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HIGHER HOMOTOPY GROUPOIDS AND TODA BRACKETS

K�A� HARDIE� K�H� KAMPS and R�W� KIEBOOM

�communicated by Ronald Brown�

Abstract
We describe a category htTop� whose objects are pointed continu�

ous maps and whose morphisms are generated under composition by
the tracks �relative homotopy classes� of homotopies� For example� if
mt � hk � � is a nullhomotopy then its track is a morphism from k to h�
The composition of tracks in htTop� amounts to a sharpening of the
classical secondary composition operation �Toda bracket�� Standard
properties of the Toda bracket can be derived in this setting� Moreover
we show that htTop� is itself the homotopy category of a bicategory
bTop� and so admits also a secondary composition operation�

�� Introduction

Secondary and higher order homotopy composition operations �Toda brackets� were introduced
by H� Toda �T� in order to construct elements of the homotopy groups of spheres as part of his
�composition method	 for computing these groups� Although at 
rst the appropriate de
nitions
of the higher order brackets were not entirely clear� at least since the work of G� Walker �W�
and M� Mori �M� these have been well enough understood to enable their basic properties to be
determined and to permit their application to computation� Our present knowledge� however�
leaves something to be desired� For example� although we have a convenient upper bound for
the indeterminacy of a bracket in �W� Theorem �� �see also �M� Proposition 
�� it is apparently
not known whether this bound is the best possible�

More urgently� Baues and Dreckmann �BD� have shown� for certain full subcategories of the
pointed homotopy category� that the operation of the secondary homotopy composition �i�e�
the triple Toda bracket� is determined by a certain ��dimensional class in the cohomology of
the subcategory with coe�cients in a natural system of abelian groups� It is reasonable to
conjecture that analogous results can be proved for the higher order operations� but one is
brought to a standstill when one formulates the question� in what category does there exist
a characteristic cohomology class that determines �in the sense of Baues�Dreckmann� the
quaternary Toda bracket�

To make progress one needs to recall another lacuna� Much of the development of algebraic
topology has proceeded under the dominant in�uence of the nineteenth century concept of
group� Although� by the ����	s� it had been recognised that the fundamental groupoid of a
topological space has signi
cant conceptual advantages over its �collection of� fundamental
group�s� �cf� �Br�� Br��� this structure has not yet fully been exploited by homotopy theorists�
It is true that� since the work of Barratt �Bar� and Rutter �R�� tracks �i�e� relative homotopy
classes of homotopies� have been objects of interest in their own right� but their usual fate
is to su�er the indignity of being converted into group elements by a di�erence construction�
To come into their own they need to be seen as morphisms of a �homotopy category	 with
an appropriate role� We achieve this by modifying the di�erence construction into a �pasting	
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composition�

We take the view that the higher order homotopy composition operations are essentially
�determined by� triple Toda brackets in a homotopy category whose morphisms are tracks of
the appropriate dimension�

To clarify what we have in mind� suppose that k � V � U � h � U � Z are pointed maps
whose composite is homotopically trivial and let mt � hk � � be a nullhomotopy� The relative
homotopy class ofmt is a �	track which we will denote bym� We shall regardm as a morphism
from k to h in a category whose objects are pointed maps� To understand the composition
�which will be de
ned purely formally in section ��� note that we also regard the morphism
as an oriented square

V ��

��
k

�

��
U ��

h

�m

Z

� m � k � h � �����

The domain and codomain arrows moving anticlockwise around the square establish its orien�
tation� Moreover the morphism m � k � h has other representations such as

V

��

��k
U

��
h

� ��

� �m

Z

and

U U

��
h

V

OO
k

��
�

� �m

Z

�������

but note that here the domain and codomain arrows establish the opposite orientations and�
to compensate� the tracks inhabiting the diagrams are �m�

Suppose that n � h � g is another morphism� where g � Z � Y is a map and nt � gh � � a
nullhomotopy with associated track n� Then we de
ne

nNm � �g�m � k�n � k � g �����

�where �g�m and k�n are the relative homotopy classes fgm��tg and fntkg respectively�� i�e�
to be the track pasting

V ��k

��

U

��
h

�� �

��
� ��

� �m

Z ��
g

� n

Y

of the squares associated with m and n� Note that this pasting takes place in the classical
double category of track homotopy commutative squares of pointed maps� The composite
morphism nNm can also be identi
ed with various oriented squares such as

U ���
Y

V

OO
k

��
�

� �g�m� k�n

Z

OO
g �������

but note that the squares ����� and ������� are of a di�erent type� We say that the morphism
m � k � h is of type � and nNm � k � g is of type �� There is very little distinction between
the square ������� and the track inhabiting it� With very mild abuse we blur the distinction
and regard nNm also as an element of the ��based track group �V �Y � �� in the sense of �R��
It is well�known that there is an isomorphism

� � �V �Y � ��
�
�� ���V� Y � � �������
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Then� denoting the homotopy classes of the maps g� h� k by �� �� � respectively� we recognise
��nNm� � ���V� Y � as an element of the triple Toda bracket�

��nNm� � f�� �� �g � ���V� Y �� �����

Moreover� let f � Y � X be a map and pt � fg � � a nullhomotopy with associated track p�
More general compositions of squares such as m� n� p are de
ned via pasting in the double
category of homotopy commutative squares� For example pN�nNm� and �pNn�Nm have a
common de
nition namely the track inhabiting the pasting

V ��k

��

U

��
h

�� �

��
� ��

��

� �m

Z ��
g

��

� n

Y

��
f

� ��

� �

� ��

� �p

X

���
�

of the double category of homotopy commutative squares� Thus we get the associativity prop�
erty for free� We shall see that the above instance of associativity �via the middle four inter�
change of the double category� translates into the bijection �T� Proposition ��� �iv�� between
the cosets

� � f�� �� �g � �f�� �� �g ���� �����

where � denotes the homotopy class of f �

The properties of the �category of maps and tracks	 htTop� obtained in this way are pursued
further in section ��

To represent htTop� as a homotopy category we invoke the theory of the homotopy ��groupoid
G�E of a Hausdor� space E studied in �HKK�� By considering the case E � XV � the �un�
pointed� space of pointed continuous maps from V to X and taking an adjoint� we obtain
a ��groupoid G��V�X� whose objects are pointed maps from V to X � whose ��morphisms
called semitracks are equivalence classes hhti of homotopies ht � V � X under a relation 
ner
than relative homotopy� and whose ��morphisms are ��tracks� We then construct a bicategory
bTop� whose ��morphisms are ��tracks and whose underlying �weak� category is similar to
htTop� except that tracks m are replaced by semitracks hmti� Finally we show that htTop�

is the quotient category obtained from the underlying category of bTop� by factoring out by
the homotopy relation between the ��morphisms induced by the ��tracks�

Now suppose that nNm � � and pNn � �� Since �as we claim� our category is a homotopy
category one might hope to de
ne a triple Toda bracket fp�n�mg and to show that

fp�n�mg � f�� �� �� �g � ����V�X� � �����

where the four�fold bracket refers to the classical quaternary Toda bracket� However� the
underlying �category	 of bTop� is only a weak category and an extension of the classical
theory of the Toda bracket is required� It is intended that this theory will be given in a paper
devoted to the study of the bracket in an arbitrary bicategory and applied there to obtain the
inclusion ����� together with other applications� Meanwhile further rami
cations of htTop� �
including some Hopf invariant theory involving a new formula for the classical Toda bracket
are given in section 
� together with a sample application in which a �new� nontrivial Toda
bracket in the homotopy groups of spheres is detected�

The authors acknowledge conversations with J�J�C� Vermeulen� comments and suggestions by
R� Brown and by the referee�
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�� The category htTop�

We begin with some historical remarks� The notion of double category was 
rst introduced by
C� Ehresmann �E�� see also �BS� S� SW�� Track homotopy commutative squares of maps have
been used extensively in coherent homotopy theory� For the de
nition of the double category
of track homotopy commutative squares in an abstract setting we refer to �KP� Chapter IV�
and to �S��

As mentioned in the introduction the objects of htTop� are pointed continuous maps and the
morphisms are generated by composing squares of the form ������ However� we shall need a
more formal description� A morphism of the category has a type which is an integer r� where
� � r � �� For each object �i�e� pointed map� k there is an identity morphism �k � k � k� A
morphism of type ��m � k � h� is only de
ned if codomain�k� � domain�h� and hk � �� Then
it consists of an element of the track set �V �Z�hk� ��� in the sense of �R�� where V � domain�k�
and Z � codomain�h�� For arbitrary maps h � U � Z and f � Y � X morphisms of type �
and type �� r � h � f are always de
ned� Geometrically the morphisms may be regarded as
diagrams of the form

� ��� �

�

OO

k

��
�

� �

�

OO

k � �k � k � k �type ��

� ��� �

��
h

�

OO

k

��
�

� �m

�

� m � h� k �type ��

� ��� �

� ��
�

OO

h � r

�

OO

f � r � h� f �type ��

� ��� �

��
f

� ��
�

OO

h � r

�

� r � h� f �type ��

where r � �U �X � ��� corresponding to identity arrows and composites of one� two and three
�respectively� morphisms of type �� The diagrams compose via suitable pasting in the double
category of track homotopy commutative squares� Here some of the diagrams have to be turned
upside down �cf� the de
nition of nNm in ������ and the positions of their bounding arrows
rearranged�

The following composition formulae can be checked� Note that the interpretation is consistent
with that given in the introduction�

nNm � �g�m� k�n �m � k � h� n � h� g of type ��

rNm � �k�r �m � k � h of type �� r � h� f of type � or ��

pNr � f�r �p � g � f of type �� r � k � g of type � or ��

sNr � � �r � k � g of type � or �� s � g � e is of type � or ��

�����

Although a track m always has an inverse �m� note that morphisms of types ����� are not
invertible�

We denote by homr�k� f� the set of morphisms in htTop� of type r from k � V � U to
f � Y � X �

���� Proposition� The pasting composition is associative and htTop� is a category� There
exist bijective correspondences as follows�

�i
 If hk � � then hom��k� h�� ���V� Z��

�ii
 hom��k� g� �
S
g�����k����

ffgg� �� fkgg�

�iii
 hom��k� f� �
S
f�����������k����

f�f�� �� fkgg�
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The 
rst assertion of the Proposition is a consequence of the de
nition in terms of the double
category� However we shall give a direct argument from the formal de
nitions in this section�
We recall the well�known interchange property for ��tracks�

���� Lemma� Let kt � k� � k� � V � U and ht � h� � h� � U � Z be a pair of homotopies�
Then �k��

�h� �h���k � �h���k� �k��
�h�

Proof It is su�cient to observe that Ht�s � h���s�tkst�hst���sks����s�t is a relative homotopy
from htk� � h�kt to h�kt � htk��

Proof of Proposition ��
 To check associativity of N we need to examine cases� Suppose three
morphisms m � k � h� n � h� g� p � g � f are each of type �� Applying ����� we 
nd

pN�nNm� � f���g�m� k�n� � �f�g�m� f�k
�n �������

and

�pNn�Nm � �k���f�n� h�p� � �k�h�p� k�f�n � �������

However �f�g�m � �k�h�p by an application of Lemma ��� and� since the operators f� and k�

commute� the desired equality follows�

Suppose now that q � f � e is a morphism of type �� Then �qNp�N�nNm� � �� being a compo�
sition of morphisms of type �� Moreover qN�pN�nNm�� � e���f�g�m�f�k

�n� � �ef����g�m�
k�n� � �� Dually we may argue that ��qNp�Nn�Nm � � and hence ��qNp�Nn�Nm �
qN�pN�nNm��� We have now checked all possible associativities� Hence htTop� is a cate�
gory�

In passing we may observe that the equalities ������� and ������� verify the assertion ����� of
the introduction�

An alternative approach to the category htTop� would be to permit further morphisms of
type �� In such an approach a morphism of type � from k� to k is de
ned if k� and k are
homotopic maps and then it consists of a diagram of form

V

��
k�

V

��
k

U

k
	

U

� ���
�

where k � fktg is the relative homotopy class of a homotopy kt � k� � k � V � U � The
advantage of considering such morphisms of type � is that they become isomorphisms in the
category� so that homotopic maps are necessarily isomorphic in htTop�� To avoid subsequent
complication we have preferred not to adopt this approach� However� with the present de
ni�
tions� homotopic maps are weakly isomorphic objects of htTop� in the following sense�

Note that the track k de
nes a function k� � hom��k� h�� hom��k
�� h� if we set

k�m �

V

��
k�

V

��
k

���
Z

U

k
	

U

�m

U

OO

h � h�k � m � k� � h � ���
���

Then k� is a bijection since ��k�� is inverse to k�� Moreover one can check� if nNm is de
ned
that

nNk�m � nNm � ���
���
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by considering the pasting

V

��
�

��k�

U

��
�

�� �

��
V ��k

��

� � k

U

��
h

��

� �

�

��
� ��

� �m

Z ��
g

� n

Y

�

By similar arguments the remaining cases can be checked to show that the morphism sets and
the composition operation in htTop� �suitably interpreted� depend only on the homotopy
classes of the object maps�

It is clear that the track group �V �Z� �� acts transitively and e�ectively on the set hom��k� h��
With our choice of orientation� this action is on the right� If we identify hom��k� g� with a subset
of �V �Y � �� via the bijection of Proposition ����ii�� then for � � �V �Z� �� and 	 � �U �Y � ��
we record

n�	Nm�� � �g��� nNm� k�	 � �����

With the notation used in ������ note that

f�� �� �g � f��n�	Nm��� j 	 � �U �Y � ��� � � �V �Z� ��g�

Then the equation ����� corresponds to the classical representation of f�� �� �g as a double
coset�

The reader should be aware that the same track can denote many di�erent morphisms in
htTop�� For example� suppose that k � V � U � 	 � U � U �� h � U � � Z� g � Z � Y are
maps and mt � h	k � �� nt � gh � � are homotopies� If m � fmtg and n � fntg denote the
associated tracks� then we have morphisms

	k
m
�� h

n
�� g� and k

m
�� h	

��n
�� g �

Moreover nNm � �g�m� k�	�n � 	k � g and 	�nNm � �g�m� k�	�n � k � g � Note that
the track parts of the respective N composites are equal�

The point is brought out well in the following Lemma�

���� Lemma� Given maps

W
�
�� V

k
�� U

h
�� Z

g
�� Y

f
�� X

and homotopies mt � hk	 � �� nt � ghk � �� pt � fgh � � then the corresponding composite
morphisms in htTop�

	 ��m
hk ��n g � k	 ��m

h ��p
fg � k ��n

gh ��p
f

satisfy

f�nNm � 	�pNn � pNm �

Proof The track equality can be veri
ed by direct computation but the following diagrams
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o�er an explanation�

U ���

��NN
NN

NN
NN

NN
NN

N X

V

OO

k

��
�

��NN
NN

NN
NN

NN
NN

N

� � n
�p

Y

OO

f

W

OO

�

��
�

� �m
�n

Z

OO
g

�

U ���

��

h

��
��

��
��

��
��

��
��

� X

V

OO

k �p

Y

OO

f

W

OO

�

��
�

� �m

Z

OO
g

Lemma ��� translates into the following �possibly new� Toda bracket formula�

���� Proposition� Given the following sequence of spaces and homotopy classes

W
�
�� V

�
�� U

�
�� Z

�
�� Y

�
�� X

and suppose that ��� � �� ��� � �� ��
 � �� Then

f� � �� �� � � 
g � � � f�� � � �� 
g � f�� � � �� �g ��
 �

Proof Lemma ��� indicates that the two sides have a common element� It only remains to note
that the left hand side has a smaller indeterminacy�

We shall return to the study of the category htTop� in section 
 where the emphasis will be
on properties of the classical triple Toda bracket and on the form they take when expressed
in this category�

�� Properties of ��tracks

In this section we recall some details of the homotopy ��groupoid G�E of a Hausdor� space
E and of the ��groupoid enrichment of the category of pointed topological spaces as given in
�HKK�� For each pair of pointed spaces X and Y we have a ��groupoidG��V�X� whose objects
are pointed maps from V to X � ��morphisms are �equivalence classes of� pointed homotopies
and whose ��morphisms �also called ��tracks� are �equivalence classes of� relative homotopy
classes of ��homotopies from �equivalence classes of� homotopies to homotopies�

If p and q are points of E� a path f in E from p to q is a continuous map f � I � E from the
unit interval I into E such that f��� � p and f��� � q� If g is another path in E from q to r�
we denote their concatenation by g 
 f �

Let f� f � � p � q be paths in E� A relative homotopy fs � f � f � � p � q is a homotopy
such that the initial and 
nal points of f and f � remain 
xed during the homotopy� Let
fs� f

�
s � f � f � � p � q be two relative homotopies� We consider fs and f �s themselves to be

relatively homotopic� if they are homotopic via a homotopy I � I � I �� E which is constant
on the boundary of I � I � The relative homotopy class ffsg of fs is called a 
	track�

Concatenation of the relative homotopies fs and gs �de
ned if f� � g�� induces a vertical
pasting operation on ��tracks� denoted �� yielding a groupoid structure �with identities denoted
� or �f � on the set ��E�p� q� of ��tracks between paths in E from p to q� Similarly if fs � f �
f � � p � q and hs � g � g� � q � r� the horizontal pasting of homotopies

hs 
 fs � g 
 f � g� 
 f � � p � r�

obtained by concatenation of the respective paths at each stage of the homotopy� induces a
corresponding operation on ��tracks�

�ffsg� fhsg� �� fhsg 
 ffsg�
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satisfying the interchange property

�fhsg� fh�sg� 
 �ffsg� ff �sg� � �fhsg 
 ffsg� � �fh�sg 
 ff
�
sg��

A relative homotopy �s � f � f � � p � q is thin if it can be factored

�s � I � I
�s
�� J

p
�� E�

where J is a tree� �s � � � �� is a relative homotopy� � and �� are paths in J which �i� have the
same initial and the same 
nal points� �ii� are 
nitely piecewise linear and �iii� satisfy p� � f �
p�� � f ��

The underlying groupoid GE of G�E is the groupoid of � classes of paths in E� where
f � f � if there exists a thin relative homotopy from f to f � and where the operation 
 is
induced by concatenation of paths� Let NE�p� q� denote the subgroupoid of ��E�p� q� whose
morphisms are the relative homotopy classes of thin relative homotopies� Then NE�p� q� is
a normal subgroupoid of ��E�p� q� and we de
ne G�E�p� q� to be the quotient groupoid
��E�p� q�
NE�p� q�� We use hfi to denote the � class of a path f and �hfi to denote the
identity ��track in G��E� hfi� � G�E�hfi� hfi�� The main result of �HKK� may be stated as
follows�

���� Proposition� The sets NE�p� q��f� f �� are singletons or empty� G�E is a 
	groupoid
with underlying groupoid GE� 
	morphism sets G��p� q��hfi� hf

�i� and horizontal composition

� G�E is functorial in E� For each path f in E� there is a natural isomorphism �of abelian
groups


�hfi � G��E� hfi�
�
�� ���E� f�����

where ���E� f���� refers to the second homotopy group of E based at the point f����

Under a systematic adjunction �applying also to the detail of the construction� the objects of
G�X

V and G��V�X� remain pointed maps from V to X and we have the following table of
correspondences�

G�X
V � G��V�X�

f � I � XV � ft � V � X

hfi � hfti

fs � f � f � � ft�s � ft � f �t

ffsg� fgsg � fft�sg� fgt�sg

ffsg 
 fhsg � fft�sg 
 fht�sg

��X
V � ���V�X�

NXV � N�V�X�

Note that for each ��morphism hfti� with f� homotopic to the constant map� there is an
isomorphism

�hfti � G��V�X��hfti�
�
�� ����V�X��
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The elements ���morphisms� of G��V�X��hfti� hf
�
ti� are generalised cosets of N�V�X� deter�

mined by ��tracks� We shall refer to them also �with some abuse� as ��tracks and denote
them by capital letters� In the following summary of their properties� we make use of the �star
operations	

hfti�H � �hfti 
H and hgti
�
H � H 
 �hgti� �����

where �hfti refers to the identity element in G��V�X��hfti�� In the following list of properties�
ct refers to a constant homotopy�

H � �G� F � � �H �G� � F

H � � � � �H � H

H � ��H� � � � ��H� �H

hhti
�
��H� � �hhti

�
H� hgti���H� � �hgti�H

hhti
�
�H �G� � hhti

�
H � hhti

�
G� hgti��H �G� � hgti�H � hgti�G

�hgti 
 hfti�� � hgti�hfti�� hcti� � identity

�hfti 
 hhti�
� � hhti

�hfti
�� hcti

� � identity� hgti�hhti
� � hhti

�hgti�

G 
H � hfti
�
G� hg�ti�H � hgti�H � hf �ti

�
G� �������

in the situation

�

hfti
��

hf �ti

��
�� ��

�� H �

hgti
��

hg�ti

��
�� ��

�� G � �

Each ��trackH � hfti � hf �ti has an inverse with respect to the horizontal composition denoted
H�� � hf��ti � hf ���ti� Via the equations ����� we obtain

H�� � �hf ���ti
�hf��ti�H � �hf��ti

�hf ���ti�H � �������

These properties are all standard in a ��groupoid� They indicate that G��V�X� has the struc�
ture of a track category in the sense of �Bau��

Moreover�G��V�X� is a bifunctor� covariant in X and contravariant in V � given pointed maps
k� � V � � V and f � � X � X � there are associated �� groupoid morphisms

�k��� � G��V�X�� G��V
�� X� and f �� � G��V�X�� G��V�X

���

We conclude this section with a brief review of interchange ��tracks� These play a signi
cant
role in the remainder of the paper� We begin by recalling that Lemma ��� depends for its valid�
ity on the construction of an interchange homotopy� Speci
cally� suppose that ft � A� C and
gt � C � B are homotopies� Then there is an associated ��track� an interchange� depending
only on ft and gt and inhabiting the diagram

g�f� ��gtf�
g�f� ��g�ft

g�f�

g�f� ��
g�ft

g�f� ��
gtf�

fht�sg 


g�f�

� �����

Various essentially equivalent versions of the interchange can be found in the literature but a
rather convenient construction� via �lens collapse	� has recently been described by M� Grandis
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�G�� an adjoint map to ht�s is suggested by the following sketch�

��� �� �

GG
GG

GG
GG

G ��� ��

�

wwwwwwwww

GG
GG

GG
GG

G �

��� �� �

wwwwwwwww
��� ��

� BA

The outer square is 
rst retracted on to the inner square by collapsing the triangles vertically
on to its edges� The inner square is then mapped to BA by applying the adjoint of the com�
posite ��homotopy gtfs � A � B� We denote the relative homotopy class of ht�s by �gt� ft�� A
proof of the following proposition is given in �HKK��

���� Proposition� The 
	track �gt� ft� � G��A�B��hg�ft 
 gtf�i� hgtf� 
 g�fti� depends only
on the classes hgti and hfti� The following properties hold�

�i
 For a constant homotopy ct� �gt� ct� � � � �ct� ft��

�ii
 �ht 
 gt� ft� � hgtf�i
�
�ht� ft� � hhtf�i��gt� ft��

�iii
 �gt� kt 
 ft� � hg�kti��gt� ft� � hg�fti
�
�gt� kt��

�iv
 �g��t� ft� � �hg��tf�i
�
hg��tf�i��gt� ft��

�v
 �gt� f��t� � �hg�f��ti
�hg�f��ti��gt� ft��

�vi
 Given k � A� � A� ft � A� C� gt � C � B then �gt� ftk� � k��gt� ft��

�vii
 Given ft � A� C� gt � C � B� h � B � B� then �hgt� ft� � h��gt� ft��

�viii
 Given ft � A� B� g � B � C� ht � C � D then �htg� ft� � �ht� gft��

�ix
 �gt� ft�
�� � ��g��t� f��t� �

�x
 If f� � f� � � and g� � g� � � are trivial maps then �gt� ft� � ��

�xi
 Given 
	tracks

� � hfti �	 hf �ti � f � f � � A� B�

� � hgti �	 hg�ti � g � g� � B � C

then

hgtfi
�
�g���� � hg�f �ti��f

��� � �g�t� f
�
t � � �gt� ft� � hgfti

�
�f �

�
�� � hg�tf

�i��g���

in G��A�C��hg�ft 
 gtfi� hg
�
tf
� 
 gf �ti� �

�� A bicategory bTop�

A bicategory is a structure consisting of objects� �	morphisms and 
	morphisms �for details
see �B�e� ������i���vi���� The objects of bTop� are the same as the objects of htTop� namely
the pointed continuous maps� The ��morphisms of bTop�� analogously to htTop� are of
types � through �� They consist of diagrams of similar form to the morphisms of htTop��
the only di�erence being that they are inhabited by semitracks instead of tracks� Thus the
morphism of type �� k � k is a diagram inhabited by the semitrack hki of the constant
homotopy� A morphism of type �� hmti � k � h� is only de
ned if codomain�k� � domain�h�
and mt � hk � �� For maps h � U � Z and f � Y � X morphisms of type � and type
�� hrti � h � f are always de
ned� corresponding to composites of two �respectively three�
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morphisms of type �� however� the analogous composition operator N is not associative� In
contrast to the use of the plus operator for a track obtained by concatenation of homotopies
as in

frtg� fqtg � frt � qtg

we prefer to use the bullet notation for semitracks from section ��

hrt � qti � hqti 
 hrti �

Note that this gives rise to a reversal of order in certain formulae�

���� Lemma�

�i� hntiNhmti � k�hnti 
 g�hmti
��

�hmti � k � h� hnti � h� g of type ��

�ii� hrtiNhmti � k�hrti
��

�hmti � k � h of type �� hrti � h� f of type � or ��

�iii� hptiNhrti � f�hrti �hpti � g � f of type �� hrti � k � g of type � or ��

�iv� hstiNhrti � h �t i �hrti � k � g of type � or �� hsti � g � e is of type � or ��

As in htTop�� the N composition of two morphisms of type � or � is trivial �i�e� is the
semitrack of the constant homotopy of the trivial map�� However� in bTop� the composition
of a morphism of type � with a morphism of type �� yields a morphism of type � which �in
view of the failure of associativity� need not be trivial�

In a bicategory the ��morphisms and their composition endow each ��morphism set with the
structure of a category� In bTop�� for sets of type �� e�g� hom�k� k� the category is the trivial
one with one object �k and an identity ��morphism � � �hki� Suppose that hmti� hm

�
ti � k � g

is a parallel pair of morphisms of �the same� type greater than zero� where k � V � U and
g � Z � Y � Recall that the semitracks hmti and hm�

ti are ��morphisms of the ��groupoid
G��V� Y �� We identify the ��morphism �i�e� ��track� sets

bTop��hmti� hm
�
ti� � G��V� Y ��hmti� hm

�
ti�

and retain the notation � for vertical composition so that bTop��k� g� has the structure of a
groupoid�

As part of the bicategory structure� for each triple �k� h� g� of objects of bTop� we have to
have a composition functor

bTop��k� h�� bTop��h� g�
N

�� bTop��k� g�

denoted �hmti� hnti� �� hntiNhmti� �G�H� �� HNG on ��morphisms respectively ��morphisms�
The de
nition on ��morphisms has already been given� The de
nition on ��morphisms has to
be given casewise� Suppose hmti� hm

�
ti � k � h and hnti� hn

�
ti � h� g are morphisms of type �

and M � hmti � hm�
ti� N � hnti � hn�ti are ��tracks� then we de
ne

NNM � k�N 
 g�M�� �M � N of type �� �������

�compare with ���� note that the type of a ��track is de
ned to be the type of its domain and

codomain�� where M�� � hmti
��

� hm�
ti
��

is the relative homotopy class of the ��homotopy
m��t�s when M � fmt�sg� In this case the functoriality is a consequence of the functoriality
of 
 in the appropriate ��groupoid�

Suppose instead that hmti� hm
�
ti � k � h are of type � and that hqti� hq

�
ti � h� f are of type �

or of type �� with given ��tracks M � hmti � hm�
ti� Q � hqti � hq�ti then we de
ne

QNM � k�Q�� �Q of type � or �� M of type �� �������

�compare with ����� Similarly if huti� hu
�
ti � k � g are of type � or of type � and hpti� hp

�
ti � g � f

are of type �� we de
ne

PNU � f�U �P of type �� U of type � or �� �������
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�compare with �����

We also de
ne QNU � �� �Q� U of type � or �� and HN� � H � �NH � H �� of type ���

The functoriality of N is a consequence of the following interchange law for N which can be
checked by considering cases�

�G�G��N�F � F �� � �GNF � � �G�
NF ���

where G � hgti � hg�ti� G
� � hg�ti � hg��t i� F � hfti � hf �ti� F

� � hf �ti � hf ��t i and hgti� hg
�
ti� hg

��
t i �

h� g� hfti� hf
�
ti� hf

��
t i � k � h�

In a bicategory� for each quadruple of objects �k� h� g� f� there are required to be associativity
isomorphisms� given hmti � k � h� hnti � h � g and hpti � g � f � we need a natural
isomorphism

Ap�n�m � hptiN�hntiNhmti� �	 �hptiNhnti�Nhmti �

Moreover these isomorphisms have to satisfy the following

�AC� Associativity coherence� Given

hmti � k � h� hnti � h� g� hpti � g � f � hqti � f � e

then the following diagram commutes�

hqtiN�hptiN�hntiNhmti�� 		�qNAp�n�m

��
Aq�p�nm

hqtiN��hptiNhnti�Nhmti�

��
Aq�pn�m

�hqtiNhpti�N�hntiNhmti�

�
Aqp�n�m TTT
TTT

TTT
TTT

TTT

TTT
TTT

TTT
TTT

TTT
�hqtiN�hptiNhnti��Nhmti

px Aq�p�nN�mjjj
jjj

jjj
jjj

jjj

jjj
jjj

jjj
jjj

jjj

��hqtiNhpti�Nhnti�Nhmti

It is necessary to consider cases for the de
nition of Ap�n�m�

If hmti � k � h� hnti � h� g� hpti � g � f are morphisms of type �� note that

hptiN�hntiNhmti� � f�k�hnti 
 f�g�hm��ti and �hptiNhnti�Nhmti � k�f�hnti 
 k
�h�hp��ti� so we

may de
ne

Ap�n�m � �hf�k�nti��pt�mt�
�� � G��V�X��f�k

�hnti
f�g�hm��ti� f�k
�hnti
k

�h�hp��ti�� �������

If hmti is of type � or �� with hnti and hpti of type � then hptiN�hntiNhmti� � f�g�hmti and
�hptiNhnti�Nhmti � h �t i � ��hpti� so we may de
ne

Ap�n�m � ��pt�mt� � �������

Similarly if hpti is of type � or � with hnti and hmti of type � then hptiN�hntiNhmti� � h�t i �
��hmti and �hptiNhnti�Nhmti � k�h�hpti and so we may again de
ne Ap�n�m via ������

If hnti is of type � or �� with hmti and hpti of type � then hptiN�hntiNhmti� � �hptiNhnti�Nhmti �
f�k�hn��ti� so that we may de
ne Ap�n�m � ��

If two or more of hmti� hnti and hpti are of types � or three� we de
ne Ap�n�m � ��

Finally� if one �or more� of hmti� hnti and hpti is an identity element we de
ne Ap�n�m � ��

���� Proposition� The associativity coherence �AC
 holds in bTop��

Proof Case �� hmti � k � h� hnti � h� g� hpti � g � f � hqti � f � e of type ��

We have

�qNAp�n�m �Aq�pn�m �Aq�p�nN�m � �e�hf�k�nti��pt�mt�
�� � �� k��he�h�p��ti

��qt� nt��
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and

Aq�p�nm �Aqp�n�m � ��qt� ntk 
 gm��t�� �qtg 
 ep��t� mt�

� �hefgm��ti
�
�qt� ntk�� �qt� gm��t�� �ep��t� mt�� hep��thki

�
�qt� gmt��

Since ��qt� gm��t� � hefgm��ti
�
�qt� gmt� and ��ep��t� mt� � hep��thki

�
�ept� mt�� it follows

that

���qNAp�n�m �Aq�pn�m �Aq�p�nN�m� �Aq�p�nm �Aqp�n�m

is the composite ��track contained in the diagram�

� ��hep��thki
efghk ��hqtghki

�

� ��hefgm��ti


 �ept�mt�
��

efghk ��hefntki


 �qt� ntk�

�

� ��hefgm��ti


 �

efghk ��hqtghki


 ��qt� ntk�

�

� ��hefgm��ti


 �

efghk ��hefgmti


 �qt� gmt�

�

� ��hep��thki


 ��ept�mt�
��

efghk ��hepthki


 ��ept�mt�

�

� ��hep��thki


 �

efghk ��hefgmti


 �ept�mt�

�

� ��hep��thki


 �

efghk ��hqtghki


 ��qt� gmt�

�

� ���
���

Note that the ��tracks in the cells of the fourth row �which cancel by horizontal composition�
have been inserted deliberately to facilitate cancellation of the remaining ��tracks that orig�
inate from the expansion of the expression� In view of the interchange property for ��tracks�
we may add 
rst the ��tracks in the separate columns� However these cancel achieving the
desired result�

Case �� hmti of type �� hqti� hnti� hpti of type ��

In this case we have �qNAp�n�m � ��e�pt�mt�� Aq�p�nm � ��g�qt�mt� but the other three
arrows of the coherence diagram are zero ��tracks� Applying Proposition ��
 �x�� we have
�e�pt 
 g

�q��t�mt� � �� which implies �e�pt�mt� � �g�qt�mt��

Case �� hpti of type �� hqti� hnti� hmti of type ��

Case � is similar to Case ��

Case 
� hnti of type �� hpti� hqti� hmti of type ��

In this case the arrows �qNAp�n�m� Aq�pn�m and Aqp�n�m reduce to identity ��tracks� but
Aq�p�nN�m and Aq�p�nm are both equal to �k��qt� n��t��

Case �� hpti of type �� hqti� hnti� hmti of type ��

Case � is similar to Case 
�

Case �� At least two semitracks are of types � or ��

Suppose that hnti and hmti are of type at least �� Then� by the de
nition of Ap�n�m� �qNAp�n�m�
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Aq�pn�m and Aqp�n�mN are zero ��tracks� Since hntiNhmti is trivial� Aq�p�nm � ��qt� �t� � � and
Aq�p�nN�m � �� by the de
nition of N� The remaining cases �including those that arise when
one or more of the ��morphisms are identities� may now be checked via similar arguments�
completing the proof of Proposition ��
�

There is one further requirement in a bicategory that needs to be mentioned� For each pair of
objects of bTop�� k and g we need two natural isomorphisms

	 � �kNhmti �	 hmti� � � hmtiN�g �	 hmti�

where hmti � k � g is a ��morphism� We may choose 	 and � to be identity ��tracks� It is then
clear that these satisfy the following

�IC� Identity coherence� Let hmti � k � g and hpti � g � q be ��morphisms of bTop�� Then
the following diagram commutes�

hptiN��gNhmti� 		Ap���m


��pN� PPP
PPP

PPP
PP

PPP
PPP

PPP
PP

�hptiN�g�Nhmti

rz 	N�mnnn
nnn

nnn
nn

nnn
nnn

nnn
nn

hptiNhmti

We may now de
ne the homotopy relation in bTop�� Let hmti� hm
�
ti � k � g be ��morphisms

of the same type� Then hmti and hm
�
ti are homotopic� denoted

hmti � hm�
ti � k � g

if and only if there exists a ��morphism from hmti to hm
�
ti� We have the following�

��	� Theorem� bTop� is a bicategory� � is a natural equivalence relation in bTop� with
quotient category htTop��

Proof We have already veri
ed the 
rst assertion�

If hmti � hm�
ti and hqti � hq�ti and if codomain�hmti� � domain�hqti� then we have to

show that hqtiNhmti � hq�tiNhm
�
ti� regardless of the types of hmti and hqti� Suppose that

hmti� hm
�
ti � k � h and hqti� hq

�
ti � h� g are morphisms� and let G � bTop��hmti� hm

�
ti�� H �

bTop��hqti� hq
�
ti� be ��tracks�We need merely note thatHNG � bTop��hqtiNhmti� hq

�
tiNhm

�
ti��

In view of the existence of the ��tracks Ap�n�m� the composition N in the underlying weak
category of bTop� is associative up to homotopy� It follows that the homotopy category ob�
tained by factoring out by the homotopy relation is isomorphic with htTop�� giving rise to a
quotient functor

p � bTop� � htTop��

�� Suspension and Hopf invariant

We show that the �reduced� suspension endofunctor � of Top� gives rise to an endofunctor
of htTop�� If m � k � h is a morphism of type � and m � fmtg� then �mt � �h�k � � is a
nullhomotopy of ��h���k� and we set �m � f�mtg � �k � �h� If s � k � g is a morphism of
type � or � and s � fstg� where st � � � �� then we set �s � f�stg to be the corresponding
morphism of type � or � from �k to �g�

���� Proposition� As de�ned� � is an endofunctor of htTop��

Proof Suppose that m � k � h and n � h� g are morphisms of type �� Then

�nN�m � ���g����m� � ��k����n� � ���g�m� � ��k�n� � ��nNm��

The argument in the remaining cases is similar�
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The good behaviour of suspension with respect to N may be contrasted with the following
formula for morphisms of type �

���nN�m� � ����nNm� � �
�����

Here the change of sign arises through an interchange of suspension coordinates giving rise to
the classical �cf� �T� Proposition �����

�Ef�� �� �g � fE��E��E�g �

In similar vein we can recognise the following analog of the formula ����� involving Toda	s
subscript bracket�

��nN�m� � f�������g� �
�����

We now turn to formulae involving the Hopf�James invariant� Recall that the suspension
functor � is left adjoint in Top� to the loop functor � and that for a large class of spaces X
a James space X� and an associated homotopy equivalence can be de
ned �J�

X� � ��X �
���

inducing a canonical isomorphism

�� � ���V��Y �� ��V� Y�� �

The Hopf�James invariant is a homomorphism

H � ���� jX��� � ���V� �X�� ���V� ��X �X��

induced �via the homotopy equivalence �
��� and the ��� adjunction� by a James map

jX � X� � �X �X�� �

Moreover there is an inclusion map iX � X � X� with the property that the composition
jX iX � �� It follows that the constant homotopy of the trivial map de
nes a track HX and a
morphism

HX � iX � jX �
�����

in htTop� which has many useful properties� For example we recall from �H� section �� that
there is a partially exact sequence

� ���Y�X�
�
�� ����Y��X�

H
�� ����Y���X �X��

	�
�� ��Y�X� ��

which can be regarded as a generalised form of the EH� sequence �T�� Here �� is a partial
function �de
ned with a degree of indeterminacy� via a Toda bracket

����� � ����� f�fjXg� fiXg� �g � ����V���X �X�� � �
�����

where the little circle decorating the bracket indicates that only the preferred �trivial� null�
homotopy of jX iX is permitted� thus reducing the indeterminacy� For the cases in which the
� operator is de
ned� �� coincides with ���� Note that in terms of the N composition the
de
nition can be restated

����� � ����� ��HXNq� � �
�����

where q is the track of a nullhomotopy of a representative of iX ���

As an illustrative application we indicate a proof of the following result due to Toda� cf� �T�
Proposition �����

���� Proposition� Suppose that � � ��Y�X�� � � ��Z� Y � and � � ��U�Z� satisfy ������ �
� and � � � � � then

Hf��������g� � ����� � �� ���� �
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Proof Suppose that n � h � g and p � �g � �f be morphisms of htTop�� where h� g and
f are representatives of �� � and � respectively� According to Toda� �T� ��
 and Proposition
�����

Hf��������g� � �H���� fiXf� g� hg � ����� jX �fiXf� g� hg �

Now a typical element of jX �fiXf� g� hg is of the form �jX ���pNn�� where �p � g � iXf and
n � h� g� but

jX ���pNn� � HXN��pNn� � �HXN�p�Nn � �h��HXN�p�

Hence ����� �jX ���pNn� � ���� �h��HXN�p� � ����� � �� � ���� as required� The proof may
be completed by the observation� as in �H�� that the two sides of the equality have the same
indeterminacy�

Note that the essential mechanism of the proof is the associativity of the N composition�

It is possible to de
ne a dual subscript bracket for which a Hopf invariant formula can be
proved� This formula does not seem to be present in the literature although a hint of its likely
existence can be found in �HK� since it is related to the homotopy pair bracket formula �HK�
Proposition �����i�� and can be obtained from it by appropriate specialisation� The proof given
below in terms of the N composition uses the equality in Lemma ����

Let h � U � Z� g � Z � Y and f � Y � X be representatives of the classes �� � and �
respectively and suppose that they satisfy � � � � � and ��� � �� � �� Then there exist
morphisms in htTop�� n � �h� �g and p � g � f and we de
ne

�f��������g � f���pNn�j n � �h� �g� p � g � fg � �
�
�

������ Proposition� H��f��������g� � ���� � �� ����� � �� �

Proof Consider the sequence of spaces and maps

U ��h
Z ��g

Y ��iY
Y� ��f�

X�
��jX
�X �X��

and note that this sequence satis
es the conditions of Lemma ���� It follows that there exist
morphisms

h ��
n
iY g ��iX �
p

f� gh ��
n
iY ��f �HX

jXf� g ��iX �
p
f�iY ��f �HX

jX �

By Lemma ��� we have

jX��iX ��pN�n� � h��f �HXNiX ��p� � �f �HX�N�n �

Applying ���� � to the terms of the above equality we obtain 
rstly

���� �jX ��iX �pN�n� � �H�f��������g �

Via the commutativity in

Y ��f

��

iY

X ��

��iX

�

��
X�

��
jX

�HX

�X �X��

Y�

��
f� nnnnnnnnn ��
jY

�Y � Y �� ��
�f�f��

�X �X��

we have f �HX � �f � f���HY and hence

���� ��f �HXN�n� � ���� ��f � f���HY N�n � ����� � �� ����� � �� �
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Finally� since iXf � f�iY � the composite morphisms

g ��iX �
p
f�iY ��f �HX

jX and fg ��iX �
p
iX ��HX

jX

contain equal tracks� Hence

���� �h��f �HXNiX ��p� � h��HXNiX ��p� � ���
� �� � �� ���� �

However� since � �� � � this last term belongs to the common indeterminacy of the two sides
of the desired equality� which completes the proof�

We conclude with an example of a bracket whose component classes are elements of homotopy
groups of spheres and which can be shown to be non�trivial via an application of Proposition

�
��� With the notation used in Toda	s book �T�� we may check �Chapter �� that �� � �� � �
and ��
 � �
 � �� Hence the bracket

�f���� ��� ��g � ����S
��

is de
ned� We have

��	� Proposition� ������ ��� � �f���� ��� ��g �� ��

Proof Applying 
�
��� we have H�f���� ��� ��g � �
��� ��
���
 � ��� � ����S

���� Since �� �
�� � � � and � is odd the EH� sequence

� � � � ����S

�

E
�� ����S

��
H
�� ����S

���
	
�� ���S


�� � � �

is exact and �� � ���� Moreover ���� � ��
� �
� � �
 � �� which is of order �� It follows that
�����
 ���� � ���������S

��� and H�f���� ��� ��g � �
���������S
���� Since H ���� ��� � �����

we have H������ ��� � �
���� Since kernel�H� � E�����S

�� � �� �T� Proposition ����� it follows

that ������ ��� � �f���� ��� ��g� Now the indeterminacy of the bracket is the subgroup

E����S

�� � ��� � ����� � ����S

�� � ��� � ����S
���

But H���� � ����S
��� � �
H�����S

��� � �������S
���� �T� p����� Hence �f���� ��� ��g �� ��

completing the proof�
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