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PERIODIC BEURLING BOEHMIANS AND
ANALYTIC BOEHMIANS *

V. KARUNAKARAN! AND R. ROOPKUMAR

Abstract. We define Periodic Beurling Boehmians and analytic Boehmians. We also define
boundary value of an analytic Boehmian as a periodic Beurling Boehmian and prove that each
periodic Beurling Boehmian x can be written as x4+ + £— where x4 and z_ are boundary values of
certain analytic Boehmians.

1. Introduction. In [4], a space of periodic Boehmians containing the space of
periodic distributions was introduced and a sufficient condition for a complex sequence
to be the Fourier coefficients of a periodic Boehmian was given. A question regarding
how a Boehmian could be associated to the boundary value of an analytic function,
was raised. On the other hand, it is well known that (see for example [3]) every
periodic distribution having all negative Fourier coefficients as zeros, can be written
as the boundary value of a Bieberbach function.

In this paper we introduce a Boehmian space (called periodic Beurling Boehmi-
ans) which contains the set of all periodic Beurling distributions [2] and see how we
can associate boundary values of analytic functions, to the elements of this Boehmian
space. For this purpose we define another Boehmian space whose top space consists
of analytic functions. We also define the concept of the boundary values of these
Boehmians and prove that each periodic Beurling Boehmian can be expressed as a
sum of boundary values of analytic Boehmians. Since periodic Beurling Boehmians
are objects more general than periodic Beurling distributions, this representation is
perhaps the best that one can expect in this context. Thereby answering partially
the question posed in [4], in the most general set up.

We shall use the standard notations C, T, U respectively for the finite complex
plane, the unit circle and the open unit disc and as usual N, Ny, Z and R to denote
the set of all natural numbers, non-negative integers, integers and reals.

In section 2 we recall the classical theory stating the required theorems with
proper references. In section 3 the theory of periodic Beurling Boehmians is developed
and in section 4 the theory of analytic Boehmians is developed and in section 5 we
obtain results regarding boundary values of analytic functions associated with periodic
Beurling distributions and establish our main result. Finally we give an example of a
periodic Beurling Boehmian not representing any periodic Beurling distribution.

2. Classical theory. We denote by for (k € Z), ej the function
er(e’) = e, Vit € [—m, 7.

In this section we briefly recall the space of periodic Beurling distributions introduced
in [2]. Let w be a real valued function on Z satisfying the following properties:

(a) 0=w(0) <w(m+n) <w(m)+w(n), Ym,n € Z;

(9 ¥ 4 < oo

neZ
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() there exist a € R and b > 0 such that w(n) > a + blog(1 + |n|),Vn € Z;
(0) w is concave down on Ny and is even.

Let P,, denote the space of all integrable complex valued functions 6 on the unit circle
T with

161 = 3" 16(n)|*™ < o, ¥A > 0.
nez

with the Fréchet space topology given by the sequence of semi-norms || - ||, m € N.
Here 0(n) denotes the Fourier coefficient of 6 defined by

. 1 ,
0(n) :/He_ndcr: —/0(e”)eﬂntdt,
T 27

where do is the usual Haar measure [7, p.193] defined on 7. The dual space P/, is
called the space of Beurling distributions on T which is algebraically isomorphic to
the space of periodic Beurling distributions [2]. So throughout this paper we call
P! as the space of periodic Beurling distributions. In the article [2], it is remarked
that if w(n) = log(1 + |n|), ¥n € Z then P/, is same as the usual Schwartz periodic
distributions.

THEOREM 2.1. If 0 € P,, then the Fourier series S 0(k)ey converges to 0 in

keZ
Po.

N
Proof. Let A > 0 be arbitrary. If Py = Y 6(k)ey then
-~

10— Pnllx = kZZ 10(k) — P ()X ™®)
€
= S |6(k)|er™®) = 0as N — oo,
|k|>N+1
being the tail end of the convergent series > |0(k)|e*~(*).

kEZ
Hence Py — 0 as N — oo in P,,.

DEFINITION 2.2. If u € P!, then the Fourier coefficients @(k) of u are defined by

(k) = (u,e_g), Yk € Z.

The proofs of the following theorems can be had from [2].

THEOREM 2.3. If u € P, then the Fourier series . u(k)ey converges to u in
-~ keZ

THEOREM 2.4. If u € P! then there exist C > 0 and A > 0 such that |a(k)| <
Cerk) Yk € Z. Conversely, given a sequence of complexr numbers (ay)rez with

lap] < Cer®)  VE € Z for some C > 0 and X\ > 0, there exists u € P, such that
ﬂ(k) =ay, Vke€Z.

The above theorem characterizes the periodic Beurling distributions by a growth
condition on their Fourier coeflicients.
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DEFINITION 2.5. If u € P, then we define @ by
(@,0) = (u,0), 6¢cP,.

DEFINITION 2.6. Given u € P, and 0 € P,, we define the convolution by

(u*0) (") = (u, 7,0), Yz € [-7, 7],
where O(et) = 0(e=™) and (7,0)(e™) = O(e't=2)), VWt € [—, 7).
It is not difficult to see that this convolution is same as the one defined in [2].

LEMMA 2.7. Ifu € P, and 0 € P, thenux0 € P, C P/, and

(u*0)(n) = a(n) - O(n), Vn € Z.

In [3], it is proved that given a periodic distribution u with all negative Fourier
coeflicients equal to zero, there exists an analytic function

f2) =) a(n)z"

on the unit disc U = {z € C : |z| < 1} such that the boundary value distribution
lim (£(re"), 6(c))
associated with f(z) is the original distribution w.

3. Periodic Beurling Boehmians. A Boehmian space is a generalized function
space consisting of equivalence classes of convolution quotients. For more detail we
refer the reader to [6]. In this section we shall construct Beurling Boehmians and
discuss some preliminary results. As in the context of Boehmians we take the additive
semi-group G as the space of the periodic Beurling testing function space P,, S = G
and the delta sequences as the collection A of all sequences (€,) from P, satisfying
the following usual properties:

(i) [endo =1, VneN;
T
(ii) [len|do < M, ¥n € N for some M > 0;
T
(iii) s(en) =sup{|t|: t € [-7, 7], €, (€) # 0} — 0 as n — <.

We can easily prove the following lemma using Fubini’s theorem, and the fact
that s(en * ¢n) < s(en) + s(¢n).
LEMMA 3.1. If (€4), (¢n) € A then (e, * ¢n) € A.

LEMMA 3.2. If0 € P, and (e,) € A then O x €, — 0 as n — oo in P,,.

Proof. First we show that |é,(k) — 1| < Ms(e,)|k| VEk € Z.

|én(k) —1] = |f(€n€7k —€,)do|
T
< o [ len(e) (et —1)|dt
< % [ len(e™)| - |kt|dt  (By mean-value theorem)
< Ms(en)lHl,
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Next consider for A > 0, A
165 €n — O[] x > (0 €q) (k) — O(k) |
keZ

= S 10(k)| - [én(k) — 1™ (By Lemma 2.7 )
kEZ

< Ms(en)llOln 3 [klem (BN
kEZ
( where > 2 + X, with ‘b’ as in property () of w.)
a(u— k
< Ms(e)||0]| e~ =N k%:Z (lﬁ-llc‘l)% (By (7))
< M’'s(e,) > 0asn— oo for some 0 < M’ < 0.

LEMMA 3.3. If6, — 0 asn — oo in P, andn € P, then ,xn — 0+n as n — oo
mn P,.

Proof. Let A > 0 be arbitArary. Using Lemma 2.7 we get
[6n %0 —0xnllx = kZz 16, (k) - (k) = O(k) - (k) X
€

nlly 3 [0 (k) — O(k)[e>®
keZ

I11]10n — Ol|x — 0 as n — oo.

IA

Hence the lemma.

LEMMA 3.4. If0, — 0 asn — oo inP, and (¢,) € A then 6, x¢, — 0 as
n—ooinP,.

Proof. We have |0, x €, — O||x < ||0n % €n — 0 % €n]|x + |0 * €n — O]|a-
By Lemma 3.2, the second term tends to zero as n — oo. Consider the first term
[0 €n —Oxenln = X [6u(k) = O(k)] - [én (k)]
keZ

< M]||6, —0||x. ( using property (ii) of (ey,).)
This completes the proof of the lemma.

Now we can construct the space of Boehmians as follows:
A pair of sequences ((6,,), (€,)) is said to be a quotient if

0 % €y = O x €, Ym,n € N.

The collection of all quotients is denoted by A and each quotient is denoted by 6, /€.
Now we define an equivalence relation ~ on A by 0,,/€, ~ 1 /on if O % @ = i * €
for all m,n € N. The collection of equivalence classes is denoted by B, and each
equivalence class containing 6, /€, is denoted by [0, /€,], and is called a periodic
Beurling Boehmian. It is easy to verify that if w(n) = log(1+ |n|) then B, is same as
the space of periodic Boehmians defined in [4, 5].

The algebraic operations such as addition, scalar multiplication and the convolu-
tion of a Boehmian and periodic Beurling testing function are defined by

(@) [On/€n] + [0/ pn] = [(On * ©n + N * €1)/(bn * €0)].
(b) albn/en] = [abn/en].
(c) [On/en]*m=1[(0nxn)/en].

Each u € P/, is identified as a Boehmian whose representative is (uxe,)/€e, where
(en) € A is arbitrary.

DEFINITION 3.5. We say that a sequence (x,,) of Boehmians is §-convergent to
a Boehmian x if there exists (e,,) € A such that

Ty % €, T % €y € Py,, Ym,n € N
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and for each m € N,
T * € — T * € AS N — O0.

) 5
We write x,, — x as n — 00.

We denote this limit = as d— lim z,,. J-convergence normally does not induce
n—oo

a topological convergence, however, it does possess many desired properties. For
example the limit of a convergent sequence is unique; a subsequence of a convergent
sequence is convergent to the same limit; the sum of two convergent sequence is
convergent to the sum of their limits.

LEMMA 3.6. (See [6]) zy, S rasn — oo if and only if there exist representatives
Onk/€k, Ok/er of v, and x respectively such that for each k € N,
Onk — O asn — oo in P,.

DEFINITION 3.7. If x = [0,,/e,] € B, then define & = [0,,/€,).

We can prove that the & for each x € B, well defined, by using the fact that
(px1p) =1, Vo, € Py

The proofs of the following two theorems are straight forward and we prefer to
omit the details.

THEOREM 3.8. If z,y € B,, then (i) (x+y) = & +§; (ii) (ax) = ai; (i) & = x.
THEOREM 3.9. The map x — & is a homeomorphism of B, onto itself.

DEFINITION 3.10. Given x = [0, /€,] € B, and k € N define the Fourier coeffi-

cient of x by &(k) = 2283 if én(k) # 0.

We note that given k& € N, there exists n € N such that é,(k) # 0 because
én(k) = 1asn — oo. If €,(k) # 0 # en(k), the equality 6, * €, = 0, * €, implies
On(k) _ Om (k)
that 275 = anth)- )
Moreover if & = [0, /€n] = [/ ¢n] and é,(k) # 0 # @m(k) then we get 22K —

én(k)
Zf"’ ((]Z)) by using the equality 0,, * ©,;, = Ny, * €,. Thus the definition is independent of

the choice of the representative and hence Z(k) is well defined.

THEOREM 3.11. If x = [0, /€,] € B, then the Fourier series Y, &(k)ey
kEZ

d-converges to x.

Proof. To prove this theorem we shall show that for each j € N,

N
Z Z(k)ex xe; — 6; as N — oo in P,,.
=N

—T

N N ™
Now ( Z i‘(/f)ek*eJ) (eis) = E fj(k)% f eik(s—t)ej(eit)dt
k=—N
N T
E i(k)eiks% f e‘iktej(eit)dt

= X a(k)e™¢(k).

k=—N
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If €;(k) = O then, for this k € Z, we can find | € N such that (k) # 0. Now
0; * €; = 0; * ¢ implies 0,(k) -€i(k) = éj (k) - €(k). Therefore it follows that é](k) =0.
If é€;(k) # 0, then by definition of Z(k), we get (k) - é;(k) = éj(k) Therefore

N N .
2(k)etkse; (k) = 0;(k)e™** which converges to 6, in P, by Theorem 2.1.
j j j
k=—N

Hence the result.

4. Analytic Boehmians. In this section we define a Boehmian space whose top
space G consists of analytic functions in the open unit disc U of C, called analytic

o0
Boehmians. To construct this space we take G = S = {f(2) = > apz® : |ax| <
k=0

Ce *®) Yk € Ny, and for each A > 0}. Here the constant C' may depend on \.
Note that G € H(U) ( the collection of all holomorphic functions on U ). We also
take the multiplication in G as the Hadamard product defined by

iakzk * i bzt = i(ak “by) 2"
k=0 k=0

k=0
LEMMA 4.1. If f,g € G then fxg € G.

Proof. Let f(z) = i arpz®, g(z) = bpz* € G. Now (f xg)(z) = i (ap - by)z".
k=0

Consider for A > 0, |a - bp|e*®) = |agle2«®) . |p|e2«®) < Oy - Cy where Cy,Cy
are such that |ay| < C’le_%“’("f)7 [bg| < C’ge_%“’(k). Therefore fx g € G. Hence the
lemma follows.

The proof of the following lemma is obvious.

LEMMA 4.2. If f,g,h € G and o € C, then
(a) frg=gxf.
() (fxg)xh = fx(gxh).
(¢) (f+g)xh=(f+g)+(f*h).
(d) a(f *g) = (af) x g.
We define semi-norms on G by Py\(f) = sup|ax|e
k>0
{Pr(:) : A > 0} is an increasing family of semi-norms and hence the topology in-
duced by this family of semi-norms is the same as that defined by {P,,(:) : m € N}.
Therefore this space becomes a metrizable topological vector space.
Now we prove that this space is complete.

Awlk) | Tt is easy to verify that

THEOREM 4.3. G is a complete metric space.

Proof. Let (f,) be a Cauchy sequence in G. Then for each A > 0, given r > 0,
there exists N(A) € N such that P\(fn, — fi) < r, VYn,m > N(A). If f,(2) =

> an k2" then for all k € Ng, we have
k=0

|a'n,k: - a/chl S Pk(fn - fm) <, Vn,m Z N()\),

and hence a,j converges to aj uniformly in & € Ny. Hence we get that

sup lag — ample?® <r, ¥m > N(X). I



PERIODIC BEURLING BOEHMIANS AND ANALYTIC BOEHMIANS 143

To prove f € G we consider (for each p > 0)
sup |ag|er®) < sup la — an pler®) + sup |aN( ) lere®)
k>0 k>

< r + Pu(fny) < +oo.
Therefore f € G. By (I) we get that f,, — f as n — oo in G. Hence the lemma.
Now we define delta sequences.

DEFINITION 4.4. A sequence (dy,) in G is said to be a delta sequence if d,,(z) =
> dpi2® and
k=0

1. There exists M > 0 such that |d, x| < M, ¥Yn € N, Vk € Ny.
2. There exists a non-negative sequence (a,) converging to 0, such that

|dy — 1| < anlk|, VEk € No.

LEMMA 4.5. If (d,) and (e,,) are delta sequences, then (d, * ey) is also.

Proof. Put d,(2) = Y dp2®, en(2) = Y enr2"; then
k=0 k=0

(dn * en Z n,k * €En, k
k=0
Let M, Ms be such that |d, x| < My, |ens| < Mz Vn € N,k € Ng and (a,,), (6,)
satisfy the property (2) of delta sequence, corresponding to (d,,), (e,) respectively.
Now |dn. ;- eni| < My - My ¥n € N, k € Ny, and
‘dn,k “lnk — 1] < |dn,k — 1| . |en,k -1+ |dn,k — 1| + |€n$k —1]
Hence the lemma.

LEMMA 4.6. If f,, — f asn — o0 in G and g € G then f,xg — fxg asn — oo.

Proof. Let A > 0 and f,(z) = Z ankz®,  f(z) = E arz®, g(z) = ioj brpz".
k=0

Now the following inequalities complete the proof of this lemma
Pa(faxg—fxg) = sup|(any —ag) - bgle*®
k>0

< Pi(g)Pa(fu— f).

LEMMA 4.7. If f € G and (d,)is a delta sequence then f xd, — f asn — oo in
G.

Proof. For A > 0, consider

Pk(f*dn_f) = Sup|a1€ 'dn,k _ak|e>\w(k)
k>0

ansup lag| - [kle*®) (‘by property (2) of (d,))
k>0

IN

anPu(f) sup e k) |kere () (where > 2+ \)

alu— k
= apPu(f)e )\)ig%(quk‘\)%

< apPu(f)e 2= —0asn — .

Therefore the lemma follows.
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LEMMA 4.8. If f, — f asn — oo in G and d, is a delta sequence then fo,xd, — f
asn — oo in G.

[e.°]

Proof. Let fn(2) = > ankzr, f(2)= > apzk, dn(z) = > dn)kzk. For \ > 0,
k=0

k=0 k=0
we have Py\(fn xdy — f) < Pa(fnxdpn — f *dp) + Px(f *xd, — f) and the second term
of the above inequality tends to zero as n — oo, by Lemma 4.7. Now consider
P)x(fn * dn - f * dn) = sup |an,k - akl . |dn,k|e>\w(k)
k>0

Aw (k)

< Msup|anr — akle — 0 as n — oo.

o k>0
Now we can define the space of analytic Boehmians in the usual way.
o0
If F(2) = Y apz® with |ag| < Ce*®) |k € Ny, for some positive real numbers
k=0

C and A, then we can identify F' in B4 by the Boehmian whose representative is
(F xdy,)/d, where (d,) is any delta sequence.

It is an easy exercise to verify that the above identification is well defined and is
one-to-one.

5. Boundary value theory.

LEMMA 5.1. Let 0 € P,. If fy(z) = ioj 0(k)z*, f_(z) = io: 0(—Fk)z"* then
k=0 k=1

f+,f-€G and 0 = lir{l_ fr(re) +( hI{l_ f—(re)) (where these limits are taken in
P.).

0(k)z*. Since for each A > 0, |6(k)| < [|0]|xe=**®),

18

Proof. Define f,(z) =
k

. S} ~ .
Vk € Z we get fi € G. Now define 0, (e?!) = > O(k)e'*. First we show that
k=0

0

0, € P,. Now for \ > %7 where b is as in the property () of w,
> 0(R)eH] < 3 ([0
k=0 k=0

o0
< [|8]re* ,;Z:o W < 0. (By the property (v).)
Therefore the above series converges uniformly to 6 and hence

s [0k if keNg
Or(k) = { 0 if k¢ Np.
This shows that 6, € P,.

Now for r € (0,1), if g.(e") = fy(re®) then, for A > 0,

10+ —grllx = k; (1= 7%) - (k)| ®)
< (1=r) X ke [0(k)eX
K>1
< (1—7))0] e~ o= kgl (Hk)% for some p > 3 4+ X
< C(l—r)—0asr— 1" (forsome0 < C < o0)

8

By a similar argument we can show that if f_(z) = 0(—k)z* then f_ € G,
k=1
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hnlfl f,(T'eit) =6_ (eit) in Pw, where 0_ (eit) _ § é(—k)eikt and
r—1-— z

g gy [ O(=k) if keN

9_(k)_{ 0 if k¢N.

Note that for each k € Z, (04 + 0_)(k) = 6. (k) + 0_(—k) = 6(k). Hence by
Theorem 2.1, we get 8§ = 6 + 6_. Hence the lemma follows.

LEMMA 5.2. Letu € P,. If Fi(2) = Y a(k)zF, F_(2) = 3 a(—k)z* then
k=0 k=1
F ,F_ € Gandu= lim F_(re?t)+ (lim F_(re)) (where these limits are taken

r—1- r—1-—

in P, ).

Proof. By Theorem 2.4, we have |a(k)| < Ce**(®) | Vk € Z for some C' > 0, A > 0.
By a remark mentioned in [5], we get limsup |a(k)|* < 1.

k—o0

&S}
We define F,(z) = Y a(k)z"*, then F, is analytic on U. First we show that
k=0

111{17 Fy(re') exists in P/, Let § € P,
(Fi(re),0(e")) = 57 [ Fi(re™)o(e™)dt
= o [ X a(k)rFe*t - o(e')dt
—m k=0
= > ﬂ(k)rk% [ 6(e)eirtdt
k=0 -7
( since the series converges uniformly )
= 3 a(k)rko(—k).
k=0
Now
(oo} R ~ (o] R ~
| >° alk)-0(=k)] < > [a(k)-0(—Fk)|
k=0 k=0
< C)f|, Y e Ne®R oy > 0.
k=0
(o]
By using the property (7), for a large p we get > e~ (= Nw(k) < oo,
k=0

This implies that > r¥a(k) - é(fk) is convergent at r = 1. By applying Abel’s
k=0
limit theorem [1, p.41] we get

r—1-

lim " r¥a(k) - 0(—k) = a(k) - 0(—k).
k=0

S} ~
If we put us () = > a(k)-0(—k) then uy : P, — C is clearly a linear mapping.

To show that w4 is corlft:ir(iuous, let #,, — 0 as m — oo in P,. Now
)] = | 5 (k) O
< C0mllu i e~ (=2wk)  for a sufficiently large p > 0,
< ClHGmHNk:Ofor some 0 < C; < 0.
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Since 6,, — 0 as m — 00, u4(6,,) — 0 as m — oo. Therefore uy € P..
o faG) i jeN
Now (1) = 5 alk)-ei-0) = { §@ I TEXY

Similarly we can show that if F_(2) = 3. @(k)z* then F_ € H(U) and if u_ =
keEN

. it s [ a(-k) if keN
TEI{L F_(re’) then u_ € P, with a_(k) = 0 i k&N

Hence we get (uy + 12,5(/{) = Gy (k) + 4_(—k) = a(k). By using Theorem 2.3,
the lemma follows.

DEFINITION 5.3. y € Ba is said to be regular if there exists a representative
fu/dn of y such that d,(2) = 3 6,(k)2* for some (6,) € A.
k=0
Let a regular Boehmian [f,/d,] € Ba be given. By Lemma 5.1, we have
lim f,(re') exists in P, and we denote the limit as 6, (e!*), Vn € N. First we
r—1-—
show that 6,,/d,, is a quotient. We have the following equalities :

o

fn(2) =D 0n(k)2*, vz e U

k=0

and hence (by using the fact that f,/d, is a quotient) we get

0, (k) - 6y (k) = Oy (K) - 6, (k), Ym,n € N, k € No.

This implies that (6, % 6, ) (k) = (6m * 6,)(k), Ym,n € N, Vk € No.
Using 0,,(—k) =0, Vk € N,¥n € N, with the above equalities we get

(B % 6) (k) = (B # 6,)(K), Ym,n € N, Vk € Z.
Theorem 2.1 implies that
0, % 0y, = Oy % 6p, Ym,n € N.

Hence [0,,/6,] € B

Next we show that if g, /e, ~ fn/dn and e,(2) = > é,(k)2z* for some (e,) € A, then
k=0
00./0n ~ Mp /€, where nn(e“) = lir{1_ Gn(re). fn % €m = gm x dy,Vm,n € N implies

that 0,,(k) - & (k) = A (k) - 6 (k), Ym,n € N, Vk € N.
Thus we have (0, * €,)(k) = (9 * 0y, )( ), Ym,n € N, Vk € Ny.
Since 0,,(—k) = 7, (—k) = 0,¥n, k € N we get that

(O * €m) (k) = (N % 0,)(K), ¥Ym,n € N, Vk € Z.

Hence we have 6, % €, = 0y, * 0,,, Vm,n € N. Now we can define the following:
DEFINITION 5.4. Boundary value of a reqular Boehmian [f,/d,] € Ba is defined
y [0n/dn] where 0, = lim f,(2), and (§,) € A corresponds to (dy,).
r—1-
The following theorem is the main result of this paper.

THEOREM 5.5. Any given x € B, can be written as x4 + &_ where x4 and x_
are boundary values of certain analytic Boehmians.
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Proof. Let x = [0,,/6,] € B, be given. Define for each n € N,

By Lemma 5.1, we get that f,,d, € G for each n € N.
Now we show that (d,,) is a delta sequence in the context of analytic Boehmians.
Using mean-value theorem, we get that

[0a(k) = 1] < g [ em™" = 1[|8u(8)]dt

2m
T

< % I 1kt |6, (8)|dt (for some ' between 0 and t)

< s(0n \klzﬂf|5 )|dt

< Ms(0,)|kl, (by the property (ii) of (d,).)
Again by using the property (ii) of (6,) we get |6, (k)| < M Vn € N, k € Z. Therefore
(d,) is a delta sequence.
0., /6, is a quotient implies that 0,, * 0,, = 0, * 0, VM, n € N.
Therefore we get that (6, * 6, ) (k) = (6, % 6,)(k), Vm,n € N, k € N.
i.e., O (k) - O (k) = Op(K) - 5() vm,n € N, kGNO

o0

Now (fn % dm)(2) = Z n (K)0im () 2" 29 (k)0 (k)" = (fm * dn)(2). Hence

[frn/drn) € Ba. 4
Using Lemma 5.1, we get that lim fn(re') exists for each n € N. We denote

this limit as 6;7. Now we show that 9* / dn is a quotient. For all k € N,
(0F % 6,) (k) = O, () - O (k) = O (k) - 60 (k) = (0 % 6,,)(K).

If k¥ ¢ Ny then 67 (k) = 60(k) = 0 which implies (6 x 6,)(k)
= (6;} « 5mj(k). Hence by Theorem 2.1, it follows that

OF % 8, = O % 6,, Ym,n € N.

Therefore z = [0,} /5, € B
By definition z is the boundary value of [f,,/d,]. Further we have
[ ak) if keNg
(k) = { 0 if k¢gNo.

Similarly, we can show that if we define

z) = Z 0, (—k)2", and e, (z) = Z bn(—k)z"
keN

keN

then [g,/en] € B, and if 6 = lim g, (re') then 2_ = [0, /5,] € B, and hence z_

r—1-

is the boundary value of [g,,/e,].
(k) if keN

We also note that Z_(k) = { 0 it kgN
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Finally, we have (2 + &_)(k)
result follows.

By the following theorem we establish the consistency of this theory with the
boundary value theory on P.,.

Z(k), Vk € Z. Hence by Theorem 3.11 our

THEOREM 5.6. Let u € P, and x = [(u * €,)/€,] for some (e,) € A.
Ifu = ug +u_ where uy,u_ are boundary values of some Fy, F_ € H(U) respectively,
and r = x4 +I_ where x4, x_ are boundary values of some y,,y_ € B4 respectively
in accordance with Theorem 5.5. Then x4 = [(uy * €,)/€n], T = [(u— * €,) /€] for
some (€,) € A and yy = [(Ft *dy,)/dy], y— = [(F- *dy)/dy] for some delta sequence
(dn)-

Proof. From the proof of Theorem 5.5, we have, y+ = [fn/dn], y— = [gn/en]
where
Fa2) =Y (wxen) (k)2 =D k) - en(k)2 =D a(k)2b * > (k)
k=0 k=0 k=0 k=0

én(k)2z" and hence f,(2) = (Fy xd,)(2).

18

and d,(z) =
k

Il
=]

Similarly we get

gn(2) =D (wre)(=k)2F =D a(—k) - en(—k)2" =3 (k)2 * D> én(—k),
k=1 k=1 k=1 k=1
where e, (z) = io: én(—k)z* and hence g, (2) = (F_ % e,).

k=1
Therefore we get y = [Fy xd,,/d,] and y_ = [F_ x e, /e,]. This completes the proof
of the theorem.

EXAMPLE 5.7. Let (0,) be a sequence of continuous functions on T satisfying
6(2%) =0, Yk > n and properties (i), (i) , (i) of delta sequence. For the existstence
of (o) we refer the reader to [5]. Put ¢, = oy * €, where (e,) is arbitrary delta
sequence. Then F = [(Z ezk“@k)é)n@k)eﬂkt) /¢n:| € B, and F(2F) = ek*®) | | ¢

k_

=1

N. Hence F & B, \ P.,, by Theorem 2.4.

The above example shows that the space of periodic Beurling Boehmians is prop-
erly larger than the space of periodic Beurling distribution. If we change the definition
of A as the collection of all sequences (¢, ) satisfying

e There exists M > 0 such that |é, (k)| < M, Vk € Z,
e There exists a sequence (ay,) converging to zero such that |é,(k) — 1] <
ay k|, Vk € Z,
then we get that all analytic Boehmians are regular.
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