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GKM-sheaves and nonorientable surface group
representations

THOMAS BAIRD

Let T be a compact torus and X a nice compact T-space (say
a manifold or variety). We introduce a functor assigning to X a
GKM-sheaf Fx over a GKM-hypergraph I'x. Under the condition
that X is equivariantly formal, the ring of global sections of Fx are
identified with the equivariant cohomology, H:(X;C) = HY(Fx).
We show that GKM-sheaves provide a general framework able to
incorporate numerous constructions in the GKM-theory literature.

In the second half of the paper we apply these ideas to study the
equivariant topology of the representation variety R i := Hom(71(X), K)
under conjugation by K, where ¥ is a nonorientable surface and K
is a compact connected Lie group. We prove that Rgy (s is equiv-
ariantly formal for all ¥ and compute its equivariant cohomology
ring. We also produce conjectural betti number formulas for some
other Lie groups.

1. Introduction
1.1. GKM-sheaves

The first goal of this paper is to develop a general formalism for calculating
the equivariant cohomology of torus actions. Let 7" = U(1)" be a compact
torus of rank r and X a T-space. We call X nice if it admits the structure
of a finite T-CW complex!.

The equivariant cohomology? Hx(X) = H%(X;C) is a graded algebra
over the equivariant cohomology of a point Hj.(pt) = H*(BT). A T-space
X is called equivariantly formal if H3(X) is a free H*(BT)-module. In this

IThis class of T-spaces include compact, smooth T-manifolds and compact, real
algebraic subsets of linear T representations [PS98].
2We use complex coefficients throughout.
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case there is an isomorphism of graded H*(BT)-modules,
Hi(X)= H(X)® H*(BT).

Many interesting examples of T-spaces are known to be equivariantly for-
mal, including compact Hamiltonian T-manifolds and spaces whose ordinary
cohomology is zero in odd degrees.

Consider the equivariant topological filtration

XT=XoCX;C---CX, =X

where X is the union of T-orbits of dimension less than or equal to j. The
pair (X1, Xo) is called the one-skeleton of X. If X is a nice, equivariantly for-
mal T-space, the Chang—Skjelbred Lemma [CST74]3(see also [FP07]) identifies
H7(X) with the kernel of the coboundary map of the pair

(1) &+ Hyp(Xo) — H3TH( X1, Xo).

An important advantage of the Chang—Skjelbred lemma over other methods
of calculating equivariant cohomology (such as Morse theory) is that the iso-
morphism H7}(X) = ker(d) is an isomorphism of rings, not simply of graded
vector spaces. It is thus desirable to have methods to calculate ker(9).

A class of T-spaces called GKM manifolds, introduced by Goresky
et al. [GKM97] (see also [GZ01]), are particularly amenable to this calcula-
tion. A GKM-manifold is a compact Hamiltonian T-manifold X for which
X is a finite set, and X7 is two dimensional. This forces X; to be a union of
2-spheres upon which T acts by rotation through characters o : T'— U(1).
These spheres intersect at the their fixed points or “poles”. The topology of
(X1, Xo) is neatly encoded in a GKM-graph or moment graph; this is the
finite graph with vertices corresponding to points in Xy, edges correspond-
ing to spheres in X, and edges labelled by characters of T'. The equivariant
cohomology H7.(X) can be calculated entirely in terms of this GKM-graph
using linear algebra.

In the current paper, we generalize this GKM procedure to all nice
T-spaces X. In Section 2.2 we define a functor X +— I'x from the category
of nice T-spaces to the category of GKM-hypergraphs, so that 'y encodes
the combinatorics of the one-skeleton (X1, Xo). In Section 2.3 we define the
notion of a GKM-sheaf over a GKM-hypergraph, and associate to any nice

3The conclusion of the Chang-Skjelbred Lemma holds under more general
hypotheses, see Allday et al. [AFP11]
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T-space X a GKM-sheaf Fx over I'x such that the algebra of global sections
H°(Fx) is naturally isomorphic to ker(§) from (1). If X is equivariantly
formal, then

(2) H(Fx) = H}(X)

by the Chang—Skjelbred Lemma.

Using GKM-sheaves opens access to sheaf theoretic operations that have
proven useful in calculations. We introduce several such operations in Sec-
tion 2.4, including push-fowards, external tensor products, induction and
convolution.

GKM-sheaves are related to and were inspired by the I'-sheaves of Braden
and MacPherson [BMO01], which are used in the study of equivariant inter-
section cohomology. In Section 2.6 we show that every pure I'-sheaf deter-
mines a GKM-sheaf in such a way that their modules of global sections are
isomorphic. GKM-sheaves are also a useful framework for understanding
constructions due to Guillemin and Zara [GZ03] and Guillemin and Holm
[GHO4], related to the topology of Hamiltonian actions, a point we address
in Section 2.6.

1.2. Representation varieties

Let 7 be the fundamental group of a manifold M and let K be a compact,
connected Lie group of rank r. The space of homomorphisms Hom(7, K)
is called a representation wvariety. The group K acts by conjugation on
Hom(7, K) producing a topological quotient stack which is naturally iso-
morphic to the moduli stack of flat K-bundles over M. The second half of
this paper studies the equivariant cohomology ring Hj-(Hom(w, K')) when
M =¥ is a nonorientable 2-manifold (In fact, we work with a wider class of
varieties associated to a punctured surface that includes to Hom(7, K) as a
special case).

In [BailO], the author derived formulas for the cohomology rings
H;U(Q)(Hom(ﬂ, SU(2))), describing Poincaré polynomials and cup product
structure (unless otherwise indicated, cohomology is singular with complex
coefficients). This calculation was greatly facilitated by the following fact:

Theorem 1.1. For K = SU(2), the K-space Hom(w, K) is equivariantly
formal.

Recall that a nice K-space X is called equivariantly formal if H}, (X) is
free as a module over H*(BK) or equivalently, if Hj (X)= H*(X)
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®c H*(BK) as graded vector spaces. The second objective of the current
paper is to test whether this equivariant formality property generalizes to
other Lie groups. We get a positive result for K = SU(3).

Theorem 1.2. Let ¥ be the connected sum of g + 1 copies of RP? and let
m=m(X). The SU(3)-space Hom(w, SU(3)) is equivariantly formal, with
equivariant Poincaré series

5 (1483 + 85 +18)9 + (1 + 2 + 1) (83 + 2t1 + 15)9
3) (1—2)(1 —¢*)(1 —t9) '

Moreover, we obtain an explicit description of the cup product structure
on Hg; 5 (Hom(r, SU(3))). The formula (3) for the Poincaré series was
conjectured by Ho and Liu [HLO8] and later proven by the author [Bai09]
using the Morse theory of the Yang—Mills functional, but this approach
concealed the cup product structure. Because GKM-theory respects the cup
product structure we are able to prove Theorem 1.2 by combining GKM
methods with the previously obtained formula (3).

In an earlier draft of this paper we claimed to show that the conjecture
fails for K = SU(5) when ¥ is a Klein bottle. This claim relied on computer
calculations that are now in doubt, so the claim has been withdrawn. We are
currently only able to prove that equivariant formality does not generally
hold for the wider class of representation varieties RY (c) defined in Section 3
(see Sections 4.6 and 4.7).

We briefly outline the strategy. Recall that if T C K is a maximal torus
and W = N(T')/T the Weyl group, then for any T-space X, there is a canon-
ical isomorphism

Hy (X) = Hp(X)",

so to a great extent the study of connected compact group actions reduces
to torus actions.

Let R := Hom(m, K). Because T' is maximal abelian in K it follows easily
that

Ry := Hom(w, K)T = Hom(r, T).
The codimension one tori in T that occur as stabilizer groups of the torus

action are precisely the root hypertori of T'in K. Thus if we let A denote
the set of positive roots of K, we have

(4) Ry = | J Hom(m, Ky),
aEAL
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where K, is the centralizer of the kernel of a. The groups K, have semisim-
ple rank one, so admit a covering U(1)"~! x SU(2) — K, where 7 is the
rank of K. The representation variety Hom(w, K,) can then be described
using the known properties of Hom(7, SU(2)) from [Bail0]. Since we have a
good understanding of the one-skeleton (R, Ro), we are able to construct the
GKM-sheaf Fg. If H%(R) is equivariantly formal, then necessarily H°(Fg)
must be a free module, so computing H°(Fg) provides a test of the equiv-
ariant formality of H7(R). In the case of K = SU(3), this is combined with
Morse theoretic information to compute H7(R) as a ring.

2. GKM theory
2.1. Equivariant cohomology

Fix a compact torus T" of rank r with complexified Lie algebra t = Lie(T") @ C
and dual t* = Hom(t,C). Let A := C[t] = S(t*) denote the symmetric alge-
bra of polynomial functions on t, graded so that t* has degree 2. As a graded
ring, A is naturally isomorphic to H*(BT'). We say that a T-space X is nice
if it admits the structure of a finite T'— CW complex.

Let X be a nice T-space and let Y be a nice T-subspace. Let t,, denote the
complexified infinitesimal stabilizer of a point x € X. The Borel localization
theorem says that as a module over A, the support of H}.(X,Y') satisfies

5) Swp(HE(X, V) € |
zeX\Y

Notice that by the finiteness condition on X, the right-hand side of (5) is a
finite union of linear spaces so it is an algebraic set.

An important special case is Y = Xy = X”. Combining the localization
theorem with the long exact sequence of the pair i : Xg — X, we conclude
that the kernel and cokernel of the homomorphism

(6) "+ Hp(X) — Hy(Xo)

are torsion A-modules. If X is equivariantly formal, then i* restricts to an
isomorphism between H7.(X) and the kernel of (1)

6+ Hy(Xo) — HitH Xy, Xo).

Recall the filtration Xg C X; C --- C X,. = X described in Section 1.1.
This filtration is preserved by T, so it determines a spectral sequence
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r ,dy) converging to see . e first page of the spectra
EP1 d i Hi(X FP07]). The fi f th 1
sequence satisfies

Ef’q = Hngq(va prl)

and d"?: BV — Efﬂ’q equals the coboundary operator of the triple
()gp+1, Xp, Xp—1). In particular, we identify ker(d) with the initial column
Es™.

Proposition 2.1. Let X be a nice T-space. There is a natural short exact
sequence of graded A-algebras,

0 — Tora(HA(X)) — HA(X) % ker(d) — cok() — 0,

where cok(v) is an A-module with support in codimension > 2. If X is equiv-
ariantly formal, then v is an isomorphism.

Proof. First, note that ker(d) C H*(Xo) = H*(Xo) ® A is torsion free, so

Tora(H}(X)) C ker(y). Next, observe that because the spectral sequence

EP? converges to Hj(X), ker(¢)) admits a finite filtration whose associated

graded object is isomorphic to a subquotient of the A-module

®p—1H7(Xp, Xp-1), which is a torsion module by the localization theorem

(5). We deduce that ker(¢) is torsion and thus ker(t) = Tor(H}.(X)).
Similarly, an associated graded version of cok(%)) is equal to

.
P im(d, : B — Epri)
p=2

which is a subquotient of @;:2 H7 (X, Xp—1), so it has support in codi-
mension two by the localization theorem.

If X is equivariantly formal, then the Chang—Skjelbred Lemma says that
1) is an isomorphism. O

2.2. GKM-hypergraphs
Let
A :=Hom(T,U(1))

be the weight lattice of T', which we think of as embedded in t* in the usual
way. Let P(A) denote the set of nonzero weights modulo scalar multiplication



GKM-sheaves and nonorientable surface group representations 873

or projective weights. The elements of P(A) are in one-to-one correspondence
with the codimension one subtori of T" by the rule

a € P(A) < ker(a) C T,

where & € A is a primitive representative of a. We will generally be sloppy
and write « in place of a.

Definition 1. A GKM-hypergraph I' = (Vr, ~) consists of

(i) a finite set Vr called the vertices of I';

(ii) an equivalence relation ~, on Vr for each projective weight a € P(A).

We denote by Partr(a) the set of nonempty equivalence classes of ~,.
We frequently drop the subscript I' and write V and Part(«) when there is
little risk of confusion.

A morphism of GKM-hypergraphs ¢ € Homg g (T, T7) is a map of sets

qb:VFHVF’,

such that for v,w € Vr and o € P(A), v ~, w implies ¢(v) ~q d(w) .
The main motivating example of GKM-hypergraphs is the following.

Definition 2. To any nice T-space X, we associate the GKM-hypergraph
I'x by

(i) Vx = Vr, := mo(X7T), is the set of path components of the fixed point
set X7,

ii) If vy, v9 € Vx then vy ~ vy if and only if corresponding path compo-
(i) ; y p gp p
nents lie in the same path component of the fixed point set Xker(@),

The function X — I'x extends to a functor from the category of nice
T-spaces and equivariant maps to the category of GKM-hypergraphs.

Let p(V) denote the power set of V. We consider Part(a) to be a subset
of p(V) ( by convention, the empty set ) € Part(«)). To a GKM-hypergraph
I' define the set of hyperedges Er by

E=¢6r:={(S,a) e p(V) xP(A) | S € Part(«)}.
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Projection defines maps
e a: & — P(A), the axial function, and
o [:& — (V) the incidence function.

We say a hyperedge e € £ is incident to a vertex v € V if v € I(e). Every
hyperedge is incident to a least one vertex. A hyperedge e is called degenerate
if it is incident to only one vertex. We say that a GKM-hypergraph is discrete
if all edges are degenerate. We use the term GKM-graph to mean a GKM-
hypergraph for which no hyperedge is incident to more than two vertices.

Remark 1. Observe that a GKM-hypergraph can be reconstructed from
V, £ and the incidence and axial functions. We will sometimes construct a
GKM-hypergraph by specifying this data.

Given a € P(A), denote £ := {e € £|a(e) = a}. This forms a partition

(7) £ go
a€P(A)

and the elements in £% correspond to equivalence classes of ~,.

Proposition 2.2. Let X be a nice T-space. There is a natural injection
E% — mo(X (),

whose image is those path components of X*¢(®) containing T-fized points.

Proof. This is clear from the definitions. O

Remark 2. When considering the GKM-hypergraph I'x associated to a
nice T-space X, we use lower case letters v and e to denote vertices and
hyperedges, and upper case letters V and E to denote the corresponding
path components of X7 and Xker(@(€) regpectively.

2.2.1. The topology of a GKM-hypergraph. Given a GKM-hyper-
graph I', we define Top(T") to be the a topological space with underlying set
Vr U &r and with basic open sets

e U, :={v} for v € Vr and
o U.:={e}UI(e) for e € &p.
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Somewhat counterintuitively, vertices are open points and hyperedges are
closed points in this topology. We now prove that Top extends to a functor
from the category of GKM-hypergraphs to the category of topological spaces.

Proposition 2.3. Any GKM-morphism, ¢ : T' — T induces a map of sets
p : & — & preserving the azial function and commuting with the incidence
map.

Proof. Let e = (I(e),a(e)) € &r be a hyperedge of I'. By the definition of
GKM-morphism, there exists a unique ¢’ € & such that a(e) = a(e’) and
I(e) C I(€'). Defining p(e) = €’ completes the proof. O

Abusing notation, we denote by
¢:VrUér — Vp U &
the map of sets restricting to ¢ : Vr — Vrv and ¢ : &0 — Epv.

Proposition 2.4. Let ¢ : T' — IV be a morphism of GKM-hypergraphs. The
preimage of any basic open set U, C Top(I") is a disconnected union of basic
open sets:

8) o' (U) = [ U
)

yep~(x

In particular, ¢ : Top(I') — Top(I") is a continuous map and Top defines a
functor from the category of GKM-hypergraphs to the category of topological
spaces.

Proof. Clearly (8) holds for singleton sets U, = {v} centered on vertices.
For a hyperedge €' € &r/, we have U, = ¢/ U I(€'), so we must show that if

¢(v) € I(€) then there exists e € & such that v € I(e) and ¢(e) = €.
Suppose that ¢(v) € I(e’). By the partition condition on GKM-hyper-
graphs, there is a unique e € £ such that a(e) = a(e¢’) and v € I(e). Thus
od(v) € ¢(I(e)) C I(¢(e)) and we deduce that ¢(e) = €. Functoriality is clear.
O

2.3. GKM-sheaves

We begin with an abstract definition.
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Definition 3. Let I' be a GKM-hypergraph. A GKM-sheaf over I' is a
sheaf F of finitely generated, Z-graded A-modules over Top(I") satisfying
the following three conditions.

1) F is locally free (that is, for every basic open set U, € Top(I'), the
stalk F(U,) is a free A-module).

2) For all e € &p, the restriction map res, : F(U,) — F(I(e)) becomes an
isomorphism upon inverting a(e):

(9) F(Ue) @4 Ala(e)™] = F(I(e)) @4 Ala(e) ™).

3) rese : F(Ue) — F(I(e)) is an isomorphism for all but a finite number
of e € &p.

We denote by GK M (T") the full subcategory of the category of sheaves of
graded A-modules on Top(I"), whose objects are GKM-sheaves.

A nice T-space X determines a sheaf of graded A-algebras on Top(I'x),
denoted Fx, with stalks

Fx(Uy)=Fx(V)=Hp(V)
at vertices V C X7 and
Fx(Ug) = Fx(EUI(E)) = Hp(E)/Tora(Hp(E))

at edges E C X*er(@(E) where Tora(M) := {m € M|am = 0 for some a €
A\ {0}} is the torsion submodule of the A-module M. If i:V — E is a
subset inclusion then the restriction map Fx(Ug) — Fx(Uy) is identified
with the cohomology morphism i* : H}.(E) — H}.(V). This is well defined
because H7(V) is torsion-free so Tor4(H}(E)) C ker(:¥).

Proposition 2.5. If X is a nice T-space then Fx is a GKM-sheaf.

Proof. For any E € &, the restriction map resg : Fx(Ug) — F(I(E)) is iden-
tified with the map H%(E)/Tora(H4(E)) — H4(ET) induced by the inclu-
sion ET C E. Since the only isotropy algebra for E\ ET is (ag)* C t, the
Borel localization theorem (5) tells us that the kernel and cokernel of resg
are a(FE)-torsion. The finiteness condition follows easily from compactness
of X. Local freeness of Fx is an immediate consequence of Lemma 2.6. [
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Lemma 2.6. If X is a nice T-space and H CT 1is a codimension one
subtorus, then Hx(X™) is the direct sum of a free and a torsion A-module.
If Hx(X) is torsion free, then H%(XH) is free.

Proof. Let o € A C t* be the character for which H is the kernel. Because H
acts trivially on X, Hx(X") =~ H, y 1 (XH) ®cpq A. Since Cla] is a PID,
the fundamental theorem of finitely generated modules over a PID implies
that H;/H(XH) (hence also H%(X*)) is isomorphic to the sum of a free
module and a torsion module, proving the first statement.

Furthermore, because Hr., (X)) is a graded Cla]-module, its torsion

submodule decomposes into a direct sum of modules of the form
Cla]/a"Cla]

for some positive integer n (up to degree shifts). Thus Hx(XH) is free if and
only if it does not contain a summand isomorphic to A/a™A.

Assume that H7(X) is torsion free over A. Localizing at the prime ideal
(o) C A we have

Hi(X)(o) = HP(XT) (o

by the localization theorem. Localization is an exact functor so it preserves
torsion-freeness and we infer that Hi(XH )(a) is torsion free over Ag,). It
follows that HX(XH) cannot contain a summand of the form A/a™A, so we
conclude that HA(XH) is free over A. O

Notice that Fx is in fact a sheaf of A-algebras, so the set of global
sections HY(Fy) is an A-algebra. Recall from Section 1.1 the one-skeleton
(X1, Xp) of a T-space X.

Proposition 2.7. Let X be a nice T-space. The space of global sections
H(Fx) fits into an ezact sequence of graded A-modules

0 — HO(Fx) = Hi(Xo) = Hi(X1, Xo)[+1]
for which r is a homomomorphism of A-algebras.

Proof. Let I'x = (V,&,I,a). The map r is identified with the sheaf restric-
tion map HY(Fx) — Fx (V) & H;(Xp), so r is certainly a homomorphism
of algebras.

Since Fx 1is locally free and the restriction maps resp: Fx(Ug) —
Fx(I(E)) are isomorphisms modulo torsion, they must be injective. Thus
any element of Fx (V) extends in at most one way to each hyperedge and
we deduce that r is injective.
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It remains to show that im(r) = ker(d). Decomposing cohomology into
connected components we have an isomorphism

Hi(Xo) = @) H(V)
Vev

and

Hi (X1, Xo) = (€D Hi(B,ET)) © Hi(X}),
Ee&

where X7 is the union of components of X; that do not intersect Xj. Clearly
the projection of § onto H7.(X1) is zero, so ker(d) = ker(d), where d is the
block decomposition

(10) d: P HH(V) - P H; (B, ET)

Vey Ecg

with matrix blocks dg v, such that dgyy = 0 when V' ¢ E, and when V C
the diagram

dE,V

fﬁﬁd(E,ET)

(11) \ y

H(ET)

commutes, where dg is the boundary map of the pair (E, ET) and ¢ is
inclusion as a summand. Thus, (av) € @y ¢y Hp(V) lies in ker(d) if and
only if for all £ € &,

(12) 0="> dpyv(ay) =Y dpyv(ay)=06p()_ tav)).

Vey VCFE VCE

By the long exact sequence of the pair (E, ET), (12) holds if and only if
S vepr tlay) € Hi(ET) lies in the image of Hi(E) — Hi(ET) and this is
equal to the image of resg : Fx (Ug) — F(I(E)). Thus ker(d) corresponds to
those sections in F(V) that can extend to every hyperedge and we conclude
that im(r) = ker(d) = ker(9). O
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Theorem 2.8. Let X be a nice T-space. There is a natural short exact
sequence of graded A-algebras,

0 — Tor4(H;(X)) — Hp(X) % HO(Fx) — cok(v)) — 0,

where cok(¢) is an A-module with support in codimension > 2. If X is equiv-
ariantly formal, then 1 is an isomorphism

H(X) & HO(Fy).

Proof. This follows immediately from Propositions 2.1 and 2.7. O

The following examples are equivariantly formal.

Example 1. Let S be a finite discrete set on which T" acts trivially. Then
Fs is simply the constant sheaf Apy,r,). We abuse notation and denote this
special case Ag.

Example 2. The GKM-sheaf of a GKM-manifold has stalks
Fx(Usz) = Hr(pt) = A

when z is a vertex or degenerate edge, and Fx (U.) & H3(S?) = A® A2)
as an A-module when e is a nondegenerate edge (we use the grading shift
convention M[d]* = M*~9). The restriction map at a nondegenerate edge
is the map from Fx(U,) = A® A[2] to Fx(I(e)) = A@ A defined by the

matrix

1 afe)

1 —ale) )°
Example 3. Consider a compact, connected Lie group K with maximal
torus T" acting on K by conjugation, and let A C P(A) be the set of roots

of K, modulo scalar multiplication. The GKM-hypergraph 'k is the unique
GKM-hypergraph with one vertex v. The GKM-sheaf Fx has stalk

Fre(Uy) = HA(T) = At* @¢ A

at v. For every edge e with a(e) &€ A, we have Fg (Ue) = Fr(Uy) = At @ A
with restriction map the identity. For every edge e with a(e) € A, let H, ale) C
t* be the hyperplane fixed by the Weyl reflection Sy(c). Then Fg (U,) is the
A-submodule of t* ®c A generated by (A*Hy(e)) ® 1 and a(e) A (A*Hy(e)) ®
a(e) with sheaf restriction map the inclusion.
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There is another useful description of the global sections of a GKM-
sheaf. For each o € P(A), denote be 7}, the restriction map from F(V U EY)
to F(V). Note that by the finiteness condition in Definition 3, i} is an
isomorphism for all but a finite set of a € P(A).

Proposition 2.9. The restriction map i*: H(F) — F(V) is injective,
with image

(13) im(i*) = (] im(iy,).

a€P(A)

Proof. For each hyperedge e the restriction morphism F(U.) — F(I(e)) is
injective, because F(U,) is a free A-module and the kernel must be torsion
free. This implies that sections in F (V) can extend in at most one way to
F(VUE&) = HOF), which is equivalent to i* being injective. By the proof
of Proposition 2.7, this means both sides of (13) are equal the set of sections
in F(V) that extend to global sections. O

2.4. Operations on GKM sheaves

2.4.1. Pushforwards. Given a continuous map between topological
spaces f: X — Y and a sheaf F on X, that the pushforward sheaf f.(F) is
defined by the rule f,(F)(U) = F(f~1(U)) for open sets U C Y.

Proposition 2.10. Let f : ' — I be a morphism of GK M -hypergraphs and

F a GKM-sheaf over I'. The pushforward sheaf, f«(F), is a GKM-sheaf over
I' satisfying

(14) H°(F) = H'(f.(F)).

Proof. For any y € Top(I') we have by Proposition 2.4 that

LAWU) = @ FU),
)

z€f~1(y

which is a direct sum of free modules, hence free. By the same proposition,
for a hyperedge € € &=, the restriction map resg : fi(F)(Us) — fo(F)(L(€))
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is identified with the direct sum of maps

P (rese: FU) = F(I(e)),
e€f=1(é)

which is an isomorphism modulo «(e) and is an isomorphism for all but
finitely many é € £x. Equation (14) holds simply by the definition of the
pushforward sheaf. O

Proposition 2.11. For any GKM-hypergraph morphism ¢ : 'y — 'y the
pushforward ¢, of sheaves defines a functor ¢, : GKM(I'1) — GKM(T's).

Proof. This follows from the fact that push-forward is a functor for sheaves
of A-modules. 0

Proposition 2.12. Let ®: X — Y be a T-equivariant map between nice

T-spaces and let ¢ : I'x — Ty be the induced morphism of GKM-hypergraphs.
There is a natural morphism h : Fy — ¢.(Fx) for which the following dia-
gram commutes:

H(Y) a H3(X)

o |

HO(Fy) T HO(p(Fx)) = HO(Fy)

where the vertical arrows come from Theorem 2.8.

Proof. A T-equivariant map ® : X — Y restricts to a map of the pairs
(X1,X0) — (Y1,Yp). By Proposition 2.7, there is an induced map
l: H(Fy) — H%(Fx) which fits into the commutative diagram in place
of H(h). It remains to find a GKM-sheaf morphism h : Fy — ¢.(Fx) such
that HY(h) = L.

If V is a connected component of Yy = Y7 representing a vertex of I'y,
then at the level of stalks we have

Fy(Up) = Hy (V) — @  Hi(V) = 6.(Fx)(Uyp)
Vep (V)
is the direct sum of maps Hi(V) — Hx(V) induced by the restriction of
®. The morphism is defined at the stalk of hyperedges similarly, but using
components of Ykr(@ and Xker(@) This sheaf morphism is natural with
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respect to the block decomposition from the proof of Proposition 2.7, so
HO(h) =1. O

Remark 3. It is worth pointing out that the pull-back of a GKM-sheaf
under GKM-morphism is not necessarily a GKM-sheaf. Consider for exam-
ple, the case T'= S', T is the GKM-graph with two vertices v; and vy and
one edge e, I" is the GKM-graph with one vertex, and ¢ : I' — I" is the
unique morphism. Then the constant sheaf Ap: is GKM over I, but the
pull-back F := ¢*(Ar/) is not because F(U,) = F(I') = A and F(I(e)) =
F(v1) ® F(v2) = A @ A have different ranks.

2.4.2. Group actions. Let G be a finite group acting by automorphisms
on a GKM-hypergraph T'. Define the quotient GKM-hypergraph I'/G with
vertex set Vp/g = Vr/G and equivalence relations [v] ~, [w] if and only if
gu ~q w for some g € G. The quotient map Vr — Vr/G determines a GKM-
morphism

m:T'—T/G.

Denote by GK Mg(I') the category of G-equivariant GKM-sheaves. For
any F € GKMg(I") the pushforward 7, (F) is a sheaf of modules over the
group ring AG, so we may decompose into CG-isotypical components

m.(F) = P m(F)X,

xe@

indexed by the set G of irreducible, complex G-representations, where for
an open set U C Top(T'/G)

T (F)PU) = (m(F) (U)X = x @c Homea (x, 7 (F)(U)).

Lemma 2.13. Foreach x € G, the isotypical component . (F)X is a GKM-
sheaf over T'/G and there is a natural isomorphism

HO(F) = 1 . (F)Y).

Proof. Everything follows easily from the fact that summands of free A-
modules are free A-modules and that G-equivariant maps respect isotypical
components. [l

An important special case of Lemma 2.13 is the G-invariant subsheaf
which we denote 7, (F)%.
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Lemma 2.14. Let G be a finite group and let X be a nice G x T-space so
that X/G is a nice T-space. Then I'x inherits a G-action and there is a
natural isomorphism of GKM-sheaves

fX/G’ = W*(fx)G.

Proof. This follows pretty directly from the natural isomorphisms
HA(X/G)T) =2 Hx(XT)/G) = Hi(XT)Y and similarly for codimension
one subtori H C T O

2.4.3. Tensor products.

Definition 4. For i = 1,2, let T'; = (V;,~) be GKM-hypergraphs. Define
the product GKM-hypergraph I'{ x I'; with vertices Vi x V, and rela-
tions (v, v2) ~q (w1, ws) if and only if v1 ~, w1 and va ~, wo.

The projection maps m; : I'y x 'y — I'; are GKM-morphisms making
I'y x 'y a product object in the category of GKM-hypergraphs.

Suppose now that I'y and I'y admit a G-actions. Then we have a diagram
of GK M-hypergraphs

Fl X FQ
Fl Fl Xaq FQ F2

where ¢ is the quotient map for the diagonal G-action on I'y x I's.

Proposition 2.15. Let F; be a GKM-sheaf onT'; fori =1,2. The external
tensor product

Fi Rg Fo = u(m} (F1) @4 m5(F2))°
is a GKM sheaf on I'y xg I'a. This construction determines a bifunctor
GKMg(T1) x GKMg(T3) = GKM (T xg T'9).

Proof. This bifunctor factors into GKM¢g(I'1) x GKMg(T'y) — GK Mg
(I't x ') and the G-invariant pushforward GKM¢g(I'y x I'y) — GKM
(T'y xgT'2), so by Lemma 2.13 it suffices to consider the case that G is
trivial.
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The finiteness and locally free conditions clearly hold. It remains to prove
that for all hyperedges e,

rese @ (F1 X Fa)(Ue) — (F1 K Fa)(I(e))

is an isomorphism modulo «(e). It is an easy check that e = (I(e1) x I(e2),
a(e)) for some hyperedges e; € &, and ey € Ep, with a(e) = ale1) = ales).
By definition, res, is identified with

rese, @ rese, : F1(Ue,) @ Fo(Ue,) — Fi(I(e1)) @ Fa(I(e2))

and res,, is an isomorphism after inverting a(e) = a(e;) for ¢ = 1,2, so res,
is also an isomorphism after inverting a(e). i

Proposition 2.16. The external tensor product is associative. That is, if
Fi € GKMg,xq,,, (i) fori=1,2,3 then there is a natural isomorphism

(F1Rg, Fo) Kg, F3 = F1 Kg, (F2 Mg, F3)

in GKMg,xc,(T'1 xg, T2 xg, I's).

Proof. Both sides are identified with the G5 x G3-invariant pushforward of
the sheaf

71';.7:1 &® W;fz &® 7T§f3,

where 7; : I'1 X I'y x I'3 — I'; are the projection maps. O
Proposition 2.17. Suppose that X and Y are nice G x T-spaces for G
a finite group, and suppose that both H}(Xker(a)) and H}(Yker(a)) are free

A-modules for all o € P(A) (this holds if H}.(X) are H}(Y) are torsion free
by Lemma 2.6). Then

Fx e Fy = Fxxoy

for the diagonal T-action on X xqY.

Proof. By Lemma 2.14, it suffices to consider the case that G is trivial.

It is evident that (X x Y)T = X7 x YT and that Xker(@) x yker(@) —
(X x Y)ker(@) for all o € P(A), so the corresponding equalities on connected
components produces an isomorphism of GKM graphs I'xy x I'y Z I'xxy.
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The isomorphism of sheaves is defined through the Kunneth morphisms

HA(XT) @4 Hy(YT) — HH(XT x ¥'7T),
H[}:(Xker(a)) R4 Hin:(yker(a)) _ H;((X « Y)ker(a)))

which are isomorphisms because the modules are all free over A. O

Proposition 2.18. Suppose that Fi1 and Fo are G-equivariant
GKM-sheaves. Then the kernel and cokernel of the natural map

(16) ¢ : H'(F1) @ac H(Fo) — H'(F1 Kg Fa)

are torsion with support in codimension greater than one. If additionally
HO(F}) is free over A for k =1,2, then ¢ is an isomorphism.

Proof. Because H(F)) @aq HY(Fo) = (H*(F1) @4 H'(F))¢ and HO
(Fig F) = HY (AKX .7-"2)G, it suffices to consider the case that G is trivial.
We use Proposition 2.9 to describe the global sections functor. Let

iz’a : fk(vk U 5]?) — fko)k)

denote the restriction map and let A C P(A) be the finite set of « for which
i.o 18 nOt an isomorphism for either £ =1 or 2. The map (16) is equivalent
to the functorial map

b : ( N im(z’ia)> ® ( N im(i;a)) = () i © 85 ).

a€A aEA aEA

Our hypotheses imply that ¢}, is an injective map between free A-modules
and that ¢} becomes an isomorphism after localizing to the hyperplane
()t C t. If A has cardinality one, then 1 is an isomorphism because every-
thing is free. Since localization commutes with tensor products and finite
intersections (Eis95], Section 2.2), we deduce that if « € t is annihilated by
no more than one element of A, then the localization of ¢ at x is an isomor-
phism. Consequently, the support of both ker(¢)) and cok(v)) must lie in the
union of codimension two planes (cg)* N (a1)* where ag and a; vary over
distinct elements of A.

Now suppose that H?(F) is a free A-module for k = 1,2 and let M
and N denote the source and target of 1 respectively. Then M is free,
so M = A¢ for some non-negative intger d (ignoring the grading). Because
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ker(v)) is torsion submodule of M, it must be zero and we have a short exact
sequence

(17) 0— M5 N = cok(s) — 0.

Now suppose for the sake of contradiction that cok(v) is nonzero. By the
theory of associated primes (Eis95], Section 3.1) there exists some nonzero
y € cok(¢)) for which the annihilator ann(y) = {a € Alay = 0} is a prime
ideal. By the result on the support of cok(t), there must exist distinct
elements g, a1 € A Nann(y). We apply the functor Tor.(A/apA, —) to (17).
We know N is torsion free because it injects into (A™)®™, so we obtain an
exact sequence

0 — Tor1 (A/apA, cok(1)) — (A/agA)?,

where y € Tor;(A/apA, cok(y))) = {z € cok(¢)|apz = 0}. This implies that
(A/apA)? contains a nonzero element annihilated by a1 which is a contra-
diction. Thus cok(y)) = 0 and v is an isomorphism. O

2.4.4. Induction. Let G be a finite group and consider the discrete GKM-
hypergraph I'¢ with vertex set G. Then G x G acts on I'¢ by left and
right multiplication, and the constant sheaf Ag := Ay, is a G X G-
equivariant GKM-sheaf.

Given a homomorphism H — G, we make Ag a G x H-equivariant
GKM-sheaf. If a GKM-hypergraph I' has left H-action, define the induc-
tion functor

Ind$ : GK My (T) — GKMg(G xy T)

by Ind§ (F) = Ag Xy F. This is a well-defined functor because it is obtained
from the external tensor product. Note that Ind% (F) depends on the homo-
morphism ¢ : H — G even though it has been suppressed in the notation.
For the identity morphism on G we have natural isomorphism G xg ' =
I'=T x¢ G and

(18) d(F) = AgRg F = F = FRqg Ag.
2.4.5. Convolution. Suppose now that I' is a GKM-hypergraph equipped

with the action of an abelian group G which is free and transitive on the set
of vertices.
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Lemma 2.19. There is an isomorphism of GKM-hypergraphs
¢: T 2T xqT,

which is canonically defined up to a choice of base vertex in I'. Furthermore,
@ is equivariant with respect to a residual G-action on I' xg T.

Proof. Let I' = (V, ~) and choose a base vertex v, € V. Define a morphism
¢:T' =T xgT as the composition 7o

r—%IxT

N

FXGF

where i(v) = (v,vs) and 7 is the quotient map. It is easy to see that ¢ is a
bijective on vertices, because every GG orbit in V x V passes once through
V x {v,}. To see that ¢ is a GK M-isomorphism, it is enough to count hyper-
edges £* and €% xg £ for each o € P(A) and show they have the same
cardinality.

Because G acts transitively on V, it also acts transitively on £¢. Because
G is abelian the stabilizer G, is the common stabilizer of all hyperedges
e € £% and thus also the common stabilizer of all elements in £¢ x £¢ under
the anti-diagonal action. Consequently by the orbit-stabilizer theorem, we
have

[(E% x £9) /G| = [€% x £%|/1€7| = |€°
proving that 7 o ¢ is an isomorphism.

Because the diagonal subgroup AG C G x G is normal, the G x G-action
on I' x I descends to a (G x G/AG)-action on I' x¢ I'. Under the isomor-
phism

G = (G xG)/AG, g [(g,idc)],
¢ becomes G-equivariant. O

We call the composition of functors
GKMa(T) x GKMg(T') — GKMg(T xgT') 2 GKMg(T)
the convolution product, denoted x.

Remark 4. The convolution product as defined is not symmetric in gen-
eral. This can be rectified by working instead with I'°? x4 I', where I'°P = T"
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with G acting through the inverse map ¢g — ¢~'. In our applications, G is a
2-torsion group, so the inverse map is the identity and this issue is irrelevant.

Lemma 2.20. Fori=1,2 let I'; be a GKM-hypergraph with an action by
an abelian group G; which is free and transitive on vertices. The external
tensor product determines a bifunctor

X:GKMg, (') x GKMg,(T2) - GKMg, xa,(I'1 x T'2)
for which there are natural isomorphisms
(19) (Fr*G1) ® (F2xG2) = (F1 K F2) * (G1 W Go)
for Fi,Gi € GK Mg, (T;).

Proof. The product operation of GKM-hypergraphs is associative and com-
mutative, so (I'y x I'1) x (I'y x I'9) is naturally isomorphic to (I'y x I'g) X
(T'1 x T'2). Both sides of (19) are invariant pushforwards of the naturally iso-
morphic GKM-sheaves (F1 X G) K (Fa K Go) = (Fi X F) K (G1 K Gy). O

Proposition 2.21. Let I' be GKM-graph equipped with a transitive and
vertez-free action by a finite abelian group H, and let ¢ : H — G be a homo-
morphism of finite abelian groups. Then the induced G-action on G xg T’
s tramsitive and vertex-free, and the induction functor Ind%’} :GKM(T) —
GKM (G x g T) respects the convolution product,

Ind% (F % G) = Ind%(F) * Ind%(G).
Proof. Applying (18) and associativity we have

Ind%(F % G) = Aq Ry (F Xy G)
=Aqg Xy (FRg Ag) Xy G
= (A¢ Ry F)Rg (Ag By G) = Ind§(F) = Ind%(G).

2.5. Twisted actions

Let W be a finite group. Given a torus 1" a twist 7 is a homomorphism

T: W — Aut(T), w— 7.
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In all examples we consider, W will be a Weyl group acting in the standard
way on 1. A twist induces actions of W on P(A) and on A = S(t*) that we
also denote by 7.

A 7-twisted action on a GKM-hypergraph T' = (V, €, I, ) consists of W-
actions on the sets V and £ that are equivariant with respect to I and « :
&€ — P(A). This differs from an ordinary GKM-action, because W is allowed
to act nontrivially on P(A).

A 7-twisted W-action on a GKM sheaf F over I' is a lift of a T-twisted
W-action p on I' to an W-action p on F as a sheaf of Z-graded abelian
groups, satisfying the identity py,(fs) = 7w (f)pw(s) foralw e W, f e A =
S(t*) and sections s of F. Given such an action, W-invariant global sections
HO(F)W form a graded A" -module.

Let K be a compact Lie group with maximal torus 7" such that the nor-
malizer N (T) intersects every path component of K, and let X be a nice K-
space. Restricting to the action of T', we may associate a GKM-hypergraph
I'x and GKM-sheaf Fx. Since the one-skeleton (X1, X() is preserved by
Nk (T), we gain a twisted action of W = Ng(T)/T on I'yx lifting to Fx.
The following proposition is a straightforward consequence of Theorem 2.8
and the isomorphism Hj (X) = HA(X)W.

Proposition 2.22. If X is equivariantly formal, then there is a natural
isomorphism of graded AW -algebras

¢: Hie(X) = H(Fx)W.
2.6. Examples

2.6.1. Monodromy sheaves. So far our examples of a GKM-sheaf have
come from T-spaces. Now we consider a construction of GKM-sheaves from
combinatorial and algebraic data. Let I' be a GKM-graph with a finite num-
ber of nondegenerate edges. Let £™ C £ denote the set of nondegenerate
edges. Choose an orientation for each e € £, by defining source and tar-
get maps s,t: E" — V), such that I(e) = {s(e),t(e)}. A local system on I'
consists of a (finitely generated, Z-graded) free A-module M called the fibre
and a map p: E" — Aut(M).

Definition 5. The monodromy GKM-sheaf associated to the local sys-
tem (I, M,p) is the GKM-sheaf F = F, with stalks F(U,) = M at ver-
tices and degenerate edges, and F(U.) = M @& M 2] at non-degenerate edges
with restriction maps F(Ue) = M & M[2] = M & M = F(Uy()) ® F(Uye))
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defined by the matrix

(20) Tese := ( p(le) — afgeg(e) >

where we have abusively used «(e) to denote a generator of the projective
weight a(e) € P(A).

This construction produces a GKM-sheaf because the matrix (20) be-
comes invertible after inverting a(e).

Example 4. The traditional GKM-manifolds of [GZ00] provide the sim-
plest example of a monodromy sheaf. In this case the fibre M = A and all
the automorphisms p(e) € Aut(A) are the identity.

Monodromy sheaves were inspired by work of Guillemin and Holm
[GHO4] in the context of Hamiltonian actions on symplectic manifolds. A
GKM manifold with nonisolated fixed points is a closed T-manifold X, all of
whose fixed point components are homeomorphic to a fixed reference space
F, with GKM-graph I'x = (V, £, I, «) such that for each nondegenerate edge
E with (necessarily distinct) vertices Vs, V;, there exists a commutative dia-
gram of T-spaces:

s Ty
P P
%

E Vi

S e e
i i

where 7, and m; are T-equivariant S2-fibre bundles for which the inclusions
i, and 4; are sections.

Proposition 2.23. If F, is the monodromy GKM-sheaf on I' with fibre
H(F) = Hp(V) and p(E) = (75 0 i) then Fp = Fix.

Proof. The isomorphisms F,(Uy) = H}.(F) =2 Fx(Uy) at vertices is clear
from the definition. The isomorphism

Fp(Ug) = Hp(F) @ Hp(F)[2] = H7(E) = Fx(Ug)
follows from the Thom isomorphism for the sphere bundle 7s : £ — V3 & F.

That the restriction maps match up is an easy exercise. O

In Section 3, we show that for regular value ¢ € K, the representation
variety R (c) is a GKM-manifold with nonisolated fixed points, and that
FR1 () Is @ monodromy sheaf with nontrivial monodromy in general.
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2.6.2. Pure I'-sheaves. In [BMO01] Braden and MacPherson introduce
the notion of a pure I'-sheaf M over a moment graph. They also show that
in many interesting cases, the equivariant intersection cohomology IH7.(X)
of a complex projective variety X is equal to the global sections H°(M) of
a pure I'-sheaf M associated with X.

Proposition 2.24. To any pure I'-sheaf M there is a canonically associ-
ated GKM-sheaf M’ such that HO(M) = HO(M').

In our framework, a moment graph is essentially the same thing as a
GKM-graph (V,&, 1, «) with only a finite number of nondegenerate edges
£ £, and an ordering I(e) = {v,,v;} for e € £" subject to some further
conditions. A I'-sheaf M consists of A-modules M(v) for each vertex and
M(e) for each e € £" and a homomorphism p,  : M(v) — M(e) for every
pair {(v,e) € V x £E™|v € I(e)}. The module of global sections is

(21) HO(M) ={(m.) € @ M(z)| Pv,e(mv) = Me va,e}-

reyuend

Remark 5. It is explained in [BMO1] that the data defining a I'-sheaf is
equivalent to a sheaf of A-modules over V U £ in the topology dual to the
one we use, in the sense that their closed sets are equal to our open sets and
vice versa.

A T-sheaf is called pure if M(v) is free for all v € V and if for every edge
e € &M with I(e) = {vs,v;} satisfies, M(e) = M(vy)/a(e)M(vs) with

Pv..e : M(vs) = M(e) = M(vs)/a(e) M (vs)

the projection, plus some additional conditions.

Proof of Proposition 2.24. Let M be a pure I'-sheaf. Define a new sheaf of
A-modules M’ by

o M'({v}) = M'(U,) = M(v) for all v € V;

e for all e € £7 the stalk M’(U,) and restriction map res, are defined
by the short exact sequence

(22) 0 — M (U) < M(vs) & M(vy) "5 M(e) — 0

e for all degenerate edges e € £\ £, M'(e) = M'(I(e)) with res, the
identity map.
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Clearly M’ is a sheaf and res, is an isomorphism modulo a(e) for all
e € €. Both H'(M) and H°(M’) inject into €,y M(v) by projection,
and the short exact sequence (22) ensures that they have the same image,
so HO(M) = HO(M').

It remains to show that M'(U,) is a free A-module for every e € 4.
Because M(vs) and M(v;) are projective, p,, e — pu, e lifts through (21)
to a surjective map f : M(vs) & M(vy) — M(vs). Because f admits a sec-
tion, ker(f) = M(v;) and M’ (U.) fits into an exact sequence 0 — ker(f) —
M (U.) — a(e)M(vs) — 0 which must also split so

M (U) =2 M(vy) @ ale) M (vs)
is free. O

2.6.3. Mutants of compactified representations. These are exam-
ples of closed T-manifolds introduced by Franz and Puppe [FP08] whose
equivariant cohomology is torsion-free but not free over A. There are three
examples: Z,., r = 2,4,8 with action by T'= (U(1))"*!, whose construction
makes use of the Hopf fibration S™~! — §2'—1 — S7. Franz and Puppe prove
that as graded A-modules

Hi(Z,) = Admlr — 1] ® Al2r + 2] ® A[3r + 1],

where m is the augmentation ideal of A.

The GKM-sheaf F_ is easily determined from the description of Z,
in [FP08]. The GKM-hypergraph I'z consists of two vertices and r + 1
nondegenerate edges labelled by distinct weights «p, ..., a, which form a
basis of t*. The GKM-sheaf F _is the trivial monodromy sheaf with fibres
M :=H*(S"H® A= A® Alr — 1]. Tt follows that the global sections of
Fz. may be identified with the image of the matrix

()

in M &M, where f=T][;_,o; has degree 2(r+1). Thus as graded A-
modules

HO(Fz )= Ao Alr — 1] @ A[2r + 2] @ A[3r + 1].

This example shows that H%(Fx) may be a free A-module even when H(X)
is not.
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2.6.4. Equivariant de Rham theory and graphs. Given a GKM-
graph I', consider the trivial monodromy sheaf F;q over I' with fibre A.
The graph cohomology Hr(T') is defined to equal H?(F;y). It is interesting
to ask under what circumstances Hp(T') is a free A-module and what its
Betti numbers are.

In a series of papers, [GZ00, GZ01, GZ03] Guillemin and Zara translate
concepts from Hamiltonian actions on symplectic manifolds to the GKM
theory, motivated in part by these questions. They a define the notion of
moment map on a GKM-graph I, define the reduction I'//S! with respect to
such a moment map and prove a version of Kirwan surjectivity « : Hp(I') —
Hyy5:(T//SY).

In certain circumstances, the reduction I'/ /S is not a graph but a GKM-
hypergraph and in this situation, addressed in [GZ03], the arguments become
rather technical. We believe the reduction process could be more clearly
understood in our framework (we do not pursue this in this paper). For
example, the definition of Hp(I'//S') “by duality” is a strong hint that
our topology, which is dual to the more obvious one in Braden—MacPherson
[BMO1] may be important (see Remark 5). Also, the locality of Hy(I'//S!)
would be manifest if it were defined as the global sections of a GKM-sheaf.

3. Representation varieties for a punctured surface

It will be useful to introduce a larger class of representation varieties than
those defined in the introduction. Gauge theoretically, these varieties corre-
spond to moduli spaces of flat bundles over a nonorientable surface with a
single puncture and prescribed holonomy around the puncture.

Let ¥, denote the connected sum of g + 1 copies* of RP2. By the clas-
sification of compact surfaces, every nonorientable compact surface with-
out boundary is isomorphic to X, for some g = 0,1,2,.... The fundamental
group 7 (X,) has presentation

g
(23) (%) = {ao,...,ag|Ha$:]1}.
=0

Let I'y denote the free group on g+ 1 generators {ao,...,aq} so that the
presentation (23) determines a surjection I'y — 71 (3,). For K a compact,

4The index is chosen so that ¢ is the genus of the orientable double cover.
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connected Lie group of rank r and ¢ € K, define

g
Ric(c) := {¢ € Hom(T'y, K)|¢ (H a?) = c} :
i=0

The embedding RY (c) — K97! sending ¢ to (¢(ag),...,p(ay)) identifies
RY:(c) with the compact real algebraic set

(24) R (c) = {(ko,...,kg) ng+1|ﬁk§=c}

i=0
on which the centralizer Zx (c¢) C K acts by conjugation. Notice that
R (1) = Hom(m (), K),

where 1 € K is the identity, so we recover the representation varieties
described in the introduction.

We will always choose ¢ to lie in a fixed maximal torus T' C K, with
complexified lie algebra t. We call ¢ regular if Zx(c) =T. We use notation
W := Nk (T)/T for the Weyl group, and W, := Nz, () (T)/T for the portion
of the Weyl group that stabilizes ¢. The isomorphism

HEK(C) (Ré:(c)) = H;(R%(C))WC

allows us to divide the study of general compact group actions into torus
actions and Weyl group actions. As before, we use notation A := C[t] =

S(t*) = H*(BT).
3.1. Main results

In this section we construct the GKM-sheaf of the representation variety
RY-(c) using a monodromy sheaf, convolution products and induction.
Let T denote the subgroup of 2-torsion elements of 1. That is,

Ty :={t € T|t* = 1}.

Then T, is isomorphic to the finite group (Z/2)". Let V be a torsor for Tb,
meaning that V is a finite set of order 2" equipped with a free and transitive
action Tp x V — V. Let A C P(A) denote the set of roots of 7' C K modulo
nonzero scalar multiplication. For each a € A, there exists a pair of co-roots
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+h, € t and an element exp(+imh,) € To (observe that the sign ambiguity
disappears after exponentiating). For each o € P(A), define the equivalence
relation ~, on V to be trivial if @« € A and to be generated by the relation

v~ exp(imheg)v

for allv € V, if & € A. Together (V, ~) form a GKM-graph which we denote
I'(K). Our first result is

Theorem 3.1. For g > 1, the isomorphism type of the GKM-hypergraph
['rs (¢) is independent of both g and c and is equal to T'(K).

Observe next that the Ts-action on V respects the equivalence relations
v ~q exp(imhe)v because T; is abelian. Thus we may consider the category
GKMr,(T'(K)) of Tr-equivariant GKM-sheaves on I'(K) and this category
acquires a convolution product * by Section 2.4.5.

Theorem 3.2. Let c €T C K be a regular element. Then for any g > 1,
the GKM-sheaf Fra () is Ta-equivariant and there is an isomorphism

FRi(e) = TR0 % * TR0
with the g-fold convolution product of Fri_(c).-
Suppose now that ¢ € T' C K is not necessarily regular.

Theorem 3.3. Letc,d € T C K and suppose that ¢ is reqular. There exist
twisted actions of W on both Frs (o) and Fra () such that

H(Fro ()" = H*(Fro, )"

In Theorem 3.3, the twisted action of W, on Frs (. is induced by the
topological action of Zk (c) on the representation variety R% (c) in the stan-
dard way (see Proposition 2.22). The twisted action of W on Fra (o is
more subtle, and is not induced from an explicit action on RY-(c’).

Theorems 3.2 and 3.3 reduce the problem of constructing the GKM-
sheaf Fra (o) to the special case when g =1 and c is regular. In this case,
FR1 (¢ is isomorphic to a monodromy GKM-sheaf over I'(K), supposing a
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mild additional condition on K, as we now explain. Let
M=A{t")®cA

with A(t*) graded so that t* has degree one. Each a € A determines a Weyl
group reflection on t and we denote by S, the induced action on A(t*). For
a given nondegenerate edge e of I'(K) with a(e) € A, we define

ple) = Sa(e) ®c Ida € Aut(M).

Observe that p(e) o p(e) is the identity on M, so it is unnecessary to specify
the orientation of the edges.

Theorem 3.4. Let c€T C K be regular and suppose that mi(K) is
2-torsion free (i.e., only the identity element squares to the identity). Then
there is an isomorphism between the GKM-sheaf Fr1 () and the monodromy
sheaf F, with data M and p described above.

Finally, suppose that m(K) contains 2-torsion. Choose a finite, con-
nected covering group ¢ : K — K such that 7r1(f( ) is 2-torsion free. Let
T C K and T C K be maximal tori with ¢(T) = T Let ¢ and ¢ be respec-
tive regular elements and let Ty and T be respective 2-torsion subgroups.
Restricting ¢ to the homomorphism Ty — T5 induces an induction functor

Ind:-;z : GK My, (T(K)) — GK Mg, (T (K)).

Theorem 3.5. If ¢ is regular, then there is an isomorphism of Ts-equi-
variant GKM-sheaves

Fru(o) = Ind 2 (Fra )-
3.2. Fixed points

Our first task is to describe the fixed points of RY (c) under the conjuga-
tion action by 7. Maximal tori are maximal abelian, so it follows that a
homomorphism ¢ € RY(c) is fixed by T if and only if im(¢) C T', thus

R%(C)T = RY%.(c).

For this reason, it is useful to describe with some care the case that K =
T =U(1)" is a torus.
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Any homomorphism from 7 := 71(3,) to an abelian group must factor
through the abelianization «/[r, 7] = H (X4, Z) = 79 & Zy so we obtain

(25) RY.(1) = Hom(rr, T) = Hom(H, (2, Z), T) = T9 x Ty,

where Ty = Tor?(Z/2,T) = (Z/2)" is the 2-torsion subgroup of 7. More
canonically, regarding R%.(1) as a group under pointwise multiplication, we
have a short exact sequence

P

and we choose a splitting p : R%(1) — T9, p(¢) = (¢(a1), - - -, ¢(aq)), using
the presentation (23) of the fundamental group.

For general ¢ € T, pointwise multiplication determines a free and tran-
sitive action of R%.(1) on R¥(c), ie.,

Lemma 3.6. For ¢ >0, T a rank r compact torus and c € T, the rep-
resentation variety Ri.(c) is a torsor for R(1), thus is diffeomorphic to
T9 x TQ.

Remark 6. The action of T on R¥(c) is canonically defined up to isotopy
and acts freely and transitively on the set of components. Thus we have a
canonical isomorphism H7.(F;) = HJ.(F}) for every pair of connected com-
ponents F;, Fj of RY.(c). Less canonically, these cohomology rings may all
be identified with Hp(TY9) = (At*)®9 @c A, where A := C[t] as before.

Corollary 3.7. For any compact, connected Lie group K of rank r, the
GKM:-hypergraph of RY.(c) has a vertez set V consisting of 2" vertices which
are naturally identified with the set of square roots of c,

Ve {teT|t* =c}

upon which Ty acts freely and transitively by multiplication. The stalks of
the GKM-sheaf Fra () at vertices may be identified with At)®9 @ A and
the Ts-action preserves these identifications.

Observe that Corollary 3.7 implies that the vertex set of I'gs () is inde-
pendent of both ¢ and g, in keeping with Theorem 3.1.

Because T acts freely on the vertex set V), we gain a convolution product
% on Th-equivariant GKM-sheaves (defined in Section 2.4.5).
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Lemma 3.8. For g >0 and c €T let Fy:= Fro (). Then
Fo=Fix--xF1 = (F1)*9.
Proof. We begin with the case ¢ = 1. Use the characterization (24)

RE(L) = {(to,... . tg) € TITt5.. . t7 =1}

with T acting by multiplying tg. There is a Ts-equivariant homeomorphism
v RE(1) <7, RE(L) = RET (1),

where ¥((so,51) X (to,-..,tq)) = (Soto, s1,t1,t2,...,tg). Applying Proposi-
tion 2.17 and induction completes the proof. The case of general ¢ € T fol-
lows by the fact that RY.(c) is a torsor for RY.(1), thus is Th-equivariantly
diffeomorphic. O

Remark 7. In the proof of Lemma 3.8, Ty acts on R%(1) by multiplying
the Oth entry to. We could have chosen instead to multiply one of the other
entries and the action would be the same up to isotopy.

For ¢ # 1, the isomorphism F, = F7 * ---* F; of Lemma 3.8 has only
been defined up to an automorphism of F, induced by T, or equivalently
up to a choice of base vertex. The following Lemma is meant to address this
ambiguity.

Lemma 3.9. A continuous path 7 : [0,1] — T induces an isotopy class of
T-equivariant homeomorphisms R¥.(v(0)) — R5.(y(1)) (where Ty acts as in
Lemma 3.6). This class contains a map sending (to,...,ty) to (sto,t1,. ..,
ty), where s € T satisfies s> = v(0)~1v(1).

Proof. The variety R%(c) is the fibre at ¢ € T' of the submersion 79! — T
sending (o, ...,te) to [T, t2. Pulling back by v determines a fibre bundle
y*T9%1 over [0,1] inducing a homeomorphism up to isotopy between fibres
RY(7(0)) and RE(7(1)).

The Ty-action is induced by a canonical R (1)-action. That the homeo-
morphism can be made equivariant follows from the classical result of Palais
and Stewart [PS60] on the rigidity of compact group actions on compact
manifolds.

Define the path § : [0,1] — T by d(x) = v(0)~1y(x). Because the squar-
ing map is a covering, there is a unique path /4 : [0,1] — T such that
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(V/6(x))? = §(z) and v/6(0) = 1. Define a Th-equivariant bundle trivializa-
tion ¢ :[0,1] x RE(4(0)) — T4 by ¢z, (to, ..., tg)) = (z,(Vi(z)
to,...,ty)). Setting s = v/3(1) completes the proof. O

Corollary 3.10. Let v :[0,1] — T be a continuous path and denote R; =
R (v(i)) fori=0,1. Then v determines a Ts-equivariant bijection between
the vertex sets Vo =2 V1 that lifts to a Ts-equivariant isomorphism of restricted
sheaves

FRolve = Frylv:-
3.3. The case K=SU(2)

We review here the main results from [Bail0], using the language of GKM-
sheaves. Throughout Section 3.3, set K = SU(2), and T' C K is a maximal
torus with ¢ € T'. The centre Z(K) consists of £1 = T, and all other values
of c are regular.

Theorem 3.11 ([BailO] Theorem 1.2). The representation varieties
Rg((c) are equivariantly formal under conjugation by T for all c € K and
9 €40,1,2,...}. This means in particular that Hj (R (c)) = HO(Fgy (o)) is
free over A.

Since T has rank one, P(A) is a single point.

Proposition 3.12. The GKM-hypergraph I'rs () for any c €T and g > 1
consists of two vertices and a single edge e connecting them, with a(e) equal
to the sole element of P(A).

Proof. This follows from Corollary 3.7 and the fact that RY-(c) is connected.
O

Because I'gs () has only a single edge e, the GKM-sheaf Frs () is com-
pletely determined by the localization map

Hp(Ri(c)) = Fry ) (Ue) = Hp(R3(c)) = Fry (o) ((€))-

The case when g = 1 and c is regular can be described quite explicitly.
In this case, R} (c) is diffeomorphic to S* x S? and T acts via rotation on
S? with weight 2. In particular (recall the definitions of GKM-manifold with
nonisolated coefficients and monodromy sheaf from Section 2.6.1):



900 Thomas Baird

Proposition 3.13. For regular ¢, Ri(c) is a GKM-manifold with non-
isolated fized points (Section 2.6.1). The GKM-sheaf Fr1 () is isomorphic
to a monodromy sheaf with fibre H7(T) = At" ® A, with holonomy map
p(e) = Sare) ® Ida, where S,y is the automorphism of A(t*) induced by
multiplication by —1 on t, which we think of as reflection in the root hyper-
plane a(e)* = {0}.

Proof. That R}, (c) is a GKM-manifold with nonisolated fixed points is clear
from the preceding description. The fibres were described in Remark 6. The
holonomy map can be inferred from Propositions 5.3 and 5.4 of [Bail0]. O

Remark 8. Notice that because the graph I'z1 () is “simply connected”,
the local system above can be trivialized. However, the convention adopted
in Remark 6 of using the Th-action to identify fixed point components forces
the local system to be nontrivial. Furthermore, when we consider higher
rank groups in 3.5, the analogous local system will not be trivializable in
general.

Because T = {£1} lies in the centre of K, the Th-action on R7%.(c)
described in Remark 6 extends to RY-(c) in the obvious way. This makes
FRrs () into a Thr-equivariant GKM-sheaf.

Proposition 3.14. Let c € T' be a regular element and let Fg := Frs ().
For g > 1 we have an isomorphism between the GKM-sheaves Fg4 = Fi *
Ceexk ‘7:1 — (fl)*g_

Proof. Follows from Propositions 5.3 and 5.4 of [Bail0]. O

Remark 9. In view of Proposition 2.17, one might suspect that Proposition
3.14 is the consequence of a homeomorphism or at least a T-map between
FRra (¢ and Fra (o) X1, - .. X1, FRa (¢). As explained in [Bail0], the real story
is trickier than this.

Now we turn to the nonregular cases e € {1}. The full group K central-
izes €, so K acts by conjugation on RY(e), and FRra (e acquires a twisted
W, = W-action as described in Section 2.5. Choose a path v:[0,1] —» K
connecting € with some regular element c. Using Lemma 3.9 we obtain a
twisted action of W on the restriction of Frs () to the vertex set.
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Proposition 3.15. The action described above extends to a twisted action
of the Weyl group W on Frs (), twisted by the standard action of W on t.
Taking W -invariants produces an isomorphism

Hie (R (e)) = H(Fra ()"

Proof. Use (26) to identify RY.(1) = TY x T. By Lemma 3.9, any path con-
necting 1 to —1 also determines an isomorphism RJ.(—1) = T9 x T5. In
terms of these isomorphisms, the action of the nontrivial element w € W,
sends (t1,...,t4,2) to (wtyw™, ... ,wtgw_l, €z). The result now follows from
the explicit description of the image of the localization map H;(R% (€)) —
H%(R%.(e)) found in Propositions 5.3, 5.4 and 5.5 from [Bail0)]. O

Remark 10. This result is stranger than it might first appear. The W-
action on Fre () is not in general induced by one on RY:(c). Moreover,
while the result implies that H. (R%(e))w =~ HO(Fra ()", it is not true
in general that H} (R% (€)) = H*(Fry ())-

Remark 11. It will be important later to observe that for both e € {+1},
the action of W on Frs () described in Proposition 3.15 commutes with the
Tsr-action, and these actions differ by the nontrivial element of T5.

3.4. K has semisimple rank one

Let K be a compact connected Lie group of rank r with complexified Lie
algebra £ and let 7' C K be a maximal torus with complexified Lie algebra
t. We may decompose ¢ into its central and semisimple parts:

E=Z(8) D by

In this section, we consider the case where £;s has rank 1 or equivalently,
t.s = su(2) ® C. The following lemma is elementary.

Lemma 3.16. If K has semisimple rank one, then it is isomorphic to one
of the following:

(i) U1)~1 x SU(2),

(i) U(1)2 x U(2),

(iii) U(1)"! x SO(3).
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If K = SU(2) x U(1)"~! and ¢ = (c1, c2), then the representation variety
factors as a product of spaces already described

(27) RY-(c) = R%U(Q)(cl) X R%(l)r_l(@).

If K has form (ii) or (iii), then it fits into a short exact sequence
(28) 0—>02—>K£>K—>1,
where K = U(1)"~! x SU(2) and Cy = Z/2 is central in K. Thus

(29) ~ ] R%L(®)/C5,

o(&)=c
where C’g“ acts by multiplying g + 1-tuples entry-wise.

Proposition 3.17. Forallg > 0 and c € T the representation variety R :=
RY-(c) is equivariantly formal, so H*(Fr) = H;(R) by Theorem 2.8.

Proof. If K is type (i) then the result follows from (27) because the product
of equivariantly formal spaces is equivariantly formal under the product
group action.

In the remaining cases, apply equivariant cohomology to (29)

* ~ * g+1
Hp(Ri(c) = =~ (P Hi(RL(@)“,

¢(&)=c

where 7' is the maximal torus in K mapping to T. Thus H:(R%(c)) is a
summand of a free A-module, hence free. O

Remark 12. There is a small subtlety in the above proof that should be
explained. We are working with complex coefficients so the homomorphism
T — T induces an isomorphism H3(RY%(¢)) = H7(R%(€)). Thus formality
with respect to T is equivalent to formality with respect to 7.

Remark 13. Since Cs is a subset of the two torsion group T,cTCK,it
follows from Remark 7 each factor of C’2ngl acts the same way on R%(E)) up
to homotopy. Thus the GKM-sheaf of RY-(c) coincides with the GKM-sheaf
of R%(E) /Co where Cy acts by multiplying (say) the Oth entry.

We turn to studying the GKM-sheaf Frs (). We begin with determining
the GKM-hypergraph. Observe that since K has semisimple part of rank
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one, the pair (K,T') has a unique pair of roots, which we denote +a. Every
point of RY% (c) is fixed by ker(c), so the one-skeleton is the whole space

(R (c), R7(c))-
Define the co-root h, € t to be the unique element in t N €, satisfying
a(hq) = 2. The exponential exp(2mih,) = 1 € K, so exp(mihy) € Th .

Proposition 3.18. For anyc €T and g > 1, denote the GKM-hypergraph
IL'ra ¢y = (V,~). The vertex set V is naturally identified with the Ty-torsor

Ve {teT|t? =c}.
The equivalence relation ~, is discrete unless a is the root, in which case
(30) v ~q exp(mihg) - v
for allv € V. In particular T'rs () = T'(K).

Proof. The vertex set was explained in Corollary 3.7. If K = K = SU(2) x
U(1)""!, then RY%(c) = R‘gU(Q)(Q) X R?](l)r,l (¢2) and the result follows eas-
ily. For the remaining cases we use Remark 13 to identify I'gs () with the
quotient of the Cy action on [ [ #(6)=c I‘Rs}( (¢) and the result follows. 0

Remark 14. The element exp(wihy) € T3 is nontrivial if K has type (i)
or (ii) and is the identity when K has type (iii). Thus I'gs () is a bipartite
graph in the first two cases and is discrete in the third.

3.4.1. If ¢ is regular. As explained in Section 3.1, the GKM-graph
I'(K) =Tgs, (¢ admits a Th-action that is free and transitive on vertices.
Denote Fy := Fry (¢ for ¢ regular. The homomorphism K — K of (28)
restricts to a homomorphism 75 — 15 of 2-torsion groups.

Lemma 3.19. If c €T is regular, then the GKM-sheaf Fg:= Frs () 1S
Ts-equivariant, and the induction functor

Ind% : GK My, (D(K)) — GK Mg, (T(K))
satisfies Ind:Tﬁz (Fy) = F,, where Fy = FR(¢)-
Proof. If K = SU(2) x U(1)"~!, then T} lies in the centre of K so the action

of Ty on RY (c) is simply by multiplying the zeroth entry, and this induces
the action on Fj.
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For the remaining cases we use of Remark 13 to identify
Fyg = (ﬁgHﬁg)/CQ = Ind%";(fg),

where the induction is with respect to the zero morphism Cy — Zs. Because
Cy C T5 is the kernel of the morphism T5 — T5, we can also say

Fy = Ind 2 (Fy)
thereby making F, equivariant. O

Proposition 3.20. Denote Fy = Frs () where c € K is reqular. Then F,
is isomorphic as a GKM-sheaf to the g-fold convolution product Fy * - - - x JF.

Proof. For K of type (i) we have (27) so the result follows from Lemmas 3.8
and 2.20 and Proposition 3.14.
The result for general K follows from the isomorphisms

Fis---xF %Ind%(]-:l*-~-*}~')NIndTQ(}:)%’fg
from Proposition 2.21 and Lemma 3.19. ([

Proposition 3.21. If K is of type (i) or (ii), then Fy is monodromy sheaf,
with vertex stalk N(t*) @ A and holonomy Su(e) ® Ida for all nondegenerate
edges e, where Sy(cy € Aut(A(t*)) is induced by the Weyl reflection in the
hyperplane ae)* C t.

Proof. For type (i) the result follows from the SU(2) case, Proposition
3.13. In type (ii) we have F; = Ind 2(F1) where F| where is a monodromy
sheaf as described above. Because the identification of the vertex stalks
Fi(v) = A(t*) @ A were specifically chosen to be invariant under the Th-
action, it is clear that Fj is also a monodromy sheaf with the required
monodromy. O

3.4.2. If c is not regular. Let ¢ € T be a not necessarily regular element
with centralizer Z(c) C K and define the Weyl group at ¢ by the formula
We := Ny (T)/T. Because K has semi-simple rank one, W, = W = Z/27Z
if ¢ is not regular and W, is trivial if ¢ is regular. The T-action on RY(c)
extends to a Z(c)-action and there is a well known formula:

3o (R (0) 2 Hi (R (c))"-.
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Proposition 3.22. Let R := RY%(c) for ¢ not necessarily regular and let
Fy be as defined in Section 3.4.1. Then W, acts on both Fr and F, giving
rise to an isomorphism of W.-invariants,

Hi(R)"™: = HO(Fr)"" = HO(F,)"

Proof. If W, is trivial then c is regular and the statement is vacuous. So
assume c is not regular so W, =W = Z/2Z.

The twisted W-actions on H7(R) and on Fgr are the standard ones
described in Proposition 2.22 determining the isomorphism

Hi(R)" = HO(Fr)".

To construct the twisted W-action on F,, consider first the case of
K = K = SU(2) x U(1)"~!. In this case the representation variety splits as
R=TRY, %) (c1) % RgU(l)r_l(CQ). If v:]0,1] — T is a path connecting ¢ to a
regular value, then Lemma 3.9 and Proposition 3.15 imply that F, acquires
a twisted W-action and H(F))V = Hix(R)W.

Now consider K of type (ii) or (iii), fitting into the short exact sequence
(28). Denote R = ][ (5)= R (€) which by (29) forms a CY'-Galois covering
R — R. The elements ¢ € ¢~ !(¢) are either both regular or both nonregular.
If they are both regular, then R is isomorphic as a T-space to RY-(¢) for
regular ¢ € K and consequently Fr = F, even before taking W-invariants.
Otherwise, both ¢ € ¢~1(c) are nonregular and W acts on both cofactors,
so Hix(R)W = HO(F,)" @ HO(F,)V since we have already confirmed this
isomorphism for K = K.

By Remark 11 the actions by Cg“ and W commute, on both H}(R)

and on F,. Thus

Remark 15. It is useful to describe more explicitly the twisted W -action
on F,. This action is completely determined by its restriction to the vertex
set V. We may identify the vertex set V = {t € T|t? € ¢} and W, acts on
V by restricting the standard action on T'. The stalks over every v € V are
identified with F,(v) = A(t)®9 ® S(t*) (see Corollary 3.7) on which We-acts
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by S, ® S, where S, denotes the extension of the Weyl reflection on t* to
algebra automorphisms of A(t*) and S(t*).

3.5. Proving the theorems of Section 3.1

In this section, let K denote an arbitrary compact connected Lie group with
maximal torus 7. Denote by A the set of roots of 7' C K and let A C P(A)
be the set of roots modulo scalars.

For a € P(A), denote by K, the centralizer of ker(a) in K. It is easy to
see that

(31) R ()@ = R (c) S R (c).

Lemma 3.23. The centralizer K, C K is strictly larger than T if and only
if v € A.

Proof. Centralizers of tori in K are connected (see [BtD85] IV Theorem 2.3)
so K, is connected for any o € P(A). Thus K, is strictly larger than T if
and only the adjoint action of ker(a) C T' on ¢ has fixed point set larger
than t. Since the roots A C A record the weights of the adjoint action, the
result follows. O

Lemma 3.23 and (31) imply that the one-skeleton of R%-(c) is the pair

(32) (U R%. (0, R4(©)).

aEA

Consequently, the construction of the GKM-sheaf Frs () reduces to the
torus and the semi-simple rank one cases.

Proof of Theorem 8.1. The description of the vertex set is from Corollary
3.7. Lemma 3.23 reduces the description of the edge set to the semisim-
ple rank one case, which is described in Proposition 3.18. I'gs () is To-
equivariant because I'gs. (o) 18 for all a € P(A). O

Proof of Theorem 3.2. F4 := Frs (- Restricting to vertices, there is a nat-
ural isomorphism

(33) Falv = (F1)"y

as defined in Corollary 3.7. For any «, Proposition 3.20 combined with
(31) provides an isomorphism Fylyuge = (F1)*9|puge respecting (33). Glu-
ing together completes the result. O
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Proof of Theorem 3.3. Let R = RY-(c) where ¢ is not necessarily regular and
let F, be as defined in Section 3.4.1.

The centralizer Z(c) acts on R by conjugation, and this determines a
twisted We-action on Fr as described in Proposition 2.22.

The action of W, on the restriction Fg|y is the one described in Remark
15. Namely W, acts on V = {t € T|t? = ¢} by the restriction of the standard
action on T, and W, acts on stalks Fy(v) = A(t*)®9 ® S(t*) by the tensor
product of standard representations of W, on A(t*) and on S(t*). To see
that this action extends to all of Fy = (F1)*9, observe that W, respects the
local system of the monodromy sheaf F; because for any w € W, and e € £

(w® w)(Sa(e) ® IdA)(wfl & wil) = Swa(e)wq ®1Idy = Sa(w_e) ® A
as an automorphism of A(t*) ® Id4.

Now let i}y : FR(VUEY) — Fr(V) and j}, : Fy(VUE*) — Fy(V) denote
the restriction maps and identify

Fo(V) = Fr(V) = CV @ A(£)9 @ S(t).

Sa®S

By Proposition 3.22 we know that im(i%)%®% = im(j) S0

() = ((YimG)" = () im )"

acA a€cA
= () imGa)%) " = HOFE)
a€cA

g

_ Every connected compact Lie group K possesses a finite covering group
K — K for which 7 (K) is torsion-free. We can exploit this fact to simplify
arguments, much as we did in the previous section.

Lemma 3.24. If K is a compact, connected Lie group for which w1 (K) is 2-
torsion free, then for all roots a € Ay, the fundamental group m (K,) is also
2-torsion-free. This implies that the exponential of the coroot exp(mihy) € K
does not equal the identity.

Proof. Consider the exact sequence of homotopy groups

mo(K) — m(K/K,) — m1(Ky) — m(K).
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Here m(K') = 0 by Whitehead’s theorem, and my(K/Ky) = Ha(K /Ko Z) is
torsion free because K/ K, admits a Bruhat decomposition into even dimen-
sional cells. Since 71 (K') contains no 2-torsion, we deduce that m(K,) does
not either.

Since K, has semisimple rank one, it is isomorphic one of the groups in
Lemma 3.16 and is not equal to U(1)"=1 x SO(3), so it is easy to verify
that exp(mwihy) # 1. O

Proof of Theorem 3.4. The restriction of Fr1 () to VUE® is naturally iso-
morphic to Fr1 () where K, is of type (i) or (ii) so this follows directly
from Proposition 3.21. U

Proof of Theorem 3.5. The restriction of Fr1 () to VUE® is naturally iso-
morphic to Fr: () so this follows directly from Lemma 3.19. (]

4. Cohomology calculations

For simplicity, we focus on simple groups K for which 71 (K’) has finite and
odd cardinality. Let ® = Spany{+h,| a € A} denote the coroot lattice of
K in t. Lemma 3.24 implies that the map ® — Tb, £ — exp(mi{) defines an
isomorphism

(34) D/20 = Th.
4.1. Regular c

Let F1 =F, = Fri (¢ is the monodromy GKM-sheaf of Theorem 3.4.
Because Fj is Ty-equivariant, we may decompose H'(Fj) into isotypical
components

H(F) = @ H(F)~.
XETz
The localization map i* : HO(F;) = F1(VUE) — Fi1(V) is injective and Tp-
equivariant, so we may identify HY(F;)X with the image of
i HO(F )X — F(V)X 2 A(E) ® A

Employing Proposition 2.9, we have

(35) im(if) = () im(é,,),

a€A

where i7, \ 1 F1(V U EY)X — F1 (V)X is the sheaf restriction.
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Given a € A a root, choose a basis {a, 31, ..., -1} of t* where the
are orthogonal to « (equivalently, the 3; are +1 eigenvectors for the reflection
defined by «). If m € A(t*) is a monomial in this basis define deg,(m) =1
if v is a factor of m and deg,(m) = 0 if not.

Proposition 4.1. The image of iy, in A(t")® A is generated as an
A-submodule by elements

m @1 if (—1)%80")y (exp(riha)) = 1
and
m® a if (—1)%8(™y (exp(mihy)) = —1

as m varies over a monomial basis of A(t*).

Proof. The basis is chosen so that for a monomial m € A(t*),
Se(m) = (—1)38a M)y,

Ty factors as T4 x Ty, where Ty acts freely on €% and Tj = 7Z/27 is
generated by exp(mihy), which fixes the edges in £€* and transposes their
incident vertices. Thus we may restrict attention to a single edge, and iden-
tify ¢}, with the intersection of the image of the matrix

1®1 1®a
Sa®1 _Sa®06

in (A(t") ® A)®? with either the diagonal if y(exp(mihy,)) = 1 or the anti-
diagonal if y(exp(mihy)) = —1, from which the result follows. O

In [Bai08] Chapter 8, it was shown that the projection map R (¢) — K9
sending (ko, ..., kq) to (ki1,...,kg) is a “cohomological covering map”. In
particular, this means that the induced map on cohomology is an injection
H7(K9) — Hp(R%(c)). The analogue of this for Fre () is the following.

Corollary 4.2. Let F4 denote the g-fold convolution product Fi * --- x
F1. Then the Ty invariant part of cohomology 1T170(‘7-"9)T2 s wsomorphic to
H (K9).

Proof. For g =1, just compare Proposition 4.1 with Example 3. For g > 1
apply Proposition 2.18. 0
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Remark 16. Using Theorem 35, we identify HX(K) = H°(F;)™> as a sub-
module of A(t") ® S(t*). The equivariant fundamental class of K spans
the one-dimensional subspace A"(t*) ® (][, ca @). Compare this with
Example 3.

Let proj, denote projection from A(t*) ® A onto A"(t*) ® A.

Lemma 4.3. Use Theorem 35 to identify H°(F1)X with a submodule of
A(t) @ A. Then

proj, (H*(F)XH(F1)¥) c () @ (][ e
aEA

Proof. The fact that HC(Fy) is a Th-equivariant algebra implies that
HO(F)XHO(F )X € HO(F)T2 C A(t*) ® A. By Remark 16, we know

proj, (HY(F1)™) = H(F)™ 1 (V" (1) @ 4) = AT (1) © (H a> A
a€A

We will use this Lemma 4.3 in combination with

Lemma 4.4. Let d € wedge” (t*) ® A be a homogeneous element and let
M be a free A-submodule of the A-algebra N(t*) ® A with homogeneous free
generators {x1,...,xor} satisfying

proj, (zizer—;) = a; jd,

where [a; j] is a nonsingular matriz of complex numbers. Then M is mazimal
among submodules satisfying proj,.(MM) Cd® A .

Proof. Suppose there exists y € (A(t*) ® A) \ M for which proj,.(My) C
d ® A. Then by subtracting an A-linear combination of z; from y, we may
assume that proj,.(My) = 0. But this implies that y = 0 because M is of
maximal rank and the proj, is a nondegenerate pairing for A(t*) @ A. O

4.2. Nonregular c
For c € T C K, the W-action on F, defined in Remark 15 does not generally

commute with the Th-action. Instead W, acts by conjugation on T, restrict-
ing the standard action of W, on T. Consequently, H 0(.7-"9)1/‘/c decomposes



GKM-sheaves and nonorientable surface group representations 911

into a sum over the orbit space TQ /We,

(36) HO(F)"e = @ (Ho(fg)wc)[X]-
[XIET:/W.

Corollary 4.5. Let (W,), be the stabilizer of x € Ty. If HO(F1)X is free
over A, then

(HO(]:Q)WC)[X] > (HY(F)X @4 - @4 HO(F)X) Welx,

Proof. The W-action permutes the summands of ) HO(F,)X according

~ X€T2
to its action on 75, so

(HO(F)" ) 2= (HO(F,))

and the result then follows from the isomorphism HO(F,)X = HO(F)X @4
- ®a H°(F1)X of Theorem 3.2 and Proposition 2.18. O

A choice of base vertex v, determines an isomorphism
(37) Fo(V)X =2 Fyva) = A(t)®9 @ S(t")

and we want to describe the twisted (WW.)y-action on F,(V)X in terms of
this identification.

Lemma 4.6. Given a base verter v, let
71 (We)y — Aut(A(t)® @ S(t))

denote the twisted action induced from (37). Let 5% denote the standard
twisted W -action on A(t*)®9 @ S(t*), induced by the standard Weyl group
action on t. Then 1, = x(t)75¢ where t € Ty satisfies t - v = w - v4. In par-
ticular, the restriction of T to (W.)y is the standard action if either (W.)y

fixes the base vertex v, or if x is trivial.

Proof. It was explained in the proof of Theorem 3.3 that W acts on F, (V)X =
CY @ A(t")®9 @ S(t*) by the tensor product of 75' with the action on CV
induced by the action on V. If v, is fixed by (W,), then the identification
(37) is undisturbed and 7 = 7%'. Otherwise it is necessary to correct by
multiplying by ¢, which introduces the factor x(t). O
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4.3. Type Ao

In this section we let K = SU(3) or PSU(3). Then because 7 (K) has
odd order, (34) holds. Let {e1, e, e3} denote the standard basis in C? with
the standard pairing. Identify t = (e; + ea + e3)* C C3. We choose positive
roots Ay = {a;; = e; — e;]i < j} and use the pairing to identify a; j = hq, ;.
The group ®/2® = Ty = (Z/2)? has coset representatives consisting of 0 and
the three positive roots A,. There are three nontrivial characters x1, x2, X3
of Ty =2 & /2@, defined by x([cu;]) = 1 if and only if 4, j, k are pairwise dis-
tinct. The Weyl group S3 acts on the three nontrivial characters x1, X2, X3
in the standard fashion.

Proposition 4.7. The summands H°(F1)X* are pairwise isomorphic free
modules for k =1,2,3. Under the injection

i* HO(F1)X — At @ S(tF)

described in Theorem 35 and using coordinates x1 = o13 and x2 = a3, the
free basis is

(38) 1® zi20, r1 Axo ® (11 — x2),

(39) i @ra+za®x1, T Qx2(T1 —X2) — T2 ® 1 (T — T2).

Proof. That the HY(F;)X* are pairwise isomorphic follows from the fact that
the xj are permuted by W.

Let M denote the submodule of A(t*) ® A generated by the purported
free basis. It is straightforward linear algebra to check that M is con-
tained in the intersection [ ¢ im(i},) of Theorem 35, so we conclude that
M C HO(Fy)xs.

To prove M D H°(F;)Xs observe that M satisfies the conditions of
Lemma 4.4 with d an element of A%(t*) ® x122(21 — 72). Combining this
with Lemma 4.3 completes the proof. O

Corollary 4.8. For g >1, the A-module H°(F,) is free with Poincaré
series

P,(H(F,) = (1413 4+ 1 +15)9 + 3(£3 + 2t* + t°)9) P,(BT).

Proof. By Corollary 4.2 we know HY(F,)™2 = H#(KY) and this explains the
term (1 + 3 + ¢5 4+ ¢8)9P,(BT). The remaining three isotypical components
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HO(F,)X = (H(F1)X)®9 are isomorphic and have Poincaré series (3 + 24 +
t5)9 P,(BT) by Proposition 4.7. O

Corollary 4.9. Let ¢ € Z(K) and R = R%/(¢). Then H°(Fr)V is a free
AW _module with Poincaré series

(L4248 59 + (1 + 2 +tH(3 + 2t + £°)9) P(BK).

Proof. Observe that every e € Z(K) has a square root in Z(K), so the
We =W action fixes one vertex and permutes the remaining three. By
Lemma 4.6 the induced W-action on A(t*)®9 @ S(t*) is the standard one.

Because W permutes the three nontrivial characters {xi,x2,x3},
HY(Fr)W decomposes into a sum of two A" -modules as explained in Corol-
lary 4.5. The trivial character contributes the first summand H;(K9)W =
Hj (K9) with Poincaré series

(1483 +1° +*)9P(BK).

The remaining summand is

3 WX3
(69 HO(F)" = <<H0<f1>><3>®9) ,
i=1

where W,, =< (1,2) > is the stabilizer of x3. The free basis of Proposition
4.7 of HY(F7)X is invariant under (1,2) so the basis of (H°(F;)X3)®9 is also
invariant and we deduce that

(t* +2t* 4 1°)9
(1—12)(1—t4)
= (4 2t* + 9)9(1 + > + t") Py(BK).

P((HO(F1))29)Waa) = (£ 4 261 + 9)9 P (As) =

g

Proof of Theorem 1.2. In [Bai09] the Betti numbers of Hp 3 (R?](g)(]l)) were
computed and it was shown to be torsion-free as an H*(BU(3))-module. It
is easily deduced that Hg; ) (RgU(?))(]l)) is torsion-free and that

PO (REy (1) = (1 + £ 485 +5)7 + (1+ 2 + 148 + 261 +7)9)
« oP,(BSU(3)).
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By Theorem 2.8 this means that there is an injective morphism of graded
algebras

H;‘U(S)(R%U(S)(ﬂ)) - HO(}—R%UW(H))

which by comparing Betti numbers must be an isomorphism, so H°
(}-72?9[](3)(11)) is free by Corollary 4.9. O

4.4. Type B

The root system of Spin(5) has positive roots {2e1,2e2, —e1 + €2,€1 + €2} C
C?, with corresponding coroots {eq, ea, e + e2,e1 — ez} under the standard
pairing. Thus T5 = ®/2® is generated by [e1] and [ez], so [e1 + e2] = [e1 —
e2] € ®/2®. The character group TQ has four elements defined in the basis
{le1],[e2]} by matrices [1,1],[-1,—1],[1,—1],[-1,1], and the Weyl group
interchanges only [1, —1] with [—1,1].

Proposition 4.10. For K = Spin(5) and all x €Ty, the A-submodule
HO(F)X C A(t*) ® A is free. The generators of Ho(fl[fl’fl]) are

1®erez,e1 Nea @ (e1 + e2)(er — e2),
e1®@en+ e @eje; @ ea(e? —e3) 4 e @ el — ed).

Changing basis to x = e1 + e2 and y = e1 — eq, the generators ofHO(}_l[_l’H)
are

r@ylr+y) tyzz+y), 2y —y) —yQx(r—1y).

Proof. Analogous to Proposition 4.7. O

Corollary 4.11. For K = Spin(5) and g > 1, the ring H(F,) is a free
module over A with Poincaré series

P(HY(F,)) = (P(K)9 + (3 +t* + 15 4479 + 2(¢* + 2t° + 15)9) P,(BT).

Furthermore, under the augmentation morphism A — C, the extension of
scalars H*(F,) ®4 C is a dimension 10g Poincaré duality ring over C.
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Proof. The calculation of the Poincaré series is analogous to Corollary 4.8.
Since HY(F,) is free over A, we have

Pt(HOU:g) ®A C) = Pt(HO(fg))(l - tz)Q
=1+ 4+t + 109 + 3+t 45+ 17)9
+ 2(t* 4 265 + 15)9

The fundamental class for the Poincaré duality pairing is a nonzero ele-
ment of
®g
((weye TT an) " e HOFE)® = BO(F)
apEAL

and the pairing is just the extension of scalars of (proj,)®9. The generators
listed in Proposition 4.10 provide the nondegenerate pairs. O

Remark 17. For any regular ¢ € Spin(5), if Rgpin(5)(c) is equivariantly for-
mal then its ordinary cohomology ring is isomorphic to H°(F,) ®4 C. Since

we know that Rgpin(5)(c) is an orientable manifold of dimension 10g, Corol-

9

lary 4.11 is consistent with the conjecture that Rspin

5) (c) is equivariantly
formal.

In terms of the basis ey, es, the Weyl group for type Bs is generated by
(any two of) the reflections:

(-1 0 (1 0 (0 1
S1 = 0 1) S = 0 —1)° 83 1= 1 0/

Corollary 4.12. Let e € Spin(5) = K be the nontrivial central element and
let R = RY-(€') fori=0 or 1. The ring of Weyl invariants H°(Fr)"< is a
free module over AW = H*(BK) with Poincaré series
(P(K)9 4+ (83 + 1 + 15 + )9 +2(1 +tY) (t* + 26° + 15)9) P(BK)
if g+ is even and
(PUK)I + 23+t 4+ 5 + )9 + 2(1 + tY) (t* + 2t° + 15)9) P,(BK)
if g+ 1 is odd.

Proof. The generators of HO(F;)[=1~1 are not invariant under the standard
We = W action, but instead are weight vectors, of weight —1 for s; and sg
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and weight +1 for s3. Taking tensor powers, it follows that for even g, the
free A-generators of H(F,)I"5~1 equal the free AW = H*(BK) generators
of (HO(F,)Imb=1hWi while for odd g the generators of (H(F,)l=b=1)Wt are
erez times the generators of H?(F,)I=5~1. On the other hand, one checks
that under the twisted action of W, on HO(F;)I=1~1 the generators are
invariant, so for odd g the generators of (H°(F,)" 1) coincide with
those of HY(F,)l=5~1 while for even g we must shift by ejes.

The remaining pair of characters are permuted by the Weyl group, so
we must consider (HO(FL" "y & HO(FH)We = go(F"Wi | which
will be a free module over AWit.-1, Similar considerations now apply, but in
this case generators must be shifted by a degree two element (either e; or
eo depending on the parity of g + 7). O

4.5. Type G2

The compact group G has root system spanning the orthogonal complement
of e1 + ea + ez in C3, with simple roots & = e; — es and 3 = —2e; + €2 + €3
and remaining positive roots a + 3, 2a + 3, 3a + 3 and 3a + 23. The Weyl
group is isomorphic to the dihedral group Dg and acts transitively on the
nontrivial characters of Th = ®/2®, with stabilizer isomorphic to Zg @ Zs.
If we let x denote the nontrivial character sending [hy] and [hga42s] to 1
then W, is generated by matrices

0 1 -1 0
S1 = (1 0) N S9 = < 0 _1)

in the basis x = a +  and y = 2a + (.

Proposition 4.13. For K = G5, the module HO(F)X is a free A-module
generated by

1@ ay(2e —y)(2y —2), (z @y —y @ z)(2® — ),
sAy®@ (22— ), (z@y+y@z) (28 —y)(2Y — ).

Proof. Analogous to Proposition 4.7. O

Corollary 4.14. For K = G, the graded ring H°(F,) is a free A-module
with Poincaré series (Py(K)9 + 3(t% + 2t" +8)9)P,(BT). Moreover the
extension of scalars by the augmentation map Ho(fg) ®4 C is a Poincaré
duality ring of dimension 14g.
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Proof. Analogous to Corollary 4.11. 0
The simply connected group G2 has trivial centre.

Corollary 4.15. For K = G, the ring Ho(ng((ﬂ)) > (HYF))W is a
free AW -module with Poincaré series

e + )+t )+ 1) + (= 1)(t —1)?))P(BK).

(PR + 5

Proof. We have P(H°(F,)") = P,(K9)P,(BK) + P;((H°(F)X)®9)"x).
The formula follows by computation from Proposition 4.13. O

4.6. Type As

Let {e1,e2,e3,e4} denote the standard basis in C* with the standard pair-
ing. Identify t=(ey + ea 4+ e3+ eq)t C C3. We choose positive roots A, =
{oi; = ei —ej|i < j} and use the pairing to identify o;;j = hq, . The Weyl
group W Sy acts on the group of characters of T = ®/2® w1th two non-
trivial orbits, distinguished by where they send —1.

Proposition 4.16. Let x : ®/2® — 7Z/2 be the nontrivial character send-
ing [Ray 3]s [hao ), [Pass) to 1 (X lies in orbit of size 4). Then H(F1)X is a
free A-module. Choosing coordinates x; = a; 4, © = 1,2,3, we have free basis

1 ® z12273,(T1 A 2 A 23) ® (71 — 72) (T2 — 73) (T3 — 71),
Zwl ® xox3, Z(a:l A x9) ® (21 — x2)T 2273,

le & x1T273, Z(:Ul A .CCQ) & ($1 — 1‘2)x2x3,
c.p.

Z:L’l 1’21:3 ,Z(xl A LUQ) & (331 — x2)$3.
c.p.
where the sums are over cyclic permutations by the 3-cycle (1,2, 3).

Proof. Analogous to Proposition 4.7. 0

On the other hand, the remaining Weyl orbit of characters gives rise to
nonfree modules:
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Proposition 4.17. Let x : ®/2® — 7Z/2 be the nontrivial character satis-
fying x(ha, ;) = X(ha,,) = 1. Then H°(F1)X is not free over A. The Hilbert
series of HY(Fy)X is

(2t7 + 4t8 + 2t9 + th 4 tll _ t12 _ t13)
(1—1¢2)3 '
Proof. The calculation was done using MAGMA [BCP97] (explained in

Appendix A). Because the numerator of the Hilbert series is has negative
coefficients, the module cannot be free. O

I

Py(H(F1)¥)

This example disproves the general conjecture that R (c) is equivari-
antly formal for all ¢ and K, because it fails when K = SU(4) and c is
regular.

4.7. Data tables

The following tables list the Hilbert series of H°(F;) and whether or not
it is a free A-module, for several simply connected compact Lie groups K.
All results not already described in Section 4 were obtained using MAGMA
[BCPI7].

The terms correspond to into Weyl orbits of Ts-isotypical components
of H°(F1). Every term containing no negative coefficients corresponds to a
free A-module summand.

Lie type | Free? | Hilbert series of HO(FR}((C)) times (1 — )™ for

regular c.

Ay Yes | P(Ag) + 3(t3 + 2t* 4+ ¢°)

By Yes | Py(Bo) + 2(t* + 265 +15) 4+ (3 + t* 45 +¢7)

G Yes | P(G2) + 3(t0 + 2t7 +¢8)
(

Az No | P(A3) +4(1 +1)2(t8 +1°) +3(1 4 t)(—t'2 + 10 4
218 + 2t7)

Bs No | Pi(Bs) +3tT(t+ 1)(1 +2t3 + ) + 4t2(¢t + 1)%(¢3 +
D(—t3+t2+1)

Cs No | Pi(C3) 4+ 3t3(t + 1)2(t3 + 1) + 3t9(¢t + 1)(—t" + 2t° +
e+ D)+ O+ D)+ +1)

Ay No | P(Ag) +5t7(t+ 123+ 1)(t°> + 1) + 1011 (¢t +
D23 4+ 1)(—t* +t+2)

By No | P(By) + 4t (¢ + 1) (83 + 1)2(t7 + 1) + 3t15(t +

D3+ 1) (=t 7 263 + 42 + 1) + 8t16(¢ +
D2+ 1) (-8 + 0 +t2+1)
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Cy | No | P(Cy) + 42+ 12+ )"+ 1) + 7t + D+ 1) (" +

D + 1) + 610 ( + 1)2 (=13 + 38> + 12 + 1) + 415t +
D23+ 1)2(—t2 +8 =7+ 210 — > 14 — 283 442 4+ 1)
Dy | No | P(D 4)+12t11(t+1) B+ D (=8 1T+ 12+ 1)+ 3t12(t +
1)2(=3t2 +6t° + 12—t + 1)
Fy | No | P(Fy) + 3t 4+ 1) + D)7 + 1)t 4+ 1) + 11824 (¢ +

D2+ 1)(—t 4+t =8 16 5 — 3 412 1 1)

In the following table we collect Hilbert series for H O(]:R}( (ﬂ))w divided by
P,(BK), where 1 € K is the identity.

| Lie type | Free? | Hilbert series for H°(Fgi (1))" divided by Pi(BK) |
Ay Yes | Pi(A2)+ (#* + 82+ 1)(t° +2t* +13)
By Yes | Pi(Ba) +t4(t7 +10 + 1+ 13) + 2 (¢t 4+ 1) (¢ 4 2t° +- t4)
Go Yes | Py(Ga)+ 50t +1)(t8 + 1+ 1)(t° + 11423 — t +1)

Appendix A. MAGMA Calculation

To compute the Hilbert series of H(F;) and to check whether it is free over
A, we use a Magma program. The program uses Magma functions for Cox-
eter groups and root systems. The program begins by defining an A-module
M isomorphic to A(t") ® A. Then it constructs the submodules im(i} ,)
using the generators described in Proposition 4.1. Finally, it intersects these
submodules to get im(i}) = H O(F1)X and applies the functions IsFree and
HilbertSeries, to test freeness and obtain the Hilbert series.
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