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VANISHING VISCOSITY LIMIT FOR INCOMPRESSIBLE FLUIDS
WITH A SLIP BOUNDARY CONDITION*

XIAOQIANG XIET AND CHANGMIN LI

Abstract. We study the the regularity and vanishing viscosity limit of the 3-D Navier-Stokes
system in a class of bounded domains with a slip boundary condition. We derive the convergence in
H?k+1(Q), for any k > 1, if the initial date holds some sufficient conditions.
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1. Introduction and results. Let Q be an open bounded domain in R3. We
consider the initial and boundary value problem for the system of viscous Navier-
Stokes equations

opu” —vAu” + (u” - V)u” + Vp” =01in €,
(1) V-u”"=0inQ,

u” =ug, at t =0,
with the following slip without friction boundary conditions
(2) u-n=0,Vxu-7=0on o,

where V- and Vx denote the div and curl operators, n the outward normal vector
and 7 any unit tangential vector of 0.

The corresponding Euler system is usually equipped with the slip boundary con-
dition, namely

du+ (u-V)u+Vp=0in Q,
(3) V-u=0in Q,

u=ug, at t =0,

(4) u-n =0 on JN.

Our aim is to investigate strong convergence, up to the boundary, of the solution
u” of the Navier-Stokes system (1) to the solution u of the Euler system (3), as v — 0.

Existence of classical solution to Euler equations (3) in local time under the
boundary condition (4) can be founded in [1] and [2]. The interested readers may
consult [3] and [4] for the mathematical theories of the Navier-Stokes equations.

The issue of vanishing viscosity limits of the Navier-Stokes equations is classical
and fundamental importance in fluid dynamics and turbulence theory (see e.g. [5]
[6], [7], [8], [9], [10]). An interesting result about a complete asymptotic expansion to
viscosity under an non characteristic boundary case was derived in [11].
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In flat boundary case, the 3-D inviscid limit for solution u” to the slip boundary
problem (1) and (2) has been considered in [12] and [13]. In [12], they state the
convergence (u” — u) in LP(0,T; H3(Q)) N C([0,T); H2(2)) as the viscosity v — 0.
And in [13], the convergence was developed in C([0,T]; W*?((2)), where p > 2 and
s < 3.

It should be noted that the approach encounters great difficulties for general
domains as pointed out in [13]. Thus, following [13], we restrict the problem to
a cubic domain Q = [0,1]2,, x (0,1) with the boundary conditions on two opposite
faces z = 0 and z = 1, and others be assumed periodic, which was called flat boundary
case.

We prove the following results.

THEOREM 1.1. Let the initial date ug € V-1 N H2k+1 [k > 1. Then there
exist strong solution of the Navier-Stokes equations (1)-(2) in the "cubic domain”
(flat boundary case) on some time interval [0,T], s.t.

(5) HuVHLOO(O,T;H2k+1) < C, ||8tu”||Lz(0,T;sz) < C.
And
(6) u” — u in C([0, T]; HZX), as v — 0,

where u is the unique solution of the Euler equations (8) and (4).

THEOREM 1.2. Let the conditions of Theorem 1.1 be satisfied, then
(7) ||11V — u||Loo(07T;H2k—1) § Cv.
Further, Zf |\3§kw7|\Lw(07T;C2(BQ)) < C, ||at872lkw-,—||L2(07T;01(BQ)) < C, then

(8) [’ = ul[Le (0, 7;2041) < Cvi.

REMARK 1.1. We are grateful to the referee for the information about [13],
which unfortunately was not known to us. In [13] the authors consider the case
WP where k is an arbitrary integer satisfying k > 3, and the exponent p may be
arbitrarily large. In the present paper we assume that p = 2, moreover the integer k is
replaced by, say, 2k + 1. On the other hand, we carefully and deeply study, and show
explicitly, the necessary and sufficient compatibility conditions that the initial data
must verify. In [13], the authors assume that the compatibility conditions hold but
they do not investigate this significant problem. Furthermore, our general approach is
quite different from that followed in [13]. Finally, we present some additional results
concerning the dependence on v of the speed of convergence.

It is worth noting that during the preparation of a couple of revised versions of
our manuscript, [15] appears. In this reference, by appealing to a reflection technique,
stronger results than that shown here and in [13] are proved.

The paper is organized as follows. Some tools are drawn in Sect. 2. A priori
estimates to the Navier-Stokes systems are given in Sect. 3. The results of vanishing
viscosity limit and the convergence rate are presented in Sect. 4. The proof of result
(8) is given in Sect. 5.
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2. Notations and preliminaries. Throughout the rest of this paper, denote
by v. = v-7 and v, = v - n on the boundary 0f). For the flat boundary case,
v-n =0 and V x v = 0 are equivalent to v, = 0 and 9,v. = 0 on dQ. And
0Q = {(x,y,2);2 =0,z = 1} N Q. For convenience, 2 and @ may be omitted when
we write these spaces without confusion.

We begin our analysis with a formula of integration by parts.

Let € be a regular open, bounded set in R3. Then, for sufficiently regular vector
fields v,

9) —/ Av-vdx = |Vv|3. —/ Onv - vdo.
Q o0

It is easily shown that if v is sufficiently regular vector fields in a flat boundary
domain then

(10) OnV -V =0nVs Vy +0aVn - Vn.

It follows that 0, v-v vanishes on the boundary if either of the following conditions
is satisfied,

(11) (a) v.n=0,Vxvxn=0on R,
(b)) vxn=0o0n0Q,V-u=0in Q.

To study functions with either of above boundary conditions, we introduce series
of function sets.
Let

H={veH4V.v=0inQ},
V! ={veH;v, =0 on o0},
VY= {v € H;v, =0 on 00},

V¥ = {ve H*. 92y e V0 j=0,1, -k},

V3 — Iy e HZ 2,y c V1 92y c VO j=0,1,--- ,k}.
Then, the following propositions are easily obtained

PROPOSITION 2.1. Ifv € VEHL then 02iv e V71 j=0,1,--- K+ 1.

PROPOSITION 2.2. If v € VZ then 0¥ +tlve V1 j=0,1,--- k.
Rewrite (11) with the new notations,

LEMMA 2.1. Ifve V® orv e VL then 8,v-v =0 on 0.

This result together with the following two are main tools in our proof.

LEMMA 2.2. (u-V)v is normal to the boundary, if either of the following condi-
tions holds

(a) ue Ve g,vevo

12
(12) (b)) uwuev?itveVve
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The proof is left to the reader.
It should be considered that when v is not in V° or V1. For the energy estimates,
we construct a boundary layer to fill the gap.

LEMMA 2.3. In the flat boundary case, assume ||h;||ci9q) < C for k > 1.
Then, for any v << 1, there are vV € V2k=1 v =V x v¥, such that V x vV = 0 as
v <z<1- V%, furthermore,

Xu c CZk—i—l(ﬁ) v E CZk(ﬁ)
925\ = h,,02%x% = 0 on 0N,

T ¥n
(13) 0 2o e < OB+
(1 = )"0 X e < CvB+ S
102" e < Cy3 T3,
forie RT,1<p< +oo.
Proof. It’s trivial to find a function ¢(z) € C1[0, ), s.t.

go( )=1latz=0,

=0at z>1,
(14) (2) =0at z
/FJ 8$)ds=0,7=0,1,---,2k —1,
where F is an integrate operator from C[0, 00) to C*[0, 00), s.t. F(f =[5 f(

FO(f)=f, F! = F(FI71), for j > L.
Denote by ¢”(z) = go(%) Then,

2409 " ||Lp<CV2P ,j=0,1Tand 1 < p < +oo.

Set ¥ (z)r = h;(0)¢"(z) + h,(1)¢”(1 — z), and ¢§ = — fo Vit (x,y,s)ds. Tt
follows that

V-"=0in Q, Y =h, on 0f.
Next, set
= P().
Since FI(¢”) = 0 on 99, for j = 1,2,---, 2k, it follows that dx% = 0, 3T x3 =0
on 0F), for j = 0,1,--- ,2k — 1. Furthermore, V-x¥ =0in Q. In other words,

X" € V#=2. Therefore, [ 3 = 0.
Finally, let ¢¥ satisfy the following equations

—ACY =x"in Q,
¢

15
(15) Y =0,0,¢5 =0 on 9N,

The necessary condition [ x3 = 0 of existence holds from classical elliptic theories.
Applying div to equation (15), together with div¢” = 0 on 9€2, then V- (¥ =0 in .

Set v/ = V x (¥ and notice that V x (¥ = —Ax", then the proof is completed
after a simple calculation. O

REMARK 2.1. Replacing the C' regularity of h, with C*, then the W?2k+sp
estimates of v¥ can be obtained.
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3. A priori estimates. In this section, we derive formal energy estimates as-
suming that ug and u” are sufficiently regular. As pointed out in [12] and [13], the
key in studying the vanishing viscosity limit is to control the vorticity created on the
boundary.

Set

w’ =V xu”.

Recalling boundary conditions (2) together with the notations introduced in sec-
tion 2,

(16) u’ eVt wevVvh
By applying the operator curl to both sides of equation (1) one gets,
(17) Ow” — vAW” + (u” - V)w” — (w” - V)u” =0 in Q.

By appealing to Lemma 2.2 and (16), one obtains

LEMMA 3.1. Let u” be a vector field in €2, and w” =V x u”. Assume uz = wy, =
wy =0 on 0N. Then the vector fields (u” - V)w” and (w” - V)u” are normal to 05.

It was inspired in [12].
Since w” € VY, by appealing to equation (17), it follows that 92w” x n = 0 on
09). Recalling the definition of V2, one obtains w” € V2. Then, u” € V3.

LEMMA 3.2. Let u” and w” be as above, with sufficient reqularity, v’ € H2%+2,
Then, for k € N,

(18) u” e VIFL oV e V3K

Proof. The mathematical inductive method is used to prove the result.
When k = 1, the claim follows from the above analysis.

Next, we assume u” € VIt v ¢ V2 for j=0,1,--- k- 1.

By applying operator 92*=2 to both sides of equation (17), one gets

DO — v NP2
(19) Ea j 2k—2—j 2k—2—j j .
+ > [(9hu” - V)RR — (922w V)dhu] = 0 in Q.

Jj=0

From the inductive hypothesis, u” € V-1 v ¢ y2k=2,

Case 1: j is even. By Proposition 2.1, 3Ju” € V=1 9itlu” € VO 92k—2-iyv ¢
V0. Tt follows from Lemma 2.2 that (07 u” - V)92k=2-3w" and (92F—2-7w" - V)0J u”
are normal to the boundary 0f2.

Case 2: j is odd. By Proposition 2.2, dJu” € VO, 92k=2=iv ¢ V=1 §2k—1-iyv ¢
V0. Tt follows from Lemma 2.2 that (8Ju” - V)92k=2-Jw" and (92k—27Iw" - V)07 u”
are normal to the boundary 9.

Taking them into equation (19), one obtains 92kw” € V9.

Finally, according to the definition of V?* and V2**1 the proof is completed. O
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Applying the operator 92, ., where « is a multi-index and |«o| < 2k, to both sides

z,y,2
of equation (17), one gets

00y, W —VvAdy, W’ + (0 - V)0g, w” — (Oyy ,w” - V)u”

a:,y,z x,y,z x,y,z
+ Z (a:f,y,zuy ’ V)@;mzw” + Z (aﬁlz%zuy ’ V)@Q,%zw”
(20) B+y=a,|Bl=1 By=a,|B|>2
S Y @, T,
BH+y=a,|B|>1

Next, multiply both sides of the above equation by 97, .w"” and integrate in Q.
Note that 9%, ,w” € VO or 02, .w” € V! for |a| < 2k,

.Y,z .Y,z

V[~ < Clju”[|gs < Cflw”|[m2x,

and
[u”[lwsia < Cllw”[[wi-14 < Cllw” |, 2 <j < 2k.

By Lemma 2.1 and summing up for all |o| < 2k, one obtains
21 ld v 2 V|2 V|3
(21) 6 e+ V9 B < Ol

Comparing with the ordinary differential equation

'(t) = Cy?,
(22) {y (t)=Cy 2
y(0) = [lwollF72r

where wg = V X ug, and denoting by T the blow up time, it follows that a priori
estimates hold, for T' < T,

v v _1
(23) Hw ||Loo(07T;H2k) S C, va ||L2(07T;H2k) S Cv 2.

Thus, we have the following result.

THEOREM 3.1. Let ug € VZ-1nH2kH1 [ > 1. Then there exist T and
C(||110HH21<+1,T), s.1.

_1
(24) Hul/HLOO(O’T;H2k+1) S C, HVUV”LZ(O,T;H21‘+1) § Cr 2.

Taking the inner product ((17), 9;w") g2x-1, it follows that [|0;w” || 120, r;m2r-1) <
C, and ||0tu”||L2(0’T;sz) < C.

According to ||wo| gz < C, then by equation (17), ||0:w|t=o]| g2r-2 < C.

Similarly, applying operator 9;05 , , to both sides of equation (17), for |a| < 2k—2,

T,y,z
and multiplying 0;05, .w"”, we have

_1
(25) ||atul/HLoo(0’T;H2k—1) S C, ||V8tu”|\Lz(07T;sz71) S Cl/ 2,

Thus, we can conclude
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THEOREM 3.2. Let the conditions of Theorem 8.1 be satisfied, then for s < k

070" || Loc (0, 75121041 -20) < C,
(26) Hvafuy||L2(0’T;H2k+1725) < CI/_%,

|‘8§+1uy|‘L2(07T;H2k—2s) S C

where C = C(||ug]|gax+1, T).

Then, the regularity of the solution of the Navier-Stokes equations (1) and (2) is
investigated,

THEOREM 3.3. Let the conditions of Theorem 3.1 be satisfied. Then, for s < k,
there exist a time T depending on the initial date and unique classical solution of
Navier-Stokes equations (1) with boundary conditions (2). In addition,

Hafu”HLm(O’T;szﬂfzs) < C,
(27) VO30 || 20 mopzwsa2e) < Cv™ 3,
HaterluyHLz(O,T;Hz“*ZS) < C7
where C' = C(Jjug||gax+1, T).
4. The vanishing viscosity limit. This section focuses on the vanishing vis-

cosity limit of the Navier-Stokes system for the flat boundary case.

THEOREM 4.1. Let the conditions of Theorem 3.1 be satisfied for k > 1. Then
as v — 0, u” converges to the unique solution u of the FEuler system with the same
initial date in the sense

u” — u in L°(0, T; HZ*) weak-,

28
(28) u” — u in C(0,T; H?X),

Proof. Tt follows from Theorem 3.3 that

(29) u” is uniformly bounded in L (0, T; H?*t1),
and
(30) dyu” is uniformly bounded in LZ(0, T; H?X),

for all v > 0. By the standard compactness result, there exist a subsequence vy, of v
and vector function u, such that

(31) u”* — u in C(0, T; H?X),

as v — 0. Passing to the limit, we can find u solves the Euler equations (3) and (4).
Together with the uniqueness of the strong solution of the Euler systems, we then
show the convergence of the whole sequence. O

Now, we present the convergence rate.

Set w = V x u. Recalling Lemma 3.2 and Theorem 4.1, one obtains

(32) uc VTl e V22 y e L(0, T; H2K ),
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Set ¥ =u” —u, w¥ =V x u’. We can find
(33)  ow” —vARY + (0’ - V)w¥ + (1" - Viw — (@ - V)u’ — (w-V)u" = vhw.

Noting that u¥ € V21 5" € V22 and ||Aw|| g2x—> < C, the same argument
in proof of Theorem 3.1 can be followed. Taking the inner products ((33),0") gor—2,
we have

1d
34 -4
(34) 2dt

Then, the desired result (7) in Theorem 1.2 is obtained by Gronwall inequality.

o = wlancs + VIV — )i < Cll”[Bgaus + V2.

5. Some additional results. There is a gap between 02w, and 0.
In other words, w is not in V2. Assuming |02 w;| 1~ 1.c2000) < C,
H@t@%kwT||L2(0’T;C1(39)) < C, then by Lemma 2.3, there are v¥ € V2k—1 ¥ = ¥ xv?,
st 92ExY = =92 w, on 0, ||29(1 — 2)7 02X || Lee 0,1512) < Cv¥,j=0,1, and
further [|0:x” || 20,75 m2%) < Cvi, 107X (| Loo (0,17 20y < Cvi.
Sett/ =u’ —u—v”, 0" =V xu’' =w’—w-—x".
From equation (33), one obtains,

O’ —vAGY + (0 - V)¥ + (0 - V)w — (07 - V)u” — (w- V)i

= -0’ —vAXY +vhw — (0 - V)x¥ = (vV - VIw+ (x* - V)u” + (w - V)v".

Then, taking the inner products ((35),@")g2x, Note that

2k—1~v __ 2k~v __
0," Wy = 0,020 =0 on 09,

(35)

—~ ~ v ~ 1
|V/Aa;§kx” SRR | = |y/va3ﬁx“ VoGV | < vaaf;kwvniz +Cve,

B / Ay . 92| = v / Vo - VoReY| < Vot |3 + O

v v u’/ v i
[(0”-V)O3EX" L2 < [[(uY-V, )03 x ||L2+Hz(17fz)|\wIIZ(l—Z)aﬁk“x L2 < Cra.
And it follows in the same manner,
1d, ., ~ —~ 1 v
(36) 5 7197 Wze + VIV 2 < ClIE¥ [Fgan + Cv2 + 90" [ Fyan-
Therefore,

A~ 1
10" || Loe (0,13 20y < Cv.

And the result (8) in Theorem 1.2 is concluded.
Finally, we give three remarks.

REMARK 5.1. Let the conditions of Theorem 1.1 be satisfied, then for s < k — 1,
(37) ||6£S v— 8;u||Loo(0’T;H2k—1—2s) S Cv.

REMARK 5.2. Let the conditions of Theorem 1.2 be satisfied, then for s < k,

. 1
(38) H(i‘){; — 6:u||Loo(07T;H2k+1725) S Cra.
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