3 17— 41O M16]
Ay = (—180p,+159pupy-+80p5*—150p; pi2-+ 3651 M19]
Auyyy = gr(165p4— 137 paby— T0p5+127p3 12— 3051 M1,
A= (5ps—5p4p1—Spaba+-5bsbr?+ 51— 523+ O M)
A= (—55p5+51pp1+55paps—51pabi2— 53521+ 5102518 — 10515 M
Asy=g(— 550545504 b1+ 49pads—520a:2— 49901+ 5002 68— 10p:5) M]

sty = 5(330p5—294p, b1 — 31595 py-+ 288papn?-+ 297ps21 — 283p, 17
+55p,)[ M2]

Ao =7—15(330p5—312p4p1—288p31>z+291p3p12+2811)221;1—2791)21)13
+55p, 5[ M*0]

Apn = 5=(—1430p5+1250p,p1+1269papy — 11809 pr2—1189p;201
+1136p2513—220p,5[ M2 ]

Ann =51 (10015 83641 — 86185 5+ 180pap12+ 791551 — 7450, 18

| +143p, 5 M2].
| Let HP:. be the k-dimensional quaternion projective space. Since

p(HPR)=1+ar)?*D(1+4ap)™?

where a: is the generator of H4(HP:; Z), from (2. 6) we have ([2] (8. 14), (3. 15), (3.16),
(3.17) and (3.18)):

HP;~0
HPy~—2P+ 3P
(2. 7) HP3~23(— 8P6+ 24P4P2— 16P23)

HP~1 —%Ps+ 90Pg P,+45P; —200P4P22+2—§9P24)

HP5~25(—92P;0+340PgPy+ 324 Ps Py — 816 Pg Po2— T92 P 2P5-+1616 P, P38
—580P,5)
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where Ai=aii [HP:] (i=3, 4, 5).

3. Cobordism decomposition of a submanifold

Let N#k*2r be an (4k+2r)-dimensional compact orientable differentiable manifold and
M?# the submanifold of N4+2r determined by a sequence of cohomology classes #, ..., xr
eH2(Nék+2ry 7). Then we have ([3] (1. 1)):

ACt, 0; pr(MD, . . ., pR(MDI M4k]

t h 1
SR> = o {1 g (L Ty 2,4 v 1),

2 BN N2
where r4*2r(X) denotes the (4k--27)-dimensional component of the element Xe> Hi(N4k+2r,
13

Z). Since M# is decomposed in 2XQ as follows:

(3. 2) Mk~ N Azlr, ooy i,Pz,'lX eee X Pz,'
i+ ik ¢
where A,?I’,‘ ..., i’s are rational numbers, we have:
@G. 3 4e(u, v; 1(MD, . . ., pr(MDIL M*]
= 3 A¥,. .., idi(u, 0,01, ..., Di)[ Paiy1--di, (8, v; Py,
’1+...+"_k 1
”’ pitD[Pzit]‘

For some small (%, 7)’s, by substitutions of (2.3) and (3.1) into (3.3), and comparisons of
coefficients of #ipi’s in both sides of (3.3), we can obtain the representations in terms of

pi(Nysand %, ..., % of A?l' , .++»i/s. For example, when r=1, we have (where we will

use x instead of x,. [3] (2.2), (2.3), (2.4), (2.5) and (2. 6)):

Ap=L—wtap (NN,
Ag=L (=B 2(2pr— P N™]
11-"—(35'55 23p1+2(5p2—2p12) )L N0,

A= (= 2"+ x(3ps—3pap1+ 513 N1]

3|

A%xzilg(sx"— 25p1+ 28(2p2— P12 — x(21p3—19p2 p1+6p13) DL N4 ]
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A= (— 1247+ 8151~ 13(5p— 2p1) + 2(28ps— 23pap1 + THED[ N1,
Ag=4-(— P 2(4p1— pad1— 22+ o~ L N'8]

A= 2—11(10x9 — 5791 — 23(3p3— 3pap1+13) + x(36p,— 33pgp1 — 18p,2
+33p2012—8p1))[ N18]

A= (5594 85(2— 11D + 5(18p4— 18p3p1— o2+ 16ps p12— dprh)) N8

A= (— 5529+ 847p1— #5(11p,—5:2) + %21 pa— 19 1+ 6915)
— 2(180p—159pap1 — 80p72-+ 150pap12—36p,4)) N18]

Ay =g (55— 124701+ 34550, — £12) — 1%(28b5—23p b1+ Tp15)
+x(165p4—137pg p1— 70p22+127p, p12—30p,4))[ N18],

A= (— 21+ 2(5p5—5pad1—Spada-+ Spapr+5pepr—5papd+ o) N2]

A= (1241 — 231+ 23(4p4— Spapr— 2072+ 4ot~ 1)

— %(55p5—51p4p1—55papa-+51pap1*+53pg%1— 5102513+ 10p15)[ N2]
A= 2 (122114 57 (2p5— p:2) — 3%(3ps—3p 1+ 1) — 5(55p5—55p

— 49papr-+ 52pabiP-+ 49,1~ 50923+ 10915 N 2]
Ay = g (— 783114 1053, — 47 (5p,— 21D +385(3p5— 3pa 1+ 515)

— x3(36p4— 33pgp1— 18p22+33p2 12— 8p14) + x(33055— 294 4 p1
—315ps b2+ 288p3 12+ 297p22p1 — 283p, P13+ 55p15) [ N22]

Ay =2 (— 8514529, — 847(2py— 1)+ 52105 — 1911+ 6618

— 23(18p4— 18psp1— Tp22+16psp12— 4p14) + x(330p5— 312p 4 1
—288p3 pa-+291pg P12+ 281 po2p1 — 279p2 13+ 55p15) D[ N2 ]

Ay =35 (364311 55291 + 457 (16— Tp12)— 27(91p3— 80201+ 25 51%)

+28(180p4—159p5 p1— 80p22+ 15092 p12—36p14) — x(1430p5—1250p4 1
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—1269p3 po+1180p3 12+ 1189p22p1 — 11362 p13+220p1°) ) N22]
Ay =g (— 27351+ 552%; — 1247 (5p,— 2:2)+ 345(28p3 — 23p2 21+ T11%)
—x3(165p4—137p3 p1—70p52+127p2 p12—30p1*)
+x(1001p5—836p 4 p1— 861p3 2+ 780p3 p12-+ 791 pa?p1

—T745p,p13+143p,5))[ N22].

Now, we consider the case of N#k+2r = P,,., and xi = ¢;gr+,((=1,...,7) wherec;isa
non-zero integer, that is, M4* is the submanifold of P,.,, determined by c1828+s, - - + » Cr&2k 17
When r=1, from (3.4) we have ([3]§2.1),...,5):

3A%2=—c3+44c,
5A%= —c5+6¢
3A2%, =c5—2c3+c,
TA2=—c"4+8¢
15 A2, =8(c"—c5—c3+¢)
9A%,=4(—c7+2c5—¢3),
9A%=—c%+10c
21A%,=10(c%—c"—c3+¢)

(3. 5) 5A%,=c%—2c5+4c
9A%,=—11c%+16¢7+ c5—6¢3
81A42,;,=5(11c9— 247+ 15¢5—2c8),
11A2=—c11+12¢
9A2%, =4(c1—c9—c3+¢)
35A2,=12(c11—c"—c5+¢)
21 A3, = 2(— 1311209 — 77+ 65— 6¢9)
25A%,,=2(—13c11+410c9+16¢7 —10c5—3¢8)

135A%,,,=4(91c11—165¢%-+ 487+ 35¢5—9¢8)
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81A432,,,,= —91c114220¢9—168¢7+-40c5—c3.
When r=2, similarly we have (where we will use ¢, d instead of ¢;, c,. [3]182.6),..., 10)):

3A4=—(c3d+cd®)+5¢d,

5A4=—(c5d+cd®)+Tcd

9A4, =3c5d+c3d8+ 3cd®— T(c8d+-cd3)+Tcd,

TA$=—(c"d+cd")+9cd

15A4, =8(c"d+cd™)+ c®d3+ c3d5—9(c5d+cd®) —9(c3d+cd3)+ 18¢cd

9A%,=—4(c"d+cd™)— (c5d3+ c3d5) 4 9(c5d+cd5) -+ 3c8d3—6(c3d+cd3) +-cd,

9A4}=—(c%+cd®)+11cd

21A%, =10(c%d+-cd?)+ @3+ c3d"—11(c"d+cd”) — 11(c3d+cd®) +22cd

25A4,=5(c%d+cd?)+c®d5—11(c5d+cd®)+11cd

45A4,, = —55(c®d+cd®) — 8(cTd3-+ 3d7) — 6¢5d5+ 88(cTd+cd™) +11(c5d3
+c8d5)+11c3d3—44(c3d+cd3)+11cd

3. 6) 81A%,1;=55(c%d+cd®)+12(c7d3+c3d7) +9c®d5—132(c7d+cdT)

—33(c%d3+c3d5)+99(c5d+-cd5) +33c8d3—22(Bd+cd?®),

11A4= — (ctd+cdit) +13¢cd

27A4% =12(Nd+cdt) +c%d3+ c3d?—13(c%d+cd®) —13(c3d+cd3) +26¢d

35A%,=12(clld+cd1V)+c7d5+-c®d7—13(c"d+-cd ") —13(c®d+-cd5) + 26¢cd

6344, = —78(cld+cd 1) —10(c%d3+c3d 9)—3(c7d5+c5d7) +130(c%+-cd?)
+13(c7d3+c8d7)—52(c"d+cd ™) +39(c5d+cd®) +13c3d3—52(c3d+cd?®)
+13cd

T5A%,,= - 78(ctd+cd 1) —5(c%d34-c3d9) —8(c7d5+-c5d7) + 65(c%d+cd?®)
+13¢5d5+4-104(c7d+cd7) +-13(c5d3+-c3d5) —T8(c5d+cd5) — 26(c3d+-cd3)

+13cd
135A4;1,=364(cMd+cd 1) +55(cOdB3-+ c3d9) + 36 (7 d5-+ 5dT) — T15(c%d+cd®)
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—104(c7d3+c3d7) —78c5d5+4-260(c7d+cd ™)+ 13(c5d 3+ c3d5) +169(c5d
+cd5)+78c8d3—78(c3d+cd3)

243A%,,11=—273(cMd+ cd™1) —55(c%d3+ c3d9) — 36(c7d 5+ c5d7) + T15(c%d+ cd?)
+156(c7d3+c3d )+ 117c5d5—624(c"d+cd ™) — 156 (c®d3-+c3d 5)+195(c5d
+cd5) +65c3d3—13(c3d+cd®).

4. Application
In this section, we will consider whether HP;. is cobordant to M# which is a submani-
fold of Py4,,, Or not, for =1, 2 and k=1, ..., 5.
Casel. r=k=1. From (2.7) and (3.5),
3Af=—c(c2—4)=0.

Hence, HP; is not cobordant to any 4-dimensional submanifold of Ps other than those which

are determined by + 2gs.
Cask 2. r=1, k=2. From (2. 7) and (3.5),
5A%4 34% = —23+7c= —1.

Since 2¢3—7c—150 for any integer ¢, HP, is not cobordant to any 8-dimensional submani-
fold of Ps. ([1]18D

Case 3. r=1, k=3. From (2.7) and (3. 5),
2+15A2,+5+9A%;, = — 4c(c2— 4)(c2—1)2=0.
When ¢= +1, there are no 4g’s such that AZ=—823, A% =2413, A%;;= —164g because A 0,
A%, =A%,=01in (3.5). Hence, HP; is not cobordant to any 12-dimensional submanifold of
P; other than those which ‘are determined by +2g7. ([1]§7)
Case 4. r=1, k=4. From (2.7) and (3.5),
5¢21A% — 50.5A4%,—9A%,=11c3(c2—4)(c2—1)2=0.

Similarly to Cask 3, we have that HP, is not cobordant to any 16-dimensional submanifold
of Py other than those which are determined by +2g,. '

Case 5. =1, k=5. From (2. 7) and (3.5),
165942, —55+35A2,— 6+25A2,; =156¢3(c2+1)(c2—4) (c2—1)2=0.

Similarly to Cask 3, we have that HPs is not cobordant to any 20-dimensional submanifold
of P, other than those which are determined by +2g1;.
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Cask 6. r=2, k=1. From (2.7) and (3. 6),
3A{=—cd(c2+d2—5)=0.

Hence, HP; is not cobordant to any 4-dimensional submanifold of P, other than those which
are determined by (+2g4 £ g4).

Case 7. r=k=2. Frm (2.7) and (3.6),
5A4=—cd(ct+dt—T)=—10.

When ¢ and d are prime to 5, ¢4+d*—7=0 (mod 5). Hence, ct+d4¢—7= 15 and cd=+£2,
or ¢4+di—7=+10 and cd=+1. But, there are no (¢, d)’s which satisfy above equations.
On the other hand, when c=d=0 (mod 5), clearly 543%—10. Thus, HP, is not cobordant
to any 8-dimensional submanifold of Ps. ([1] §8)

Cask 8. r=2, k=3. From (2.7) and (3.6),
2415A4%, 45944, =cd((9(c2+d?2)—39)c2d2—4(c2+ d2)3+27(c2+ d2)?
—48(c2+d?)+41)=0
45.7A3+-7-15A% =cd((—26(c2+d?)+126)c2d 2+ 11(c2 4 d2)8— 63(c2+ d2)?
—63(c2+d2)+531)=0.
Eliminating c242,
(c2+d2—5)2(c2+d2—9)(c2+ d2—23)=0.

Hence, (¢, d)=(42, £1). Thus, HP; is not cobordant to any 12-dimensional submanifold
of Pgother than those which are determined by (+2gs, +£s).

Case 9. r=2, k=4. Since
375+9A4+8225A4, = 100-21A4; + 21+45A%;,= 8-25A%, + 45A44;,=0
from (2.7), by (3. 6) we have:
35(c2+ d2)4—902(c2-+ d2)2+5027
= —152(c2d?)2+4 (140(c2+ d2)2—1804)c2d2
155(c2+ d2)4—748(c2+ d2)34-2024(c24-d2)—2431
= —300(c2d 2)24- (552(c2+ d2)2—2013(c2-} d?)+231)c2d2
15(c2+ d2)4—88(c24- d®)3+88( 2+ d2)2+4-44(c2+d2)—99
= —12(c2d2)24-(52(c2+d2)2—253(c2+d2)+187)c?dz.
Eliminating c2d2,

(e2+d2—5)2(c2+-d2—11)((c2+d2)3—3(c2+4- d2)2—39(c2+ d2) +55) =0.
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Hence, (¢, d)=(+2, £1). Thus, HP, is not cobordant to any 16-dimensional submanifold
of Py other than those which are determined by (+2g10, * &10)-
Case 10. r=2, k=5. Since
21.27A% —17.35A4,=28-27A4+ 5-63A4,,=110.35 A4,4-21.754%,,=
from (2. 7), by (3. 6) we have:
48B5—273B4+221B%4-221B2—273B+104
=(160B—546)C2+(—219B3+-1092B2—663B—442)C
—54B5-286B4—26083+19582— 6245+ 793
=(—219B+442)C2+(248B3—1079B2+4780B—325)C
—318B54-1365B4-+754B3— 3068 B2—546 B+ 3133
=(—1333B+3003) C2+ (1485B3—546082—1989B-+6136)C
where B=c2+d?, C=c2d2. Eliminating C,
(B—2)3(B—5)2(B—13)(160B4— 306B3—25982—6471B+41561)=0.

Hence, (¢, d)=(+£1, £1) or (£2, £1). But, when (¢, d)=(x1, £1), there are no 45’s such
that Ag=— 9225, A};=3402%;, . .., A};;;; =—5801; because A$~0, A4, =0 in (3.6). Thus,
HPs5 is not cobordant to any 20-dimensional submanifold of Py, other than those which are
determined by (+2g13, +g12).

NucaTa UNIVERSITY

References

[1] Y. TomonaGA: Coefficients of cobordism decomposition. ToOhoku Math. J., 13 (1961), 75-93.

[2] C. YosHioka: On the coefficients of cobordism decomposition. Memoirs of Takada Branch Fac. Educ.
Niigata Univ., 14 (1969), 191-202.

[3] C. YosHioka: On the cobordism decomposition of some submanifolds. Memoirs of Takada Branch Fac.
Educ. Niigata Univ., 15 (1970), 147-158.

[4] C. YosHIOKA: Applications of cobordism decomposition to the embedding problem. Memoirs of Takada
Branch Fac. Educ. Niigata Univ., 16 (1971), 175-186.




	1. Introduction
	2. Cobordism decomposition
	3. Cobordi8m decomposition ...
	4. Application
	References

