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In this paper, we report the computation and tabulation, using
MAGMA, of all congruence subgroups of PSL(2,Z) of genus
less than or equal to 24. We include full tables of the con-
gruence groups of genus 0, 1, 2, and 3 and a summary of the
remaining cases.

1. INTRODUCTION

The group T' = PSL(2,Z) = SL(2,Z)/{£1} acts on the
extended upper half plane H* = HUQU oo by fractional
linear transformations. The genus of a subgroup G of
T is the genus of the corresponding surface H*/G. The

principal congruence subgroup of level N, I'(N), is the
image in PSL(2,Z) of the group

I(N) = {(‘C’ Z) € SL(2,7) ’(‘C’ Z) = (é g) modN}.

A subgroup of T which contains some principal congru-
ence subgroup is called a congruence subgroup. The level
of a congruence subgroup G is the smallest N such that
T(N ) C G. The literature on congruence subgroups is
vast, and the subject remains very active. Rademacher
conjectured that there are only finitely many genus 0
congruence subgroups. This problem was studied by
Knopp and Newman [Knopp and Newman 65], Mc-
Quillen [McQuillan 66a, McQuillan 66b], and Dennin
[Dennin 71, Dennin 72, Dennin 74]. Stronger versions
of the conjecture were proved by Thompson [Thompson
80] and Cox and Parry [Cox and Parry 84a, Cox and
Parry 84b], which show that the number of congruence
subgroups of any genus is finite.

Our aim in this paper is to extend the tabulation
of Cox and Parry, who considered the genus zero
case. This work is motivated by the current interest
in congruence groups. In particular, a complete listing
of all congruence groups of small genus for groups
commensurable with PSL(2,Z) would be very useful for
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the study of the connections of modular functions with
the finite simple groups (known as Moonshine [Conway
and Norton 79, Borcherds 92]). We have computed
a complete list of congruence groups up to genus 24,
however, the results are too long to be contained in
this article. The full tables are available online at
http://www.math.tu-berlin.de/~pauli/congruence or
http://www.mathstat.concordia.ca/faculty /cummins/
congruence together with source code for the computa-
tion. In this paper, we provide tables containing a full
list of the congruence groups up to genus 3 together with
other data. A summary of the other cases is contained
in Theorem 2.8.

2. THE CALCULATIONS

Thompson’s results [Thompson 80] apply to any group
commensurable with T and to any genus, however, they
do not give an explicit bound on the level or index of
the subgroups. The results of Cox and Parry give the
bounds:

Proposition 2.1. (Cox and Parry.) If G is a congruence
subgroup of genus g and level £, then

, - J168 ifg=0
= | 129 + 1(13y/48g + 121) + 145) if g > 1.

Proposition 2.2. (Cox and Parry.) If G is a congruence
subgroup of genus g and level £ and if p is a prime dividing
£, then p < 12¢g + 13.

Using analytic methods derived to study the Selberg
eigenvalue problem, Zograf [Zograf 91] gave a bound on
the index of a congruence group:

Proposition 2.3. (Zograf.) If G is a congruence subgroup
of index m and genus g, then

m < 128(g +1).

Zograf’s bound for the eigenvalue has been improved
by Kim and Sarnak [Kim and Sarnak 02]. Using their
bound, we obtain m < 101(g+1) as a new bound for the
index of congruence subgroups of genus g.

Cox and Parry used Propositions 2.1 and 2.2 as the ba-
sis for a calculation of the genus 0 congruence subgroups.
Proposition 2.3 also, in principle, reduces the problem to
a finite calculation—although a very large one.

We have used these three propositions to calculate
all the congruence subgroups of the modular group of
genus 0 to genus 24 using the computer algebra system
MAGMA [Bosma et al. 97]. In order to find congru-
ence subgroups of a given level ¢, we recursively compute
maximal subgroups in the group I'/T'({) in a convenient
permutation representation. The subgroups of T'/T(¥)
correspond to those subgroups of I'/I'(¢) that contain
—1. The algorithm used for the maximal subgroup com-
putation in MAGMA is described in [Cannon et al. 01].

Let H be a subgroup of I'/T'(¢). Then the correspond-
ing subgroup of I' can be easily computed using the gen-
erators of I'(¢) (see [Coste and Gannon 99| for instance)
and the preimages of the generators of H as words in the

0 1 1 1
S_(—l O) and T—(O 1>

of I'. The level of H is defined to be the level of this
preimage in I'. Thus, it is clear that the level of H is
less than or equal to £. We denote the subgroup of I"
corresponding to H by H.

Propositions 2.1 and 2.2 tell us which levels we have
to consider to find all congruence subgroups of a given

generators

genus. To make the calculation more efficient, we also
use the inequality of Proposition 2.3 and the fact that
subgroups of genus g can only have subgroups of genus
greater than or equal to ¢g as additional criteria for ter-
minating the search under a subgroup.

When the level is a power of a prime p, we can apply
the following lemma:

Lemma 2.4. (Cox and Parry.) For two positive integers
£ and ¢ with £ | £, let 7o denote the natural map

7o : T/T(€) — T/T(¢).
Let H be a subgroup of T'/T'({).

(i) Suppose that H has level £ and p is a prime withp | £
such that 7,H =T'/T'(p). Then p < 5.

(ii) Suppose that £ = p™ and let 2 < k < m. If 7,.(H)

has level less than p*, then the level of H is less than

P

We can obtain all congruence subgroups of level p*
with k& > 3 by first computing all congruence subgroups
of level p*~1, which is done in I'/T'(p*~1), and then com-
puting the subgroups of level p* under those. In other
words, except for a possible gap at level p, congruence
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subgroups of prime power level only occur in chains with
levels 1,p,p%, p2,...,p™.

Algorithm 2.5.

Input: A genus g, a prime number p, an integer k, and a
congruence subgroup G of level p™ of I', n < k.
Output: A list L of all subgroups of G of genus up to g con-
taining T'(p")
L+{}
If n=0and p <5 then [Lemma 2.4 (i)]
Compute the set S of all maximal subgroups of
I/T(p?).
Else if n =0 and p > 5 then
Compute the set S of all maximal subgroups of
I'/T(p).
Else
Compute the set S of all maximal subgroups of the

group generated by the generators of G and I'(p™)
in T/T'(p"*).

For all groups H € S do

If genus H is less than or equal to g then

L+ LU{H}

Let p™ be the level of .

If m < kand [[': H < 64(g + 1)

then [Proposition 2.3]
Compute the set N of all subgroups of H
genus g containing I'(p™*!) using Algo-
rithm 2.5.
L+~ LUN

Return L.

In the general case, Lemma 2.4 (i) only allows us to do
the first subgroup computation in I'/T'(p) for some p > 7
dividing the level . All other computations have to take
place in T'/T'(¢)

Algorithm 2.6.

Input: A genus g, a level £, and a congruence subgroup G of T’
Output: If 2, 3, or 5 divide ¢, then all subgroups of G of genus
up to g containing I'(¢) are returned. Otherwise, let ¢ be the
largest prime divisor of £, then all subgroups of G of genus up
to g, which contain I'(¢) and which have level divisible by g,
are returned.

L+ {}

If G =T and all primes dividing ¢ are greater than 5,
then

Let ¢ the largest prime dividing 4.

Compute the set S of all proper maximal subgroups
of T'/T'(q).

Else

Compute the set S of all maximal subgroups of the
group generated by the generators of G and I'(m)
in I'/T'(£), where m is the level of G.

For all groups H € S:

If genus H is less than or equal to g, then

L+ LU{H}

If [[': H] < 64(g+ 1), then [Proposition 2.3]
Compute the set N of all subgroups of H
of genus up to g containing I'(¢) using Al-
gorithm 2.6.

L+~ LUN

Return L.

We should comment on the rather convoluted condi-
tion on the output of Algorithm 2.6. If the smallest prime
factor of £ is at least 7, then only groups with level divis-
ible by the largest prime factor of £ are returned. So, for
example, if G =T and ¢ =7 x 11, then only groups with
levels divisible by 11 are returned. Thus, groups of level
7 would not be computed. The crucial point is that we
wish to compute the full list of congruence subgroups of
given genus and to do so we apply Algorithm 2.6 for all
maximal levels (as computed by Algorithm 2.7). There
will be a maximal level whose largest prime divisor is 7
and the groups of level 7 will be obtained in this part of
the calculation.

To be more precise, given a positive integer B, and
a set of primes P = {p1,p2,...,px} which satisfy p; <
p2 < -+ < pp < B, we define M (B, P) to be the set of
positive integers = such that:

(i) =z < B,
(i) the prime divisors of z are in P, and
(iii) the only positive multiple of z bounded by B is z.

In other words, M(B,P) is the set of positive in-
tegers which are maximal with respect to the proper-
ties of being bounded by B and having prime divisors
in P. Then M(B,{p1,...,px—1}) C M(B,P), since if
x € M(B,{p1,-..,pr—1}) and z is not in M (B, P), then
there must be some y > 1 such that yz € M (B, P). But
y cannot be divisible by any of the primes pi,...,pr—1
since this would yield an integer larger than x, but still
bounded by B. So y must be a power of py. But this gives
a contradiction since it would imply = < p1z < yz < b.
Thus, there is an element of M (B, P) whose largest prime
divisor is pr—1 and, iterating this construction, we have
that for any p € P, there is an element of M (B, P) whose
largest prime divisor is p.
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All Subgroups Torsion-Free Subgroups
g PSL PGL ¢ I PSL PGL ¢ I
0 1116 132 121 48 T2 254 33 33 32 60
1 2801 187 163 52 108 459 48 48 36 108
2 4107 177 145 78 108 672 49 49 64 108
3 6513 284 241 96 168 1809 108 105 72 168
4 7257 261 215 108 180 1665 87 86 81 180
5 9386 303 256 126 192 3028 133 125 75 192
6 10416 230 175 126 192 1780 55 45 121 180
7 18191 480 388 156 216 6216 213 191 128 216
8 13726 277 212 169 220 2671 83 76 96 156
9 21014 469 403 154 288 6711 208 203 128 288
10 15622 304 235 168 324 4483 133 120 118 324
11 27466 489 381 198 288 8450 195 179 147 240
12 18095 269 198 210 330 4978 93 70 142 300
13 33241 664 549 231 384 12447 343 303 162 384
14 22871 268 178 252 300 4581 72 53 167 192
15 40880 596 485 240 384 16743 289 263 179 288
16 30809 410 294 243 364 8607 143 123 243 360
17 54794 819 667 289 480 17453 351 317 242 480
18 24935 273 191 264 384 4819 71 60 214 288
19 60648 812 647 273 504 24287 411 375 256 504
20 31137 308 203 286 408 9396 122 85 239 300
21 66841 888 729 308 480 27542 504 450 256 480
22 36135 365 284 361 486 11206 152 132 263 432
23 59450 686 537 338 504 22798 312 271 274 384
24 42289 336 212 336 546 6903 78 51 284 336
TABLE 1.

Thus, in order to determine all congruence subgroups
up to a given genus, we compute a list of all possible
maximal levels before calling Algorithms 2.5 and 2.6.
Both Algorithms 2.5 and 2.6 can be sped up by check-
ing whether a group (or one of its conjugates) is known
already before computing its subgroups. We can also
discard any subgroups not containing —1 since G and
< —1,G > have the same image in T.

Algorithm 2.7.

Input: A genus g
Output: A list L of all congruence subgroups of I' of genus up
tog

Let M be the set of integers with

£ € M then
168 if g=0
£= (129 + 1(13\/2Bg + 120) + 145)
if g>1,

[Proposition 2.1]

l e M, p prime with p | 1
then p < 12¢g + 13, and
1 € M and ¢2 € M then ¢1 [lz and {2 1.

[Proposition 2.2]

For all levels £ € M with £ = p”* for some prime number
p and some integer k:

Compute the set L of all congruence subgroups of I'
of genus up to g containing I'(p"*) using Algorithm
2.5.
For the remaining levels ¢ € M:

Add to L all congruence subgroups of I' of genus g
containing I'(¢) as returned by Algorithm 2.6 (see
the comment above concerning the output of Algo-
rithm 2.6).

Return L

The results of the calculations for genus up to 3 are
contained in Tables 2, 3 and 4, which are described in
more detail below. A summary of the full results is as
follows:

Theorem 2.8. For genus up to 24, Table 1 contains:
the total number of congruence subgroups of PSL(2,7Z),
the number of congruence subgroups up to conjugacy in
PSL(2,Z), the number of congruence subgroups up to
conjugacy in PGL(2,Z), the mazimum level £ and the
maximum index I. The same information for torsion-
free congruence subgroups is also given.
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3. THE TABLES
3.1 Table 2

Table 2 uses the notation (level)(label)(genus) to name
the subgroups. So, for example, 14° is the name of
PSL(2,Z). The additional data are I the index, Z the
number of conjugates under outer automorphisms, L the
number of PSL(2,7Z) conjugates, co the number of classes
of elements of order 2, and c3 the number of classes of ele-
ments of order 3 and the cusp widths written in partition
notation.

The column labeled Gal gives the lengths of orbits
under conjugation by the group

P )

acting on the conjugates of the image of G in
PGL(2,Z/mZ). This is also written in partition nota-
tion. So, for example, for 3CY, the partition 1'2! means
one of the conjugates is fixed and the other two form an
orbit of length 2. This data gives information on the de-
gree of the field generated by the g-coeflicients of a “min-
imal” field of automorphic functions of G (see [Shimura
71, Section 6, page 154]).

The final column of Table 2 gives a list of the minimal
supergroups G of the group H. That is, all subgroups G
of PSL(2,7Z) such that H is a maximal proper subgroup
of G (up to PGL(2,Z) conjugacy).

ze (Z/mZ)*}

3.2 Table 3

In most cases, the classes of groups in Table 2 are
uniquely determined by the data we give. The exceptions
are listed in Table 3 together with explicit generators in
PSL(2,Z/mZ) of the image of a conjugate of G. The
more extensive online tables include subgroups of genus
up to 24 and this extra information does differentiate
these groups.

We note that a MAGMA computation shows that
the seven pairs of groups 16K, L', 32C, D', 24G, H?,
25A, B2, 25C, D?, 56A, B3, 56C, D are precisely those
groups from Table 2 which are not PGL(2,Z) conjugates,
but whose images in PGL(2,Z/mZ) are conjugate. They
are also precisely the groups for which the partition of
the Gal column in Table 2 is not a partition of ZL. In
each case, it is a partition of 2ZL.

It is perhaps worth noting that the other groups in
Table 3 also appear to be paired, which suggests the ex-
istence of an additional symmetry of order 2.

3.3 Table 4

In Table 4, we list, for convenience, standard names of
some of the groups in Table 2.

4. COMMENTS

The number of conjugacy classes of genus zero subgroups
for each level were given in [Cox and Parry 84a] and more
details of this extensive hand calculation are in [Cox and
Parry 84b]. We note that our totals differ at levels 7, 10,
and 24.

We also mention agreement between our tables and
the results of: Newman [Newman 64, Newman 65|, who
classified the normal congruence subgroups of genus 1
(which are 6A', 6C', 6D, and 6F! in our notation);
Sebbar [Sebbar 01], who classified the torsion-free genus
zero congruence groups (which are the groups with genus
zero and ¢z = ¢35 = 0), and also Petersson [Petersson 71],
who classified all cycloidal congruence subgroups, which
are the groups for which the cusp partition has only one
part—some groups in his classification have genus greater
than 3 and so are not contained in these tables.
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I Z L ¢2 c3 Cusps Gal Super I Z L c2 c3 Cusps Gal Super
149 11 1 1 1 1t 1! 9c® 12 1 4 0 3 3lgl 1221 380
9p% 18 1 3 6 0 92 1121 3C0%940
240 2 1 1 0 2 2! 1! 1A% 9% 18 118 2 o 3391 11213162 3¢
2B® 3 1 3 0 1tg! 13 1A% | 9F® 27 127 3 3 93 3le* 1A°
2¢® 6 1 1 0 0 28 1! 24%28° | 9G% 27 127 7 o 93 3le* 94°
9H? 36 1 6 0 0 3692 1222 3p%E°
34 3 1 1 3 o0 3! 1! 1A0 919 36 112 0 0© 133293 122261 9B?
3B 4 1 4 0 1 1131 1291 14° 979 36 1 12 0 3 3393 123261 9c0
3¢ 6 1 3 2 0 32 1lal 340
3p® 12 1 1 0 0 3¢ 1t 3B%3Cc% | 104° 10 1 5 0 4 10t 114! 249540
10B° 12 1 6 4 0 2110t 1241 580
4A° 41 4 2 1 41 22 1A% | 10c® 18 118 2 0O 11215110t 1643 28050
4B 6 1 3 0 0 1241 13 2B% | 10D% 20 1 10 4 2 102 2142 5C°
4c® 61 3 2 0 2141 13 2B% [ 10E®° 30 1 10 0 6 103 2142 1040
4D° 8 1 4 0 2 42 22 24944% | 10F% 36 1 18 0 0 122252102 1643 5D%10C°
4% 12 1 3 0 0 2242 13 2¢%4B%c® | 106° 36 1 18 4 © 23108 1643 10B%10C°
4F% 12 1 6 2 0 43 1222 44940
4G% 24 1 1 0 0 48 1! 4D%E%FO | 114° 11 2 11 3 2 11t 21102 1A0
54° 5 1 5 1 2 51 114l 1A | 1249 12 1 4 6 © 121 22 340440
5B 6 1 6 2 0 1t 12472 1A° | 12B% 16 1 4 0 4 41121 1221 6CO°
5c® 10 1 10 2 1 52 2142 14° [ 12¢% 18 1 3 6 O 6l12! 18 4c% DO
5p% 12 1 6 0 0O 1252 1241 589 | 12D% 18 1 9 4 0 32121 1323 6D°
589 15 1 5 3 0 53 114! 540 | 1280 24 112 0 0O 123241121 1623 4BO%F?
5F% 20 110 0 2 54 2142 5495¢0 | 12F% 24 1 12 8 o0 122 2242 6891240
5G° 30 115 2 0 56 112143 5BO5CcO5EC | 12602 36 1 9 4 o0 34122 1323 6G°12D°
5H 60 1 1 0 0 512 1! 5D%5F%G% | 12H? 36 1 9 8 0O 62122 1328 6m%120%12D°
1279 48 112 0 0O 244164121 1623 610
64° 6 1 2 0 3 6! 2! 240 | 1209 48 1 24 0 o0 1221324261122 182641 12E°
6B 6 1 3 4 0 6l 1121 340
6c® 8 1 4 0 2 21l 1221 2A%3B0 | 1340 14 1 14 2 2 1113t 12120 1A°
6D° 9 1 3 3 0 3lel 13 2B%34° | 13B% 28 1 14 0 4 12132 12121 134°
6 12 1 3 4 © 62 112! 3c%BC | 13¢° 42 1 14 6 0 13138 12121 134°
6F° 12 1 12 0 o0 1l2'3lel 1823 289380
6G° 18 1 9 2 © 3262 1823 3c%D% | 144° 14 2 7 4 2 141 2162 7A0
6H® 18 1 9 4 0 63 1828 6B%D% | 14B° 16 1 8 0 4 2114t 126! 249780
619 24 1 4 0 0© 2363 1221 2¢%cPF° | 14c® 48 1 16 0 6 23143 1462 14B°
6J° 24 1 8 0 3 64 24 64%c?
6k 36 1 3 0 0O 364 13 3D%F%G? | 154° 15 2 5 3 3 151 218t 540
6L° 36 1 9 4 0O 6% 1323 6E%GOH? | 15B° 18 1 6 6 0O 31151 1241 349580
15¢% 36 118 8 0 32152 122241g! 1580
74% 7 2 7 3 1 71 2lg? 1A°
7B 8 1 8 0 2 1171 1261 149 | 164% 16 2 8 2 4 16! 82 8A°
7c® 14 2 7 2 2 72 2le? 749 | 16B% 24 1 3 8 o 8liel 13 8Bo
7D% 21 121 5 0 73 3168 749 1 16c° 24 1 6 0 0O 1441161 1421 8c?
7E® 24 1 8 0 0 1373 1% 7B° [ 16D% 24 1 12 0 O 1223161 142241 8c?
7F0 28 128 4 1 7% 1131t 7A% § 16E9 24 112 2 0© 24161 122142 8D°
7G% 42 2 7 6 © 76 2lg? 7c%7D0% [ 16F° 32 1 4 0 8 162 22 8E%16A°
16G° 48 1 3 0 0O 28162 13 8G%16D%16E°
84° 8 2 4 2 2 8l 42 44% [ 16HY 48 112 0 o0 142242162 142241 31%160%16D0
8B® 12 1 3 4 0 algl 13 4c0
8c® 12 1 6 0 o0 1221gl 142! 4B% | 184% 18 2 9 8 o 181 2362 682940
8D% 12 1 6 2 0 2281 3222 4c% | 18B% 24 1 4 0 6 61181 1221 6CcCoc?
8% 16 1 4 0 4 82 22 4D%A% [ 18c% 24 1 8 0 3 23181 24 6C?
8F% 16 1 16 4 1 82 44 44% | 18D% 36 1 3 12 0 182 1121 6E%9D%1840
8G% 24 1 3 0 0 2182 13 4E%8c%Dp% ) 18E° 36 112 0 0O 132391181 1623 6F09B0
8H® 24 1 6 4 o0 4282 1222 4F%BOspO
810 24 1 12 0 0 12214182 142241 8CY9 | 2040 36 118 4 o 124152201 1643 10¢®
8J° 24 1 12 0 0 224381 1822 4E°
8k©% 24 112 2 0 448l 2242 4r® [ 2149 21 2 7 9 o 211 2162 340740
8L% 24 112 4 © 4282 142241 8B®
sM® 32 2 16 4 2 84 48 8A%8F0 | 244° 36 1 3 12 © 121241 13 8BO%12¢°
8N% 48 1 3 0 o0 4882 1% 4G%8J98K9 | 24B% 48 1 12 0 © 143481241 1823 12E°
80% 48 1 6 0 o0 2%42g* 1421 gGYgr0840
8P% 48 1 12 4 o0 41g4 26 8HY8LO | 254% 30 130 2 o 18251 1242201 580
25B° 60 1 6 0 O 110252 1241 5D02549
94% 9 1 0 9! 1l2le!? 3A0
9B% 12 1 4 0 o 1391 1291 3B0 | 264% 28 1 14 4 4 21261 1212t 134°

TABLE 2. Congruence subgroups of genus 0, 1, 2, and 3. The notation is explained in the text.
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I'Z L c2 3 Cusps Gal Super I Z L ¢2 c3 Cusps Gal Super
1261 24 112 4 0 122 2242 3001240
274% 36 112 0o o 163t27l 12226l 9BO | 12H! 24 1 24 0 3 122 48 6A°
127 32 116 0 2 42122 2442 4D%C0%124%
284% 32 1 8 0 8 4logl 126t 14B% | 120 36 1 6 6 O 128 1222 4F%124%12¢°
12K 36 1 9 0 0 34122 1323 6G%12Dp%12B1
304% 36 1 6 12 0© 6130* 1241 108%15B% | 12L' 36 1 9 4 0 62122 1328 6G%12¢%12¢?
12M! 36 118 6 0 128 122442 12¢°
3249 48 1 6 0 o 188's2?! 1421 16¢% | 12N' 36 2 9 4 O 62122 29 6H%12D%12C?
1201 48 1 8 0 6 124 24 6J°12B9
3640 48 1 4 0 12 121361 1221 12891880 | 12P! 48 1 12 0 0 224262122 1623 4E%1012E012F!
12Q1 48 112 8 0 124 2242 6E012F%12¢G1
484° 72 1 3 24 0 24 481 13 16B°244° | 12R! 64 1 16 0 4 4124 2442 12801211
128 72 1 3 0 0 38124 13 6K°12E%12G%12K?
64 6 1 1 0 0 6! 1t 249340 | 1271 72 1 9 8 o 64124 1328 61012G6%12H%12L  12N?
6B 12 1 3 0 0 62 112! 3c%BY%A! | 12U 72 118 4 o 68122 2343 6L°
6Cc* 181 1 0 0O 63 1! 20%4% D% A4l | 12v1 96 1 12 0 0 2%4%6t124 1623 121°127%12pP1
6D 24 1 1 0 0 64 1t 3D%Cl6E% B!
6E' 36 1 3 0 0 68 112t 6GP6H%6B6C! | 144! 14 2 7 0 2 141 2162 240740
6F 72 1 1 0 o0 612 1! 61979 K% L%D'6E' | 14B' 21 2 21 3 0 7l141 2366 289740
14C 24 1 24 0 o 1l2l7t14? 1663 2B%78°
7A' 42 121 2 0O 76 3163 7D% | 14D 28 2 7 0 4 142 2162 7C%144%1441
7Bl 56 128 0 2 78 1136 7B%7CcO7FC | 14E' 42 1 21 8 o 143 3163 7D0
7C! 84 121 4 0 712 3lg3 7F07GO7A | 14F! 42 2 42 4 3 143 614 14A°
14G! 56 1 28 8 2 14%  1'3let 7F%144°
8Al 12 1 3 0 o 4lg? 13 4c® | 14HY 72 1 24 0 o0 132373143 1668 7E%14C1
8Bl 24 1 3 0 0 4282 13 4E%8BY8A%
8c! 241 6 0 0 428? 1222 4F%8p0%8A | 1541 15 1 5 3 o0 15t 1141 349540
8D 24 112 2 o0 83 2242 4F%84° | 15B' 20 1 20 0 2 51151 12214281 3B%54°
8E' 32 116 0 2 84 4% 4D%F° | 15C 24 1 24 0 o0 1'3l5l151 1422428! 38%58°
8F1 48 1 3 0 o0 44g4 18 4G%8G%8H%B18Cc! | 15D 30 1 10 6 © 152 2142 3A4%5¢0
8G! 48 1 6 0 0 4484 1421 87981081 | 1581 36 1 18 4 0© 32152 1222418t 3¢°1580
8H! 48 112 4 0 86 2242 8HO8KO8D! | 15F' 45 1 5 9 0 153 1141 56015401541
8r' 48 112 4 0 88 122142 8FO8HO | 15G' 48 1 24 0 0 123252152 14224281 50015¢C1
8J1 64 116 0 4 88 44 8E%MO8EY | 15HY 72 118 8 0 31154 12224157 15C0 15T
8K! 96 1 3 0 0 4888 13 8N080%8PO8F18Gt | 151! 96 1 24 0 o0 143%5%15% 1422428l 15G1
94! 12 1 4 0 o0 3lgl 1221 3B° | 164 24 1 6 0 0o 224116 1421 8c?
9Bl 18 2 9 2 o 92 2362 30%4° [ 16B* 24 1 6 4 o0 8lie! 1222 8B°
9Cc* 36 1 4 0 O 3393 1221 3D%9B% %Al | 16C' 24 112 2 0 42161 122142 8D°
9D 36 112 0 O 3393 122261 94! | 16D 24 112 4 0 8liel 142241 8B0
9E' 54 118 6 0 96 11213162 9D%EC | 16E* 48 1 6 0 0 2%42162 1421 8G%16C%16A1
9F! 54 2 9 6 0 9¢ 2362 9p%G%B' | 16F! 48 1 6 8 0 82162 1222 8H%16B%16B1
9G' 81 127 9 0 99 3le4 9F%G0 | 16G* 48 1 12 0 0 2%42162 14224l 81%16D%1641
9H! 108 1 4 0 0 3999 122t 9H%91%%cCl9D? | 16H! 48 112 4 0 4*162 2242 8H®
161 48 112 4 © 41162 122142 8H%16E%16C!
104 12 1 6 0 O 2110t 1241 24%B0 | 167! 48 112 8 0 82162 142241 8L°168%16D!
0B 15 115 1 0 5110t 1343 2B%54° | 16K! 48 1 24 2 0 4%s216! 44g4 8K©
¢! 20 110 0 2 102 2142 24%cC0 | 16L' 48 1 24 2 0 4%s216! 48t 8K ©
10D 24 1 6 0 O 22102 1241 5D%10B%10A4Y | 16M! 96 1 6 0 o 284%16 142! 80%16G°16H%16E 16G
10E' 30 115 4 0 108 112148 5E°
10F! 30 130 2 0 52102 2348 2B%cC® | 174! 18 118 2 0 117t 1216! 1A4°
100G 3 1 6 0 0 23108 1241 20°10¢°104 | 17B* 36 1 18 4 O 12172 12161 17AY
10H' 40 110 0 4 104 2142 5F%104%10D%10C? | 17¢t 72 1 18 8 0 14174 12161 178!
101 45 115 3 0 53103 1343 5E%1081
1001 60 160 4 3 108 418 10D% | 184 18 1 9 4 o 181 1l2lg? 6B%94°
1K' 72 1 6 0 0 26106 1241 10F°10G%10D%10G* | 18B! 18 1 18 4 0© 181 2362 689
18C* 24 1 4 0 0 23181 1222 6Cc%9B°
114 12 112 0 o 1111 1210t 149 | 18Dp1 24 1 8 0 3 6l1s! 24 6C0
11B' 55 155 3 4 115 51105 1140 | 18EY 27 127 5 o 9l1g! 132363 609940
11c! 55 155 7 1 115 5110° 14° | 18F' 36 118 4 0© 63181 11213162 6E%9E°
11D 60 112 0 O 1511% 1210! 114 [ 18G* 36 136 4 o0 63181 233264 650
18H 54 1 27 12 0© 188 3let 9691849
124 16 116 0 1 412! 2442 3B%44° | 181 54 1 54 2 o0 336391181 13233366 6GC9E°
12B! 181 3 0 O 32121 13 4B%DO | 1871 72 1 4 0 o 29188 1221 61°18C°18E%18C!
12¢! 181 9 2 0 6l12? 1328 6D% | 18k1 72 1 8 0 9 63183 24 6J°18B%18Cc%18D1
12D' 24 1 6 4 0 122 214! 6E°
12E' 24 1 8 0 3 122 42 4D%A% [ 194 20 1 20 0 2 11191 1218! 1A°
12F' 24 112 0 o0 2'4el12! 1823 4c%FC% | 19B! 60 1 20 0 6 13198 12181 1941

TABLE 2 (continued).
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I Z L ¢2 e3 Cusps Gal Super I Z L c2 c3 Cusps Gal Super
2041 20 120 2 2 20t 2282 4A%54° 84%2 48 1 1 0 0 86 1! 4G98E%8 D!
208 24 124 4 0 4120t 2482 4A%5B% | 8B2? 48 112 0 o0 86 2242 8K %sclspl
20! 24 2 6 4 0 4120? 228! 10B° | 8C2% 96 124 4 0 812 2245 sMO8pPOsH18r!
20D' 36 118 0 0 124152201 1643 4B%10C°
20E! 36 118 4 0 214110t 20t 1643 4c%10c° 942 36 1 3 0 94 1121 3D%pQB1
20F! 40 2 10 4 4 202 4182 10D° 9B? 54 127 2 0 96 3le? 9EC9G% BL
20G' 48 124 8 0 42202 2482 1089208
20H! 72 118 0 0 144254202 1643 10F%204%20D | 1042 30 1 5 0 © 108 114t 5£910A°
20/ 72 118 8 o0 2242102202 1643 10G69204%20E! | 10B2 30 1 5 0 © 103 1141 2¢0%104%10B?
200 72 218 4 0 2%44110%20?! 2683 106G° | 10C%2 60 115 4 0O 108 112143 5G%10B%10D%10E!
10D? 60 130 0 O 54104 2346 5F010B110F?
214 24 2 8 0 3 3l21? 22121 7B% | 10E? 60 130 4 © 108 2346 100°10F?
21B' 32 132 0 2 11371211 142262121 3B°7B° | 10F% 90 1 45 2 0 56106 132349  5G%10¢C10F1101%
21C! 42 214 6 3 212 41122 7c0
21DY 42 2 21 10 0 212 214162122 214°% | 1142 66 166 6 0 116 1151106 1140
21E' 63 1 21 15 0 213 3163 7D%214°
21F 64 132 0 4 123272232 14226212! 21BY | 1242 24 1 4 0 © 122 22 4D%124% 41
12B2 36 1 3 0 0O 62122 13 4EC®12¢%cCti2B?
2241 22 2 11 0 4 221 21102 2491149 | 12¢2 36 1 9 0 © 62122 13283 6G012C?
12D23 1 9 0 0 62122 1328 6H%12BY12C?
24A' 24 2 4 6 0O 241 42 849124% | 12E2 36 1 9 0 0 62122 1328 12D%ct12¢?
24B! 24 212 6 0 241 4282 124% | 12F? 48 1 4 0 0 43123 1222 61°128°
24C' 36 1 6 6 0 62241 1222 8D%12¢% | 12G% 48 124 0 0 43128 142642 4F%124%12F?
24D 36 1 9 8 0O 121241 1328 12¢° | 12H% 72 1 18 8 © 126 2542 12H912Mm1
24E' 36 118 6 0 62241 122442 12¢9 | 12712 72 118 8 0 128 120442 12F012H%12 121
24F1 48 1 16 12 0 242 44 8F0124°
24G1 48 1 24 0 0 1221326lgla4! 182641 8C%12E9 | 1342 84 114 0 © 16136 12121 13B%13¢°
24H' 72 1 9 16 © 122242 1323 12H9244024D1
2411 72 1 18 4 0 38242 2343 12G0 | 1442 42 2 21 2 o0 72142 2368 7¢%14B%
247 96 1 24 0 0 1%22346282242 182641 12924B%24G1 | 14B? 42 2 21 4 0© 143 67 7D%144°
14C% 42 221 4 0 143 2368 14491481
264 28 1 14 0 4 21261 12121 249134% | 14D2% 48 1 8 0 0 23143 1261 7E914B°
26B' 56 114 0 8 22262 1212 13B9264°26A' | 14E2 48 1 8 0 0 23148 126* 2¢%14B%14C?
14F%2 63 163 5 0 73143 3369 7D%14B%
274 36 112 0 0 1332271 122261 9B°
27B! 36 112 0 6 9la7! 122261 9c% | 154%2 30 115 2 0 152 1121418l 3c0154!
27C! 108 112 0 0 1936273 122261 91%274%274' | 15B2 36 1 6 0 0 32152 1241 5001580
15C2 40 1 40 0 1 52152 224582 3B%5¢0
2841 28 228 6 1 28! 42124 4A974° | 15D2 60 1 30 8 © 154 214382 15D
15E% 60 2 60 4 3 154 8ls 1540
304 30 110 0 6 30! 21g? 6A%10A°
30B! 30 2 5 0 6 30! 2lgl 10491540 | 1642 24 1 3 0 0 8lie! 13 3-
30c! 36 118 8 0 61301 12224181 6B°15B° [ 16B2 24 112 0 o0 slie!  14224! 8A!
30D 72 1 18 16 0 62302 12224!8! 15¢%304%30C! | 16C% 48 1 3 0 O 44162 13 8G%16C?
16D2 48 112 0 0 4%16% 122142 16E%8Ct16C?
324! 48 112 0 0O 142281321 142242 16C° | 16E% 48 112 4 0 82162 26 8HC%16D!
32B! 48 112 12 © 161321 28 16B° | 16F2 48 2 12 4 0© 82162 2842 8L%16B'16D?!
32Cc! 48 124 2 0 2442321 2243g4 16E° | 1662 64 164 8 1 16% 88 8Fo
32D 48 124 2 0 2442321 224384 16E° | 16H2 64 2 32 4 4 164 88 8M%16A°
32E' 96 112 0 0 182482322 142241 16H%324%324 | 1612 96 1 12 0 0O 4884162 1424 sNO16K116L1
16J% 96 1 24 0 0 1%22428216% 1422428 16HO
334! 33 211 9 0 331 21102 3401140 | 16K2 96 1 24 0 0 24285162 182442 80%
162 96 1 24 4 0 48164 2245 8PC16H161t
3641 36 1 36 10 0 361 2242122 9A0124°
36B1 48 1 8 0 6 43361 24 12B%8c° | 1842 18 1 9 0 0 181 1lale? 9A%6A1
36C! 72 112 0 0 16439236 1628 12E918E° | 18B%2 24 1 4 0 o0 618! 1221 6Cc%94t
18C% 24 1 8 0 0 6l18! 24 6C?
39A 42 2 14 6 3 3139 22241 134° | 18D% 36 1 12 0 o 3lelolis? 1628 6F%9C?
1862 36 112 0 0 3lelolis! 1628 6F09A4
404 72 218 4 0 145481401 2683 204% | 18F%2 36 118 0 © 63181 11213162 9% B!
18G%2 36 2 9 4 0 182 2362  6E®184%9Bl18Al
424! 42 2 712 0 42! 2162 14A4°214° | 18H? 36 2 18 4 0 182 2664 6E£%18B!
42B! 42 2 21 12 © 421 214162122 6B9214°% | 1812 54 1 9 6 o 92182 1323 6GP9pY18E!
18J2 54 127 0 6 183 3let 2A%F0°
4941 56 156 0 2 17491 1262421 7B% | 18K2 54 2 27 8 o© 183 6° 9G%184%1841
18L2 54 2 27 8 0 183 2966 6H%184%18F1!
524! 56 2 14 4 8 41521 22241 2640 | 18M2 54 2 54 8 © 183 618 18491881
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Cummins and Pauli: Congruence Subgroups of PSL(2,Z) of Genus Less than or Equal to 24 251

I Z L c¢2 c3 Cusps Gal Super I Z L c2 c3 Cusps Gal Super
18N2 72 112 0 6 63183 122261 970188% | 30D% 40 120 0 4 10t30* 12214287 6C%10A4%15B1
1802 72 124 0 6 63188 142462 18B% | 3062 54 118 6 © 3lel15130! 1643 60°%10c°15B°
18P2 108 118 0 0 366692182 1626 6K09H01811 | 30F2 60 1 10 12 © 302 2142 100°15D1
18Q2% 108 1 36 0 o0 1323326293183 162663 9191850

3142 32 132 0 2 11311 1230! 1A°
1942 57 2 57 5 3 198 61186 1A°

3242 48 1 6 0 O 2481321 1421 16C?
2042 30 115 0 0 52201 1343 4B%10B! | 32B2 96 112 0 0 2844322 26 16G%32¢132D1
20B% 30 115 2 0 10t 20! 1348 4c%10B' | 32¢? 96 124 0 0O 142246392 14224281 16HO
20€% 36 118 0 0O 2141101201 1643 10¢0
2002 40 120 0 4 202 22g2 4D%104%204! | 3542 35 2 35 3 2 351 216281242 540740
20E%2 40 1 40 4 1 202 4284 44%c° | 35B2 40 1 40 0 4 51351 124261241 540780
20F%2 60 130 4 0 54202 2846 10F! [ 35C% 42 242 6 0© 71351 226481242 589740
214% 24 1 8 0 0 3lo1! 1261 34978° | 3642 48 1 8 0 6 12136t 24 12B%18p?
21B? 28 228 0 1 7211 224164122 3B974° | 36B% 54 1 27 10 © 181361 132363 12¢%18E!
21C% 42 2 7 6 o 212 2162 7¢%214° | 36C% 54 2 27 8 0O 92361 2966 12D%18E!
21D? 42 221 6 0O 212 2l4l62122 3¢0214° | 36D% 72 2 36 16 0 362 46124 12F%184%36 41
2242 24 112 0 o 21221 1210t 240114 | 3742 38 138 2 2 1t371 12361 14°
22B2 33 233 3 0 11122t 23108 2801140
22€2 36 13 0 0 1121111221 16108 2B%1141 | 3842 40 1 20 0 4 21381 12181 2401941
2342 24 124 0 0 1123t 12221 14° | 39A% 42 114 6 0 31391 1212t 3A40134°
2442 32 216 0 2 8lagl 4482 8A4%1241 | 4042 40 2 20 2 4 40! 42162 84092041
24B%2 36 1 6 0 0 3261241 1421 8c%12B!
24C2 36 1 9 4 0 121241 1323 12¢° | 4242 42 221 8 0 421 214162122 2149
24D% 36 118 0 O 326124} 142541 12BY | 42B? 48 116 0 6 6142t 22321 64°148°
24E? 48 1 8 0 6 242 42 8EC12E! | 422 48 2 8 0 6 6142 22121 14892141
24F% 48 112 0 0 226281241 1623 12E°
24G% 48 112 8 0 242 4282 12F024B' | 4442 44 2 44 6 2 441 4220 4491140
24H? 48 112 8 o 242 4282 12F024B1
2412 48 124 0 0O 226281241 142642 8D%12F | 4542 54 1 54 10 © 9l451 1222416281241 9A%1589
2472 48 124 0 6 242 48 12H?
24K2 48 212 8 0 242 4282 12F924A%24B* | 48A%2 72 1 9 16 © 241481 1328 2440
2412 72 1 612 0 122242 1222 8H®244%127124C1
24M2 72 112 12 0 122242 142241 8L92440 | 5042 60 1 30 4 0 25501 124220% 10B%254°
24N%? 72 118 8 0 64242 2542 12H924E | 50B2 90 1 90 2 0 1525251501 1646203 10C0254°
2402 72 118 8 0© 64242 122442 12H%24C124EY
24P2 72 118 12 0© 122242 122442 244%12M124E | 5442 72 1 12 0 12 181541 12226! 18802781
24Q% 72 136 12 0 122242 14264381 24A% | 54B2 108 1 36 0 o0 1526316171541 162663 18E0274°0
2542 30 130 2 0O sl251 2244202 5B | 6342 63 2 63 15 0 631 214162123362 9402140
25B2 30 130 2 0 slasl 2244202 580
25C% 30 130 2 0O sl251 2244202 5B | 6442 96 124 0 0 182416164} 28g1 3240
25D2 30 130 2 0 sl251 2244202 5B8°
25E2 50 15 2 5 252 2142202 5C° | 7842 84 2 14 12 6 6178t 22241 26403941
25F% 75 175 7 0 55252 214251203 5E°

743 168 1 1 0 0 724 1t 7E%7BY7C!
2642 42 142 2 0 1121131261 16128 2891340
26B2 84 114 12 0 23263 12121 13C9%264° | 84% 96 1 1 0 o0 812 1t 8ElgFlgrt

8B3 96 1 3 0 0 812 13 8NO8FlsH18A%8B2
27A% 36 112 0 33271 122261 9B°
27B2 36 112 0 3 gla7! 122261 9c% | 94% 108 136 0 3 912 3265 9F09 0
2842 32 132 0 2 4128t 24122 4497B% | 1043 60 110 0 O 10% 2142 2¢%10c110F?
28B% 42 221 4 0 72281 2366 14B' | 10B% 60 115 0 O 106 112143 5G%104'10c 1081042
28C2 42 221 6 0 141281 2368 4c®14B' | 10c® 90 145 4 o0 10° 132349 10E' 101t
28D2 48 124 0 O 12417228t 1663 4B%14ct | 10D% 120 1 20 0 6 1012 45 10E°10H 10
2862 56 2 28 8 2 282 42124 14492841
28F2 96 1 16 0 12 48283 1462 14C9284° | 1143 110 2 55 6 2 1110 101t 114%11¢1
204% 30 130 2 0 1129? 12281 1A% { 124% 48 1 1 0 o 124 1t 12B%Dl12D?

12B3 48 1 4 0 © 124 22 3D%124112G1
3042 30 115 4 © 30t 1%2l4lgl 689154 | 12¢% 48 112 0 O 124 2242 12F%Bl12G 1242
3082 30 210 0 3 30! 4182 104°% | 12D% 72 1 3 0 0O 64124 13 6KC12F112L112C2
302 36 118 4 O 61301 1222418! 15B° { 12E3 72 1 9 0 o 6412 1328 sr012K112N112C%12D2

TABLE 2 (continued).
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I Z L c2 c3 Cusps Gal Super I Z L c2 c3 Cusps Gal Super
12F3 72 1 9 0 0 61124 1328 12G%EY12N112¢212E2 | 2003 60 120 6 O 203 2282 5E02041
1263 721 9 0 0 64124 1328 12H%E'12K1120112B%12D%12E2 20E3 60 130 0 0 54202 2348 4BO10F?
1263 72 118 4 0 128 2343 6L%12pD1 20F% 60 130 4 0 102202 2348 4c%10F?
12713 72 118 4 0 126 122442 120112Mm7 2063 72 118 0 0 2242102202 1643 10F%20E120C2
1205 72 118 4 o0 126 122442 12Gt12J 120 12t 20H% 72 118 0 0O 2242102202 1643 10G°20D120C?
12K% 96 1 4 0 0O 46126 1221 4G%121'12P112G2 201 72 118 0 0 2242102202 1643 204%10G120C?
1203 96 112 0 o 467126 1628 121°12P112F? 200 72 118 0 0 2242102202 1843 4E%10G*20D20E1!
12M3 96 124 8 0O 128 45 12D112Q1 203 72 136 4 0 48203 14244282 20E!
12N% 144 1 3 0 0 616124 13 121%F1 1201 20L% 72 13 4 0 48208 14244252 4F020B'20E1
120% 144 1 6 0 0 3864128 1421 12J%1281 | 20M3 72 218 4 0 43208 2633 10G6%20¢1
12P% 144 118 8 0 68128 2741 127! 20N3 80 110 0 8 204 2142 10H120F1
2003 80 140 8 2 204 42g% 10D%20E2
1343 78 178 6 o0 136 61128 140 20P3 90 145 4 0 56203 132349 101!
13B% 91 191 3 4 137 3142127 14° 20Q3 96 224 8 0 44204 28g4 20Ct20G?
13¢® 91 1901 7 1 137 1le127 140 20R% 144 118 0 0O 2842108202 1643 10K 120071
205% 144 13 0 0 1422445410220  182244s! 20H1
144% 42 121 0 o 143 3163 7D%144% 2073 144 136 8 0 244%10%20% 18224481 2011

14B% 42 2 7 0 0 143 2162 2091441148
14c3 56 128 0 2 144 113let 7F%1441 214% 48 124 0 0 32212 122261121 3c02142
14D% 84 184 4 0 74144 1333612 7F014B1 21B® 56 228 0 2 72212 224164122 7¢%2182
14E% 84 214 0 6 148 2264 14D'14F1 21c% 84 128 12 0 214 113164 7F9214°
14F3 84 221 8 0 146 67 7G%14E114B2 2103 96 132 0 O 133373218 142262121 7E%21B!
154% 60 120 0 0 53153 12214281 56%158% 244% 36 1 3 0 0 121241 18 129841
15B3 60 120 0 3 154 4lg? 501540 24B% 48 112 0 0 4lgliolog? 1623 8BY12F1
15¢3 60 130 4 0 154 214382 3c%15D? 24c% 48 112 0 0© 4lgl12l24! 1623 8Al12F1
1503 60 220 0 3 154 224184 15401581 24D% 48 2 12 4 o0 242 4282 12612481
1583 72 1 6 0 0 34154 1241 3D%15Cc15E 24E% 48 212 4 0 242 4282 12G1244124B1
1573 72 118 0 o© 34154 12224181 15C%15E11582 24F3 64 116 0 4 82242 2442 121t
15G% 80 140 0 2 54154 224582 5015811502 24G% 64 116 0 4 82242 2442 85012112442
15H% 90 1 45 10 o© 156 11224483 15F1 24H3 72 1 9 8 0 122242 1328 12Lt24D1
1573 144 1 36 8 0 38158 2633 15H1 241% 72 1 9 8 0 122242 1323 24A4%120124C2
2478 72 112 6 0 124247 2242 8K 01271
1643 48 1 3 0 0 82162 13 8Bli6B! 24K% 72 118 0 0 3462242 142542 12K124D?
16B% 48 1 3 0 0 82162 13 16B%8B116A42 24L% 72 118 0 0© 3462242 142541 12K124B224D?
16C% 48 1 6 0 © 82162 1222 8H%16B164% | 24M3 72 118 4 0 64242 2343 12G°
16D 48 1 6 0 © 82162 1421 8Bl16D116B2 24N3 72 118 4 0 64242 122442 12L124E!
1683 48 112 0 0 82162 26 8clieB? 2403 72 118 4 o0 64242 122442 12L124C124E1
16F3 48 112 0 0 82162 142241 8L%16D 1642 24P3 72 118 8 0 122242 122442 12J124D124E1
16G3 48 224 2 o0 16 86 16A%8D1 24Q3 72 118 8 0 122242 122442 12M124C124p1
16H% 96 1 3 0 0 48164 13 8Fl16E'16 H 24R® 72 136 6 0 124241 224482 1271
161° 96 1 3 0 0 48164 13 16G%8F1161116C2%16 D2 2453 72 2 9 8 0O 122242 29 12692402402
16J% 96 1 6 0 0O 48164 1421 80%16E116C2 2473 72 218 8 0 122242 2648 12M124D'24E"
16K3 96 112 8 0 84164 2242 8H'16F116H?! 24U% 96 112 0 0 246482242 1623 24B%12P124F72
16L3 96 1 12 8 0 8416 122142 8rtierFti6rt 24v3 96 112 0 0 246482242 1523 8G012P'24G12412
16M3 96 1 12 8 0 gt164 26 8PO16F 167116E216F2 | 24W3 96 124 0 0 246482242 182641 12J%24G124F2
16N% 96 1 24 0 0 2%428216% 14224281 16Gt 24X% 96 1 48 0 0 122132416'82121242 18284451 24G1
160% 96 1 24 0 o0 4tgb162 182442 8G! 24Y3 96 1 48 0 0 122'324l6ls2121242 18284%g1 81924G1
16P% 96 124 4 0 88162 4282 8H1! 24Z% 96 148 0 0 2243621123241 11621242 12P
16Q% 96 124 4 o 88162 4282 8H'16K116LY | 2444% 96 1 48 0 0© 22436281123241 11621242 8J%12pP1
16R® 96 124 8 0 8t164 288t 16J% | 244B% 96 1 48 16 0 244 q4g4 12F%24F1
1683 96 124 8 0 8t164 28g1 16J% | 244C% 144 1 3 0 0 31644 13 24B%12812411
184% 36 1 3 0 0 182 1t2t 9D%Bl18411842 264% 84 128 0 6 23263 14122 2641

18B% 36 1 6 0 0 182 238 6B118B
18C% 36 2 9 0 o0 182 2362 184%B'9B11842 274% 36 112 0 0 gla7t 122261 Yol
18D% 54 127 4 o0 183 132363 6H%184118BY18E! 27B% 81 2 81 13 0 273 6918° 9G°
18E% 54 227 2 o0 92182 2968 6G09B118E! 27C% 108 136 0 3 39273 326% 9J°

18F% 72 1 6 0 0 66182 1222 9H%D118F118F2
18G% 72 112 0 0 2362183 12226 97r%18c? 2843 42 221 0 o0 72281 2366 4B014B1
18H® 72 112 0 0 65182 1225 6Dl18G1! 28B% 42 221 2 0 141281 2366 14B?
18713 72 124 0 0 2362183 142462 18C1 28C% 48 124 0 0 214114128t 1663 4c014ct
18J% 81 181 7 0 93183 33612 9GO18E! 28D3 56 2 28 4 2 282 42124 7Cc02841
18K% 108 154 4 0 69183 13233366 6L%18F118G 1811 28E3 64 132 0 4 42282 24122 40014892842
204% 48 1 6 0 0 42202 1241 10D'20C! 304% 30 1 5 0 0 30t 114t 104%A115A1
20B% 48 124 0 0 42202 2482 5D020B1 30B3 36 1 6 0 0 61301 1241 15B% 411041
2008 48 124 0 0 42202 2482 4D%104120B? 30c% 36 112 0 0 61301 228l 6421041
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I Z L c2 ¢c3 Cusps Gal Super I Z L c2 c3 Cusps Gal Super
30D3 45 115 3 o0 151301 1348 6p%10B'154 | 42D% 64 132 0 4 2161141921 142262121 218
30E% 45 215 3 0 151301 2883 154%10B! | 42E° 64 132 0 4 2161141421 142262121 6c%14B%21B1
30F% 48 124 0 0 2161101301 1422428t 10B%15C! | 42F% 84 2 21 16 0 422 214162122 21Dl424%42B%
30G% 48 124 0 0 2tgliol30! 14224281 6cP104l15¢1
30H® 60 130 8 0 302 214382 6B%15D! | 4343 44 1 44 0 2 11431 12421 149
3013 72 118 8 0 62302  1%2%24!81 6E%15E'30C!
3073 72 118 8 o0 62302  12224%8! 304%15E'3002 | 4543 45 145 5 o0 451 1121416182241 94%1541
303 72 1 72 0 o 1l23lsleliolislzol 112264583 6F01000%15C! | 45B2 60 1 20 0 6 151451 12214281 9c®1581
30L% 72 218 8 0 62302 2683 15¢%30c130c2 | 45¢% 60 2 20 0 3 53451 2241g4 15B1
45D3 72 124 0 0O 135391451 142242g1 oBO15¢1
324% 48 1 6 0 0 421321 1421 16A!
3283 48 1 6 0 0 4281321 1421 16A1 | 484% 48 2 8 6 O 48! 82 16492441
32¢% 48 112 0 0O 4281321 142241 16A1 | 48B% 48 224 6 0 481 82162 2441
32D% 48 112 4 0 161327 26 168B° | 48Cc® 72 1 6 12 0© 241481 1222 24A%16B1
32E% 48 124 4 0 161321 28g1 16D | 48D 72 112 6 O 61481 122142 16E%24C1
32F3 48 124 4 o0 161321 28g1 16D | 48E® 72 112 12 0 241481 142241 244%16D1
32G% 48 124 4 0 161328 28g1 16D | 48F% 72 1 18 12 0 241481 122442 2440
32H% 48 124 4 0 16132! 2881 16D | 48G% 72 136 6 0 648! 12234382 24C?
321 48 224 2 0 82321 224384 16Ct | 48H3 72 1 36 12 0 241481 14264381 2440
3278 96 1 6 0 0 2882322 1421 16E1324% | 481% 96 1 24 0 0 1%3%4%12%16148? 182641 24G?
32K3 96 1 6 0 0 2882322 1421 3240%16E1324%2 | 4873 96 1 24 0 o0 1%3%4l12116148! 182642 16Cc%24G1
32L% 96 1 6 16 0 162322 1222 16F'32B! | 48K3 96 1 48 0 0 1223326316148 18284481 24G?
32M3 96 112 0 O 2882322 142241 16H0932A4%32A% | 4813 96 1 48 0 o0 1223326316148! 18284481 16D%24G1
32N% 96 1 12 16 0 162322 142241 16713281 | 48M3 144 1 9 32 0 242482 1323 48A4%24H1'4842
3208 96 124 0 0O 2446322 1422421 1661
32P® 96 124 4 0 48322 12214152 16711 | 4943 168 1 8 0 © 121493 126 7EC49A%
32Q3 96 124 4 o 48322 2482 1671320132D1
504% 60 130 0 0 25501 124220? 254%1041
334% 36 112 0 o 3133t 12101 34%1141
33B3 44 2 44 0 2 111331 224'10%202 3B911A% | 5143 54 118 6 0 3511 12161 34%1741
33c% 48 148 0 o 1131111330 1422102201 3B%1141
524% 56 15 4 2 41521 24242 4491340
344% 36 118 0 0 21342 12161 17AY | 52B% 112 1 14 0 16 42522 12121 26815241
34B® 36 118 0 o0 2134t 12161 2401741
34C® 54 154 2 0O 1121171342 15163 2B%1741 | 544% 72 112 0 o 2661541 122261 27A%18C?
54B% 72 124 0 o0 2661541 2662 18C?
354% 48 148 0 o0 115171350 144262241 5B97B% | 54c® 72 124 0 9 181541 2862 188°
3643 48 1 4 0 o0 43361 1221 12B%18C! | 5543 55 2 55 3 4 551 2181102402 5401140
36B3 48 116 0 0 43361 2442 9801241
36C% 48 116 0 3 12136t 2442 9c%124' | 564% 56 2 28 6 2 561 8224% 284
36D% 54 127 4 o0 92361 132363 12D%18E' | 56B%® 56 2 28 6 2 561 82244 2841
36E% 54 127 6 0O 181361 132363 12c18E | 56C® 56 2 28 6 2 561 82244 8492841
36F3 72 1 6 12 0 362 214 18D%2p' | 56D% 56 2 28 6 2 561 82244 8402841
36G% 72 112 0 0O 2343181361 1623 186°%12F1
36H3 72 1 12 12 0 362 2242 9DC%12G'36A' | 604% 60 220 6 3 60! 42162 15492041
3671% 108 1 54 0 3692123361 13233366 12G%181t | 60B® 72 1 24 12 © 12160 2482 124%15B%20B!
36J% 144 112 0 O 21243184361 1623 12791871 | 60Cc® 72 2 6 12 0 123601 228! 304%20C1
36K3 144 124 0 O 1623459281362 182641 127936ct | 60D3 72 2 18 12 o 12t60!? 224281161 3040
394% 56 156 0 2 1131131391 1422122241 3B9134° | 644% 96 112 0 o 1842161641 142241 324%
64B% 96 112 0 0 1842161641 142241 3241
404% 48 224 4 0 81401 44162 208!
40B% 48 224 4 0© 81l40! 416° 8A%20B! | 664% 66 2 33 12 0 661 2141102202 6893341
40C% 72 118 8 0 481201 40! 1643 20E!
40D% 72 118 8 0 4181201401 1643 8BO20E* | 7243 144 1 12 0 O 112394721 1623 24B%36C!
40E® 72 136 0 o 12215281101401 18224481 20D1
40F% 72 13 0 0 1221528110401 1822448t 8C%20D! | 844% 84 2 28 18 0 841 4212% 124921402841
400G 72 136 4 0 2281102401 14244282 20E*
40H3 72 13 4 0 2281102401 14244282 8D%20E! | 964% 144 1 12 36 o0 481961 26 48493281
401% 72 218 4 o 2281102401 2683 2040
400% 144 118 0 0 185882402 1643 20H140A41
414% 42 142 2 0 11411 12401 140
424% 42 214 0 3 421 41122 6491441
42B3 48 216 0 3 61421 24122 1489
42c% 63 221 9 0 211421 2366 60021401481

TABLE 2 (continued).
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MatrizGenerators
16K [[11,2,5,1],[3,8, 12,11}, [9,0,8, 9], [15,0, 0, 15], [3, 14, 5, 13], [5, 0, 12, 13]]
16Lt 11, 2,5,1],(3,8,12,11),[9,0,8,9],(7,4,0, 7], 15,0, 0, 15], [5, 0, 12, 13]]
32¢? [[1,0,16,1},[1,0,8,1],[15,0, 16, 15}, [29, 24, 8, 21], [25, 2, 23, 7], [1, 0, 4, 1}, {17, 0,0, 17], [1, 0, 2, 1], {9, 16, 16, 25]]
32D1 [[1,0,16,1],[1,0,8,1], [15,0, 16, 15], [29, 24, 8, 21], 25, 18, 25, 27), [25, 2, 23, 7}, [1, 0, 4, 1], [17, 0, 0, 17], [9, 16, 16, 25])
24G2 [{7,12,12,7),[13,3,3,10], [0, 11,13, 12}, [13, 12, 0, 13], [16, 19, 13, 8], [13, 20, 20, 5], [17,0,0,17),[7,0,0,7],{13,0,12,13]]
24H? I(7, 12,12, 7], [1, 16, 4, 17], [13, 3, 3, 10], [0, 11, 13, 12], [13, 12, 0, 13], [5, 20, 20, 13], [17, 0, 0, 17], [7, 0, 0, 7], [13, 0, 12, 13]]
25A2 (14,9, 24, 3], [1, 2, 24, 24], [16, 5, 10, 11], [24, 0, 0, 24], [11, 0, 10, 16]]
2582 {1, 2,24, 24], (16, 5, 10, 11), [0, 22, 17, 17], [24, 0, 0, 24], [11, 0, 10, 16]]
25C2 {[1,2, 24, 24], [16, 5, 10, 11], [24, 0, 0, 24], [12, 23, 3, 10], {11, 0, 10, 16]]
25D2 (19, 4,4,13], [1, 2, 24, 24], [16, 5, 10, 11), [24, 0, 0, 24], [11, 0, 10, 16}]
16R3 i[9, 10,11, 7),[9, 14,9, 7], 15,0, 0,15}, [1, &, 4, 1], (1, 0, 8, 1]]
165° i[9, 14,9, 7], (15,0, 0, 15}, [1, 0, 8, 1], [1, 8, 4, 1], [3, 12, 14, 3]]
3248 [{1,0,16,1}, (17,0, 16,17],{7, 24,9, 31}, [1, 0, 24, 1], [25, 16, 26, 9], [1, 0, 12, 1}, [17, 16,6, 17], [31, 0, 28, 31], [29, 24, 31, 29]]
3283 {1,0,16,1], 19,8, 27, 3, (17, 0, 16, 17], (9, 8, 25, 1], [1, O, 24, 1], [25, 16, 26, 9], 1, 0, 12, 1], [17, 16, 6, 17], [31, O, 28, 31]]
32E3 [{25, 16, 24, 9], [1, 0, 16, 1], [17,0, 16, 17}, [17, 16, 8, 17], [25, 24, 4, 9], [27, 6, 5, 13], [11, 8, 12, 3}, {5, 4, 30, 5], [31, 0, 0, 31]]
32F3 [[25, 16, 24, 9], [1,0, 16, 1], [31, 4,6, 7], [17, 0, 16, 17], [17, 16, 8, 17], [25, 24, 4, 9}, [27, 6, 5, 13}, [11, 8, 12, 3], [31, 0, O, 31]]
32G3 {(1,0,16,1], [25, 24, 4, 9], {25, 10, 19, 23], [31, 0, 0, 81], [17, 16, 8, 17], [31, 4, 6, 7], [17, 0, 16, 17], [25, 16, 24, 9], [11, 8, 4, 3]]
32H3 {25, 16, 24, 9], [1, 0, 16, 1], [3, 10, 15, 29], [31, 4, 14, 7], [17, 0, 16, 17], [17, 16, 8, 17], (25, 24, 4, 9], [11, 8, 4, 3], [31, 0, 0, 31]]
5643 {[25, 24, 20, 17}, [43, 49, 14, 29], [36, 21, 7, 43], [1, 28, 28, 1], {33, 8, 16, 9], [49, 8, 48, 41}, [15, 0, 0, 15], [17, 24, 48, 25], [29, 0, 28, 29], [41, 0, 0, 41]]
56 B3 {[17, 24, 48, 25], (36, 21, 7, 43}, [49, 8, 48, 41}, [41, 0, 0, 41], [1, 28, 28, 1], {15, 0, 0, 15], [29, O, 28, 29], [11, 17, 6, 45], [43, 49, 42, 1], [33, 8, 16, 9]]
56C3 [[17, 24, 48, 25], (36, 21, 7, 43}, [49, 8, 48, 41], [41, 0, 0, 41], [25, 24, 48, 17], [1, 28, 28, 1], [15, 0, O, 15], [29, 0, 28, 29], [43, 49, 42, 1], [33, 8, 16, 9]]
56D3 [[17, 24, 48, 28], [36, 21, 7, 43], [49, 8, 48, 41], [41, 0, 0, 41], [25, 24, 48, 17, [1, 28, 28, 1], [15, 0, 0, 15], [43, 49, 14, 29], [29, 0, 28, 29], {33, 8, 16, 9]]
644%  [[1,0,50,1},[17, 0, 28, 49], [33, 0, 32, 33], 1, 0, 36, 1], (1, 0, 56, 1], [1, 0, 48, 1], [1, 0, 32, 1], [41, O, 46, 25], [63, 0, 2, 63], [29, 0, 15, 53], [1, 0, 57, 1]|
64B3 ({1, 0,50, 1], [17, 0, 28, 49], [33, 0, 32, 33, [1, 0, 36, 1}, 1, 0, 56, 1], [1, 0, 48, 1}, [1, 0, 32, 1], [41, 0, 46, 25], [63, 0, 2, 63], [61, 32, 15, 53], [1, 0, 57, 1}]

TABLE 3. Generators in PSL(2,Z/mZ), where m is the level, for those groups which are not uniquely specified by the

information in Table 2.
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140 T 21B! Ty(21) 3742 To(37)
12E° Tp(12)
240 T 12J° Th(12) | 24G! To(24) | 5082 To(50)
2B% Tp(2) T1(2)
2c®  T(2) 1349 Tp(13) | 274! To(27) 7A%3  T(7)
340 T 16C° To(16) | 324! To(32) | 2083 Ty(20)
3B® Ty(3) T1(3)
3p®  T(3) 180 Tp(18) 36C To(36) | 30K3 Tgy(30)

4B% Ty(4) T1(4) | 2540 To(25) | 494t To(a9) | 33C3 T((33)

4G%  T(e)

64l T 1342 T,(13) | 34C% To(34)
5B% Ty(5) 6F!  T(6)
5D% Ty(5) 16J% T(16) 3543 T(35)
5HO  T(5) 1141 To(11)

110! T,(11) 18Q2% T,(18) 394% Tq(39)
6F% To(6) T1(6)
14C' To(14) | 22C2 Ty(22) 40F3 Ty(40)

7B% Ty(7) 14H! T,(14)
7EY Ti(7) _ 2342 Tq(23) 4143 Ty(41)
_ 15C? To(15) _

scz To(8) 1511 T;(15) 2642 Tg(26) 43A3 Tg(43)
810 T,(8)

. = 17A' To@7) 28D2 Ty(28) 45D3 Tg(45)
9B T'o(9)
919 T;(9) 194! To(19) 2942 Ty(29) 4873 Tq(48)
10C® Tg(10) 20D To(20) | 3142 Tp(31) | 6443 Tp(64)

10F® T;(10)

TABLE 4. Standard names for some of the groups of Table 2.
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