Japan J. Indust. Appl. Math., 23 (2006), 275—292 Area (1)

Minimization of the Principal Eigenvalue for an Elliptic
Boundary Value Problem with Indefinite Weight,
and Applications to Population Dynamics

Yuan Lou* and Eiji YANAGIDAT

* Department of Mathematics

The Ohio State University
Columbus, Ohio 43210

USA

E-mail: lou@math.ohio-state.edu
t Mathematical Institute

Tohoku University

Sendai 980-8578

Japan

E-mail: yanagida@math.tohoku.ac.jp

Received May 19, 2006
Revised July 10, 2006

This paper is concerned with an indefinite weight linear eigenvalue problem which is
related with biological invasions of species. We investigate the minimization of the positive
principal eigenvalue under the constraint that the weight is bounded by a positive and
a negative constant and the total weight is a fixed negative constant. For an arbitrary
domain, it is shown that every global minimizer must be of “bang-bang” type. When the
domain is an interval, it is proved that there are exactly two global minimizers, for which
the weight is positive at one end of the interval and is negative in the remainder. The
biological implication is that a single favorable region at one end of the habitat provides
the best opportunity for the species to survive, and also that the least fragmented habitat
provides the best chance for the population to maintain its genetic variability.
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1. Introduction

For more than two decades, the following linear eigenvalue problem with in-
definite weight (and also more general forms)

Ap+Am(x)p=0 in {2,

e (1.1)

o 0 on 0Of2
has been extensively investigated, mainly because of its importance in the study
of nonlinear mathematical models from population biology. Here, {2 is a bounded
region in RV with smooth boundary 942, n is the outward unit normal vector on
082, and m(z) € L*°({2). Biologically, {2 refers to the habitat of a species, the
zero-flux boundary condition in (1.1) means that no individuals cross the boundary
of the habitat, and the function m(z) represents either the selective force of the
environment on alleles or the intrinsic growth rate of species at location x.
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We say that A is a principal eigenvalue of (1.1) if A has a positive eigenfunction
¢ € H'(2). By standard elliptic regularity and the Sobolev embedding theorem
[11], the function ¢ satisfies ¢ € W24(2) N CL7(2) for every ¢ > 1 and every
v € (0,1), and ¢ > 0 in £2. It is clear that A = 0 is a principal eigenvalue of (1.1)
with positive constants as its eigenfunctions. Of particular interest is the existence
of positive principal eigenvalues.

Define

2y ={z e 2: m(x) > 0}, 02_={z e 2: m(x) <0}
Before reviewing previous work on (1.1), we impose the following condition on m(z):

(A1) The set 2, has positive Lebesgue measure, and [, m < 0.

The following result is well-known [2, 23, 13].

THEOREM A. The eigenvalue problem (1.1) has a positive principal eigen-
value (denoted by A1(m)) if and only if (A1) holds. Moreover, A\i(m) is the only
positive principal eigenvalue, and it is also the smallest positive eigenvalue of (1.1).

Next, we present two examples to illustrate the importance of Aj(m) in the
study of nonlinear mathematical models from population biology. The first model
concerns the evolution of gene frequencies at a single diallelic locus under the joint
action of migration and selection:

up = Au+ Am(z)u(l —u) in 2 xRY

ou
= 0 on 0 xRT, (1.2)
0<u(xz,0)<1 in £, O</u(x,0)d;1:<1,

2

where u(z,t) and 1 — u(z,t) represent the frequencies of two alleles A; and A,

at location z and time ¢, respectively. The integral |, @, M represents the total

selection force favoring A, whereas [, (—m) is the selection force favoring As.

The assumption [, m < 0 is equivalent to [, m < [, (—m), iLe., allele A, is

favored over allele A;. The conditions on the initial data u(z,0) ensure that both

alleles are present initially. By the maximum principle [20], we have 0 < u(z,t) < 1

for every x € 2 and every t > 0. Moreover,

(i) if 0 < XA < A1(m), then u(z,t) — 0 uniformly for x € 2 as t — oo; i.e., allele
Aj is eliminated and allele A5 is maintained;

(i) if A > Ai(m), then u(z,t) — u*(z) uniformly for x € 2 as t — oo, where
u* is the unique positive solution of (1.2) satisfying u* € W24(£2) for every
g >1and 0 < u*(z) < 1 for every z € £2. This implies that both alleles are
maintained if A is larger than A\;(m).
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These results were established in [12] for Hélder-continuous weight m(x), and can
be extended to the case of bounded measurable weight. The study of the diallelic
case lays down the ground for further analysis of the much more difficult multiallelic
case, and we refer to [9, 12, 18, 22, 23] and references therein for the diallelic case
and [15, 16] for recent developments in the multiallelic case.

The second example is the diffusive logistic equation

up = Au+ Au[m(z) —u] in 2 xR,
9u =0 on 9 xRT, (1.3)
on

u(x,0) >0, u(z,0) Z0 in £,

which first appeared in the pioneering work of Skellam [24]. Here, u(x,t) represents
the density of a species at location x and time t. Hence, only non-negative solutions
of (1.3) are of interest. The function m(x) represents the intrinsic growth rate of
a species, which is positive in the favorable part of habitat ({2;) and negative in
unfavorable one (£2_). The integral [, m can be viewed as a measure of the total
resources in a spatially heterogeneous environment. The logistic equation (1.3) is
important in understanding the effects of dispersal and spatial heterogeneity in the
population growth of a single species, and we refer to [3, 5, 6] and references therein
for works on (1.3). In particular, it is known that

(i) if A < A1(m), then u(z,t) — 0 uniformly in 2 as ¢ — oo for all non-negative
and non-trivial initial data; i.e., the species goes to extinction;

(ii) if A > A1(m), then u(x,t) — w*(x) uniformly in 2 as t — oo, where u* is the
unique positive solution of (1.3) in W24(£2) for every q > 1; i.e., the species
survives.

Equation (1.3) also plays a crucial role in studying the dynamics of multiple
interacting species, and we refer to [6, 7, 8, 14, 17] and references therein for works
on models of two competing species with diffusion and spatial heterogeneity.

In this paper we are mainly concerned with the dependence of the princi-
pal eigenvalue A\;(m) of (1.1) on the weight function m(x). In particular, we are
interested in how spatial variation in the environment of the habitat affects the
maintenance of alleles or species. To be more precise, let mg, m, and m be three
given positive constants with my < m, and assume

(A2) —m < m(z) <™ ae. in 2, and fﬁm < —mg|£2].

We address the following mathematical question:

QUESTION. Among all functions m(x) that satisfy (A1) and (A2), which m(x)
will yield the smallest Aj(m)?

This question is mainly motivated by the following biological considerations:
the alleles (or species) can be maintained if and only if A > Ay (m), and the smaller
A1(m) is, the more likely that both alleles can be maintained (or the species can
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exist, respectively). Biologically, for the genetic model, finding such a minimizing
function m(x) is equivalent to finding the spatial pattern in which it is easiest
to maintain the less favored allele A; [19]; for the logistic model, it is the same
as determining the optimal spatial arrangement of the favorable and unfavorable
parts of the habitat for species to survive [3, 4]. This question was first addressed
by Cantrell and Cosner in [3, 4] from the ecological point of view, and it remains
largely open.

The question is also mathematically meaningful. Indeed, by (A1) and Theo-
rem A, the positive principal eigenvalue Aj(m) is uniquely determined. Moreover,
the infimum of Ay (m) among all those m that satisfy both (A1) and (A2) is positive.
In order to see this, we recall the following theorem of Saut and Scheurer [21]:

THEOREM B. Suppose that (Al) holds. Then

m vi| [ m|
Au(m) 2 Jom?(x)dx + | [, m|supgm’

where vy is the smallest positive eigenvalue of the Laplace operator with homo-
geneous Neumann boundary condition.

As an immediate consequence of this theorem, we have

Ai(m) > v

~ max(mTm

o) )~ (1.4)
which gives a uniform positive lower bound of A\;(m), i.e., a bound that depends
only on m, m, mg, and {2.

By the scaling mg — p, m — 1, m — k, m — m/m, and A — Am, for the
sake of simplicity, we may assume that mg = p, m = 1, and m = &, where pu < 1
and k > 0 are constants. With this scaling, (A2) becomes

(A2) —1<m(z)<kae in 2, and [, m < —p|02|.

Given p < 1 and &, we define
M = {m € L>(£2): m(z) satisfies (A1) and (A2)'}, (1.5)

and set
)\in = inf A .
f ll’lM 1(m)

By (1.4), we see that Aj,s > 0.

The existence and profile of global minimizers of A\;(m) in M with Dirichlet
boundary condition was first addressed by Cantrell and Cosner in [3]. Among
other things, Cantrell and Cosner showed that there exists some measurable set
E C 2 with [E] > 0 such that A\;(kxE — X2\E) = Ainf. The result of Cantrell
and Cosner can be viewed as saying that there exists a “bang-bang” type optimal
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control for minimizing A;(m) in M. For Neumann boundary condition, we show
that a stronger assertion holds true:

THEOREM 1.1. The infimum A is attained by some m € M. Moreover,
if Ai(m) = Aint, then m can be represented as m(x) = kxg — xo\E a-e. in £ for
some measurable set E C (2.

In particular, Theorem 1.1 implies that the global minimizers of A\;(m) in M
must be of “bang-bang” type, and in fact must be contained in the set

Mo ={m: m = rkxg — xo\r for some E C 2 with |E| = o[£},

where

_Ll-p
14k

@ (1.6)
It is easy to check that every m € M, satisfies [, m = —pu|f2|, i.e., My C M.

By Theorem 1.1 and the above discussion, in order to determine all of the
global minimizers of A\;(m) in M, it suffices to characterize E C {2 such that
the corresponding weight function m(x) = kxg — X\ minimizes the principal
eigenvalue \;(m) in M,. The main goal of this paper is to utilize this idea to give
a complete characterization of all global minimizers of A;(m) in M when N =1
and (2 is an interval. In this connection, we have

THEOREM 1.2. Suppose that N =1, 2 = (0,1), and « is as defined in (1.6).
Then Ai(m) = Aine for some function m € M if and only if m = kxp — Xo\E
a.e. in (0,1), where either |[EN (0,a)| =a or |[EN(1 —a,1)| = a.

Theorem 1.2 implies that when (2 is an interval, then there are exactly two
global minimizers of A\;(m) (up to change of a set of measure zero). This sub-
stantially improves previous work in the one-dimensional case. In [4] Cantrell and
Cosner studied the case when (2 is the unit interval (0,1) under three different
boundary conditions (Dirichlet, Neumann, and Robin type) in a rather restricted
situation. More precisely, for Neumann boundary condition, they showed that if
m(x) = k on a “single” subinterval of fixed length and m(x) = —1 on the remain-
der of the interval, then the smallest value of A\;(m) with m(z) so restricted occurs
when the subinterval where m(xz) = & is at one of the ends of the interval (0,1);
they also considered the situation when m(z) = —1 in a “single” subinterval of
fixed length, and m(z) = x on the remainder of (0,1). They proved that in the
latter case, the smallest value for A;(m) occurs when m(z) = —1 at one of the
ends of (0, 1). However, the method of [4] cannot be applied to a more general case
where m(z) has either arbitrarily many or infinitely many positive and negative
intervals. Therefore, in order to study such general case, we need to develop some
new ideas based on a characterization of critical points and continuous dependence
of A1 (m) with respect to m. We note that our analysis can also be useful in handling
Dirichlet, Robin, and periodic boundary conditions.
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Theorem 1.2 can be viewed as filling up the gap between the result of Cantrell
and Cosner and Theorem 1.1. For the genetic model, Theorem 1.2 suggests that
if m is fragmented, then it is difficult to maintain the genetic variability; for the
logistic model, this means that a single favorable region at one of the two ends of
the whole habitat provides the best opportunity for the species to survive.

As an application of Theorem 1.2, we have

COROLLARY 1.3. Suppose that N = 1 and 2 = (0,1). Let A\, denote the
unique, positive principal eigenvalue for the weight function m = KX (0,a) = X(a,1)-
If X < Aq, then for any m € M, all solutions of (1.2) and (1.3) satisfy u(x,t) — 0
uniformly for x € 2 as t — oo.

Biologically, Corollary 1.3 implies that for a one-dimensional habitat, if the
deleterious allele or species can not be maintained in the least fragmented step-
environment, it will be eliminated in any other habitat with the same total amount
of selective forces or resources.

REMARK 1.4. The characterization of the optimal set E in M, for higher-
dimensional domains is an open problem. We conjecture that if {2 is convex, then
both E and 2/E are connected (up to a set of measure zero), and 0F N 92 has
positive measure.

This paper is organized as follows. In Section 2, we establish some fundamen-
tal properties of the eigenvalue problem (1.1) for general and bang-bang weight
functions. We also show that the global minimizer must be of bang-bang type, i.e.,
Theorem 1.1 holds. In Section 3, we study the case where (2 is the unit interval,
and give a proof of Theorem 1.2.

2. Properties of the Eigenvalue Problem

Subsection 2.1 is devoted to the proof of Theorem 1.1, which states that the
global minimizers of A1 (m) in M must be of bang-bang type. In Subsection 2.2, we
establish the comparison principle and continuity of positive principal eigenvalues.
Finally, in Subsection 2.3 we study properties of the eigenvalue problem (1.1) with
bang-bang type weight functions m(x).

2.1. Bang-bang property of global minimizers
We first give the following well-known variational characterization of the pos-
itive principal eigenvalue [1, 2, 13, 23]

LEMMA 2.1.  Suppose that (A1) holds. Then the positive principal eigenvalue
A1(m) of (1.1) is given by

Jo IVel?
27

Ar(m) = pes(m) [, m(x)p

(2.1)
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where
stm)i={e 1 @): [ mwyg >0},

Moreover, \j(m) is simple, and the infimum is attained only by associated eigen-
functions that do not change sign in (2.

Next, we prove that Aj,¢ is attained.
LEMMA 2.2.  There exists m € M such that Ai(m) = A\int.

Proof. By the definition of Ai,¢, there exists a sequence {m,}5>; in M such
that A1 (my) — Aing > 0 as n — oco. Let ¢, > 0 be the corresponding eigenfunction
of A1(my,), uniquely determined by supg, ¢, = 1. By standard elliptic regularity and
the Sobolev embedding theorem [11], passing to a subsequence if necessary, we may
assume that ¢, — @o in W24(2)NCHY(2) for every ¢ > 1 and every v € (0, 1),
where supg oo = 1 and oo > 0 in 2. Since |m,[[12(o) is uniformly bounded,
passing to a subsequence again if necessary, we may assume that m,(x) — m(x)
weakly in L?(£2) for some function m € L*(R2), i.e., [, mntp — [, map for every
¢ € L?(2) as n — oo. Choose ¢ = 1. This together with [, m, < —pu|f2| implies
that [, m < —u|R2|. For every non-negative L? function ¢, we have — [, 1 <
Joma <k [,1. Passing to the limit, we find that — [, ¢ < [, my < k [, 0.
This implies that —1 < m < k a.e. in 2.

To have m € M, it remains to show that m(z) > 0 in a set of positive measure.
Note that ¢ is a weak solution of

Ap+ Apgmep =0 in 2, Jdp/On=0 on 91.

If m(x) <0 a.e. in £2, then p satisfies

/ |v9000|2 = Ainf/ m@io <0,
2 2

ie.,, Voo = 0 in 2. Since supg oo = 1, we have po, = 1, which implies that
m =0 a.e. in £2. However, this contradicts [, m < —pu|f2| < 0. Therefore, m € M.

By the equation of ¢, we see that A\;(m) = Ajne. This shows that A, is attained.
]

To complete the proof of Theorem 1.1, we extend some idea from [4].

Proof of Theorem 1.1. Suppose that m € M and A;(m) = Ajne. Let ¢ > 0
with sup, ¢ = 1 be the corresponding eigenfunction of A;(m). By elliptic regularity,
we have ¢ > 0 in £2. For every n > 0, define

E,={z e 2: ¢(z) >n}.
Since p < 1, there exists some n* > 0 such that |E,+| > 0 and

—p| 2] = K[Ey»

- W\En*

. (2.2)
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Define m*(r) = kxg,. — Xo\E,.- Equation (2.2) ensures that [, m* = —u|$|.
Hence, we have m* € M, which implies that A\ipe < Ay (m™*).
We claim that m(z) = m*(z) a.e. in 2. To establish our assertion, we first have

fi -,

> () /E (5 —m) — (") /Q M+m) 23

. \E,»

(5 —m)g? / (1 -+ m)g?
Q\En*

>0

)

where the last inequality follows from (2.2) and [, m < —pu|f2|. Since [, mep? > 0,
we have [, m*¢? > 0. Hence, ¢ € S(m*). Therefore, applying (2.1) we have

JolVel _ [oIVel?
o
0 0

)\1 (m*)

Since A1 (m) = Ainr < A1(m*), equalities must hold in (2.4). In particular, A;(m*) =
A1(m) and

_ frz |V<P|2

Malm) = 5
0

Therefore, from Lemma 2.1 we see that ¢ is also an eigenfunction of A;(m™*), and
it satisfies

Ap+ X (m")m =0 in 2, Jdp/On=0 on I

weakly in H'(£2) and strongly in W29(£2) for every ¢ > 1. Since ¢ > 0 in £,
we have
. Ap Ap

T TN T Mmye

a.e. in {2. This completes the proof of Theorem 1.1.

2.2. Comparison and continuity of principal eigenvalues

For later purposes, we establish two lemmas in this subsection, one of which is
a comparison principle for positive principal eigenvalues of (1.1), and the other is
concerned with the continuous dependence of A\;(m) on the weight function m(x)
in suitable topology. Since we can not locate their proofs of the generality needed
in this paper, for the sake of completeness we include both of the proofs here.

LEMMA 2.3.  Suppose that m,,m* € L= ({2), m, <m* a.e. in {2, fQ m* <0,
and m, > 0 in a set of positive measure. Then Ai(m.) > Ai(m*). If we further
assume that m, < m* in a set of positive measure, then \i(ms) > A (m*).
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Proof. Let ¢, be a positive eigenfunction associated with Aj(m.). Since
Jomap? > 0, we have [,m*p? > [, m.p2 > 0. Hence p, € S(m*). There-
fore, by Lemma 2.1 we have

< JalVeEl _ JolVeE]

Aalm) s Jom o2 = [omap?

= M\ (). (2.5)

If m* > m, in a set of positive measure, then from the fact that ¢, > 0 in 2, we
have [, m*@? > [, m.p?. Hence, Ai(m,) > Ai(m*). O

LEMMA 2.4.  Suppose that {my}32,, m satisfy (A1), and ||mg||pe(o)y < C
for some constant C' independent of k. If |myr —ml|/z1(2) — 0 as k — oo, then
A(mg) — A (m) as k — oo.

Proof. 'We first claim that there exists some ¢ > 0 such that § < Ay (my) < 1/9
for sufficiently large k. Since |[my —m|[11(o) — 0 and [|mg|[p~ (o) < C, we see that
lme —ml[ a2y — 0 for every ¢ > 1 as k — oo. To find a uniform lower bound of
A1(my), it suffices to apply Theorem B to get

Mmy > el nlleml
Jomi+C|[ome| — [om>+C|[,m|

For the uniform upper bound of A\ (my), since m > 0 in a set of positive measure,

there exists ¢ € L'(£2) such that ¢ > 0 a.e. and [, miy > 0. Then the proof

of Theorem 3.1 in [3] (the necessity part, pp. 305-306) applies, and it yields that

A1(myg) < 1/§ for some 6 > 0 and all sufficiently large k.

Passing to a subsequence if necessary, we may assume that A\j(mg) — A, for
some A, > 0. It remains to show that A, = A;(m). To this end, let ¥, > 0 with
supg, ¥ = 1 be the corresponding eigenfunction of A\;(my). By elliptic regularity
and the Sobolev embedding theorem, passing to a subsequence if necessary, we may
assume that 1, — ¢ in W249(82) for every ¢ > 1, ¢» > 0, sup, ¢ = 1, and 9 is
a weak solution of Ay + Aymip = 0 in 2 and 9¢¥/On = 0 on 9. Hence, A, is
the positive principal eigenvalue corresponding to the weight function m(z). By
Theorem A, we have A\, = A\;(m). Note that A, is independent of the subsequence
chosen. This shows that A(my) — A1 (m) for the whole sequence {my}. O

2.3. Eigenvalue problems of bang-bang type

In this subsection, we consider properties of the eigenvalue problem (1.1) in
the case where m is of bang-bang type.

Let E be a measurable subset of 2 satisfying |F| < |2]/(k + 1), and set

(2) K if z€ekF,
m xX) .=
o 1 if x¢ B
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Then we consider the eigenvalue problem

Ap+dmp(z)p =0 in £,
(2.6)

Oy
%—0 on 0f2.

For simplicity, we denote by Ag := A1 (mpg) the positive principal eigenvalue of (2.6),
and by ¢g(x) the positive eigenfunction associated with Ag.
As corollaries of Lemmas 2.3 and 2.4, we have the following two lemmas.

LEMMA 2.5. Let Ey and Es be measurable subsets of 2 with |Ey|,|Es| <
[2]/(k+1). If By C Ey, then Ag, > A\g,. If we further assume |E1| < |Es|, then
)\E1 > >\E2~

LEMMA 2.6. If{Ey}32, and E satisfy |Ex\E| — 0, |[E\ Ex| — 0 as k — oo,
and |E| < |22|/(k + 1), then Ag, — A\g as k — oo.

We say that E is admissible if ¢pg(x) > ¢p(y) for x € E and y € 2\ E a.e.
We show that the minimum of Ag can be attained only by admissible E.

LEMMA 2.7. Suppose that E is not admissible. Then there exists a measur-
able set Ey C 2 such that |E| = |Ey| and Ag, < A\g.

Proof. By assumption, there exist two measurable sets Dy C FE and Dy C
2\ E with |D;| = |Ds| such that ¢g(x) < ¢p(y) for z € D; and y € 2\ D; a.c.
Define Ey = (E'\ D1) U Dy. Then we have |E| = |Ep|. Since

/QmE(,qsi;/QmEaﬁ%<H+1>(/D2¢%/Dl¢%)>o

and [, mpdE, > 0, we have [,mp,¢% > 0, ie., ¢p € S(mpg,). Hence, by

Lemma 2.1 we obtain

_ fQ|V¢E|2 fQ|V¢E|2

- 2 5 2 AR
Jome(@)dy, ~ [, me,(2)6%

This completes the proof. O

AE

0-

3. One Dimensional Case

In this section we restrict our attention to the case N = 1. Without loss of
generality, we may assume that (2 is the unit interval (0,1). Thus, the eigenvalue
problem (2.6) is reduced to

{¢// +dmp()¢=0 in (0,1), (3.1)

¢'(0) = 0=¢'(1).
Let a be a constant satisfying 0 < o < 1/(k + 1), and define

S, ={EC(0,1): |E| = al.



Minimization of Principal Eigenvalue 285

For every FE € S,, mg satisfies (Al). Hence, (3.1) has a unique positive principal
eigenvalue A\p for every E € S,. The goal of this section is to show that if A\g
attains the global minimum at some E* € S,, then either |[E* N (0,«)] = a or
[EFN(1—a,1) =a.

3.1. Preliminaries
We define subsets of S, by

Sk .= {F € S,: F consists of k disjoint open intervals},

k=1,2,..., and
S = sk
k=1

Note that S¥ may contain an empty interval (a,a) and two intervals tangent to
each other; (a,b) and (b,c). By definition, E € S¥ is admissible if ¢z (z) > ¢r(y)
for any x € E and y € (0,1) \ E.

The following lemma is obtained immediately from definition of the admissi-
bility.

LEMMA 3.1. The set E € S¥ is admissible if and only if ¢pp(x) takes the
same value at all points on OE N (0,1).

Proof. Since ¢ is continuous, E is not admissible if ¢p(x) takes different
values on OF N (0,1). Since ¢g(x) is convex on E and concave on (0,1) \ F, the
proof is complete. O

The next lemma will be needed later.

LEMMA 3.2. Let E € S¥. Suppose that ¢y(c) = 0 for some ¢ € (0,1). Then
there exists Eq € S¥ such that

Mg, <max{c? (1—c)*}\g.
Proof. We see from assumption |E| = « that either
[EN(0,¢)] <ca or |[EN(c¢l)<(l-c (3.2)
holds. Suppose that the former is the case. Then the set
E.={z€(0,1): cx € E}

is measurable and satisfies |E.| < . Setting

(@) = pplex), z€[0,1],
we have

{w”(x) +AAgmp, (2)Y(z) =0 in (0,1),
Y'(0) = 0= ¢'(1).
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This implies that A\g, = ¢?\g is the positive principal eigenvalue for mg, . Now we
take Ey € S* such that Ey D E. and |FEy| = a. Then by Lemma 2.5, we obtain
/\Eo S >\Ec = 62)\E.

Similarly, if the latter is the case in (3.2), then there exists Ey € S, such that
A, < (1 —c¢)*Ag. Thus, the proof is complete. O

3.2. A single interval
In this subsection we consider the case where E € S., i.e., F is an open interval
(s,s +a) C (0,1) for some s € [0,1 — a].

LEMMA 3.3. The set E € S is admissible if and only if E is one of (0,a),
(1 —-a)/2,(14+ «)/2), and (1 —a,1).

Proof. We first consider the case E = (0, ). Since ¢/4(z) < 0 for z € (0,«)
and ¢’5(0) = 0, we have ¢z(z) < 0 for = € (0,a). Also, since ¢/h(x) > 0 for
z € (a,1) and ¢/5(1) = 0, we have ¢z(x) < 0 for = € (a,1). Therefore, ¢pg(x) is
monotone decreasing in (0,1). This implies that E is admissible.

Similarly, if F = (1 —«, 1), then ¢g(x) is monotone increasing in (0, 1) so that
FE is admissible.

Finally, assume that E = (a,b) with 0 < a < b < 1. If E is admissible, then
¢p(a) = ¢r(b) by Lemma 3.1. This implies that ¢g(z) is symmetric with respect
to z = (a+ b)/2. Since ¢ (x) > 0 for x € (0,1) \ (a,b), the boundary conditions
@' (0) =0 = ¢/(1) are satisfied only if ¢z(x) is symmetric with respect to x = 1/2.
Hence, F = ((1 — a)/2,(1 4+ «)/2). Conversely, if E = ((1 — «)/2,(1 + «)/2), then
¢p(z) is symmetric with respect to x = 1/2, monotone increasing in (0,1/2), and
monotone decreasing in (1/2,1). Hence, E is admissible in this case.

Let us compute the positive principal eigenvalue for E = (0, «). In this case,
the eigenvalue problem is written as

@+ Ak =0 in (0,q),
" —=Xp=0 in (a,1),
¢'(0) =0 =¢'(1).

Assuming A > 0 and ¢ > 0, we may put

b(z) = Cocos VAkz, z € (0,a),
| Cicosh V(1 —2), z € (a, 1),

where Cp, Cy are positive constants and 0 < A < (7/2a)?/k. In order to match
these expressions at ©* = «, the following condition must be satisfied:

L[ #a—0) dla+0)

| S a0

—dt{ cos VK« cosh VA (1 — )
T VawsinvVaka —VAsinh vA(1 - a)
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= —cos VAra - VAsinh VA(1 — @) + cosh VA (1 — @) - VAk sin VAka
=0.

Thus, we obtain the characteristic equation
Vi tan VAka = tanh VA (1 — ). (3.3)

For every a € (0,(k + 1)71), there exists a unique solution of the characteristic
equation satisfying 0 < A < (7/2a)?/k. If we denote the unique solution by A,
then the positive principal eigenvalue is obtained as A\gp = A,.
Similarly, we have the positive principal eigenvalue Ag = A, for E = (1 —a, 1).
Finally, the positive principal eigenvalue for E = ((1 — «)/2,(1 + «)/2) is
computed as A\gp = 4\, by solving

¢ — Ak =0 in (0,1 -a)/2),
¢+ Ap=0 in ((1—a)/2,1/2),
¢'(0) =0=¢'(1/2).

Thus, the following result is obtained.

PROPOSITION 3.4. Let A\, be the smallest positive solution for (3.3). Then
the minimum of A\g in S} is given by N, and is attained only by E = (0,a) and
E=(1-a,l).

Proof. Since A\g for E = (s,s +«a) € S} is continuous in s € [0,1 — o, A\g
takes the minimum in S} at some s € [0,1 — a]. By Lemma 2.7, the minimum
is attained only by admissible E. Then FE is either (0,a) or (1 — «,0), and the
minimal value is given by A,. O

3.3. A finite number of intervals
Next, let us consider the case where E € SX for some k > 2. Let x;,y;,
1=1,2,...,k, be variables satisfying

0<m <ypr1 <@ <y < - < <yp <1 (3.4)
and
k
> (i — ) = (3.5)
i=1
For simplicity, we use the notation x = (1,v1,...,7s,yr) € R?** and denote by

Xk c R?F the set defined by
Xk .= {x e R¥: z1,y1,..., 21, ys satisfy (3.4) and (3.5)}.

For x € X*, we define E = E(x) € S* by
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We note that (x;,y;) is regarded as an empty set if x; = y;.

Let A\g(x) denote the positive principal eigenvalue of (3.1) for F(x) € S*. Since
Ag(x) is continuous in x and X is compact in R?* A\p(x) takes the minimum at
some point in X¥. By Lemma 2.7, the minimum is attained by some admissible
E. Let xpyin denote a minimal point of Ag(x). For x = Xy, if #; = y; for some
i, then we may remove the interval (x;,y;), and if y; = x;4; for some i, we can
glue together two intervals (x;,y;) and (x;11,y;+1) to create an interval (x;, y;y1)-
Hence, we may assume without loss of generality that E(xp,) consists of I (< k)
nonempty open intervals (z;,y;) with

0<zi <y <ma <y <---<a; <y <1.

Since S!, C S%, the minimum of Ag in S. is attained by F(Xmin)-
Consequently, the following result is obtained.

PROPOSITION 3.5. The minimum of g in S¥ is attained only by E € S*
such that E = [0,a] or E =[1 —a,1].

Proof. The minimum is attained only by admissible E. Suppose that E is
not connected. Then by Lemma 3.1, there exist y; and x;41 such that

oY) = op(xiy1), 0<y <zip1 <1,

and hence ¢’ vanishes at some = € (y;,;41). Then by Lemma 3.2, E is not a
minimal point. Hence, £ must be connected. Then by Proposition 3.4, the proof
is complete.

3.4. The general case

In this subsection, we consider the general case where E € S, is barely mea-
surable and may consist of infinitely many open intervals. Our idea to deal with
this case is to approximate E € S, by some E. € S5° and use the continuity of
the principal eigenvalue. If Ag_ is considerably larger than A, for any E # (0, ),
(1 — a, 1), then the continuity implies that A\g is larger than \,.

We first approximate E € S, by some E. € S2°.

LEMMA 3.6. Let0<a<b<1 be fired. Assume E € S, and |[EN(0,a)| =
a1, [EN(a,b)] = ag, |[EN(b,1)] = ag, where oy, az, ag are non-negative constants
satisfying aq + ag + ag = a. Then for any € > 0, there exists E. € S3° such that

|[E\ E| <e, |E-N(0,a)=0a1, |E:-N(a,b)|=az [|E-N(1)|=as.
Proof. Tt is standard (see, e.g., [10]) that for any e > 0, there exists Fy € S°
such that
€ €
|Ep \ E| < 7 |E\ Eo| < T
Then we have
€

e
051—1<|Eoﬂ(0,(l)|<041+4
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£ g
a2—Z<IEoﬂ(a,b)|<a2+1,

e g
043—1<|Eom(b,1)|<043+i.

Hence, by adding and removing appropriate intervals, we can find E. € S
such that

3e
‘EO\EE| <Za |E€m(oaa)|:a17 |E5ﬂ(a,b)|:oz2, |Eaﬂ(b,1)|=0¢3.
Since
|E\ Ec| < |E\ Eo| + |Eo \ E¢| <e,
the proof is complete. |

Let E. be as in the above lemma. We may assume without losing generality
that o ¢ E.. Indeed, if there is an interval (x;,y;) of E. containing «, then we
may divide it into two intervals (z;, «) and (a,y;). Similarly, we may assume that
1-—aé¢E..

Now let 0 < a < b < 1 be fixed, and let x;,y;, where i =1,2,..., [+ m+n, be
variables satisfying

0<zi <y1 <2<y <--- <z <y <a,
a <21 <Y1 S T4 S Y42 < S T < Yiem <D,

b S Ti4+m+1 S Yi+m+1 S Li+m+1 S Yi+m+2 S e S Li+m+n S Yi+m+n S 17

l +m l+m+n
Z(yi—xi) = ai, Z (yi — zi) = g, Z (yi — z;) = as.
i=1 i=l+1 i=l+m+1

(3.6)
We define a compact set Xé’,;”" = Xi’)?’"(al,ag, az) C R2Fm+n) by

X(ll’fb'“" ={x¢ R2(Hm41) .« gatisfies (3.6)},

where x := (Z1,Y1, -+, Titmtn, Yitm+in), and put
l+m+n
E(x):= U (i, 9i)-
i=1

We denote by Ag(x) the principal eigenvalues of (3.1) for E(x). Since Ag(x)
is continuous in x and X(llzl" is compact, for each (aq, a9, as3), Agp(x) takes the
minimum at some x € Xi’T’". Let Xmin be a minimal point of Ag(x) in Xé’?’",

and @iy be the corresponding positive eigenfunction.

LEMMA 3.7.  For any fized (1,2 € [0, ), there exists A\g, g, > Ao depending
only on B and (2 such that \g > Ag, g, holds for any E € S3° with |EN(0, o) = B1
and |[EN(1—a,1)| = fa.
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Proof. Tt suffices to consider the case where F is written as E(Xyi,) for some
Xmin € Xi:?’". We assume without loss of generality that the intervals of E(Xmin)
are separate from each other in (0,a), (a,b) and (b, 1), respectively. We shall show
that there exists Ag, g, > A independent of [, m,n such that A\g(Xmin) > Ag, 8, -

We note that if ¢/ . (¢) = 0 for some ¢ € (0, 1), Lemma 3.2 implies

)\E(Xmin) > min{(l — c)‘Q, C_Q})\EO

for some Ey € S°. By Propositions 3.4 and 3.5, we have Ag, > A,. Hence, if

/
min

(¢) = 0 for some ¢ € (0,1), we obtain
AE(Xmin) > min{ (1 —¢) 7%, ¢ *}Aq. (3.7)

First we consider the case of o < 1/2 and take a = a, b = 1 — o, aq = f1,
and a3 = [Py, Assume [ > 2, ie, a1 > 0and 0 < z; < y; < a. If y; < a, then
we can show in the same manner as in Lemma 3.1 that ¢uyin(2;) = Gmin(yr). This
implies that ¢/ ;.(c) = 0 for ¢ = (z; + y;)/2. Since z; > 0 and y; > a1, we have

a1/2 < ¢ < a. Hence, (3.7) yields
/\E(Xmin) Z (1 — a1/2)_2)\a.
Similarly, if y; = a, then ¢umin(¥1—1) = Gmin (1), so that ¢'(c) =0 for ¢ = (y;_1 +

x1)/2. Since x; > a — a7 and y;—1 > 0, we have (¢ — a1)/2 < ¢ < a. Hence, (3.7)
yields

2
/\E(Xmin) > {1 azal} Ao

The case m > 2 or n > 2 can be treated in the same manner. It remains
to consider the case where [,m,n < 1. In this case, since (31,02 < «, we see
that F(Xmin) # (0, @), (1 — a,1). Hence, it follows from Propositions 3.4 and 3.5
that Ag(Xmin) > A for every I,m,n < 1. Thus, we can choose A\g, g, > Ao
independent of [, m,n such that the inequality Ag > Ag, g, holds for any I € S5°
with |[EN(0,a)| =01 < aand |[EN(b,1)| =2 < a.

In the case a > 1/2, we take a = 1 —«, b = o, a1 + g = (1 and ag + ag = fs.
Then we easily see that oy = o — 2 > 0 and s = a — 1 > 0. Once ay, as, a3
are fixed, we can use the same method as above to obtain the conclusion. O

3.5. Completion of the proof of Theorem 1.2
Now we are in a position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Assume that E € S, satisfies |[E N (0,a)] = 1 <
aand |[EN(1 -, 1) = B2 < a. Let Ag, g, be the positive constant found
in Lemma 3.7. Choose

5= w > 0. (3.8)
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By Lemma 3.6, for any € > 0, there exists E. € S3° such that |E \ E.| < e,
|E-N(0,a)| = By, and |E- N (1 — ,1)| = B2. By Lemma 3.7, we have

>‘Ea > )‘,31,,32' (39)

Choose € > 0 sufficiently small; by Lemma 2.6 we have

IAE — AR,

< (3.10)

N >

Hence, by (3.10), (3.9), and (3.8) we have

AEZ Ap. — 5 2 )‘ﬁlﬁz -

N | >,

Thus, if |[EN(0,a)] <« and |[EN(1—«,1)| < «, we obtain Ag > A,. Conversely,
if [EN(0,a)] =aor |[EN(1—a,1)| = «, Proposition 3.4 implies A\g = A\y. The
proof is now complete. O
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