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ON THE SPECTRUM OF THE SCHUR COMPLEMENT OF THE
STOKES OPERATOR VIA CONFORMAL MAPPING *

SANDOR ZSUPPANT

Abstract. We investigate the eigenvalues and eigenfunctions of the Schur complement operator
of the first kind Stokes problem posed on a plane domain and give results on the number, multiplicity
and stability of these eigenvalues in dependence on the problem domain.

1. Introduction. The Schur complement operator of the Stokes problem on a
plane domain §2,

—Au+gradp=f, divu=0on €, (1)
u =0 on 09, (2)

is defined by & = divAj ! grad, where Ay denotes the vector Laplace operator cor-
responding to homogeneous Dirichlet boundary values. The eigenvalues of the Schur
complement operator, i.e.

Au = gradp;divu = Ap in Q ; and u = 0 on 01,

are important for stability and error estimates connected with the Stokes problem
since here the so-called inf-sup constant

di 2
inf sup _(divu,p)g 32 >0 3)
0#p€E€L20 0£ue(H)? (u,u)l(p,p)o

is involved, and also for the iterative solution of discretized Stokes and Navier-Stokes
problems. Here is Lg o the subspace of Ly(€2) of square integrable functions with zero
integral over Q, where (p,q)o = [, pgdz is the scalar product. (H})? is the Sobolev
space of vector functions with componentwise generalized derivatives in Lo(£2) and
with zero boundary values in the sense of traces on the boundary of 2, where the scalar
product is defined by (u,v); = fQ 212 =1 2; g—;’;dx. Preliminary work on different
properties of related eigenvalue problems has been done by [1]-[5], [7], [8], [10], [18]-
[20]. However, explicit values of the inf-sup constant for special domains are known
only in a few cases: for the circle, the annulus [3], and the ellipse, see [10], and for an
infinite strip - assuming periodicity along the strip [13], and, in the three-dimensional
case, for the sphere [18]. Some lower and upper bounds for inf-sup constants of several
domains are derived in [16], the use of this knowledge for the acceleration of iterative
methods is shown in [17]. [6] contains related work.

We start in Section 2 from results of [20] (see Lemma 1 and Theorem 2 below) and
examine in detail the resulting eigenvalue problem which turns out to be connected
to an eigenvalue problem for a matrix Mg. This gives Corollary 9 below for the
eigenvalues of the Schur complement operator on plane domains arising as conformal
maps of the unit disc by a univalent polynomial function. So we have the opportunity
to describe the eigenfunctions and eigenvalues and to calculate the inf-sup constant
of such domains. In Section 4 we generalize Theorem 2. We give examples how this
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theorem can be used to calculate the eigenvalues of the Schur complement of the
Stokes operator (and hence the inf-sup constant) on a plane domain if we have the
conformal map of the unit disc onto that domain. In Theorem 19 we investigate
the relationship between the multiplicity of the eigenvalues of the Schur complement
operator and the symmetry of the domain. We show in Section 5 the continuous
dependence of the matrix Mg on the mapping function. We also investigate some
examples concerning criteria of continuity for the inf-sup constant with respect to the
domain.

2. Domains obtainable by polynomial mappings. The following result
gives the representation for the solutions of (1) — physically the momentum equa-
tion — in the homogeneous case and for simply connected plane domains {2 which are
conformal maps of the unit disc D.

LEMMA 1. (Lemma 3.7 in [20]) Let g be the conformal map of the unit disc D
onto 2, p = 2Ref, f holomorphic on D. The functions u : D — C, for which the
transformed function wo g~ fulfils the homogeneous momentum equation

A(uog™) =grad(pog™) (4)

on £ can be represented by the formula
1 2 _
u=59f+vi+0 (5)

with holomorphic functions v1 and ve. Further u has the divergence

v

div(uog_l)ongef—l—ZRegl.

0 (6)

Using the representation (5) and (6), Theorem 3.1 in [20] offers a possibility to
describe the eigenvalues and eigenfunctions of the Schur complement operator S of
the Stokes equation on plane domains which are polynomial conformal maps of the
unit disc D.

THEOREM 2. (Theorem 8.1 in [20]) Let g be a bijective conformal mapping
D — Q of the form

9(z) =) amz™ (7)

with g' # 0 on D,

g’%z) N ;) bes' ®

Then we have for the Schur complement operator S, defined by Sp = divu, of the
Stokes equation
o for f(z) = 2™ with n > M, the functions pgr := 2 Ref and pr := 2Im | are
eigenfunctions of S to the eigenvalue %;
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M—1 n
o for f(z) = Z"zf’%, the function pg := 2 Re f leads to

M-1_ _n
Spe = o + 2 e Zut B )
and pr :=21Im f leads to
M-1_ _n
Spr = %pI—ZImZ";,O#, (10)
where the conjugate linear mapping (pe)e=o.. -1 — (k) k=0...M—1
M—1
Q=Y Skibe (11)
1=0

is defined by the coefficients

Ske = _% E%:kﬂu Ambp——1-¢ for 0 <k+€<M—1 (12)
’ 0 otherwise. [

Observe that the conjugate linear mapping (11) is described by a matrix of special
triangular form

S0 S1 So . SM—1
281 282 N 28]\/[,1 0
1 352 351\/1_1 0
Mg =—= (13)
2
Msy—1 O 0 . . 0
The entries of this matrix,
Sk = ak+1l_70 + ak+251 + -+ GMEMfk—l (14)

for k=0,1,..., M — 1 correspond to (12).

Introduce the conjugacy operator C : x + iy — x — iy and the vectors ¢ :=
(q05--->qm—1)T and p := (po,...,pm—1)T using the coefficients of (11). Solving the
eigenvalue problem

MsCp = pp, (n € C,p #0) (15)
we have ¢ = up and
Snco Gn?" - MZ”MZBI oz nf(z)
9'(2) 9'(2)

Now using (9) and (10), there follows

Spr = Lpi + 2Re(uf (). (16)

Spr = 5o~ 2Tm(f (=) a7)
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In the following section we investigate the validity of || < 3 in (15) and the case of
complex eigenvalues. If p is real and |u| < % then we have

1 . ZNI—_Ql Pn2"
Spr = | 5 + 4| pr, With pgp =2Re =="———, (18)
2 9'(2)
1 ML g
Spr=|z- ith p; = 2Im =0=0 """ 19
PI <2 u) p1, with pr mEe) (19)

where p = (po, p1,...,pm—1)7 is an eigenvector to the eigenvalue p.

Therefore the second part of Theorem 2 implies that A = %—l— pwand A = % — | are
eigenvalues of the Schur complement operator S of the Stokes problem on 2 with the
complex conjugate eigenfunctions pr and p; above. (If pg = 0 or p; = 0 then they
are not eigenfunctions.) The first part of Theorem 2 states that % is an eigenvalue
of the Schur complement operator with infinite multiplicity, the eigenfunctions are

pr = 2Re(2") and p; = 2Im(z™) for n > M.

3. The eigenvalue problem of MgoC. In this section the conformal mapping
g of the unit disc D onto the simply connected domain 2 is assumed to satisfy the
conditions of Theorem 2.

LEMMA 3. T':= (a1,2a9,... ,MaM)T is an eigenvector of Mg to the eigenvalue

N[

Proof. The matrix Mg can be decomposed as Mg = —%DACA_l where

aq a9 as apns ai 0 0 0
a a3 ... ... apy O 2a0 a 0 0
A: as ... ... apy 0 0 A= 3as 2a0 a1 0
apy 0 o ... ... 0 Mapy ... ... 2as a1

and D = diag(1,2,...,M). So MgCI' = uI' is equivalent to
DAC(ATIT) = (—2p) A (A7'T)

DA and A have the same first column I’ = (a1,2as,..., MaM)T. Therefore A™'T =
é1 = (1,0,...,0)T is an eigenvector with eigenvalue —2u = 1. 0O

REMARK 4. Observe that the eigenvector I' = (ay, 2as, . . . ,MaM)T corresponds
to ¢'(z), see (7).

THEOREM 5. For all eigenvalues of the matrizx Mg we have |u| < 3. The
etgenvalue —% is simple; all other eigenvalues satisfy 0 < |u| < % So Mg is non-

singular.

Proof. The eigenproblem (15) for p = (po, p1, - - ,pM,l)T can be reformulated as
follows. Instead of the vector p we introduce the polynomial p(z) = po+piz+---+
pM_le_l. ‘We use

T if n=m
nzm _ Jn¥1 1
/|Z|<lz zZMdzdy { 0. if nsm (20)
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(see [15]). There follows

!
Sk = l/ Zkdedy
T Jlzi<1 g'(2)

M —1) introduced in (14).

for n,m =0,1,...
(21)

We also have for the

for the quantities s (k = 0,1,
coefficients of the polynomial p(z) the integral representation

! /<1(k+1)zkp(z)dxdy.

Prx = p
With this notation, [MsCp|r = ups is equivalent to
(2)— _k
p(z)dzdy = —2u (k+1)z%p(2)dz.
lzI<1

~—

/ (k +1)z+2
|z|<1 g’(z

Multiplying this equation by &5 g}

LD S dedy = —
/||<1”g/<z> 2dady = 24

€ C and summing up over k£ = 0,1,... M — 1, we

get
/ q(2)p(z)dz,
[z|<1

where q(2) = qo + 12+ - + qar_12M 71
So the equivalent formulatlon of the eigenvalue problem (15) is: find the complex
polynomial p(z) of order M — 1 and the corresponding complex number p so that for
all complex polynomials ¢(z) of order M — 1 there holds
————9'(2) ——
p(2)q(z) ==dzdy = —2pu | p(z)q(z)dzdy (22)
D 9'(z) D
Substituting now ¢(z) = p(z) into (22) we have
g '(2)
Jpp?(2)% It )dxdy

fD |p |2d£L'dy

Estimating the integral by taking the absolute value, there follows

vy [ Ip(z)Pdady _
~ Jp Ip(:)Pdady

2| |< fD |p ‘—;
HE= Ip Ip(2)|?dzdy

Another formulation of (22) can be achieved using the inverse of the (bijective) con-
d putting dudv = |¢/(z)|* dzdy for the area elements:

formal map w = g(z)
p(2) 4(2) "(2)|” dedy = — p() 4(:) ()P dady.
/Dg,(z) L 19/ e) day Qu/Dg,(z)g,(z) o/()]* dady
Now set
_ g™t (w))
Plw)= 9 (g7 (w))’
q(g~" (w))
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We have then, instead of (22),

/ P(w)Q(w)dudv = —Qu/ P(w)Q(w)dudv. (25)
Q Q
Substituting p(z) = ¢’(z) we find that P(w) =1 is an eigenfunction to the eigenvalue
i = —%. The other eigenfunctions P(w) are orthogonal to this one:
/ P(w)dudv = 0. (26)
Q

So we have the eigenvalue problem of finding P(w) of the form (23) and p such that
for all Q(w) of the form (24) there holds (25) and (26).
Substituting Q(w) = P(w) into (25) and taking the absolute value, there follows

/Q P(w)?*dudv

= 2|,u|/ |P(w)|? dudv and /P(w)dudv =0.
Q Q

Now Theorem 2 in Section 6 of [9] — that inequality due to Friedrichs the connection
of which to the inf-sup stability of the Stokes problem has been considered in [10],
[18], [19] — gives |u| < 3. This means that —1 is a simple eigenvalue of the matrix
M.

REMARK 6. Let us clarify the meaning of the orthogonality (26). Using (20) and
the diagonal matrix D = diag(1,2,..., M) again, we have

1 -
D p.q) =— z2)q(z)dzd
(D 'p.q) /ZJ( Ya(2)dedy

™
for the Euclidean scalar product (p,q) = ny:?)lpk(jk of the vectors p =
(po,- -, pa—1)" and ¢ = (qo, - .-, qar—1)". Because of

/P(w)dudv:/ p(2)g'(z)dzdy,

Q |z|<1

the orthogonality (26) is equivalent to (D~'p,I') = 0 where I is the vector already
used in Lemma 3.

REMARK 7. From (22) follows that 4 = —1 is an eigenvalue of (15) with the
eigenfunction p(z) = ¢'(z). We have f(z) = 1 in Theorem 2. So pr = 1 is an
eigenfunction of the Schur complement operator to the eigenvalue 1. But then p; =0
and therefore this is not an eigenfunction, hence 1 is a simple eigenvalue.

REMARK 8. The eigenvalue problem (25), (26) is connected with the eigenvalue
problem considered in Section 8 in [9]. The only difference is that we now have
Jo P(w)Q(w)dudv instead of Re [, P(w)Q(w)dudv. Therefore complex eigenvalues
are also allowed (but we have a finite number of eigenvalues because of p(z) and
q(z) are polynomials in (22)). The underlying operator of this eigenvalue problem is
I —2Mg o C acting on a finite dimensional subspace of the complex Hilbert space F
on  considered in Section 7 of [9)].

Now consider the case of complex eigenvalues of (15): p = ugr +iur € C. We
have

1f(2) = (urRe f(2) — pr I f()) + i (I £(2) + i Re £(2)).
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Using again (16) and (17) and the notations pr = 2Re f and p; = 2Im f, we obtain

1
Spr = 5271% + UWRPR — KIDI,

1
Spr = 5171 — HRPI — HIPR-

The equations, in block matrix form, are
S 0 (pr) _ T4+ur  —pr PR (27)
0 S/ \pr —ur 2 —ur)\pr )"

We have two real eigenvalues of the right-hand side matrix of (27):

- 1 1
fuz =5 £\ uh+pi=3£ul

Because Mg is a non-singular matrix, we have u # 0, and we can transform the
right-hand side matrix in (27) to diagonal form using

1 K1 1— LR
T:==( W .
2\ 1

So (27) can be reformulated:

(6 &) ()=, ) (7 G)

Therefore, the following equations hold:

Sie= (5 +lul) i (28)
Spr = (% - Iul) b1 (29)
where (Z’j) =T (é’f) . These eigenfunctions are
= ﬁRéﬁ3+G ) m o)
= fime g+ (14 5 m iy 31

Let us summarize the results of this section:

COROLLARY 9. Fuvery eigenvalue p # —% of the matriz Mg gives rise to two
additz’onal eigenvalues of the Schur complement operator S. These eigenvalues are
o L4+ €(0,1), if u is real (with the eigenfunctions (18), (19));
o 5+ |ul€(0,1) if pis not real (with the eigenfunctions (30), (31)).
(The case of the eigenvalue p = —= has already been considered in Remark 7.)

Let us clarify the meaning of ”additional eigenvalues of S” in Corollary 9. In case

Q is a disc, the only eigenvalue of S in (0,1) is 3 which is of infinite multiplicity. By
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the first part of Theorem 2 the eigenvalue A = % remains an eigenvalue of infinite
multiplicity in case €2 is a polynomial conformal map of D. But for such domains {2
the Schur complement operator S has further a finite number of eigenvalues in (0, 1)
as explained in Corollary 9. These additional eigenvalues — and eigenfunctions — can
be computed with the help of the matrix Mg.

REMARK 10. An important consequence of Corollary 9 is that the Crouzeix-Velte
subspace investigated in [16] is not reduced to zero for domains arising as conformal
maps of the unit disc by a polynomial mapping function.

REMARK 11. If g(z) has real coefficients then the domain € is symmetrical to
the real axis and Mg € RM*M In this case (15) is equivalent to

D2 MgDrw = —2uw

where w = D~ 2 p with the real symmetric matrix D M SD%. So all eigenvalues of
Mg are real. (If we calculate these eigenvalues numerically it is worth to transform
Mg to this form.)

REMARK 12. Denote po := max {|u| : p € o(Mg) \ {—2}}. As a consequence of
Corollary 9 we have ps < % and we can compute the inf-sup stability constant (3) of
the domain Q:

1
B5(Q) = 5~ He.

Now let us give some examples with special mapping functions g(z), compute the
entries (14) of the matrix (13) and the eigenvalues.

1. Incase M =2 and g (2) = a12+a222, a; # 0 we have by = a—ll and by = —2(%
and
1 [laa=2]as]®  ap
Mg =—= a2 ar | .
2 252 0
The eigenvalues of (15) are y; = —3% with the eigenvector (a1,2a5)", and
2
U = (;—g) with the eigenvector (aq, —&1)T.
1
Using ¢’ (—2“712) =0 and ¢’ () # 0 in |z] < 1 there follows |52} > 1. This

gives |usz| < %. Moreover for a; = 1 and |az| — % we have pg — %. This
means that for M = 2 the assumption ¢’(z) # 0 on D of Theorem 2 can be
weakened. ¢'(z) # 0 in D, but ¢'(z9) = 0 with ¢”(20) # 0 can happen for
a zo € 0D. (In this case we have an inner angle of 2r — an internal cusp —
at the point g(z9) € 052.) We have now 83(Q) = 5 — |Z—f|2 for the inf-sup
stability constant from Remark 12.

2. In case g (2) = z — 52M (c € R, M > 1 and integer, as earlier), which is

univalent in D for |¢| < 1, we have

1-< 0 .0 £

. 0 0 -2 0
MS:—E :

~ (M-1)c 0 0
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The eigenvalues are —%, 5 VEM —k+1)fork=2,...,M —1and %
We have here the inf-sup constant value from Remark 12:

- |41|(1 + 47)  for M odd,

1
2 0) = 2
B () %_ %\/@ for M even.

(32)

Example 1 implies that the assumptions on the first derivative of the mapping
polynomial g in Theorem 2 can be weakened. We first cite the following result from
[11]:

LEMMA 13. (Lemma 6 in [11]) Let g(z) be holomorphic and univalent in D and
holomorphic in zo € 9D, and g'(z9) = 0. Then g"(z0) # 0 follows.

Using this result we can formulate the following

LEMMA 14. Let g be a polynomial conformal mapping D — § of the form (7),
let g be univalent in D; g'(z) # 0 in D. Then |u| < § holds for the eigenvalues of
(15). Theorem 2 and Corollary 9 remain valid.

Proof. Because the polynomial g is holomorphic on D, Lemma 13 holds, and so
we have ¢”(z0) # 0 if ¢’(20) = 0 in z9 € OD. The proof is similar to that of Theorem

2. Set p(z) := 27]\1/[:701 pnz™ and ug(z) = $g(2) 5((?) which is by Lemma 1 a solution
of the momentum equation (1). up has boundary values in the points z € 9D where
g'(z) #0. If ¢'(z0) = 0 but ¢g"(z0) # 0 for zg € D then we have in a neighbourhood
of 2o

g9(z) = ap + az(z — 20)2 +ootapm(z— zo)M,

with do = g(z0) and az = 1g”(20) # 0. We further have

9(2) _ o n
g'(z)  (2—Z20)2a2 +3as(z —20) + -+ Map(z — z9)M—2

2i arg(z—2z0) az + 63(2’ - ZO) +o+ &M(Z - ZO)M_2

2a0 + 3&3(2 — Zo) + -+ MLNZM(Z — ZO)M*Q

(z—20)-¢

Thus in case @y = g(z9) = 0 there follows u(zo) = lim,_.,, u(z) = 0, but up does not
have a boundary value in zg for

9(20) # 0,9'(20) = 0 and ¢"(20) # 0. (33)

We add a holomorphic and a conjugate holomorphic function so that ug(z) +v1(z) +
va(z) fulfills the homogenous boundary condition — except for points with the prop-
erties (33):

M n
1
R [ S (z bn_m)]
k=1 Lm—n=k £=0
1 (o) n
v2(2) = =3 > [ Y am (Z bn—zpeﬂ zF
k=0 Ln—m=k =0
v1(z) is a polynomial, and va(z) = —ug(z) — v1(2) on dD. Hence the series form

of va(z) converges in D and has an extension onto 0D which is continuous on 9D
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except in a finite number of points. We have (11) and (12) for the coefficients in the

. / M-1 k
expansion v] = > .~ qrz".
Now we follow the proof of Theorem 5 above. For 0 < r < 1,

) ') M—(k+1) i
—/ Zkg dxdy = Z an+k+1bnr2(”+k)
T Jjzl<r g'(2) =0

because of the assumptions on g. Taking the limit for » — 1 from below, there follows
fork=0,1,...M —1

M—(k+1)
lim E an+k+1bnr2("+k) = S,
r—l1— 0
n=

and then

1 !
s = lim —/ Ekmdxdy
|z|<r

rolem 9'(2)

kg (2)

g'(2)
eigenvalue problem (22) and the proof ends as that of Theorem 5. Therefore Corollary
9 remains valid in this case, too. O

Because of sup,|, |2 < rk <1, we finally obtain (21). From here we get the

REMARK 15. The boundary 02 has an inner angle of 27 (an internal cusp) in
9(z0), for points zp € 9D involved in Lemma 13 and Lemma 14.

4. The case of non-polynomial mappings. Now we turn to a generalization
of Theorem 2 to power series instead of polynomials:

THEOREM 16. Let Q be a simply connected plane domain. Let the bijective
conformal map D — Q be of the form

9(2)= 3 amz", (34)
m=0

where this series converges on an open neighbourhood of D. Suppose further g'(z) # 0

in D; ﬁ = Y 2o bezt. Let be f(z) = % Then we have for the Schur
complement operator S of the Stokes-equation:
>meoIn?"
LG
e p;y=2Imf leads to the divergence Spy = %p[ — 2Imz#g:?L,

The coefficients sy ¢ of the conjugate linear operator (pe)e=o1,... ¥ (qk)k=0.1,.. are
defined by

e pr =2 Re [ leads to the divergence Spr = $pr + 2 Re

o0

k+1 -
Skt =~ Z Ambm—(0+k+1) (35)
m={+k+1

fork,£=0,1,....
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Proof. The proof is very similar to that of Theorem 2. First we construct a special
solution of the homogeneous momentum equation (1) as described by Lemma 1:

o m-+k

uop(z) = %g(z)m = %Z { Z am (Z 5m+kzﬁz> zmzm““} +
k=0 Lm=0 =0
0 [e’e} m—k
%Z { Z Am Z Bmkﬁﬁﬁ) Zmzm_k}
m=Fk £=0

k=1

We add a holomorphic and a conjugate holomorphic function to fulfill the homogenous
boundary condition. The boundary 0D of the unit disc is given by zZ|,;, = 1. The
conjugate holomorphic function

- 5 ()

has divergence 0. The derivative of the holomorphic function
1 [e%) o m+k_
9= 53 {3 an (e 0
£=0
has the expansion v} (z) = > pe , qrz" where

k41 & > . _
=5 < D mbmorkr) | P
=0

m=L+k+1

Now the proof is completed as that of Theorem 2 by using Lemma 1.

The convergence of the power series in this proof is a consequence of a result in
[15]: if the power series A(z) =Y 0" janz™ and B(z) = Y.~ , byz™ both converge for
|z] < R, then the series C(z) = Y2 ¢p2", where ¢, = Y, asbn_, also converges
for |z| < Rand C(z) = A(z)B(z). O

REMARK 17. The convergence property of the series (34) in Theorem 16 is not
fulfilled for every mapping function (see for example the mapping onto a half plane).
However the statement of the theorem remains valid for mappings with convergent
series form in D and with the additional property:

1 N
= bgzé.
SR>

This means that the reciprocial of the derivative is in fact a polynomial. In this case
we have instead of (35) the formula

E+1 N+L+Ek+1 B
Sk = T Z am,bmf(EJrkJrl)-
m=~0+k+1

REMARK 18. Let us define the space £(3 _1/9) of all complex sequences (px)32

2
for which Ezozo |,f ill < oo. The inner product of two sequences from this space is
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defined by

— Pk,
k4k
(p7Q)2:: k+17
k=0

(37)

and the norm of a sequence is ||p|l2 = \/(p,p)2. This £(5,_1 /2y space is a Hilbert space
(see e.g. [15]). Moreover, using (20), there follows

(P, q)2 = %(p, 7)os (38)

where p( ) = Dopeo Pz € La(D) and q(2) = > peqrz® € La(D) and (p,q)o =
J pP(2 dxdy is the usual inner product of the space Lo(D). In the following we
also use the notation ||p|lo = \/T for the Ly norm of a function p.

The mapping (pe)e=o.1,... — (q&)k=0,1,... in Theorem 16 between the coeffitients of
the Taylor series of p(z) and the derivative v (z) of (36) is conjugate linear.

In order to prove that this mapping is also bounded, let us define the transfor-
mation

9'(¢)
9'(€)
for p(z) = Zk Opkz € Ly(D), where we have used the notation { = £ + in, and
K(z,¢) = = TC)E C 7 s the Bergman kernel function of the unit disc (see [15]). Because

My p(2) = 0(2) = =5 [ HOLK (=, C)dn, (39)

p, K € La(D) and the modulus of £ Eg is 1, there follows q € La(D). Let us compute

the Lo norm of q. We multiply (39) by ¢(z) and integrate over D:

Yy = —+ [ 7@ [ POLL k(s .
[ ey =3 [ GG [ pOLEK e sy

Changing the order of the integration gives
/ la(2)*dzdy = —
D

Using the reproducing property ¢(¢) = f (z,{)q ( )dzdy of the Bergman kernel

there follows
1 [ ——=4'(0)
Ydedy = —= 222 ged
/qu(Z)l dy Q/Dp(C)q(C)g,(o Edn

We estimate this by taking the absolute value and using the Cauchy-Schwarz inequal-
ity:

( )dxdy) dédn.

lal} < 5 [ 1p2) -l ldady < 3lplolalo

Therefore we have ||g|lo < %|p|lo, i.e. the continuity of the integral transformation
Ms.

Let the function ¢ have the series expansion q(z) = >_,—, qx2". Investigating the
series forms of p and ¢, which are convergent in D we find

qr = [MsCpl,.
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where p also denotes the infinite vector composed of the coefficients of the Taylor
series expansion of p(z), C is the usual conjugacy and Mg is an infinite dimensional
matrix acting on the space £(5 _1/2). The elements of this matrix are sg ¢ = —%s;ﬁ_g

for k,/ =0,1,..., where

o0
Sk = Z Qs bt 1O (40)

m=0

Using that the integral transformation Mg is bounded and (38), we see that the
conjugate linear operator Mg o C is also bounded. Moreover, by the correspondence
between the integral transformation Mg and Mg o C, there follows for the quantities
(40) the integral representation

1 !
Sk = —/ Zk—g (2) dxdy,
D

m 9'(2)

which is in fact (21). We obtain by estimation

27 1
|sk| < l/ / P pdpdh = ——
- 0 0 k+27

k1
and therefore [sk¢| < 7555

The infinite matrix Mg has the special form

S0 S1 S92 Sk
281 289 ... 2sp
Ms =—3 ; ; : : S (41)
(k+1)sk

similar to the case investigated in Section 3. The additional eigenvalues of the Schur
complement operator are as in Corollary 9.

We can give an integral form of the eigenvalue problem MgCp = pp similar to
(22): find p and the convergent power series p(z) = > pm2z™ such that (22) is
valid for all convergent q(z) = > °_ ¢mn2™. The integral formulation (25) carries
over to this case, too. (But now the eigenvalue problem is not finite dimensional,
although again equivalent to the eigenvalue problem considered in [9].) If the infinite
vector composed of the coefficients of ¢'(z) is an element of £(5 _1,9), then it is an
eigenvector to the eigenvalue —%. The absolute value of other eigenvalues is less than
%, and the eigenfunctions are orthogonal to ¢’(z) in the sense of Remark 6. (Observe
further that (D~1p,T') = (p,I')a, where D = diag(1,2,...).)

We again discuss some examples.

1. We take first g(z) = ijrrs where ¢,d # 0 and ad — be # 0. We have

g_ad—bc ad — be Oo(_l)kﬂi &

c cd + cd =

9(z) = 7

k=1
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This series is convergent for |z| < ‘%| in which the open unit disc is contained
for |¢| < |d|. We also have (see Remark 17)

1 & n 2cd . c? L2
g(z) ad—bc  ad—bc”  ad—bc
There follows a1 = “dcjib“’ . %, and ap = (—g)k_l ay for £k > 2. Further

bo = =L, by = 264 py = € and by = 0 for k > 3. Computing from

here s figuring in the matrix Mg, we get

(ad — be)(lc* —]d[*)?

S =

d*ad — be
and
k
s = (=" (5) so for k=1,2,....
In case || = |d| there follows that Mg is the (infinite) zero matrix; we have

no additional eigenvalues of the Schur complement operator S.
In case |c| < |d| we have

1 q q> .. gkt
2q 2¢2  2¢5 ... 2q"
Mg==21 :+ = : ,
2 qu—l qu qu—i-l o kqQk—Q

where ¢ = —. Let be u = (uo, u1, . T e l(2,-1/2)- We have

s oo
MsCu = —?0 (Zuqu> (1,2q,...,k¢" 1, .. )T,

k=0

and here MsCu € (3 _1/9) because of || < 1. We see that the operator Mg

is rank one and its range contains only (1, 2q,... kg1, ... )T. Therefore
M has only this eigenvector with the eigenvalue

S0 1 1 ad-be |d|4

”:_EQ—m%f‘2 ad—be d*’

We have |u| = 5, and there is no addltlonal eigenvalue of the Schur comple-
ment operator. We have therefore 32 = 2

Especially we can choose the Blaschke- functlon g(z) = 1= 72, |v] < 1 mapping
the unit disc onto itself. We have here ¢ = %, |g| < 1. A similar function
9(z) = 1= ZV , Im~v > 0 maps the unit disc onto the upper half plane Im w > 0.
We have here g = 1 and the series form of g(z) does not converge on the whole

unit circle but only inside the unit disc. But g(z) =+ 2iIm~ ) -, 2™ and
ﬁ = 12121%, and s, = 0 follows for all £ = 0,1,.... This means that
Mg is the zero infinite matrix and we have only the elgenvalues 0, 1,1 of the
Schur complement operator.

)92
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2. The transformation g(z) = 15z @ > 0 maps the unit disc |z| < 1 onto

(1+z
the exterior of the parabola v? = 4a(a — u) (i.e. that region which does not
contain the focus of the parabola). Now we have the power series form of the

mapping
Z4a k lkzk 17

and ﬁ = —5(1+ 3z +32? + 2*) which is again a polynomial (see Remark
17). Therefore we have

ar, = 4a(=1)*(k + 1) for k >0

and by = b3 = —Sa, by = by = —%, by = 0 for £ > 4. A simple calculation
shows s, = 0 for k > 0, so (41) is an infinite zero matrix; we do not have
any additional eigenvalues of the Schur complement operator. This example
shows that there are domains different from the circle and the halfplane with
the Schur complement eigenvalues 0, ,1. Further we have 32 = % for the
inf-sup constant.

3. The next example is g(z) = [;

)9

1 V= dt mapping the unit disc onto a square.

We have the power series forms which converge for |z| < 1:

c 4m+1

96 =2 e
m=0
1 1 > Cn—1
=Vi-zt=1-2> =i
9'(2) 2 n
n=1
where ¢ = 1, ¢, = 2’21;1%_1. We can give explicit formulae for ¢, (n =

0,1,...):

1-3-...2n—1) T(n+3)
27! !

We compute the elements of the infinite matrix Mg:

Cp —

- 1 1 Cn+kCn—1
T 2;n(4(n+k)+1)’
Sak+1 = Sak+2 = Sak+3 = 0 for k=0,1,...

Using Barnes’s extended hypergeometric function, the formula

S4k = O4kt1 — §a4(k+1)+1Fk

holds, where aq;+1 = = T and

_Ck
4k+

Fk—F<[i+k Ty - },Ew,zw,z}@).
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This matrix acts on three orthogonal subspaces of £(3 _1,2). These subspaces
contain vectors of the form

(U07 0,0,0;v4,0,0,0;vs,0,0,0;. .. )T € 6(2,71/2)
(0,0,v2,050,0,v6,0;0,0,v10, 05 ... )" € £(2,—1/2)

(Oa U1, 071}3; Oa Us, 071}7; Oa Vo, Ovvll; cee )T € 6(2,—1/2)

The £(3,_1/2)-vector corresponding to the derivative g’(z) of the mapping
function is contained in the first subspace:

(co,0,0,0;¢1,0,0,0;¢o,0,0,0;...)7T.

The second subspace contains £( _/2)-vectors which correspond to eigen-
functions of the form v(z) = 2%(vy + ve2z* +...).
If an eigenvector (0,v1,0,v3;0,vs,0,v7;0,v9,0,v11;...)7 € £(2,—1/2) con-
tained in the third subspace is related to the eigenvalue p then the eigen-
vector (0,v1,0, —v3;0,v5,0, —v7;0,v9,0, —v11;...)T € £(2,—1/2) is related to
the eigenvalue —u. Using that these eigenvectors are orthogonal we have
> o0 Vike1 = 2oheo Vigss- Theorem 16 implies that
° % + u is an eigenvalue of the Schur complement operator with twice the
multiplicity of u in (15). The eigenfunctions are
2 Re(ﬁ > o V2n+122" ) and 2 Im(ﬁ Yoo o (= 1) g 220 ),
° % — i is an eigenvalue of the Schur complement operator with twice the
multiplicity of 4 in (15). The eigenfunctions are
2 Im(ﬁ >0 o V2nt122" 1) and 2 Re(ﬁ oo (= 1) v q 22 L),

. The mapping function of the unit disc onto a regular polygon of order M is

Ao z 1 B e o] F(TL-F%) ZnM-i—l
g()_/o (1_tM)%dt_nz:% I(Z) (nM+1)n!

The nonzero elements of the infinite matrix Mg are s, s wheren =0,1,2,....
Therefore, similar to the case of the square, we will have eigenvalues of the
Schur complement operator with multiplicity more than 1.

Motivated by the Examples 3 and 4 we can generally formulate the following

THEOREM 19. Let the bijective conformal mapping of the unit disc be of the form

e}

9(2) = Y anarpa "M, (42)
n=0

where a1 # 0 and M > 2 is an arbitrary integer, then we have eigenvalues of the
Schur complement operator with multiplicity more than 1.

Proof. If g is of the form (42) then we have, by multiplying the derivative of (42)

and (8),

0 M-1[ n
1
1= g’(z) : g’(z) = Z { Z l (KM + 1)agM+1b(n_g)M+k‘| ZnMJrk} .
£=0

n=0 \ k=0
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This can be written in the infinite block matrix form

a1[ 0 e l:)() €1

(M + 1)G,M+1I al 0 c. b1 0

(nM + Dapprrd ... ... al 0 ... by, 0

where I € RM>*M ig the unit matrix, €; = (1,0,...,0)T € RM and
b = (buats bangsts- - bunrnr—1)"

forn = 0,1,.... There follows by = éé’l and further by induction b, = C& where
C € C is a constant composed of the coefficients of (42). This implies that, in (8),
by # 0 only for £ = nM where n = 0,1,.... From the series form of g(z) we see that

ar # 0 only for k = nM + 1. This means — using the formula in Remark 18 — that
s¢ # 0 only for £ =nM where n =0,1,....

For £ =0,1,..., [%] , let us introduce the pairwise orthogonal subspaces Lj of
£(2,-1/2) as follows. We shall say that v := (vo, v1,. .. e Ly, ifve l(2,-1/2) and if

ve=0forall { #nM +Ek,(n+1)M —k,

where n =0,1,... and k is a fixed integer between 0 and [%] If v € Ly for k #£ 0, %
(% only in case M is even) is an eigenvector of Mg oC to the eigenvalue p then o is
an eigenvector to the eigenvalue —pu where the elements of ¢ are defined by

UnM+k = UnM+k»

Ut 1)M—k = —V(nt1)M—k

for n =0,1,..., otherwise 9y = vy = 0. Therefore % + p and % — u are eigenvalues of
the Schur complement with twice the multiplicity of p in (15). 0O

REMARK 20. If the mapping function is of the form as in Theorem 19 then
g (eik%z) = eik%g(z), where k=0,1,...,M — 1.

The left-hand side of this equality means that we first rotate the unit disc by k% and
then we map it onto the domain Q. The right-hand side means that we first map the
unit disc onto Q and then we rotate £ by k‘% Therefore 2 is invariant under any
rotation by the angle k%, consequently 2 has M symmetry axes. Theorem 19 says
that in the case of symmetrical domains the Schur complement operator has multiple
eigenvalues depending on the number of the symmetry axes. Moreover each subspace

Ly, of £(3,_1/2) seems to be connected with one or two symmetry axes.

5. Continuous dependence of Mg on the domain. We investigate the de-
pendence of Mg on the domain € onto which the unit disc D is mapped. Let be
g(z) = n(g(z)) where the function 7 is the univalent conformal mapping of the do-
main  onto the domain Q. So the univalent conformal mapping § = 7 o ¢ maps the
unit disc D onto Q. Using the notation w = g(z), there follows

9'(z) =n'(w) - ¢'(2). (43)
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We have from (21) for the entries of the matrix Mg and Mg:

Subtract (44) and (45):

Sh—sp— & Y FAC I ACN P
Lo w/ (gmz) g’<z>> / (40)

Using (43), we obtain

< 2[sin(argn’(w))| = 2|sin(arg §'(z) — arg g'(2))|.

‘g'(z) J(2)

Estimating the integral (46), we finally have

5 = ] < 4 max|sinfarg §'(2) — argg'(2)] (48)
z|<1

We further examine the following eigenvalue problem: find ¢ € C and the con-
vergent series p(z) = Y. - _, pm2z™ such that

OrOLAL =— 2)q(z)dx
/ PN S Sdady = —2n | petEdady (49)

holds for all convergent series ¢(z) = > ~_; ¢mz". This problem is in fact (22) for
convergent power series. There is a similar eigenvalue problem for g =no g:

/ p‘~<z>q<z>%dxdy——2ﬁ | #eyatdsdy (50)

g'(z

Substitute ¢ = p into (49) and ¢ = p into (50), and subtract the equations:

| (W - g'(z)>dxdy= [ (b — 20152 ) .

9 g'(2)

Using |b] ||a| — |al| < |b] ‘d% — a‘ = |ab — ab| for @,a,b € C, b # 0, we estimate the
right-hand side:

211~ ol -| [ ooy < [ (20150 — 20902 ) dc|
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We estimate the left-hand side

O] ARG A
| >p<><§,(z) M) y

Using (43) and the identity (47), there follows

g'(z) _g'(x)
9 g'(2)

< max
z€D

/ 5(2)p(=)] dedy.
D

‘fD p(2)p(2z)dzdy ‘ ., ,
T 5)r) dedy < max [sin (arg §'(2) — arg '(2))| (51)

Hence, we have proved the following result.

Al = Ll

COROLLARY 21. Let g be a bijective conformal mapping of the unit disc D onto
the simply-connected plane domain Q. Let g be defined by g(z) = n(g(z)), where
the function n is the uniwalent conformal mapping of the domain Q onto the domain

Q. We have the stability estimates (48) for the entries of Mg, and (51) for the
eigenvalues of (15).

REMARK 22. We suppose that €2 is an open, bounded, simply connected domain.
Let the boundary 9 be twice continuously differentiable so that it admits a C?
parametrization w(t), 0 < ¢ < T. Denote the unit tangent to 9§ at w by §(w) = IZ)JE:;I .
Let R(w) denote the conformal mapping Q onto the closed unit disc. We have for
w € 9N (see [12])

R (w)
| R (w)]

R(w) = —iy(w) (52)

Because R(w) is the inverse of g(z), there follows R'(w) = ﬁ, and using (52), we
have
eiargg/(z) _ __Z,y(w)
z

for z € 9D and for the corresponding w = g(z) € 9. From this we obtain
iargg'(z) _ iargg’(z) _ __Z AN

‘ : ) - ()

for z € dD, w € Q, W € IQ, where w = §(z) = n(g(z)). Using the identity

iarg g’ (z) _ eiargg’(z) — 9isin argg/('z) - arggl(z)e%(argf]/(z)+iargg’(z))
2

€

and taking the absolute value, there follows for z € D, w € 89, b €

arg§'(z) — argg'(2)

5 < larg§'(z) —argg'(z)|.

[¥(@) = Y(w)| = 2 |sin
We finally have the estimate

Y (@) =4 (w)| < ax larg §'(z) — arg g'(2)] (53)
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for all w € AQ and @ € AQ corresponding to each other by w = n(w). This shows
together with Corollary 21 that for domains with C2-boundary the value

max |ar —argg'(z
||<>§| 24 (2) —argg'(2)]

is a common upper bound in (53) and in (48), (51), however with other constants.

In the followmg let be g(z) = g(2) + e(z) with e(z) = > ~_,emz". Using the

identity § — ¢ = *5¢ — ¢ dd we have
& de| |1 -6 76 §6-g@| e
9'(z)  g'(2) 9'(2) 9'(2) gz |7 19

We can estimate the difference of (44) and (45):

e'(z)
g

This shows the continuous dependence of the matrix Mg on &’(z) and means also the
continuous dependence of the eigenvalues of (15) in case g and ¢ are polynomials. If
they are not polynomials then we can estimate as before. After substituting ¢ = p
into (49) and ¢ = p into (50), we subtract the resulting equations. There follows

|3k — sk| < 4max
|z|<1

(54)

(55)

REMARK 23. §(z) = g(z) + () will not be necessarily univalent. However the
above estimates can be useful if we intend to approximate g(z) by a polynomial g(z)
cutting off the remainder term €(z). So we have the possibility to calculate numerically
some approximate eigenvalues.

REMARK 24. Let gp(z) = 2 — ﬁzM for M =1,2,... be the mapping of the unit
disc D onto a domain €, investigated in the Example 2 in Section 3. Let further be
g(z) = z the mapping of the unit disc onto itself. We compute

2 |C|2/ M M 7lef?
_ — 1= dedy — —— 1
”gM g”O M2 DZ Z zray M2(M+]_)’
_ e My _ ld
max g (2) — g(2)| = Jrmax|z"] = T,
7le|?
o — o'l13 = S
! o — M—-1
max g4, () — 9'(2)] = |e| maye |1 = [

These equalities show limy; . gpr = ¢ in the Ly and maximum norm on D, further
limp/—o0 g3y = ¢’ is valid in the Ly norm (but not in the maximum norm). In this
sense we have a sequence of domains Qy;, M = 1,2,... converging to the unit disc
D. The limit of the inf-sup constants (32) of the domains is however

hm B2(Q) = % % < % = 32(D).
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If we slightly change the mapping polynomial of Example 2 in Section 3, i.e. we
investigate gy : D — Qay,

R c
g(z) =z — WZM,

which is also univalent for ¢ € R, |¢| < 1, then we get

- %(1 + 47)  for M odd,
—% 1—|—% for M even.

B3 () =

[Nl L Y

We obtain in this modified case gy — ¢ and gy, — ¢’ for M — oo in both (Ly and
maximum) norms. We also have limys oo 62(Qas) = 52(D).

As one sees, our polynomial examples may seem far from practical relevance. But

they clearify important questions: the above examples show the fact that neither the
convergence of the mapping function nor the convergence of its derivative in the Lo
norm are sufficient to the convergence of the inf-sup constants of the domains to that
of the limit domain.
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