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A HOMOTOPY LIE-RINEHART RESOLUTION AND CLASSICAL
BRST COHOMOLOGY
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Abstract

We use an interlaced inductive procedure reminiscent of the
integration process from traditional deformation theory to con-
struct a homotopy Lie-Rinehart resolution for the Lie-Rinehart
pair which arises as an exercise in Poisson reduction in the
context, of the BFV construction of classical BRST cohomol-
ogy. We show that the associated homotopy Rinehart algebra
and the BRST algebra are isomorphic as graded commutative
algebras. In the irreducible case, the two have the same coho-
mology.

1. Introduction

In this paper, we utilize a strategy akin to the process of integration found in
traditional deformation theory (see, for example, [GS90]) to construct a homotopy
Lie-Rinehart resolution (K 4,7, Kz/72) for the Lie-Rinehart pair (A/ 7,7 /IQ) that
appears in the BFV formulation of classical BRST cohomology. A Lie-Rinehart pair
is a couple (B, sg) which admits a structure analogous to that shared by the associa-
tive commutative algebra C'°° (M) of smooth functions and the Lie algebra I'(T'M)
of smooth vector fields on a smooth manifold M. The term Lie-Rinehart pair is not
widely used. More often, sg has been called a (B, k)-Lie algebra, [Rin63] [Pal61]
and [Her72]. More recently, Lie-Rinehart pairs have appeared as Lie algebroids (see
[dSW]).

An associative algebra A is a Poisson algebra if it admits a Lie bracket { , }
such that for any a € A, the map {a, } is a graded derivation with respect to
the multiplication, i.e., {a,bc} = {a,b}c £ b{a,c}. A multiplicative ideal 7 of a
Poisson algebra A is coisotropic if it is closed under the Poisson bracket on A.
Poisson reduction of a Poisson algebra A by a coisotropic ideal 7 is no more than
the observation that while the quotient A/7 is not a Poisson algebra (unless T is a
Poisson ideal), the subset of Z-invariant classes in A / 7 is again a Poisson algebra.
The Z-invariant classes comprise the zeroth cohomology of the Rinehart complex R
for the Lie-Rinehart pair (A/Z,Z/7?).
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Mathematicians and physicists (see, for exammple [Sta88], [KS87], [FHST89],
[HT92], [Kim92a], [Kim92b], [Sta92], [Kim93] and [Sta96]) recognized the clas-
sical analogue of the Batalin, Fradkin and Vilkovisky (BFV) construction of the
quantum BRST complex ([BV77], [BF83], [BV83] and [BV85]) as something
new and interesting because BRST cohomology performs Poisson reduction with-
out passing first to the quotient A /I. The BFV construction of the classical BRST
algebra (see, for example, [Kim93]) begins by replacing A/7 with the Koszul-Tate
resolution [Tat57] and adjoins formal (ghost) variables to the Koszul-Tate resolu-
tion. They then exploit a graded Poisson bracket to construct a differential. Under
certain conditions, the BRST algebra (A, D) is a cohomological model for the Rine-
hart complex of (4/Z,7/1%).

In general, constructing cohomological models for the Rinehart complex (B, sg)
by the traditional homological means of replacing both B and sg with resolutions
fails unless the Lie-Rinehart structure of the pair (B, sg) is preserved. In [Kje01],
we defined homotopy Lie-Rinehart pairs and the associated homotopy Rinehart
algebra in the context of coalgebras. We defined homotopy Lie-Rinehart resolutions
and presented conditions under which the associated homotopy Rinehart algebra is
a cohomological model for the Rinehart algebra of the resolved Lie-Rinehart pair.

Summary

The coalgebra setting is used throughout this paper. First, we revisit the defi-
nitions of the Lie algebras of subordinate derivation sources, resting coderivations
and shared Lie modules, which lie behind the coalgebra realizations of both ho-
motopy and non-homotopy Lie algebras, Lie algebra modules, Lie-Rinehart pairs
and Rinehart cohomology. We review homotopy Lie-Rinehart resolutions for Lie-
Rinehart pairs and the conditions under which the homotopy Rinehart algebra for
a homotopy Lie-Rinehart resolution is a model for the Rinehart cohomology com-
plex for a Lie-Rinehart pair (§2). Next, using an interlaced inductive process, we
construct a homotopy Lie-Rinehart resolution for the Lie-Rinehart pair in classical
BRST algebra (§3). One surprising result is that the homotopy Rinehart complex
associated with the homotopy Lie-Rinehart resolution is isomorphic to the BRST
algebra (§4).

We have omitted all sign arguments from the proofs in this paper, as they are
not generally instructive. All vector spaces, algebras and coalgebras in this paper
are over a field k of characteristic zero. All tensor products are over k and all maps
are at least k-linear or k-multilinear.

Note that sg is the suspension of the Lie algebra g, i.e., all elements of g are
assigned degree zero and hence, all elements of sg have degree 1. Throughout this
paper, we will identify all Lie algebras (and strongly homotopy Lie algebras) with
their suspensions. At first, this identification will be explicit; later, when we work
with Z/7? and Kz/72, we will hide the suspension.
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2. Necessary Background

Review of Chavalley-Eilenberg and Rinehart cohomologies
For any Lie algebra sg and sg-module B, an n-multilinear function f, : (sg)*" —
B is alternating if f,,(sx1,..., 8%, STit1, -, $Tpn) = —fn(ST1, .oy STip1, STi,..c) ST)-
The Chevalley-Eilenberg complex is the set of all alternating multilinear functions
Alt,(sg,B), graded by n, and equipped with a degree +1 differential dcp :
Alt?(sg, B) — Alty'(sg,B) given by
n

S fr(520, -y 570) = 3 _(=1)'w(s3: ® fa(s0, ..., 5Ts, .., $Tn)
=0

_Z(_l)i+j_1fn([sxia ij]a STy ooy S/:I?i’ ceey S/d:?’ ceey SfL'n),

i<y
(1)
where 57y indicates that sz should be omitted. The map w is the sg-module action
of sg on B. Any element b € B is considered an element of Alt$(sg,B). The image
of b under d¢p is defined by setting dcgb(sz) = w(sz ® b). When B is an algebra,
the Chevalley-Eilenberg complex is a differential graded commutative algebra. For
fn and gp, in Alt,(sg,B), the product f, — gm is given by

(fn ~ gm)(sxla'"asxn-l-m) = Z fn(sxa(l)a"'73xa(n))gm(sxa(n+1)a "-asxa(n—i-m))'
(nj’m)

unshuffles

An (n,m)—unshuflle is any permutation ¢ in the symmetric group ¥,,1.,, such that

g(1)<-~<cr(n) and g(n+1)<~-<cr(n+m)

*
v v

~~

first ¢ hand second ¢ hand

where o(j) is the element of the set {1,...,n +m} moved to the j*® position under
o. The differential dcg acts as a derivation with respect to this multiplication.
The cohomology of this complex with respect to dcg is the Chevalley-Eilenberg
cohomology of g with coeflicients in B [CE48].

Definition 2.1. [Rin63] Let B is an algebra and sg be a Lie algebra, both modules
over an algebra A over a field k of characteristic zero and modules over each other.
We denote the left B-module action p on sg by pla®sa) := asa. Let w: sg@B —
B (or, alternatively, w : sg — Der(B)) denote the sg-module action on B. The pair
(B, sg) is a Lie-Rinehart pair, provided the Lie-Rinehart relations (LRa) and (LRb)
are satisfied for oll a,b € B and sz, sy € sg:

LRa: w(asz ® b) = a - w(sx ® b), where - indicates the multiplication on B.
LRb: [sz,asy] = a[sz, sy] + w(sz ® a)sy.

Suppose (B,sg) is a Lie-Rinehart pair and the alternating function f, is B-
multilinear, i.e., fp(a1sx1,....,an5T,) = a1 apfrn(sey,..., sty,). Because the Lie
action map w maps sg into the derivations of B and as a result of the Lie-Rinehart
relations, the image of f, under the Chevalley-Eilenberg differential g is again
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B-multilinear, despite the fact that the bracket is not B-multilinear. The Rine-
hart algebra R = Altg(sg, B) with differential 6z = é¢r is a subcomplex of the
Chevalley-Eilenberg algebra and the cohomology with respect to g is the Rinehart
cohomology of sg with coefficients in B [Rin63].

Coalgebras and Subcoalgebras

A graded coassociative coalgebra is a pair (C,A), where C is a graded module
over k together with a 0-degree coassociative comultiplication A : C - C® C. A
function f with degree |f| = r is a coderivation on Cif (f®1+1® f)A = Af. The
set of all coderivations on a coalgebra C, denoted Coder(C), is a graded Lie algebra,
under the graded commutator bracket, that is to say, [f,g] = fg — (=1)fllslg f for
all f and g € Coder(C), where |f| and |g| are the degrees of f and g¢.

We will work with the tensor coalgebra T¢(sV) = Q(sV), where sV is the
suspension a graded module V over a k-algebra A, where k is a field of characteristic
0. We will let sup; to n) denote the element sv1 ® -+ - ® svn € (sV)@". The internal
graded action pj, of the symmetric group ,, on (sV)®" is given by o - (sv[1 1o n]) =
Kid (0)SVo[1 o n) for all n, 0 € By and sv 4o ) € (sV)©™. The symbol svs[1 to n)
is shorthand for sv,q) ® -+ ® svg(n), where o(¢) is the element of the ordered
set {1,...,k} which moves to the i®® position under o. The factor Kia(c) is the
sign produced by rearranging the sv;’s into the ¢ order, following the Koszul sign
convention, which states that exchanging two objects of homogeneous degrees p
and ¢ (whether elements or maps) introduces a factor of (—1)?4. The action p”
{p0355, of {E,}52, on T¢(sV) is defined in the obvious way. The p"-invariant
subcoalgebra is well-known as the graded commutative coalgebra A(sV) and is
generated by elements of the form

Z B:id(c")sva[l to n]>

geEX,

which we will denote by Svﬁ to n]- Lhe coassociative comultiplication on A(sV) is
given by
n

SU[I to n) Z Z Kia(p (Svﬁ[l to j]) ® (Svﬁ[j+1 to n]) ’

(Jrf 7)

where it is understood that the second sum is over all (§,n — j)-unshuffles.

Shared Lie modules, Subordinate and resting coderivations

Three algebraic objects are vital for what follows. The graded Lie algebra
Coderyy (A(sV)) is generated by the set of coderivations I,, on A (sV'), each of which
rests on a specific subordinate coderivation m,, in the Lie algebra Coder%( AESVY®
W). For a graded commutative algebra W, the Lie algebra Coderjy (A(sV) @ W) is
generated by the set of all coderivations m,,, each of which is both subordinate to a
specific resting coderivation l,, and a W -derivation source. Finally, the graded com-
mutative algebra Homw (A(sV), A(sV)® W) is generated by the set of all W-linear
maps fn, from A(sV) into A(sV) @ W. This algebra admits a shared Lie module
structure over both Coderly (A(sV) ® W) and CoderlV,(A(sV)). We review what
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the terms subordinate coderivation, W -derivation source, resting coderivation and
shared Lie module mean. For a more detailed development, see [Kje01].

We extend any map I, : (sV)"™ — sV to a coderivation on the coalgebra A(sV)
by setting

ln(SU[Al to k) = Z Hid(P)ln(SUﬁu to n)) A SU[/)\[n+1 to k]’ (2)

(n,kp—n)
Definition 2.2. A map m, on A(sV) ® W is an l,-subordinate coderivation if
the degree of my,, and l,, agree and m.,, as the extension of a map my, : (V)" 1@

W — W as a coderivation on \(sV) ® W, is defined on (sV)* @ W by setting
M (V) 4o 1) QW) = ln(svﬁ[l to k) ®W +

Z Kia(0) Kid (mn; 3“9[1 0 k—n+1]) ‘3U§[1 t0 k—n+1] ®mn(3U§[k—n+2 o k] ®w).
(k—n—i—al,n—l)
3)
when k > n — 1 and setting my, =0 when k <n — 1.

The set of all subordinate coderivations Coder(A(sV) ® W) forms a graded Lie
algebra under the graded commutator bracket. The bracket respects subordination,
that is to say, if m; and m; are I; and [;-subordinate coderivations respectively,
then [m;, m;] is a coderivation subordinate to [I;,{;].

Definition 2.3. An [,,-subordinate map m,, is a W-derivation source if for every
Svﬁ to 1] N (V)AL the map mn(sv[A1 ton1)®( ) : W = W is a graded
derivation on W.

The subset of all W-derivation sources in Coder(A(sV) ® W) forms a graded
Lie subalgebra denoted by Coder” (A(sV) ® W). The subset of all coderivations
I, € Coder(A(sV)) which admit a subordinate W-derivation source m, forms a
graded Lie subalgebra which we will denote by Coder" (A(sV)).

We can extend any map f, : (V)" — W to function from A(sV) into A(sV)®
W by setting f, = 0 for k < n and, for k > n, setting fn(sv[A1 to k]) =

Z Kid(0) Kid (fn SUS1 to k—n))SV001 to kon] ® Fa(8V0k—n1 to 1) (4)

(k—n,n)
The set of all such maps is denoted by Hom(A(sV), A(sV) @ W). The algebra
structure on W extends to a graded commutative algebra structure on A(sV) ®

W, which provides Hom(A(sV), A(sV) @ W) with a cup product. If f, and g,
are maps in Hom(A(sV), A(sV) ® W). Then f, — ¢, is given by setting (f, —

gs)(svﬁ to n+s]) =

Z Hid(p) Hid(gs; SU;/)\[I to n])fn(svf/)\[l to n]) ’ gs(svf/)\[n+1 to n+s])
(n2s)

on (sV)""+¢ where - represents the the multiplication on W (henceforth, the - will
be suppressed). The map f, — g, is then extended to all of A(sV') as in equation

().
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If the graded module sV is a module over the graded commutative algebra W,
then A(sV) is a module over the tensor algebra TW. We will follow our general
convention and denote wysvy A -+ A wySv, by wsv[A1 to n]° The unraveling map

U: AsV) =W e V)
WSY[1 to n] FF u([l to n])wil to n) ® SU1 to n]»

where u([1 to n]) is the sign produced when moving the w;’s past the sv;’s. The
map U respects the coalgebra structure of A(sV).

Definition 2.4. A map f,: (sV)"" = W is W-linear if
fn(wsvﬁ to n]) = u([l to n]) Hid(fmw{l to n])wil to n]fn(svﬁ to n])
Likewise, a map my, : (sV)""" 1 @ W — W is W-linear if
mn(wsv[A1 to no1] @ W) =
u([1 to n —1]) I‘Lid(“ln;l”ﬁ 0 n—1])w[1 0 n—1]mn(3U[A1 to n—1] ® w).
For a map my, : (sV)"* ! @ W — W, we define the V-eztension map m¢ :
(sV)"® = V by setting
777,;(10311?1 to n]) = Z Hid(P)mn(wSU;\[l to n—-1] ® Wp(n))SVp(n)-
(n—pl,l)

Definition 2.5. Given a W-linear, W -derivation source my, € Coder” (A\(sV) ®
W) which is subordinate to I, € Coder” (A(sV)), the map l,, is said to rest on my,

if ln(Wsv]) 44 ) =

u([1 to n]) Kia(ln; Wi 16 5 t0 5)in (S0 to np) + Ma(WSV[) 1o n))-

The subset of Coder” (A (sV)) of all coderivations I, which rest on W-linear W-
derivation sources m, forms Codery(A(sV)). Similarly, the subset of
Coder™ (A\(sV) ® W) consisting of all W-linear W-derivation sources m,, subor-
dinate to maps ,, which in turn rest on m,, forms Coderjy, (A(sV) ® W).

Suppose m, € Coder}y (A(sV) ® W) is subordinate to I, € Coder(A(sV)). Re-
markably, the map

(mp, ): HomW(/\(sV), /\(SV) QW) — HomW(/\(sV), /\(SV) W),
given by setting
(mp, fa) = Mpfrn — Kia(mp; fn) fulp

on (sV) P! and extending (my, f,) to all of A(sV) as in equation (4) is well-
defined [KjeOl]. This map exposes the shared Lie module structure on
Homw (A(sV), A(sV) @ W) [KjeO1]. In a sense, it is simultaneously a Lie-module
over both Coderyy (A(sV) ® W) and Coder}y (A(sV)) in that ((m;,m;], ) =
(my, {mj, )) — Kia(mi;m;) (mj, (m;, )). The map (mp, ) acts as a derivation
with respect to the cup product.



Homology, Homotopy and Applications, vol. 3, No. 8, 2001 171

Homotopy (and non-homotopy) Lie algebras and their modules

Strongly homotopy Lie algebras (shLie algebras) first appeared implicitly in
[Sul77] and explicitly in [SS] in the context of deformation theory. A concise in-
troduction to shLie algebras is found in [LM95]. The definitions below were lifted
directly from [LM95] and [LS93] and then modified in [Kje01] to fit the language
of this paper. The machinery used in deformation theory (see, for example, [GS90])
will prove useful in the process of constructing an shLie structure and an shLie mod-
ule structure on the resolution of the Lie-Rinehart pair in §3, although we will not
use the language in the traditional way.

Definition 2.6. An L(m)-structure on a graded module sL consists of a system
of coderwations {l, : A(sL) = A(sL) : 1 <k < m £ o0,k # oo} which
are extensions of maps I : (sL)* — sL. Each ly has degree —1. Moreover, the
following generalized form of the Jacobi identity is satisfied for n < m:

1
Jipn =5 > [l =0 (5)
iti=n+1
S|
on N(sL). If L admits an L(oo)-structure, then L is a strongly homotopy Lie
algebra (an shLie algebra).

For this paper, we will view a standard Lie algebra sg as a degenerate shLie
algebra A (sg) where all coderivations I; are zero except l>. We decorate the bracket
I> on sg to distinguish it from I5 on the shLie algebra which resolves A(sg).

The following maps will be useful in §3, where we will use a deformation theoretic
approach to construct an shLie algebra together with an shLie module.

Definition 2.7. For n > 1, the n*® Jacobi coderivation 7, : A(sL) = A(sL) is
gwen by
1
In=—3 Z 4, L]

itj=n41
,7>1

For an £(m)-algebra, J, = [l1,l,] for every 2 < n < m. Since [l1,1,] = 11, +
(=1)""1,l; and [; is a differential on L, it will be useful to have a name for the
following map even though it is not a coderivation on A(sL).

Definition 2.8. For n > 1, the n'® Jacobi obstruction map Josst, : (sL)\™ = sL
is given by
jOBSTn - jn - lnll = - Z ljli
itj=n+1
>0, j>1

In the language of deformation theory (see, among others, [Ger63], [Ger64],
[Ger66], [Ger68], [GS90], [GS88], [FGV95] and [FGV]), an L£L(m)-structure on L
may be extended to an £(m+1)-structure if there is a linear map I, 41 : L™ — L
such that Jipn,1 = 0 or, equivalently, such that %[ll,lm_l,_l] = Jm+1- What we are
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deforming here is a bit obscure and less important than the process of extending an
L(m)-structure. The graded Lie algebra Coder(A L), together with the differential
given by [l1, ], governs the extension theory of £(m)-structures on A L. If we were
viewing the construction of an L(co)-structure strictly as a deformation theory
problem rather than simply borrowing the machinery, the map 7, would be called
the n*" obstruction. However, in the context of our construction in §3, the use of
the map Josst,, is more consistent with the common notion of an obstruction. The
following lemmas concerning 7, and Jopst, will also be useful in §3.

LEMMA 2.9. The coderivation J, is a cocycle, i.e., [li,Tn] = 0.

Proof of Lemma 2.9. We will show that [l;, —47,] = 0.

[h,=4Ta) = |b, Y 20U = b= Y L+ L)
iti=nt1 iti=ntl
izl iz
= Z ([ll’ [lj’li]] + [ll’ [li’lj]]) .
itj=n+1
i1

Since [I1, [1;,L]] = [k, 5], L] = [l L), 4], it follows that
[ll’ [lj’ ll]] + [ll’ [li’ lj]]

= [[ll’lj]’li” - [[ll’li]’lj” + [[ll’li]’lj]] - [[ll’lj]’li”
0.

Therefore, [l1, Jn] = —i[lla -4J,]=0. O

LEMMA 2.10. If sL admits an L(n)-structure, then I Jopsty, = 0 on (sL)"™.

Proof of Lemma 2.10. The map JossTn, = — Z (—1)i(j_1)ljli, 80
56751
LhJosstn =l | — Z L, | = - Z L)
i+j=n+1 itj=n41
1>0,5>1 i>0,5>1
== > (Wil
itj=n+1
i>0,5>1

We substitute I11; with — Il and reassociate so that
7

sr=j+1

$>0,r>1
Z Z Lls | 1= Z lr(lsli).
itj=n41 \ str=j+1 itstr=nt2

i>0,5>1 \s>0,r>1 4,8>0,7>1
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If we let i + s =t + 1, the sum above becomes

oL D L= D LI

thr=n41 its=t+41 thr=nt1
t>0,r>1 4,8>0 t>0,r>1

Since Jip; = 0 on (sL) for all 1 <t < n — 1, the final sum above is zero. O

Definition 2.11. [LM95] Let (sL, ;) be an L(p)-algebra (0 < p < o) and let M be
a differential graded module with differential my. Then a left £L(k)-module structure
over sL on M (for k < p) is a collection of coderivations {m,, : A(sL) @ M —
AGSLY@ M : 1< n<k,n#oo}. Each my, is ly-subordinate and the extension of
a map my : LN @ M = M such that the n*® action identity map

1
ACTIDn = 5 ‘ Z [mjami] =0
itj=nt1l
G521
on A(sL)®@M . The differential graded module M is a strongly homotopy Lie module
over sL (or an sL-shLie module) if sL admits an L(o0)-structure and M is a module
with respect to that L(oo)-structure.

Definition 2.11 implies that the differential m; on M must be [;-subordinate. It
is simple to verify that m4 is a differential on A L ® M.

When M is a differential graded commutative algebra, we will insist the maps
m; be M-derivation sources, that is to say, the map m;(vj1 0 1) ®( )): M = M
is in Der (M) for every v} , , ,; € L7\

In this paper a module B over a Lie algebra g is a degenerate shLie module
A(sg) ® B over the shLie algebra A(sg), where all the coderivations m; are zero
except for My (again, we decorate this particular map).

Below, we define the maps ACT', and ACT oBsT,,, the analogs of 7, and JoBsT,-

Definition 2.12. Forn > 1, the n'® action map ACT,, : A(sL)®M — A(sL)@ M
is given by

1
ACT, = =5 3, [mjmil
iti=n+1
1,7>1
Definition 2.13. For n > 1, the n'® action obstruction map ACTopst, :
(LYt @ M — M is given by

ACTOBSTn = ACTn — MMy = — Z m;m;.

iti=nt1
i>0,j>1

If sL is an L(p)-algebra and M is an £(n)-module over sL with n < p—1 (or
n < & if p = o0), we can extend the £(n)-module structure to an £(n + 1)-module
structure if an l,,41-subordinate M-derivation source mp41 : (L) ® M — M can
be found such that ACT1p, ; = 0. Again, what exactly we are deforming here is
less important than the language and machinery of deformation theory.
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The following lemmas and their proofs mimic lemmas 2.9 and 2.10 and their
proofs.

LeMMA 2.14. The coderivation ACT,, is a cocycle, i.e., [my, ACT,] = 0.

LemMA 2.15. If L admits an L(p)-structure and M is an L-L(n)-module for n <
p—1 (orn < oo if p=00), then myACTopsty, =0 on L1 @ M.

PROPOSITION 2.16. [LS93] If (sL,l;) is an shLie algebra, the map Dy, = > 2 1;
is a differential on N\(sL), i.e. it is a map of degree -1 such that D,z o D, = 0.

Proof of Proposition 2.16. A proof can be found in [L.S93]. Here the proof is essen-
tially the same but takes advantage of the bracket of coderivations:

Dyg oDy = le o (Zh) = Zleli = Z Z lil;.
j=1 i=1 j=11i=1 n=1 H;f;;fl

Using equation in definition 2.6, we see that

00 00 1

n=1i+j=n+1 n=1i+j=n+1
i,5>1 i5>1

Note also that Dy, is a degree —1 coderivation, so Dyz o Dyp, = %[DSL,DSL] and
the graded skew-commutativity of the bracket ensures that [Dsz,D,z] =0. O
For the Lie algebra A(sg), the differential Dy; = b

PROPOSITION 2.17. The map Dy = Y o0, m; is a differential on \(sL) ® M, i.e.,
DM o DM =0.

Proof of Proposition 2.17. Isomorphic to the proof of proposition 2.16. Notice that
Dy is Dyz-subordinate and that Das o Das = 1[Da, Dy} =0. O

For the Lie module A(sg) ® B, the differential Dg = 3.

Homotopy Chevalley-Eilenberg cohomology
Definition 2.18. A homotopy Chevalley-Eilenberg pair (M, L) consists of an shLie
algebra L and an L-shLie module M.

A multi-linear graded alternating function Fj, : L*™ — M can be seen as a
linear function F, : (sL)" — M. So the homotopy Chevalley-Eilenberg algebra
Alt, (L, M) is isomorphic to Hom (A(sL), A(sL) ® M) with the differential é,cp =
(DMa >

PROPOSITION 2.19. dpcp o dpep = 0.

Proof of Proposition 2.19. Spcr © dpcr = (Dum, Dy, ) = (3[Dm,Du], ) =
0. O
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The cohomology with respect to dpop is the homotopy Chevalley-Eilenberg co-
homology of sL with coefficients in M. A quick check shows that the Chevalley-
Eilenberg cohomology complex for the pair (B, sg) is simply a degenerate form of
the homotopy version where dog = dpcp = (M3, ) because fn; and Z; are zero for
all ¢ #£ 2.

When M is a differential graded commutative algebra, the homotopy Chevalley-
Eilenberg complex Hom,(A(sL), A(sL) ® M) is a differential graded commutative
algebra. The differential é,c g acts as a derivation with respect to this multiplication.

Homotopy Lie-Rinehart pairs and homotopy Rinehart cohomology

The homotopy Rinehart complex is a straightforward generalization of the Rinehart
complex in the ungraded setting. Since the Rinehart complex is defined only for Lie-
Rinehart pairs (B, sg), we must define what constitutes a homotopy Lie-Rinehart
pair (M,sL). The subset Alt,,(sL,M) of Alt,(sL, M) consisting of all M-linear
graded alternating functions is isomorphic to Hom,; (A(sL), A(sL) @ M).

Definition 2.20. A homotopy Lie-Rinehart pair (M, sL) consists of a differential
graded commutative algebra (M, m;) which is an shLie module over the shLie algebra
(sL,l;), which in turn is an M-module. Moreover, the following two homotopy Lie-
Rinehart relations must be satisfied for all i > 1:

(hLRa;): The shLie module structure map m; is M-linear.
(hLRb;): The shLie structure map I; rests on m; (definition 2.5).

An L(p)-Lie-Rinehart pair ((M,m;), (sL,l;)) has maps m; and l; which satisfy
(hLRa;) and (hLRb;) for 1 <i < p.

The proposition below follows from the fact that, for every ¢, the image of F' under
the map (f;, ) is again a map in Hom,, (A(sL), A(sL) ® M) for all i [KjeO1].

ProposiTiON 2.21. If F' is M -linear, then so is dpopF.

We conclude that the subset of all M-linear functions in Hom,(A(sL), A(sL) ®
M) forms a subcomplex R = Hom,;(A(sL), A(sL) ® M) with differential ér =
(Dar, ). The differential, together with the cup product, provides the homotopy
Rinehart complex R with the structure of a differential graded commutative algebra.
The cohomology of R with respect to dz is the homotopy Rinehart cohomology of
sL with coefficients in M.

The following two propositions for general homotopy Lie-Rinehart pairs (M, sL)
are observations based on the fact that both Coder}s (A(sL)®M) and Coderis (A(sL))
are graded Lie algebras.

ProrosiTiON 2.22. The maps ACT1p,, and ACT,, are are Jip,, and Jy,-subordinate,
respectively; both are M -linear and M -derivation sources.

The significance of this proposition lies in recognizing that, as a result, each of the
maps ACTp,, and ACT, are completely determined by their image on a generating
set for A(sL) as an M-module and a generating set for M, so long as the maps
Jipy, and 7, are available.



Homology, Homotopy and Applications, vol. 3, No. 8, 2001 176

ProrosiTioN 2.23. The maps Jip, and Jp rest on ACTp,, and ACT,,, respec-
tively.

Here again, the implication is that the maps Jip., and 7, are completely determined
by their image on a generating set of A(sL) as an M-module.

Homotopy Lie-Rinehart resolutions of Lie-Rinehart pairs

Let (B, sg) be a Lie-Rinehart pair over a k-algebra A with module structure
maps i : B® sg — sg and M3 : sg @ B — B. Let I denote the bracket on
sg and 7g denote the multiplication on B. The basic ingredients of a homotopy
Lie-Rinehart resolution for a Lie-Rinehart pair (B, sg) are (sL, ;) and (M, m;, 7ar)
where Hy, (sL) = sg and H,,, (M) = B.
Definition 2.24. A homotopy Lie-Rinehart resolution of a Lie-Rinehart pair (B, sg)
over an algebra A is a homotopy Lie-Rinehart pair (M, sL) over A, such that

(a) the shLie algebra (sL,l;), seen as the coalgebra N\(sL), resolves A(sg), i.e.,
H, (A (GL) = A(sa), (6)

where (following the physicists’ notation) Hy, denotes the homology with re-
spect to the differential Iy,
(b) the differential graded commutative algebra (M, m;,wp) satisfies

Ho, (\(sL) ® M) = \(s9) © B, (7)
(c) the dgca (M, m;, ) also satisfies
H,,, (M ®M)=BgB. (8)

Furthermore, the following conditions hold:
i. Hy,(I2) =1z on A(sg).
i6. Hy,, (m2) = Mz on A(sg) @ B.
iti. Hyy, (7)) =7 on B® B.

In the proposition below, we state conditions on the homotopy Lie-Rinehart pair
that guarantee it satisfies definition 2.24. The proof is found in [Kje01].

PRrROPOSITION 2.25. Let (M, sL) be a homotopy Lie-Rinehart pair. Suppose the dif-
ferential graded algebra (M, m;,wp) is a projective resolution of B over A which
respects the algebra structure on B, i.e., condition it of definition 2.24 is satisfied.
Suppose (sL,l;) is a projective resolution sg. Furthermore,

(a) Hy (I2) = I on sg A sg and

(b) Hp, (m2) =Mz on sg® B.
Then (M, sL) is a homotopy Lie-Rinehart resolution of (B, sg).

We used a spectral sequence argument in [Kje01] to prove the following theorem.

THEOREM 2.26. If the pair (M, sL) is a projective homotopy Lie-Rinehart resolution
of the Lie-Rinehart pair (B,sg), then (R,(Dar, )) is a cohomological model for
(R, (M2, ).
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3. Constructing the homotopy Lie-Rinehart pair
(K47, Kz/72) and classical BRST cohomology

Constructing homotopy Lie-Rinehart resolutions for a Lie-Rinehart pair is not
always easy, as we will see as we construct a homotopy Lie-Rinehart resolution
(K 4/7,Kz/72) for the Lie-Rinehart pair (4/Z,Z/I?) from classical BRST coho-
mology. Details which are not instructive (especially sign arguments) are ommitted,
but can be found in [Kje96].

The Lie algebra 7 / 7? has already been suspended, i.e., every element of T /I2

has degree +1 and the bracket l; is a coderivation on AZ / 7?. However, we will
suppress the suspension indicator “s” both here and in the shLie algebra Kz,z2.

Let the set yo = {y1,...,¥s} generate the coisotropic ideal Z as an finitely pre-
sented A-module. If y, forms a basis of 7 over the field k, there is a unique set
of structure constants C’fw € k, each of which is antisymmetric in its lower in-
dices, such that {y,,ys} = Cgﬁy(;. (Note: We will use Einstein’s summation con-
vention throughout §3 and §4.) With structure constants, the Jacobi identity is a
statement about coeflicients, namely C'wa'gV + Cngga + C’fjaC’gﬁ = 0 for every
€. When the generators do not form a basis for Z over k, we can still find (not
necessarily unique) structure functions C9 5 in A such that {y,,ys} = C’gﬁy(;. (In
the BRST context, the elements of the Poisson algebra A are functions on a sym-
plectic manifold, hence the term structure functions.) The Jacobi identity becomes
(Cgﬁcgv + {C;B,yy} + c.p.)ye = 0, where c.p. stands for cyclic permutations of
a, 3 and . For convenience we will set 7¢ equal to (C’gﬁ Cs, +{Csp- 44} +c.p.), 80
that the Jacobi identity can be written as J¢y. = 0. The Jacobi identity is now a
relation among the generators of 7.

Definition 3.1. [Kim93], [FHST89] Let Z be finitely generated by the set y, =
{y1,..,ys}. The set is irreducible if fy, = 0 implies f& = g*’yg, where each
coefficient g®7 is antisymmetric with respect to its indices. An ideal which has a set
of trreducible generators is called irreducible.

Definition 3.2. [Kim93], [FHST89] An ideal T which is finitely generated by
the set Yo, = {¥1,¥2,...,Us, } admits a complete set of reducibility functions if

there exists Zo- " in the complement of I, such that for n = 2, Z%1y,, =0 and

2
F¥%a, = 0 implies that f*' = g*2Z31 + T‘“Blygl, where Y0P = _Yhior  Fop
n>2, ZarT 28" 2 =0 mod T and fe-125772 = 0 mod T implies for—1 =
g% Zar~' mod I. An ideal which admits a complete set of reducibility functions is
reducible.

We consider only ideals which are either irreducible or reducible. Since the Jacobi
identity is a relation among the generators of Z, when the ideal is irreducible, we
have J¢y. = 0 implies 7¢ = g*®ys. When the ideal is completely reducible, we have
Jye = 0 implies J¢ = g*2 Z5_ + YP1yg, .

The quotient 7 /12 inherits a Lie structure from 7 and is both an A and an A /I—
module. There is a Lie action of Z on A given by z- f = {z, f}, which passes to the
quotient so that A/7 is a Lie-module over both T and Z/7%. Although (4/Z,T) is
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not a Lie-Rinehart pair, the pair (4/Z,7/I?) is. The actions 4 and w are given by

pAIQI[/T? — I_/I2 and w:I/I2®_A/I - AJT
f®z » fz zof = {2f}

where _ and ~ denote equivalence classes. It is a straightforward exercise to show
that the Lie-Rinehart relations are satisfied.

The construction of (K ,,7,Kz/z12)

Before we describe how we construct the homotopy Lie-Rinehart resolution
(K a/7,Kz/72) for the pair (A/Z,T/T%), we skip ahead to STEP 1, where we review
the features of the Koszul-Tate resolution K 4,7 of A/Z (see [Tat57] and [Joz72]), a
free differential graded commutative algebra over A which is a projective resolution
of A/T.

STEP 1: The Koszul-Tate resolution K 4,1

The Koszul complex K g) is a dgca over A and is isomorphic to AQA{P1, P2, ..., Ps},
where the P;’s are assigned degree 1 and are in one-to-one correspondence with the
generators y;. (Following the physics literature, we call the P;’s antighosts [HT92].)
The differential m; maps each P; to y; and m, is extended as an A-linear graded
derivation. The zeroth homology of the Koszul complex is A / 7 even if higher ho-
mologies do not vanish. Using the inductive method Tate introduced in [Tat57], we
kill an unwanted nontrivial homology class [z,] of degree ¢ by adjoining a formal vari-
able P, of degree ¢+1 to the existing Koszul complex. The variable P, maps to z,
under the differential, killing the unwanted homology. But these new variables may
introduce new nontrivial homology on higher levels, which must in turn be killed.
More formally, if 7 is reducible and generated by the set yo, = {v1,--., s, }, the ze-
roth homology of the Koszul complex K gy = AQ A{Pa, } is A/Z, but Hy (K (g)) may
not be zero. The unwanted homology classes form a module generated by the cycles
Zay = 251 Pa,, 50 we adjoin degree 2 antighosts P, and setting mi(Pa,) = Za,-
The resulting differential graded commutative algebra K1y = A® A{Pa,,Pa,} has
homology Ho(K(1)) = A/T and Hy (K(1)) = 0. Again, H(K(;)) may contain non-
trivial classes, either as a result of introducing the level two antighosts or because
they were already present in K(q). Regardless of origin, we choose a generating set
Zqz for the nontrivial 2-cycles and adjoin degree 3 antighosts P, to kill them. The
third homology of K(2) may be nonzero, so we continue the process. The complete
reducibility of Z guarantees that a representative for each nontrivial n-class can be
chosen so that each z,, ., = f§" +1Pa,+ “more”. The limit K. is the Koszul-Tate
projective resolution K 4,7 of A/I and is isomorphic to A ® AP, where P is the
graded vector space with basis {Pa,,Pas,Pas,- - - }- The product 7k on K,z is
a chain map. It is straightforward to check that H,,, (rx) = = pyes that is to say,

condition (#t) in definition 2.24 is satisfied.

A chain f'P; in Ka/z, where Py = P, ---Pq,,, has homogeneous degree,
which we again denote by I. In context, we will not confuse the index I with the
degree I. The boundary of an antighost P,, will be denoted as Za" ' P,,_, +

Z(I;n P; whenever the “linear” term plays an important role. Otherwise, we will set
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my (P, ) = Zf,n P;. Whenever possible, an element of K 4,7 will be denoted simply
by X.

When A is a Poisson algebra and the ideal 7 is a multiplicative ideal, the Koszul-
Tate resolution K 4/7 admits a graded Poisson bracket given by { P, ¢'P;} =

{fla gJ}PIPJ-

The Procedure

The construction of (K 4,7, Kz/z2) relies on four features: the Poisson structure on
the Koszul-Tate resolution K 4,7, the relations among the generators of 7, the fact
that both K 4,7 and Kz,72 are projective resolutions of A / Tand T / 72, respectively,
and an A-module coderivation ¥ from K4,z to Kz/72. A general outline of the
process follows:

STEP 1: Choose a Koszul-Tate resolution K 4,7 for A/I. The differential on
K /7 is mi, which must satisfy condition (#) in definition 2.24. (Already
done!)

STEP 2: Construct a differential graded K 4/7-module Kz,72 which is a pro-
jective resolution of Z/I? (See propositions 3.3 and 3.4). The action u :
Ka/z @ Kz/72 = Kz/12 is free, ie., Kz/72 is isomorphic to K 4,7 ® ®, where
® is a graded vector space over k which is isomorphic to the graded vector
space P. (We have already suspended the graded vector space ®. Therefore,
Kz/12 is already suspended.) We construct the differential on Kz,72 using the
coderivation U. The differential I; rests on ms, so the pair (K 4 /7. Kz /Iz) has
an L£(1)-Lie-Rinehart structure.

STEP 3: The loop—defining the homotopy Lie-Rinehart structure maps m.,
and . For n > 2, the loop extends the £(n — 1)-Lie-Rinehart structure to an
L(n)-Lie-Rinehart structure.

(an). Constructing m,. Since the map m, must satisfy the homotopy Lie-
Rinehart relation (hLRa,) and be a K, z-derivation source, the map
My, is completely determined once we define it on ®""~! ® A and the
basis elements ¢[1 1o n—1] ® Pn of "1 ® P, such that ¢; < - < ©n
with respect to a degree-preserving total ordering of the preghosts:

i. Define my, on ®""~' ® A by setting ma (o1 to n—1] ® f) =
(=)™ {mn_1(#1 to n—2] ® Pn-1), [}

Here, the inductive assumption (step a,_1iii “above”) guarantees that
my, is well-defined on ®**~! ® A. The extended Poisson bracket on
K /7 in the definition guarantees that m, will be an A-derivation
source. (Does not require proof.)

ii. Verify that ACT1p, = 0 on "' ® A by showing that mim, =
ACT opsTy,0n that subspace. (Requires proof. See proposition 3.5.)

ili. Ensure that m, is well-defined and that ACT1p, = 0 on """ ! ®
P by exploiting the acyclicity of K4,z to define m, on the basis
@[ to n1] ® Ppof "1 @ P with ¢1 < -+ < @n. (Requires proof.
See proposition 3.6.)
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iv. Since ACTp,, is completely determined by its image on the generat-
ing set """ ® A4 and ®""~! ® P (recall Proposition 2.22), it follows
that ACT1p,, = 0 on all of K§7I_21 ®K 4,7 and therefore ACTp,, =0
on AKz;72 ® K4 7. (Does not need proof.)

(bn). Constructing l,,. The map [, must rest on m,, and is therefore completely
determined once we define it on ®"\".

i. Set In(¢n to n)) = ¥Mn(@[1 to n—1] ®Pn). Since my, is well-defined on
/1 @ P, it follows that the map [, is well-defined on . (Does
not need proof.)

ii. Verify that Jip,, = 0 on "". We do so by showing that on the space
®"~1 @ P, the sequence of equalities

L, ® ¥) = Imymy, = YACT opsTy, = JobsTa (1" ®@ U)

holds. (Requires proof. See proposition 3.7.)

iii. Since Jipy, rests on ACT1p,, (recall Proposition 2.23) and Jip,, = 0 on
&/ it follows that Jip, = 0 on all of K%?Iz and therefore Jip, = 0
on AKz/z2. (Does not need proof.)

STEP 4: Verify that the conditions () and (i) in definition 2.24 are met.

STEP 2: Constructing Kz /-

The shLie algebra Kz ,z2 is the free K4 ,7-module K4,7 ® ®. The graded vector
space ® is spanned by the graded basis {@a;, Pas> Pags - - - }» Where there is a one-to-
one correspondence between the preghosts ¢.,;, and the antighosts P,,. Each ¢,
is assigned degree n. (The vector space ® is the suspension of the vector space ®
found in [Kje96].) A typical element has the form X/P%" ¢, , where X/P}" is an
element of K4,7. As before, the degree of X P9~ in K 4,7 will be denoted by I.
The degree of the element X P%" ¢, , then, is the sum (I +n). Whenever possible,
an abbreviated form X%,  will be used for a typical element, in which case the
degree of X*~ will be denoted by «,, again, without confusion.

When 7 is irreducible, the map I; = m1®1 is a differential on Kz,72 = K4,7®9®,
whose homology is A/I ® ®, which is isomorphic to 7 / I? as A /I—modules. The
isomorphism is given by sending f*' s, — f*y4,. The details are left to the
reader. It follows that Kz,7» is a resolution of 7 /12

We define a degree 0 A-linear map ¥ : K 47 — Kz,z72 by setting U(Py,) = Pa,
and extending ¥ as a graded derivation, i.e., ¥(Py,Pa;) = (=1)Y Py, @a; + Pa; Pa; -
In the irreducible case, the map ¥ is a chain map.

In the reducible case, the graded module Kz,7z does not come equipped with
a differential; we must build one. The tool we need is the map ¥. We create I; on
K7 /z2 so that ¥ is a chain map. We set {1 (¢q,, ) = ¥m1(P,, ) and extend Iy to all of
Kz/z2 so that it rests on m;. The map ¥ is a chain map provided /; is a differential
on KI/I2-
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PROPOSITION 3.3. l1 0ly =0 on Kz/z2.

Proof of Proposition 3.3. We begin by showing that I; (l1 (¢4, )) = 0. Recall that ¥ is
a chain map. It follows that {1 (l1 (¢4, ) = 1 (¥ (m1(Py,,))) = T(myi(mi1(Py,))) = 0.
Since [ rests on myq, it follows that
L (X% @a,)) = LM (X )pa, + (=1)*" X%l (pa,))
= m1 (M1 (X)) pa,, + (=1)** 7 ma (X* ) (Pa, )
(=1 ma (X)) (o, ) + (D" X% (b (¢, )

(=1)* A%l (h (P, )
0. O

The spectral sequence argument below proves that Kz 72 resolves 7 / 7? as mod-
ules.

ProposITION 3.4. Hy, (Kz/72) = T/T°.

Proof of Proposition 3.4. The module Kz,7> is naturally bigraded. The bidegree of
the element X'® ¢, is (an,n). The differential decomposes as l; = (m; ®1)+d® +
d® + ... with respect to the filtration of Ky /72 by preghost degree, where m; ® 1
has bidegree (—1,0) and d(? has bidegree (i — 1,4). The differential on the Ey term
is m1 ® 1. The k*" row of the Ey term is K 4,7 ® ®%) where ®¥) is the vector space
spanned by the ¢,, ’s. Each row is exact except in the first slot. Therefore the E;
term of the spectral sequence is concentrated in the first column:

FE;:

a®
AT 2B
a®
AT ® 33
a®
AT ® W

0.

Since the E; term collapses to one column, the homology of Kz,72 with respect to
{1 will be the homology of the E; term.
Let K be the kernel of the map m : A/T ® ®1) — T/7? which sends f¥ ®

Yoy t0 [Py, . We need to show that @(A/I@ &MY = K. (C): Since lp,, =

Zar Y Pu, _, + “more”, it follows that &?ﬁfiwan = fon Z3" ", _,. Consider any

element f*2¢,, of A/Z® ®?). The image under 7d(1) is zero because for all a3 the
sum Z31ya, = 0. (2): Suppose m(f* ¢q4,) = f*ys, = 0. Recalling that the ideal
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7 admits a complete set of reducibility functions, we see that

falyal = h’alﬁlyﬁlyoq = (fal - h'alﬁlyﬁl)yal =0
= fY = g™ 27! modZ.
It then follows that g(\ﬁ(ﬁgoaz) =923 00 = f*qa,. We conclude that the

zeroth cohomology of K772 with respect to Iy is (4/Z ® ®1)) /K, which is isomor-

phic to 7 /12 as modules. For higher cohomologies, suppose =, is a cocycle.
Then

[ 2 a s =0 [ 2 €T
= f =gt 2y mod I

= ﬁﬂoan = gan+1Z::+1 Pon, = d( )gan+1§0an+1'
Hence, the higher cohomologies are zero. O

The map ¥ is quite useful. We constructed I; so that ¥ was a chain map. In the
notation of shLie algebras and shLie modules, we were able to show that Jip; =0
on ® because $ACTn; = Jip1 ¥ and ACTp; = 0 on ¥~ 1®. We shall see this
pattern of proof again in proposition 3.7.

Let P; = Py, -+ Py, € Kajz. Then ¥(P;) = K(I;)Pf ¢y, where P{ = Pp, -

—

75; -+« Py, and Py, indicates that this factor is omitted. The sign K(I;) is the sign
produced by moving Py, past Py, ---Pr,_, . Recalling that m;P,, = Zf,n P;, we can
write U1 (¢a, ) = K(L)ZL Plor,.

STEP 3: The loop

We prove the three propositions needed to complete the inductive step of the loop.
Then we will return to n = 2 and define my at the one location where both K 4,7
and Kz,z2 are not exact.

PROPOSITION 3.5. (3anil) If we set mn(91 to n—1] ® £)=(=1)"{Mmn_1(¢p to n—2) ®
Pn—l)af}a fOT ©1 < e < Pn-1, then

M1 (M (@[ 10 n1] @ ) = ACT 0BT (P[1 to n-1] ® f)-

Proof of Proposition 3.5. We omit sign arguments and specific signs, opting instead
for +. Using the definition, mima(¢p to n—1] ® f)

= £mi{mn-1(¥1 to n—2] ® Pn-1), f}
= £{m1(Mn-1(201 to n—2 ® Pn1)), T £ Zfi 1 gy {ma(Pa), f},

where m,_1 (SO[I to n—2] ®@Pp-1) = Zﬁ to n—1] P 4. Now, ACTOBSTn(QO[l to n—1] ® f)
contains one term £ma(ln_1(¢[1 to n—1]) ® f) which uses the (n — 1,0)-unshuffle.
But since

ln—l(QO[l to n—1]y = Umyp_1 (QO[I to n—1]®73n—1) = Zﬁ to n—1] Pg@ﬁ
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and my is K 4 z-linear,

(Z[l to n— 1]P§§05®f): ﬁton 1] PA{mIPB f}_:I:Z[l to n—1] {m1(Pa), f}.

Since mimp_1 is equal to ACT oBsT,—1, We may rewrite £{mimn—1(¥[1 to n—2) ®
Pn-1),f} as £{ACToBsTrn_1(¢[1 to n—2] ® Pn-1),f}, which must equal the re-
maining terms in the map ACT oBsTn(¢[1 to n—1] ® f)-

We organize the remaining terms by unshuffle. Let o be an (¢, j —2)-unshuffle. Ap-
plying ¢ t0 @[ 1o n—1) Produces two hands ¢sp1 t0 q and @s(41 to no1]- In
ACT oBsT (91 1o n—1] ® f), there are two terms in which the ¢;’s appear in the o
order. They are

M;LLs0) = £m;(Li(@op to ) A Poli+1 to n—1] ® f)
and
M1 Mj_10) = £miga (ot to q ® Mi—1(Pofit1 to n-1] @ f))-

There is a unique (j—2, i)-unshuffle p which switches the o hands, i.e., (-1 to n—1] =
ot to i a0d Qp[1 to j—2] = Polit1 to n—1]- Lhe two terms in which the ¢;’s appear
in the p order, written in terms of o are

Mipollij_20) = £mip2(li—2(@ofit1 to n=1]) A Poli to q © f)
and

(Mj—lMi+10') =+mj (Soa[i+1 to n—1] ® Mi41 (900[1 to 4] @ -

Organized in this way, the terms remaining in ACT 0BsT»(¥[1 to n—1] ® f) can be
rewritten as

E E Mj]LiO' +Mi+1M]’_10’ +Mi+2Lj_20 +Mj_1Mi+10'.
itj=n4l O
2<j<n (4.5—2)

Without loss of generality, we now compute the sum
M;L;e + M 1 M_je + Mol _se + M M e
for the identity (¢, — 2)-unshuffle e and show that the sum equals the two terms in

i{ACTOBSTn—l(QO[l to n—2] & Pn—l )7 f}

for which @1 to n—2) ®Pn—1 is split into the hands Is o1 4o 4 and Plit1 to n—2] ®Prp-1-

The terms of the sum M;L;e + M, 1 M;_e +Mz+2]L _oe +M] 1Mz+1e expand
to become
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M;Lie) = E{mi1(li(@pn 1o ) A Plitt to n—2] ® Pno1, [} (4)
£{Z{} 10 > FYMi-1(Plit1 10 n—1) @ Pa), (B)

(Mj—lMi+le) = i{Z€+1 to n—1]? {Zﬁ to 47 f}}PBPA C)
£{Z{} 10 0> FYMi—1(Plit1 10 n—1) @ Pa), (D)

(Mi-‘rle—le) = i{Zﬁ to 4]? {Z€+1 to n—1]? f}}PAPB (E)
:I:{Zf;_l to n_l]af}mi—i-l(QO[I to 14 & PB)a F

(M2l 0e) = ﬂ:{ZﬁH to n—1)Mi+1 (11 to 4 ® PB), f} G
:I:{Zﬁ+1 to n_l]af}mi-i-l (QO[I to i ® PB)a (H)
Terms which are identical up to sign cancel, i.e., (B) cancels with (D), (F) can-

cels with (H). After exchanging Pp and P4 in (C), we can combine (C) with (E)
and use the Jacobi identity to produce £{{Z# ZB ]}P APp, f}, where

1 to 2]> “[i+1 to n—1
we have brought P 4Pp inside the bracket. Since m1(pp 1o 4 ® Z[l;?’ 1 to 'n,—l]) =
:I:{Zﬁ to i]’Z€+1 to n—1)3 P4, the term above becomes +{miy1(ep 10 g®

Zﬁﬂ to n—1] )Pp, f}. To this we add (G), yielding one of the desired terms:
E{mig1 (@11 to § © My—1(P[i+1 to n—2) ® Pn—1)), f}. This term and (A) are the two
terms in  £{ACToBSTn-1(¥[1 to n—2) ® Pn-1),f} for which @ o n_g®
Pp—1 is split into the hands o1 to 4 and Q[i41 to n—2) ® Pn—1. Therefore, for each
(¢, — 2)-unshuflle o, we produce a term of the form +{m;_,(I;(first ¢ hand) ®
(second ¢ hand)), f} and a term of the form =£{m;;((first o hand)®
mj_1(second o hand)), f} with the appropriate signs. As j runs from 2ton, j — 1
runs from 1to n — 1, so as we run through all (¢, j — 2)-unshuffles and divide by
two, we produce £{ACToBsTn-1(¢[1 to n—2] ® Pn—1),f}. O

PROPOSITION 3.6. (3ay,iii) For n > 3, one can define mn (o1 to n—1] ® Pn) for each
element of the totally ordered basis for "' ® P so that m, is well-defined and
so that

m (mn(go[l to n—1] ®Pn)) = ACTOBSTn(SOH to n—1] ® Pp).

Proof of Proposition 3.6. We ensure that m, is well-defined on ®""~! ® P by
defining my,, on the basis elements @1 1o n—1] ® Pn With 1 < -+ < ¢, with
respect to the total ordering of the preghosts. The image of ¢[1 o n_1]®73n under
ACTopsty, is in K4/z. The map ACTopst, has degree —2, so for n > 3, the
degree of ACToBsTn(#[1 to n—1] ® Pn) is at least one, at which level K 47 is exact.
So if we can show that

m1ACToBSTR(P[1 t0 no1] ® Pn) =0,

then a pre-image exists which we can set equal to Mmn(¢[ to n—1] ® Pr). Since
ACTopsty, = ACT,, — mpmy and that ACT,, is a symmetric chain map, we find
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that

m1 ACT oBsTy, = M (ACT,, — myuma)

= m ACT,, — mimym

= ACT,mi1 — mimpmi

= (ACT,, — mimy)m;.
Let us begin by examining m, on an ordered basis element ¢ 1, n—1] ® Pn with
|¢i| = 1 for all 4. For such a basis element we have

M1 ACT 0BT (P11 t0 n—1] ® Pn) = (ACTn — mimp)ma (@1 1o n—1] ® Pn)

= (ACT, - mlmn)(ﬂo[l to n—1] ® Yn)-
Since we already know that ACT1D,(¢)1 to n—1] ® yn) = 0, we can replace ACT,, —
mimy, with (—=1)"‘mpma, yielding mnmi (9 to n_1] ® ¥n), Which equals 0.

The proof is completed by strong induction. Let ¢p 1o n—1), ® Pn, be the Eth

basis element in the ordered list and suppose ACT D, (91 to n—1), ® Pn;) = 0 for
all basis elements before the k*" one, where once again,

M1 ACT 0BT (411 t0 n-1], ® Pny) = (ACT R —mumn)mi(ep to n—1), ® Pny)-

The element m; (¢ 1o n-1], ® Pn,) can only have pieces in Kg’/’ﬂ ® Ku/z for
0 < p € n—1 and, moreover, the pieces in K%;LI}I ® K 4,7 contain only basis
elements of order less than that of ¢[; o n—1], ® Pny- So for m1(¢p 0 n-1), ® Pns)>
we can replace ACT,, — mim, with m,m;. It follows that

(ACT  —mimp)my (S0[1 to n—1], ®Pny) = Mp(ma(ma (S0[1 to n—1], ®Pr,)) =0. O

PROPOSITION 3.7. (3byii) If we set In(@[1 to n]) = ¥Mn(@[ to n—1] ® Pn), then
Jibr =0 on .

Proof of Proposition 3.7. As outlined above, we will prove that Jip, = 0 on ®"\»
by showing that on "~ ® P, the following equalities hold:

llln(lAn_1 ® ¥) = Umym,, = VACT osT, = joBSTn(lAn_l ® 0).

The first equality holds because the map ¥ is a chain map. Since ACT1p,, =0, it
follows that mym, = ACTopsT,. The second equality holds because ¥mim, =
U ACToBsTy,- Showing that VACT opsT, = jOBSTn(l/\n_l ® ) is more difficult
because ¥ does not commute with m; for ¢ > 1. We will need to organize ACT oBsTy,
and JoesT, by unshuffle. Let ¢ be any (¢, — 2)-unshuffle. The two terms in the
sum ACT opsTy, for which ¢ 4o n_1) ® Pr is split into the hands ¢, 0 4 and

Poli+l to n—1] ® P are

imj (li(soa[l to z]) A Poli+1 to n—1] ®73n)
*mip (%[1 to 4 @ Mi—1(Pofit1 to n1] ® Pn)) .
We will show that when ¥ ig applied to each of the terms above, their sum becomes

£l (li(Soa[l to i) N Polit1 to n—1] A ©n)
i1 (o1 to i Nj—1(Pafi+1 to n1] A¥n)) -
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This fact completes the proof because we can expand JopsTy (¢[1 to n]) 50 that ¢,
is never moved. For any (¢, — 1)-unshuffle which moves ¢,,, we will use the graded
symmetry of the shLie structure maps to move ¢, back to the last position. With
this approach,

JoBsTa( PN to n]) = Z Z ( Qoa[l to z]) A Palit1 to n])
BEWNERTRIE)
i1 (Pop 1o 4 ANj—1(Pofit1 to n)))) -

Without loss of generality, we shall show that the desired equality holds for the
identity (4,7 — 2)-unshuffle e. The e-terms of ACToBsT#(¥[1 to n—1] ® Pn) are

m; (Li(p to ) A Plitt to n-1] ® Pn)
= :I:Zﬁ to 4] Piem;(pa, A Plit1 to n—1] ® Pn) (ML)

and

M1 (S0[1 to 4 ® My—1(Pit1 to ne1] ®Pn))

= i{Z[l to 4] Z€+1 to n] }PAPB ({}(i,j—2))
£78 1 o P B Mit1 (11 1o ] ® PBy)- (M1 M 1)

Applying ¥ to M;ILi; produces
£7f 1o qPA L (0. APlist 1o n) EZH 1o g7 (Pl o n) @ PR,

The map ¥ acts on P4P p in the {}
P APg ¢B,- Using the derivational property of the bracket and the definition of my,
the first term of {} (6,j—2) equals £m;(Q[it+1 to n] ® Z[1 to 4] )Pﬁ“goAa. Adding this
term to ¥(M;IL;), we have

(ij—2) term to produce two terms :I:PBPﬁ“goAa +

iZ[1 to z]Pﬁalj(SOAa A @it to n]) M (Plit1 to n) @ Zﬁ to i]Pﬁa)SOAa,

which equals £0; (li( 10 i) A ©[it+1 t0 n)) - Similarly, the sum of ¥(M; 1 M;_;)
and the second term of W({},. ,) is the second desired term

i1 (21 10 4 ANlj—1(pi41 to ) - We produce all the terms in JorsT (@[ to n))
as we run through all (¢, 7 — 2)-unshuffles with 2 < j <n. 0O

Return to n = 2:

We can define mo(pq, ® Pg,,) inductively on ¢,, ® Pg,, with ¢4, < ¢g,., just as
in proposition 3.6, except for @, ® P, with ¢, < ¢ga,. Since my must be a chain
map, mq (M2 (@a, @Ps,,) should equal ma(pq, ®m1(Ps,)). Having chosen structure
functions €7 5 in A, we find that m2(va, @ M1 (Pp,)) = {You ¥} = O 5, Y75
which i in Z. Therefore a pre-image exists under my; we set ma(pq, ® Ps,) =
Cl e Py

a1
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We have completed the definition of my and in doing so, have finished the defi-
nition of Iz on Kz,72 as well.

STEP 4:
To complete the construction of the homotopy Lie-Rinehart resolution (K 4,7, Kz/z2),
we must verify that Hp, (m2) = m3 on I/I? ® A/T and that H;, (Is) = I> on
I/I* AI/1?, .., conditions (i) and (i) in definition 2.24 are satisfied.

Let A; be a splitting from A /I into K 4,7 and let A2 be a splitting of 7 /12 into
Kz/72. Then for Z2® f € T/T? ® A/T, the map mo maps A2 (Z/Z%) ® M (A/T) into

A. It follows that Hp,, (Z® f) = m2(X2(Z) ® A1 (f)). Suppose A2(Z) = g7 ¢q, , which
implies that z = g%"l—ya1 Then
m2 (97" Par ® M(f) = 97" {Yas, A ()}
={92"yar, M (H)} = {97", M1 (£)}yan
= {95 Yar, M ()}
— (@ f).

Similarly, for any Z A w, there exists an element g2'p,, A h% wp, in Kz/72 NKz /72

whose class is Z A w. Then

z
Hy, (1) EAT) = [12(02" Qs A1 03,)]
= [g2 RS CT 5 vy + 02 M2 (Pay @ K)o, — hima(0, ® 92 )as]

=95 h%l Cgiﬁl Yv t 92 {Yas, h’% Yyp — h’% {¥p1, 97" Yy

= {95 Yar 15 s }
=LEAD).
We conclude that the homotopy Rinehart algebra R for the homotopy Lie-

Rinehart resolution (K4,7Kz/72) is a model for the Rinehart algebra R for the
Lie-Rinehart pair (4/Z7/7?).

4. Comparing the homotopy Rinehart algebra R with the
BRST algebra A

Following [FV75], [BF83] and [BV85], the classical BRST algebra A for the
Poisson reduction of the Poisson algebra A by a finitely presented coisotropic ideal
7 is a differential graded Poisson algebra, built from a specific choice of Koszul-Tate
resolution K 4,7 of A /I. The BRST algebra A is formed by tensoring the graded
commutative algebra A N with K /7, where N and P are isomorphic as vector
spaces over k. The basis elements of N are denoted by {n®t,n%2,n*3,...}, and are
called ghosts. The result is

Ax A\Neo A \P
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(see [FHSTS89], [HT88], [Sta92], [HT92], [Sta96] etc.). Each n®~ has the same
degree as the corresponding P, , namely n. If we let N denote a string of ghosts
N1 A--- A =i i the degree of N' is the sum Y ; n,, which we shall
denote by I without confusion. There are two significant gradings on the BRST
algebra A. Let N? f{P; be an element of .A. The first grading is the internal degree,
which is the difference between the ghost degree gh(N’ f{ P ;) = I and the antighost
degree antigh(N!f/P;) = J. The second grading is by ghost number. The ghost
number gh#(N'f/P;) =i if N = 0 i, The multiplication on A is given by
the multiplication in each of its three pieces and obeys the Koszul sign convention,
that is to say,

(N'f{P (NS fgPr) = (-1 N'N"f/ fg PPy

The Poisson bracket on K 4,7 is extended to all of A by setting {N, N} = {N,A} =
0 and {n°~,Pg, } = d5" (where 45" is the Kronecker delta). If we view N as the
dual of P, this bracket formula is the usual symplectic structure on N @ P [Sta92].

When 7 is irreducible, Batalin, Fradkin and Vilkovisky ([BF83] and [BV85])
were the first to define a differential D on .4 which is a Poisson derivation and whose
zeroth cohomology H%(A, D) ~ (A/Z)* [BF83]. Later it was shown that the BRST
algebra (A, D) is a model for the entire Rinehart complex in the irreducible case
(see [HT92]).

A K 4/7-linear map F : /\k Kz,72 = Ka/z is completely determined by where
it sends each element of the ordered basis Pany o0 0 Once we set n®* equal the

I
k-dual of ¢, , the map Fj can be represented by

Z nan[l to k] Fk((pan[l to k])'

Oy Ko Kotm,,

It follows that the homotopy Rinehart algebra R ~ Hom (A(®),K 4/7). This fact
allows us to compare the homotopy Rinehart algebra with the BRST algebra A.

THEOREM 4.1. Given a Lie-Rinehart pair (A /I, T /IQ) and a specific Koszul-Tate
resolution K 4,1 of A/I, the BRST algebra A = AN ® K41 is isomorphic to
the homotopy Rinehart algebra R = HomKA/I(/\(KI/Iz),/\(KI/Iz) ® Ky/z) as
K 4/z-modules and as algebras (but not necessarily as differential graded algebras).

Proof of Theorem 4.1. Tt is straightforward to show that the map sending
Fy — Z nan(l to k)Fk(SOan[l . k])
Oy K Kotn

is bijective and respects the K 4,z-module structures on both R and .A. We need to
show that it is a map of algebras. Let F; : A'(®) = K4/7 and G : A'(®) = K47
Recall that the product F; — G; : A" (®) = K 4,7, evaluated on Papy 1o iry 18

> KO) K(Gji0a,,, . JFilpa,,, . )Gi(Pa ).

(i.9)

oli+1 to itj]
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This product can be represented in A by
Z nap[l vo i+il (Fy ~— Gj)(goapll vo iti] ).

Apy S“'Sapi_'_j

Similarly, Fi = 30 10 0 Fpay, ) and G5 = 3 100Gl )

Oy KooKy gy S-S,

The product of F; and G; in A is

Z H(GjSSOapa[l » T e 2 o ) Fi(SOaT[l o il )G (4,0%[1 v ] ),

ary < e

<Kag;
g1 KK %gj

but the terms n®"t to ¥ to i1 are no longer in the proper order. Returning the
n’s in each term to the proper order produces the sign K(o) corresponding to the
(¢,7)-unshuffle o which places n; o i1; into the hands 71 ¢ q and qp o j- The
sum above becomes

Z naP[l to i+j] Z I{(o’) I{(Gj;goapau o 1] )Fi(goapau o 1] )G] (goap

Lap, . G4
o S (i29)

)

oli+1 to itj]

which equals Z T o il (Fy Gj)(SOap[l to i44] )-

Qpy S KOpyy;

The bidegree (ghost number, internal degree) on A agrees with the bidegree
(external degree, (suspended internal degree — external degree)) on R.

The differentials {Q, } and (Dj, ) when 7 is irreducible
The differential D is an inner-derivation on A, i.e. D = {Q, }, where the element
@ € A has total degree +1 and {Q,Q} = 0. The element @) (called the BRST
charge) is a sum > " | Qn, where Q,, has ghost number n + 1. The Jacobi identity
for the Poisson bracket guarantees that D has square zero. We construct the BRST
charge Q using methods from homological perturbation theory. The BRST algebra
A is filtered by ghost degree and @, is defined by induction on n once we select a set
of generators {y,} for 7 and structure functions C; [Sta92]. We set Qo = nya
and find that 1 must equal —1n%nf C';f[ﬂ?V in order to kill the nonzero piece of
{Qo, Qo,} with ghost degree 2. This process continues: for every ¢ > 1, the terms of
(0 Qn, 204 Q) have ghost degree at least 4 + 1. An element Q; with ghost
degree ¢ + 1 is selected to kill the terms with ghost degree ¢ + 1.

With respect to the filtration of A by ghost number, {Q, } decomposes as
1®mi + 31; + 82 + .... In terms of the BRST differential, 1 ® m; is {Qo, }I/\P and

bn={Q1, },, +{Q0 },+{Q },,

is, loosely speaking, a “lifting” of the Rinehart differential 6z on R. The E; term
of the associated spectral sequence is isomorphic to AN ® A /I and the differential

dy for the E; term which 85 induces on Higm, (A) is the map dg.
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The filtration of R by external degree is the same as the filtration of 4 by
ghost number. The differential (D, ) breaks up into the sum > .2, (m;, ), where
{m;, ) increases external degree by ¢ — 1. For any map Fj € R, the map {my, Fy)
is m1Fy because I; = 0 on A(®). Suppressing the sum over the ordered ba-
sis (it is henceforth understood), we write Fj, as n* it t * F}, (4,0(,[,1[1 . k]) and the

map my F}, is represented in 4 by 5™ it to & mle(goanl1 . k]), which equals (1 ®
my)(n*t e M Fy (#any, ,, ) S0 (m1, ), when realized on A, is 1 ®mi. We con-
clude that in the irreducible case, the E; terms of the spectral sequences associated
with {Q,—} and (Djs, ) are isomorphic. The differentials for the E; terms are
induced by dg and (ms, ), respectively; we claim that §g = (m2, ). Because both
dgr and (meo, ) are derivations, a quick check on the ghosts, antighosts and the
elements of A suffices. For n®, we see that (mq,n®) (vs A vy) = n%a(ps A py) =
n® (Cngd) = (g, and
1 a. b6 o 1 a. b o _ 1 o 1 a _ Mo
—577 0" CayPs,n* ¢ (0 Npy) = 577 n" Coyp(ps A py) = 5057 Y = C,@y-
For P,, we find that (mq, Py) (03) = maPq () = —ma(ps @ Py) = 025735 and
1
{_inanbcgbpéapa} (pp) =

1 1 1 1
iﬂanapé(S%) - iﬂngbpé (pp) = —503a7’a + 5025736 = ClsPs.

And for f € A, it is straightforward to compute that (mo, f) (v3) = maf(ps) =
ma(ps @ f) = {yp, f} and {n°ya, f}(ps) = n*{ya, f}(ws) = {ys, [} We con-
clude that (A, {Q, }) and (R,(Das, )) are equivalent as models for the Rinehart
cohomology of the Lie-Rinehart pair (4/Z,7/7?) when the ideal T is irreducible.

When the ideal is reducible, we know that (R, (Djs, )) is also a model for the
Rinehart cohomology, but we do not know, except in cases arising from particularly
nice symplectic settings (see [FHST89]), whether (A, {Q, }) is a model for the
Rinehart cohomology. This problem will be addressed in a future paper.
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