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BESSEL AND FLETT POTENTIALS ASSOCIATED WITH
DUNKL OPERATORS ON R4~

NEJIB BEN SALEM', ANIS EL GARNAT , AND SAMIR KALLEL'

Abstract. Analogous of Bessel and Flett potentials are defined and studied for the Dunkl
transform associated with a family of weighted functions that are invariant under a reflection group.
We show that the Dunkl-Bessel potentials, of positive order, can be represented by an integral
involving the k-heat transform and we give some applications of this result.

Also, we obtain an explicit inversion formula for the Dunkl-Flett potentials, which are interpreted
as negative fractional powers of a certain operator expressed in terms of the Dunkl-Laplacian.
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Introduction. In this paper we consider the harmonic analysis associated with
differential-difference operators D;, j =1,---,d, on IR? introduced by Dunkl [4] and
called in the literature Dunkl operators associated with some finite reflection groups.
These operators play an important role in pure Mathematics and Physics.

For a family of weighted functions hyj, invariant under a reflection group, Dunkl
transform Fy is an extension of the ordinary Fourier transform which is an isometry
of L*(IR?, hi), the space of squared integrable functions with respect to the measure
h3(x)dz (see [6]). Fy is defined by

Fi(f)(x) = cn . Ex(z, —iy) f()hi(y)dy, f € L' (R, h}),

where the usual character e=*<®¥> is replaced by E(z, —iy) = Vi(e7*<%>)(y), Vi is
a positive linear operator and ¢y is a constant. Dunkl transform permits to introduce
the Dunkl translation operator, 7,7, y € IR?, on L?(IR%, h) defined by

Fi(Tf ) (@) = Ex(y, —iz) Fu(f)(z), =€ R, and f € L*(IR%, hy).

The explicit expression of ’Z;k f is known only in some special cases and it is not a
positive operator in general. Also, it generates a new convolution product structure
associated with Dunkl operators denoted here by .

In this work, we study the operator G¥, ¢ > 0, called the k-heat transform, defined
on LP(IR4,hY), p € [1,+00], by GFf = Ff xj f, t > 0, where FF is a solution of the
heat-equation for the k-Laplacian Ay = Z;l:l DJQ-. And we give some of its properties.
Next, as in the ordinary case, we define the Dunkl-Bessel potential 7, of positive
order a, of a sufficiently smooth function via the Dunkl transform as Fy (7 f)(z) =
(1 + [|=]|?)~ 2 Fx(f)(x). To be more precise, J¥ can be written as a convolution
operator given by

Taf = be*i f, where F(by)(z) = (1+[|z]*)~%.
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We show that when f € LP(IR? h2), JEf can be represented by an integral of a
very simple form involving the k-heat transform of f. This representation permits
to extend the definition of the Dunkl-Bessel potential of ordre « first to a class of
k-temperatures i.e. solutions of the heat equation for the k-Laplacian Ay on the
upper-half space IR x IR, , then to the space of tempered distributions on IR<.

The Dunkl-Bessel potential is closely related to the Dunkl-Riesz potential (see
[15]), since the kernel of the Dunkl-Bessel potential has essentially the same local be-
haviour as that of the Dunkl-Riesz potential as ||z|| — 0, but the behaviour of the ker-
nel of the Dunkl-Riesz potential at infinity is not as good as that of the Dunkl-Bessel
potential. There are, however, other fractional integral operators whose behaviours
are roughly midway between the Dunkl-Riesz and the Dunkl-Bessel potentials, for in-
stance, the Dunkl-Flett potentials Z;* of positive ordre «, which is studied in the last

1
section and given by I = (I — A2)~“. It has the following integral representation
I
g f(z) = m/ t*~Le=tPF f(x)dt, where P} is the Poisson transform associ-
@) Jo

ated with Dunkl operators on IR%. Ty generalizes the usual Flett potential (which
corresponds to k = 0) introduced by Flett in [8].

One important problem concerning the Dunkl-Flett potential is obtaining an ex-
plicit inversion formula. For this aim, we introduce an integral transform

WP () = /}R e Pl f(x)du(n), = € R, f e LP(RAE), t > 0.
+

Wtk ' is called the k-weighted wavelet-like transform of f associated with the k-Poisson
transform and generated by an appropriate Borel measure p on IR; according to our
needs. The explicit inversion formula for the Dunkl-Flett potential is obtained in term
of the W/* transform.

The paper is arranged as follows. In the first section we collect some background
materials for the harmonic analysis associated with Dunkl operators. In the second
section we give some properties of the k-heat transform of a measurable function.
In the third section we study the Dunkl-Bessel potential J¥f of a function f €
LP(IRY, h?) of positive order o and we show that JE f can be represented by an integral
involving the k-heat transform of f. By making use of this representation we extend
the definition of the Dunkl-Bessel potential of order « to a class of k-temperatures. We
finish this section by studing the Dunkl-Bessel potential of a temperated distribution.
In the last section we define the Dunkl-Flett potential and we obtain the explicit
inversion formula.

1. Preliminaries. The purpose of this section is to establish our basic notations
and collect some further facts on Dunkl transform, Dunkl translation operator and
Dunkl convolution product which serve as fundamental tools for our later investiga-
tions. General references here are [4, 5, 6], [7], [11], [14] and [16].

Notations:
e Cy(IR?) the space of continuous functions vanishing at infinity, provided with
the usual topology of uniform convergence on IR<.
e £(IRY) the space of C™-functions on IR?, endowed with the usual topology
of uniform convergence of the functions and their derivatives of all order on
compact subsets of IRY.
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e S(IR?) the space of C*°-functions on IR? which are rapidly decreasing as their
derivatives, provided with the topology defined by the seminorms

psi(p) = sup  (L+|[|z[*)[D"¢(2)], s,l € IV,
zelRY,|v|<s

with D¥ = D{*o--- 0D}, v = (1, ,vq) € N
e S’(IR?) the space of tempered distributions on IRY, it is the topological dual
of S(IRY)

Let G be a finite reflection group (also called Coxeter group) on IR% associated
with a root system R and R the positive subsystem of R ([5] ,[7], [10]) . We denote
by k a nonnegative multiplicity function defined on R with the property that k is
G-invariant. We associate with k£ the weight function

hi(x) = H | <z,0> V) 2 e R
VER ¢

The Dunkl operators associated with G and k are given by [4]
f(z) = flow(@))

<w,e; > 1<i<d, zeRY
<x,v>

Dif(x) = if(a) + 3 k()

VER 4+

where 0; is the ordinary partial derivative with respect to x; and ey, - ,eq are the
standard unit vectors of IR?. The above definition does not depend on the special
choice of R4, thanks to the G invariance of k. In the case k =0, the D;, i =1,---d,
reduce to the corresponding partial derivatives. These operators map PZ to P4,
where P? is the space of homogeneous polynomials of degree n in d variables. More
importantly, these operators mutually commute ; that is, D;D; = D;D;. The Dunkl
Laplacian is defined by A, = E?:l D?.

There is a linear isomorphism that intertwines the algebra generated by Dunkl’s
operators with the algebra of partial differential operators. The intertwining operator
V. is an operator determined uniquely by

ViPlc Pl Vil=1, DV =Vi0;, 1<i<d.

The explicit formula of V}, is not known in general. In [10], it was shown that Vj
has a Laplace-type representation as follows: For every = € IR?, there exists a unique
probability measure p* on the Borel o-algebra of IR? such that

Vinta) = [ p(ad(e), (1)

for each polynomial function p on IR?. The representing measures u* are compactly
supported with suppu? C C(x) := co{vz, v € G}, the convex hull of the G-orbit of =
in IRY.

By means of formula (1), Vi, may be extended to various larger function spaces,
including £(IR?). We denote this extension by Vj again. In fact, V} establishes a
topological isomorphism from &(IR?) onto itself (see [16] and [3]). For y € IR? the
function

() = Vi(e<¥™)(z) = /JR Sk (e), e Y (2)
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is called the Dunkl kernel and generalizes the usual exponential function e<*¥>. Tt
plays an important role in the development of the Dunkl transform which is an integral
transform generalizing the ordinary Fourier transform.

The Dunkl kernel possesses the following properties: for z,y € IR?, we have

Ek(xvy) = Ek(yv'r)v Ek(xv()) = 17 Ek(_l'rvy) = Ek(’LI,y)

|Ex(iz,y)| <1 and Eix(Az,y) = Ex(z, Ay), A €.
For each v € IN? there exists a constant d,, > 0 such that
0¥ Er(x, 2)| < dy|z|lVel®!IRe= for all z € RY, 2 e @7, (3)

here the underscript  denotes the operators act with respect to the z-variable. Here-
after, we denote by LP(IR?, h2), p € [1,00], the space of mesurable functions on IR?
such that

1
1fllkp = (] [f(@)PhE(x)dz)? < 400, 1<p< oo,
Rd
and

[fllk,00 = ess sup |f(z)| < +oc.
zeIR?

For f € L*(IR%, h?), the Dunkl transform is defined by

vy € RY, Fi(f)(y) = cn () Ex(, —iy)hi(x)de,

f
R
where ¢, ! = hi(:v)efuzllzﬂdx.
d

Many properties of the ordinary Fourier transform carry over the Dunkl transform.
For instance, if we denote by Ax(R?) = {f € L*(IR% h}): Fiu(f) € L*(IR,h3)},
then we have the following results (see [6, 7]).

ProprosITION 1.1.
e For f € LY(IRY, hY), Fi(f) is in Co(IR?).
e Let f €  Ai(R?), we have the inversion formula f(x) =

/Rd Ey(iz, ) Fi(F) () (y)dy, a.e.

e The Dunkl transform extends to an isometry of L*>(IR%, h3).
o Let f € S(IRY), we have Fi(D; f)(y) = iy; Fu(f)(y).

For y € IR?, we define a translation operator Tyk associated with Dunkl operators
on L*(IR%, h2) by
Fi(T) ) (@) = Ex(y, —iz) Fu(f)(z), z € R".

It plays the role of the ordinary translation 7, f = f(. —y) of IR, since the Fourier
transform of 7, is given by: F (7, f)(z) = e *<*¥>F(f)(z). The generalized transla-
tion operator has been studied in [11, 14, 17].
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PROPOSITION 1.2. (see [11]) Let f € Ai(IR?) (resp. f € E(IRY)) be radial and
tet £(z) = folllal). Then

TH f(x) = /C VTP 2 < )

which gives that T.f f(x) > 0 for all y € R if f(x) = fo(||z]) > 0.

PROPOSITION 1.3. (see [14])
(i) If f € C§°(IRY) with compact support, then for 1 < p < oo, lin}J H’Z;ﬁf — fllep =0.
y—}

(ii) Let G = Z3. For f € LP(IR,h3), 1 < p < oo, | TF fllep < 31| fllk.p-

REMARK. Let us mention that there is an abstract formula for ’Z;k given in terms

of the intertwining operator Vi and its inverse, (see[16]). It takes the form of
Ty (@) = VeaViy Vi (D@ + )], VF € ER). (4)

The translation operator 'Z;k can be used to define a convolution structure on
L2(Rdu h%)v by

fro@) = [ F)Taw 6y, f9 € R, )

where §(y) = g(—y). Since, 7.Fg € L*(IR%, h?) the convolution is well defined. This
convolution structure has been considered by several authors [11, 14, 17] and the
references therein. It is associative, commutative and satisfies the following property:

Fi(f #1 9) = Fr(f) Fr(9)-
For the general reflection group, the following result is proved in [14].

THEOREM 1.4. Let g be a bounded radial function in L*(IR%, h2). Then f *i g
initially defined in (5) on the intersection of L*(IR?,h2) and L?(IRY,h}) extends to
all LP(IR?,h2), 1 < p < oo as a bounded operator. In particular, ||f *x gllkp <
gl lLF1lkp-

2. The k-heat transforms of a function. In this section we give some prop-
erties of the k-heat transforms of a measurable function f. For ¢ > 0, let F} be the
function defined by

[ES
4t )7

which is a solution of the heat equation for the k-Laplacian ApU(z,t) = 0:U(x,t),
where Ay is applied to x variables (see [9]). The function F* may be called the heat
kernel associated with Dunkl operators or the k-heat kernel and it has the following
basic properties. (Throughout this paper we use the convention that B denotes a
generic constant, depending on d, k, v or other fixed parameters, its value may change
from line to line).

F(z) = (2t)" 0D eap(—

LEMMA 2.1. For all (z,t) € IR%x]0, +oo|, we have
()0 < Fi(z) < (20) 4
(ii) For v = (v1,--- ,vq) € IN%, we have

D'FF(z) =t~ 5 FF(2)P,
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where P is a polynomial of degree |v| = v1+---+vq in the variables 2?}2 (t=1,---,d)
with coefficients depending only on d,v and k.

(iii) If m is a positive integer, then

=]

o (@) = 1 R(ZE

)Ftk (I)a
with R is a polynomial of degree m with coefficients depending only on m, d and k.
() If t > 0, n > 0 and g is measurable on |0, 400, then

1 +oo
g(lz)|*) Ff (2)hi (z)da = 7/ g(4to)e oM do,
/|m|>n ' el + 2) Ju2

whenever the integral on the right exists. In particular,

=120 _Tow+5+a) d
Ch, Fk( )h?( )d —17 /ﬂ%d(T) Ftk(x)h%(x)d:v— m, (G/>—§—’}/k)

(v)/ — )" FF(x)hi(x)dx = 0, m € IN\{0}.
(vi) If v € ﬂVd and m € IN\{0}, then

/ DY EF(2)|h2 (2)da < B(d, k,v)t~ %,
Rd

| I FE @i @)de < Bl km)e ™,

where B(d, k,v) and B(d, k,m) are constants.
(vii) For all (z,t) € IRYx)0, +00|, Fi(FF)(z) = e~tI=Il”.
(viii) For all (z,y,t) € R x IR?x]0, +o0|, we have

1 =12+
T_kut()*we( at )E( )

v
V7

a\&

(iz) If s > 0, t > 0, and x € IR?, we have
| P R @ ) = P,

Proof. (i) is clear. (ii) and (iii) are obtained by a short calculation. To obtain
(iv), we use the spherical-polar coordinates and a change of variables. The assertion
(v) follows from representation (iv) by taking the differentiations under the integral
sign. (vi) is a consequence of (ii) and (iii). Using Lemma 4.11 of [7] we deduce the
assertion (vii). (viii) is a special case of Proposition 1.2. (ix) is obtained by applying
Dunkl transform to F¥ %, F} and using (vii).

DEFINITION 2.2. The k-heat transform of a smooth measurable function f on IR?
is given by

GE(f)(x) = - TF, FF () f(y)hi (y)dy, t > 0.
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Since, FF, t > 0, is a bounded radial function in L!(IR%, h2), then for all f €
LP(IRA, h2), p € [1,+00], GF(f), t > 0, is well defined and continuous on IR%.

THEOREM 2.3. Let f be a measurable bounded function on IR*. Then,
(i) (z,t) — GF(f)(x) is infinitely differentiable on IR%x]0, +oco[ and it is a solution of
the heat equation for the k-Laplacian. Further, if v € IN, m € IN, then for allt > 0

DYGY(f) = D'Ff i f and 0]"Gy(f) = O]"Ff , f.
(ii) For all s;t > 0 and = € RY we hawe GF (f)(z) =
| TG D .

(11) For all (33 t) € R¥x]0, +oo|, and for all s > t, we have
|GE(f)()] < (t)WJr (G2 (D) (@)

(iv) If f € Cy(IRY), then Gi(f)(z) — f(&) as (x,t) — (&,0).

Proof. (i) We use the estimations (3) for the partial derivatives of Fj, these
provide sufficient decay properties for the derivatives of Tfy FF . allowing the necessary

differentiations of GF(f) under the integral sign by using dominated convergence
Theorem.
From Fubini’s Theorem, Proposition 3.2 of [14] and the following relation

FFy)TE, (TF,FF) (0)hi (y)dy = Ff %, TF FF(x) = TF F¥(2), 2,2 € RY,

] —zt's
R4

we deduce (ii).
(iii) We have, for all z € IR? and 0 < t < s,

Fi(z) < ()2 FL(2). (6)

Then we obtain the result using Proposition 1.2. The assertion (iv) is proved in [9]
p. 538.

REMARK. The assertion (i) is true when we take f € LP(IR?, h2), p € [1,+o0].

THEOREM 2.4. Let p € [1,+00], and let f € LP(IR%, h2). Then, the k-heat
transform G¥(f) of f has the following properties:
(i) For allt >0 and m € IN, we have

G Pk < e 1 lkp s 107 GE()lkp < B(ds kym)t™™ || l|1p,

where B(d, k,m) is a constant.

i) Let G=2%, if 1<p<r<ooand 6 =2 —21 then forallt >0
2 T

1

P
_ dys §—

IGE (Pl < 720G 72) f Lk, (7)

and |G () er = 0 (#0497, ast — 0.
Further, if v € IN? and m € IN, then for all t > 0 we have

|v

IDGE(F)llr < Bld by, p)t~ 5 ~ 08 7| fly (8)
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107 GE(F)l1r < B(d, kym, 7, p)t =™~ Ck+ D3| ]|, 9)

where B(d, k,v,r,p) and B(d, k,m,r,p) are constants. In particular, G¥(f), D*G¥(f)
and O"G¥ (f) are bounded on IR? x [c, +o0[ for each ¢ > 0.
(iii) For eacht >0 and m € IN, the functions x — GF(f)(x) and x — OGF(f)(z)
are uniformly continuous on IRY.
(iv) For f € LP(IR,h2), 1 < p < o0 or f € Co(IRY), p = oo, then }1_r}(1)||Gf(f) -
fllkp =0
(v) t = |GE(f)|lk,p is continuous on )0, +oo.
(vi) Let G = Z&, if 1 < p < oo and m is a positive integer, then ||OFGF(f)|kp =
o(t™™) ast — 0.

Proof. (i) is a consequence from the relation G¥(f) = FF x;, f, Theorem 2.3(i),

Theorem 1.4 and Lemma 2.1(vi).

1 1 1
(ii) Let ¢ such that — = — + = — 1. From Theorem 2.3 (ii), we can write G¥(f)(z) =
r p g

F¥ %, G (f)(x). Using Proposition 7.2 of [14] and the result (i), we have
2 2

IGE(Dllkr < e IFE i all Fllrp-

By a simple verification, we deduce that ||F¥||;, < t_(%*‘%)‘;cffl. So, we obtain (7)
2

and in the same way we obtain (8) and (9).
(iii) From Theorem 2.3(ii), we have for all ¢ > 0

G (@) — GE @) < G (Dol TEES — TEFE 11

Taking limit as z goes to ' and using dominated convergence theorem, we deduce the
result. Analogous reasoning proves that the function = — 9G¥ (f)(z) is uniformly
continous on IR?. Since G¥(f) = FF %1, f, using Theoerm 4.2 [14], we obtain (iv).
(v) Suppose first that p € [1,+oc]. Since we have |GF(f)(z)| < 2% T2Gx(|f])(z),
whenever 0 < 25 < t < s; also |G¥(|f)kp < [Ifllkp and ¢t — |GE(f)|P is con-
tinuous, an application of dominated convergence Theorem shows that the function
t — ||G¥(f)lk,p is continuous on [1s, s] for each s > 0, and therefore is continuous on
10, 4+-o00[.

If p = 0o, then by applying the relation (6), Proposition 1.2 and the following relation

TR W = [ FEwR ), (10)
R4 R4
we obtain for 0 < s < ¢t

'Yk"l‘%

0 < GED oo = IGEFllso < i1l (f> )

The result is shown to hold by a limiting argument.
(vi) By using Lemma 2.1(v), Theorem 2.3(i) and Minkowski’s inequality, we obtain

107Gl < [ 1748 = Flplo Pl )

Since limy ¢ [| 7%, f = fllr.p = 0, then for each €, we can find § > 0 such that || 7%, f —
fllep <€ for [ly| < B8 and we also have |T%, f — fllrp < 4| fllx,p- Thus

107" GE (Pl < e/}Rd Ial”Ftk(y)lhi(y)dy+4||f||k,p/ |07 Ff (y) |1 (y)dy.

llyll=8
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The first integral on the right does not exceed B(d, k, m)t~™, and the second integral
on the right is o(t~™). This completes the proof.

3. Dunkl-Bessel potential. This section is devoted to the study of the Dunkl-
Bessel potential of a function, then of a k-temperature and finally of a tempered
distribution.

DEFINITION 3.1. For any f € LP(IR%, h2), where 1 < p < oo, and for any o > 0,
the k-Bessel potential J* f of order o of f is given by

TEf =05 f,

with the kernel function

1 oo NE o
bh(z) = —g ete E AT gy
o ka-i-gp(%) 0
1 1
_ 3(a—d)—k
= grmrrg T K g el

Here

Kﬁ(z):g{%;:ﬁ@},

where Jg is the modified Bessel function of the first kind with series expansion
+o00o 1.\6+2n
(32)
J, = ——2
5@)=2 nD(B+n+1)

n=0

The k-Bessel potentials are bounded operators from LP (IRP, h?) to itself for 1 < p < oo
(see [15]), i.e. if f € LP(IR?, h3) and a > 0, then J*f € LP(IR?,h2) and || TX f|k.,p <
I £llg,p- Further, for a, 8 >0

THTE) =Tk sf.

Since, b% € £,44(IR?) (the subspace of radial functions in £(IR?)). Then according to
Proposition 1.2, relation (1) and formula (17) given in [2] p.313, we have

1 Liazd
ka§<x>:a—/ el + gl + 2 < z,€ >) T
1) =TI gy )
Ky g (VTP + 9P T2 < 2,€ >)dub(€). (11)

Our discussion of k-Bessel potential is motivated by the following theorem.

THEOREM 3.2. Let o >0, 1 < p < oo and let f € LP(IRP, h}), then
(i) The k-Bessel potential J* f of order a of f is given for almost all x by

+oo
T (@) = % / 1L G () (@), (12)
2
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where GF(f), t > 0, is the k-heat transform of f on IR
(ii) The k-heat transform of JEf, a > 0, on IR? is the function G*(T¥ f) given by

k( 7k _ 1 oo e—1 —t ik
GUIEN@) = g7y | 1 G D@ (13)

Moreover, for each s > 0, the function x — G*(J¥f)(z) is the k-Bessel potential of
z — G{(f)(2).
Proof. Let g : IR? — IR be given by
1
I'(3)

+oo
o(x) = / 131 GE () (@)t

By Minkowski’s inequality and Theorem 2.4(i), we have | g||x.p < ¢, '||f|l,p- Hence,
the integral on the right of (12) exists a.e.

We may assume without loss of generality that f > 0. From Fubini-Tonelli’s theorem
and Lemma 2.1(viii), we have

+oo
/ 131G (f) () dt =
0

+o0 =2 2
27 / f(y){/ O R S 1Ek<x,%>d’f} hi(y)dy.  (14)
R 0

Using the relation (2), Fubini-Tonelli’s theorem and formula (17) given in [2] p.313,
we obtain

+o00 PR RTT- o
/ L et S W E AR e S (15)
0 2t
2 2 ezt ) k
/C( )(lell HylP -2 <&z >)> 7 TV Ky gVl +1lyIP -2 < €@ >)duy(€).
Yy

Then (12) is a consequence of (11). We deduce (13) from the assertion (i), Fubini’s
theorem and Theorem 2.3(ii).

DEFINITION 3.3. A function U* on Q = IR?x]0, +o0| is said to be a k-temperature
if it is indefinitely differentiable on Q and satisfies at each point of Q the heat equation
for the k-Laplacian i.e.

A;WU’“(:E, t) = (’%U’%’E, t).

We refer to [8] for the following definition of a k-Bessel potential for certain k-
temperatures.

DEFINITION 3.4. Let T*(Q) denote the linear space of k-temperatures U* on Q
with the properties that if (v,m) € IN® x IN, b> 0, ¢ > 0, and S is a compact subset
of IR, there exists C > 0 such that

|DY O U* (x,t)| < Ct=bet, for all (z,t) € S x [¢, +00]. (16)
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For any real number o and for any UX € T*(Q) we define JE(U*) to be the function
with domain Q given as follows:

(i) TEUH) = U;

(i1) if & > 0, then

+oo
TEUM (z,5) = / t2 e tUR (x, s + t)dt; (17)
0

I'(3)
(i) if o is a negative even integer, say o = —2m, then
Ta(UF) (@, 8) = T (UF) (@, 8) = (=1)"e* 0 e U (@, 5)};
() if « = = < 0 and B is not an even integer, then
Ja(UF) = TE5(UY) = T (TE2m (U))

where m = [$3] +1 1, and where ‘72km_ﬁ and J¥,,. are defined as in (ii) and (iii).

The proof of the following theorem follows the argument for the ordinary case
(i.e., k = 0) as given in [8] p.401.

THEOREM 3.5. Let U* € T*(Q2), and let JF(U*) be defined as in definition 3.4.
Then
(i) for each real o the function JF(U*) € T*(Q),
(i) for all real o, B

Ja (TEWF)) = Taiy 5(U").

COROLLARY 3.6. For each real number o, J* is a linear isomorphism of T*(S2)
onto itself, with inverse J* .

DEFINITION 3.7. Let T be in S'(IR?) and ¢ in S(IR?). The Dunkl convolution
product of T and ¢ is the function T i ¢ defined by

Vo € RY, T sy, o(x) =< T,, T*,¢(y) > .
The Dunkl transform of a distribution T in S’(IRY) is defined by
< Fn(T), o >=<T,Fi(p) >, ¢ € S(RY).
PROPOSITION 3.8. ([18]) (i) For T in S'(IR?) and ¢ in S(IR?) the function Txj, ¢
belongs to £(IRY) and we have
DY(T = ) =T x D" .

(ii) Let T be in S'(IR?) and ¢ in S(IR?). Then the distribution on IR given by T xj ¢
belongs to S'(IR?) and we have

Fi(T 1 ) = Fi(@)Fi(T).

1Here [x] denotes the greatest integer not exceeding z, = € IR.
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REMARKS. If T, g € S’(IR%) and Fi(g) € O (the class of indefinitely differentiable
functions on IR? all of whose Dunkl derivatives are slowly increasing), then T #j g is
the element of S’(IR?) given by Fi(T * g) = Fi(T)Fr(g)-

DEFINITION 3.9. For any T € S'(IRY), the k-heat transform of T is given by
Gy (T)(x) = T #1 Ff ().
LEMMA 3.10. Let T € S'(IR%), and let GF(T) be its k-heat transform. Then

GK(T) is a k-temperature on Q2. Moreover, for each (v,m) € IN® x IN, ¢ > 0, there
exist non-negative numbers a,b,r and C such that for all (z,t) € IR? x [e, +00[

DO GE(T)(x)] < O+ [|=]*)* (1 + )"t
Proof. Since FF is a k-temperature and T is linear, then Proposition 3.8 gives
that G¥(T) is a k-temperature on (2.

As T belongs to S’(IR?), then there exist a positive constant ¢y and g,y € IN such
that

IT 51 p()] < copsoto (T 0), Vo € S(RY).
In particular,
DO G (T) ()] < copso e (TP FY).
But using the inequality
Va,y € R, 1+ [|lz +y)? < 201+ [l«)*) (X + lyl*),

the relations (4), (1) and the representation of V! (see [16]), we deduce that there
exist a positive constant ¢; and s,l € IN such that

Psoto (TED O L) < er(1+ [|][)° psa (DY OF F).
Further, by Lemma 2.1(ii)(iii), we have for all (y,t) € IR? x [c, +oo[, A € IN¢
Do Ff (y)]

2
lly]l

< Bk [ B e e

The elementary inequality (v + ||y||)? < 222(1 +t)22(1 + ||y[|?)2?, p € IN, leads to

Al llwi?
t

|'D)\8ZnFtk(y)| < B(d, A, kjmjc)tfm*\M*’Yk*%(l + t)m+%(1 + ||y||2)m+‘767 y
Hence, there exists my € IN such that

poa(D" O F)
~ v, m v vl
< B(d ko)t MR (L R sup (1 PR ey
ye

Since

sup(1 + p)’"Jr%'HJrse_ﬁ < B(v,m)(1+ t)m+%+l+s,
p=>0



BESSEL AND FLETT POTENTIALS FOR DUNKL OPERATORS 489

then we have

DO GE(T) ()] < C(1+ |[a]|?)or=mMImmomw=s (1 4 gy2mrlvibest s,

DEFINITION 3.11. For any real number o and for any T € S'(IR?) the k-Bessel
potential of order v of T is the element JX(T) of S'(IR?) given by the relation

FilTa (1)) = (L+[|I%)~ 2 Fi(T),

where the identity is to be understood in the sense of distributions.

REMARK.
e For all real o, 8, and all T € S'(IR?), we have Jolf(jﬁk(T)) = jO’erﬁ(T).
e By definition, we have

THT) =T, b,
where b is a tempered distribution whose Dunkl transform F(b%) = [(1 +

I11%)~ ]2,

o If f € LP(IR, h2), where 1 < p < oo and a > 0, then
TN = TE(f) = [ #x 0% (18)
Using the following formula

K,(z) ~ (%)%6_2, as z — oo, for all v € R,

we deduce that, if @ > 0 and y be fixed in R?

TR0k () ~ B(d, o, k)||z]| 22D e el as 2] — oo (19)

THEOREM 3.12. Let o € R, and T € S'(IR?). Then
(i) GF(T) € T*(Q), and JF(G¥(T)) is the k-heat transform of J¥(T).
(ii) For each t > 0, the function x — JF(G¥(T))(z) is the k-Bessel potential of order
a of x — GF(T)(z), in the distributional sense.

Proof. (i) By Lemma 3.10, we deduce that (z,t) — G¥(T)(x) belongs to T%(£2)
and x — GF(T)(z) belongs to O, for each t > 0. So that J*(G¥(T))(z,t) and
JE(GE(T)) are defined. Tt is easily verified that

GY(Tx(T)) = T3 (GF(T))

in the distributional sense.
(7) By the definition 3.9 and Lemma 2.1(ix), we obtain

Gy (GH(T)) = GY (T, for s,t > 0. (20)

2[f] is the distribution on IR? associated with the function f. In addition [f] belongs to S’(IR%),
when f € LP(IR?, h%) or f is slowly increasing.
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Suppose first a > 0. Since GF(T) € O, t > 0, then from the relation (18), we have
GH(IkT / T, bk (2)GE(T) (y)dy.
R4

From the relation (19), we remark that the integral on the right is finite.
In view of relations (11), (15), (14) and (20) we obtain

k¢ 7k 7# +Oo%7175k _ gkk
Gt(JaT)(I)—F(Q)/O 527 e "G (T)(2)ds = T, (G{ (T))(x,1).

Next, let « = —3 < 0, we have
T5(G(TE(T))) = G (T).
Hence, by Theorem 3.5(ii), we deduce
TE(GHT) (@, 1) = GH(T (D)) ().

4. Dunkl-Flett potential and Dunkl weighted wavelet-like transform
associated to the k-Poisson transform. We begin this section by introducing the
k-Poisson transform which permits to define and study the Dunkl-Flett potential and
its relation with the Dunkl weighted wavelet-like transform which is also studied here
and we give an associated inversion formula.

By analogy with the euclidean case [12], we define for ¢ > 0, the function PF on
R? by

t

PF(z):=¢ ,
H e

+d
where cq = %F(Vk + 4,

The function PF, may be called k-Poisson kernel. This function has the following
basic properties which can be easily verified :

(i) Fr(PF)(x) = e~ I=l for all t > 0.

(i) [ Prm )y =1.

(#3) If n > 0, then / PF(y)hi(y)dy — 0, as t — 0.

However, for t > 0 aﬂlﬂligr all f € LP(IRY,h2), p € [1, 00|, we put
PFf(z) = PF . f(z), x € R

The function PF(f) is called the k-Poisson transform of f.

Before, asserting some properties of the k-Poisson transform in a technical lemma
we recall that the homologous of maximal function in the Dunkl setting is defined in
[14] to be the operator M}, acting on LP(IR?, h?), given by

1
M f(x )—SUPWV 1 X8, (2)|,

where xp, is the characteristic function of the ball B, of radius r centered at 0 and

i = [ wt =) [ ),

Sd—1
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The maximal function can also be written as

/ %kf(x)hi(y)dy’
My, f(x) = sup ~==

0 / hi (y)dy
B,

LEMMA 4.1. Let f € LP(IR%, h2), 1 < p < oo and PFf is the k-Poisson transform
of f. Then

() I1PF fllkp < 1/ llkps
(b) sup | Pf f(x)| < ci My f(z), where cjp = 227 T4+ ey

>0
(c) }in% PFf(x) = f(x), where the limit is interpreted in Ly, x-norm and pointwise a.e.
For f € Co(IR?) the convergence is uniform on IR%;
(d) PEP}f = Prk-i-tf, 7,0 > 0;

1 —d—2vp

(e) sup |PEF(@)| < (car)$t=F " | fllp, p € 1 +oc].

z€R

Proof. (a) is merely Tonelli’s theorem and the fact

T, P (y)hi(y)dy = / Pf(y)hi(y)dy = 1 (21)
R4 R4

when p=1. If 1 < p < o0, let g be the conjugate exponent to p, then using Holder’s
inequality, relation (21) and Fubini’s theorem we prove the result. When p = oo the
proof is trivial. The assertion (b) and (c) follow from the the writing of PFf as

Ptkf(x) = [ *k wf(x)v
where 1 is the dilation of ¥*(z) =

Cd,kW given by ¢f(z) =

t=27=dg* (L), and are the consequences of Theorem 6.2 and Theorem 7.3 [14]. The
assertion (d) is clear.
(e) From Proposition 1.2 and relation (1), we have

TP (y) < cant >4

We deduce the result, using the following inequality
1
el < { [ TR PR

Given a finite Borel measure p on IR, the notation f; o(t)dp(t) is used for the
integral f[a_b) e(t)du(t). In case of lim; ..+ |o(t)| = oo, we assume that u({a}) =0

and
/ o(t)dpu(t) = / o (O)du(t).
[a,b) (a,b)

DEFINITION 4.2. For any f € LP(IR?, h?), where 1 < p < oo and for any a > 0,
the k-Flett potential I} f of order o of f is given by

1

+oo
wf(x) = m/o teLe=t Pk f(x)dt.
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REMARKS. We can also write Z;) f = ¢ *i f, where

)= 77 et it = SO o / st
T () Jo t " T(a) R

(22)
It is easily proved from (22) that ¢* has the following basic properties:
(i) a) If @ > d + 27y, then ¢% is continuous on IR? and ¢% () > 0, for all z € IR%.
b) If 0 < & < d+ 27y, then ¢F is continuous on IR?\{0} and ¢¥ (z) > 0 for all non-zero
x € RY. Further, if 0 < o < d 4 273, then

carD(3(a+ 1)) (v + 3(d— )
20 ()T (v + 5(d + 1))

]|

Ph () ~

as [|lz| =0,

and

. Cd,k 1
~—""_ _log—r
Py 2, (T) 21 (d + 27k,) 8 |zl

(i) ¢ € L'(R?, h3), |64 lk1 = 1 and Fi(df)(2) = (1 + [|z])~, for all a > 0.
(m) " *p, qﬁg = ¢]o€z+ﬁ’ whenever a, 8 > 0.
(@) |23 fllkp < |1 f][k,p, Yo >0, 1 <p < oo

v) For all @ > 0, ¢ (z) ~ acqi| x| =274 as ||z|| — cc.
« El

as |lz|]| — 0.

DEFINITION 4.3. A signed Borel measure on IRy is said to be a wavelet measure

if
il = [l () = /

Ry

ultn) < o0 and )= [ dutn) =0,

DEFINITION 4.4. Let i be a wavelet measure on IR,. The k-weighted wavelet-like
transform of f € LP(IR?, h?) associated to the k-Poisson transform PFf and generated
by the measure p is defined as

WEf@) = [ Bl f@du(). @ € R ¢ >0

Ry
REMARKS.
e Owing to Lemma 4.1(c), it is assumed that e~""P} f(x);,—o = f(z) and
therefore
/]R e Py, f(x)du(n) —/( )eft”Pﬁ,f(fE)du(ﬁ) + 1({0}) f ().
+ 0,00

e For any fixed ¢ > 0, the k-weighted wavelet-like transforms are bounded
operators from LP(IR?, h2) to itself for p € [1,+0oc], i.e., if f € LP(IRY, h3),

t> 0, W fllip <l f 11,0
The proof of the following Lemma follows the proof of Theorem 3.12 p.60 in [13].

LEMMA 4.5. Let {T.}, € > 0, be a family of linear operators mapping LP(IR%, h3),
1 < p < o0, into the space of measurable functions on IR*. For each f € Lp(Bd,hi)
define T* f by letting

(T f)(x) = sup (Tef)(2)l, « € R
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Suppose that there exists a constant ¢ > 0 and a real number q > 1 such that

q
[ e (e
{z:(T* f)(=)>t}

for allt > 0 and f € LP(IRY,h?). If there exists a dense subset D of LP(IRY h?)
such that lil%(TEg)(x) exists and is finite a.e. whenever g € D, then for each f €

LP(IR, h3), ll_r%(TEf)(:zr) exists and is finite a.e.

Using the last lemma and lemma 4.1 the proof of the following theorems carried
over from classical case setting in [1] without changes.

THEOREM 4.6. Let f € LP(IR? h2), 1 < p < oo, or f € Co(IR?) when p = oo.
Suppose that p is a finite Borel measure on IRy satisfying

uw(lRy) =0 and / |log 7|d|p|(T) < +o0.

Ry
Then

oo /Y dt
W () = lm [ WP f(a)— =

; ; cu-f(2), (23)

where ¢, = O+Oo log Ldu(). The limit in (23) is understood in Ly, y-norm and point-
wise for almost all x € IRY. In case of f € Co(IR?), the convergence is uniform on
R?.

The next theorem gives a new representation of the k-Flett potentials with the
aid of the k-weighted wavelet-like transform Wtk "

THEOREM 4.7. Let o >0, f € LP(IR% h2), 1 < p < co and let pu be a finite Borel
measure on IR, satisfying the conditions

+oo —+oo
/ t=%d|p|(t) < 00 and cq,, = / t=dp(t) # 0.
0 0

Then

+o0 d
B0 = e [ W@

oz)ca,#

The following theorem gives an inversion formula for the transform Wtk i

THEOREM 4.8. Let o >0, f € LP(IR% h2), 1 < p < 0o and let pu be a finite Borel
measure on IR satisfying
° floo tBd|p|(t) < oo for some B > a;
o [0 tRdu(t) =0, k=0,1---,m, where m = [a] is the integer part of c.
Then

1

d 1 +oo d
Tt 113%/6 W ,?f)(x)% = f(x), (24)

ko e

+o0 i
/0 EOWE (T2 f) ()

ko

where

(et

2 [ t*logtdu(t) , if o€ IN.

. _{ D(—a) [2t%du(t) , ifa€ Ry\IN,
[N
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The limit in (24) is interpreted in L, i-norm and pointwise a.e., for 1 < p < oco. If
f € Co(IRY), the convergence is uniform on IR%.
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