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ORBITAL STABILITY OF NUMERICAL PERIODIC NONLINEAR
SCHRODINGER EQUATION*

JUAN P. BORGNAT AND DIEGO F. RIAL#

Abstract. This work is devoted to the study of the system that arises by discretization of the
periodic nonlinear Schrédinger equation in dimension one. We study the existence of the discrete
ground states for this system and their stability property when the potential parameter o is small
enough: i.e., if the initial data are close to the ground state, the solution of the system will remain
near to the orbit of the discrete ground state forever. This stability property is an appropriate tool
for proving the convergence of the numerical method.
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1. Introduction
We consider the discrete system associated to the periodic nonlinear Schrodinger
equation (PNLS)

Orp=102¢+il¢|*" ¢ (w,t)€(0,1) x Rsg
o(0,t)=¢(1,t)=0 t>0

0,0(0,t) =0,p(1,t) t>0

$(w,0) = po(x) 0<z<1

(PNLS)

with ¢ >0 and ¢ a function in a suitable Sobolev space.

Problem (PNLS) arises in the propagation of electromagnetic waves in a nonlinear
medium, such as a laser beam in an optical fiber. The existence of solutions was
studied by Bourgain [2] and Kavian [6] who proved the well-posedness, local and
global existence in time variable and, for o > 2, the existence of blowing-up solutions.

The existence of ground states for this problem in R™ was studied by W.A. Strauss
in [8] and M. Weinstein in [11], who characterized the ground state solution of this
equation with a potential nonlinearity, as a minimum of the Gagliardo-Nirenberg
functional. Orbital stability of the ground state solution in this case was analyzed by
M. Weinstein in [12]. The author uses a variational formulation and that this equation
has phase and translation symmetries, in order to construct a Lyapunov function. In
this way, he obtain an orbital stability result.

Ground states, existence for the periodic problem (PNLS), and their orbital sta-
bility were proved in [1] through perturbation theory, because in the periodic problem
it is not possible to apply a rescaling argument as was used in the previous works
cited above. From [1] we know that (PNLS) only has phase symmetry; then Kato’s
perturbation theory ([5]) was used in order to obtain a lower bound for the difference
between the value of the Lyapunov function on the ground state profile and at another
point of the flux, close to the ground state solution. Thus, in the present article we
prove the orbital stability for parameter ¢ small enough.

In order to give a numerical method for the calculus of the solution of (PNLS)
we introduce a discretization in the spatial variable z. For n €N let us consider the
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uniform partition of [0,1] in 4n subintervals of length h= -,
z;=jh,  where 0<j<4n. (1.1)

If $;=¢(x;) and applying a finite difference scheme in Equation (PNLS), we have
the following semidiscrete system:

i - . .
<b}=ﬁ(¢j+1—2¢j+¢j—1)+l\¢j|2 ¢;  with0<j<dn.

Due to the Diritchlet condition for (PNLS), we know that ¢g= ¢4, =0, so we have
for each n €N the system

¢, =—iAndn+iD (¢n) b, (SDPNLS)

where ¢, = (¢1,61,...,¢04n_1) € C* 1 and the matrices Aj, and D (¢y,) are given by

2/h2 lf’L:] 20 .o - .
e rs 27 =
(An)y; =4 —1/h2if [i— j| =1 and (D(¢h))ij:{|0¢| e
0 in another case J

In this work we obtain for the system (SDPNLS) analogous results to those already
known for the continuous case (PNLS), i.e. for each n€N we prove the existence
of a ground state solution Ry, and its orbital stability, and in a second step, we use
this result in order to prove the convergence of the method when n tends to infinity.
In this sense, the main point is to prove the convergence of Ry to the ground state
solution R(z) of (PNLS) when h— 0.

We know (see [1] and [11]) that a ground state solution profile is a real function.
Since the stationary equation is a nonlinear equation, we use shooting methods in
order to obtain a ground state profile. An existence result, an algorithmic method of
calculus and an estimate of its error are obtained. Furthermore, by an estimate of the
difference between Ry, and the evaluation of the stationary solution R(z) at the nodes
x;, we prove the orbital stability for solutions of (SDPNLS) and the convergence of
the method.

The paper is organized as follows. In Section 2 we define the inner product,
the norm and the space in which we work. Section 3 provides a detailed exposition
of the existence of the ground state solutions and the convergence of these discrete
ground states to the continuous ground state. Section 4 presents the concepts of
orbit, distance and Lyapunov function, and we show that stability relies on a suitable
lower bound on the second variation of the Lyapunov function. Section 5 presents the
analysis of a constrained variational problem in order to find this suitable bound, as
it was carried out in [12] for the general case or in [1] for our problem, but adapted
to the discrete problem. Section 6 presents the main results of this work: a stability
theorem and a convergence theorem.

2. Some definitions and notations

We will denote by En(f) the evaluation of the function f(z) at nodes
Lo, L1y Tdn—1-

Let W denote the space of functions ¢(x) € H{[0,1] which are odd with respect
to the midpoint £ =1/2. From [1] we know that W is invariant under the flux of
Equation (PNLS). Let V denote the subset of W of polygonal function with domain
in [0,1], and let V; CV denote the polygonal functions whose vertices are at nodes
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(1.1). If up = (ug,uz, ..., usn_1) € C*~! we can associate with it a polygonal function
whose value at x =0 and x =1 is zero and whose value at node x; is u;. Moreover, we
define the sets Sj, C C*"~! using the property of skew symmetry:

Sy = {uGC‘Ln*l {Ugn4j = —Ugn—j; for 0§j§2n71},

notice that this definition implies that us, =0. This space is invariant under the flux
of the discrete equation (SDPNLS), and our discrete ground state Ry €Sj, NR*"~1L,
We define functions Gj:Sp, —Vy, and Ep: V;, — Sy, we call them the polygonal
and the evaluation function, and they give a continuous polygonal respectively, and
a vector, respectively.
We will consider the following inner product and norms in Sy. If u, and vy €Sy,
then

4n—1

(un,vn), = Z hujv;f,
j=1

An—1
2 2
lunly =D hlu;l*,
j=1
Huh\ﬁ,h:<(I+Ah)uh7Uh>h~

3. Ground states

3.1. Existence of the numerical ground states. A ground state solution
of Equation (PNLS) is a solution in the form

¢(x,t)=R(z)e'™,
where profile R(z) is a solution of the stationary problem

R'—ER+R**1=0 if z€(0,1)
R(0)=R(1)=0 . (3.1)
R'(0)=R'(1),

We consider a finite difference scheme for this equation, associated with a regular
partition on the interval [0,1],, then we have the system

rj—1— 21+

e —Erj—i—rjz-(’H:O, where 1 <j<4n-—1.

This system can be written as a recursive sequence
Tip1 =21, —71; +h2r-(E—r2”) (3.2)
J+1 =47 Jj—1 J J :
or as a slope recursive sequence

Ti+1 Ty
h

Ty —Tj—1

=hr; (E—r?”) + 5

(3.3)

We use Equation (3.2) in order to prove the existence and the symmetry properties
of the numerical ground state. We propose a shooting method which starts at zero
without restriction on the right side. But, in order to obtain the existence of ground
states with their expected properties, we need to prove some technical results.
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3.1.1. Maximum of the ground states profiles. = Our goal in this section is
to prove that a sequence like (3.2) that starts with values ro=0 and r1 >0, increases
from zero until it reaches a first maximum value.

LEMMA 3.1. For each E,h and c>0, if (rj)j>0 satisfies Equation (3.2), then the

slope sequence (%) cannot be an increasing sequence for all j.
Jj=0

Proof. We take 5L > 0. Let us suppose that (%) is an increasing sequence;
j>1

following Equation (3.3), the sequence ; has a superlinear behavior, so T = ~+00.
n—-—+0oo

Therefore there exists an index value jo such that r37 > E, so R e
but this is a contradiction. O

We need to know if this slope sequence becomes negative after a suitable number
of steps. As a first result, we prove a necessary condition for the slope sequence to
remain positive.

LEMMA 3.2. If for all j we have that %>O, and there exists jo such that

T —T; T Tin— . . . .
dot—Jo < 00— then the slope sequence remains decreasing for j> jo.

Proof. By hypothesis we have that 0 <~ =0 < Do=lo=t We only need to

Tjo+2 " Tjo+1 < Tjo+1""jg
h h

prove that
It is easy to check that E —73° <0, and by hypothesis Dot > 0, s0 B — 37, <
E— r%’ <0 and

, then we can proceed by induction.

Tjo+2 — Tjo+1 Tjo+1 —Tjo < Tjo+1 —Tjo
h h h

and the lemma follows. 0

= hrjo1 (B =) +

In in the following lemma we now prove that is impossible that the slope sequence
remains positive forever.

LEMMA 3.3. There exists an index jo such that the slope sequence (%)
Jj=0
becomes non-positive for j > jo.

Proof. Let us suppose that the hypotheses of Lemma 3.2 are true. Actually,
the second one is true by Lemma 3.1, so we only assume that % >0 for all j.

Thus, from this assumption and Lemma 3.2 we know that (%) is a positive
j=0

decreasing sequence, so it has a limit C' > 0.

If € >0, then the sequence r; is superlinear, so r; — +o00; therefore, taking the
limit in (3.3), then we have a contradiction.

If C'=0, then we again have two possibilities. If r; — 400, we can conclude in
the same way as before. Else, r; — K >0, taking the limit in (3.3), we obtain that
E=K?, but due to the fact that E—737 <0, we conclude that r;, >EY29 =K, a
contradiction. |

3.1.2. Monotonicity at each node. As a first step in the proof of the
existence of the ground states we need to prove that the first values of the recurrence
(3.2) are increasing functions with respect to r.

Fix F, o, h:ﬁ. By Equation (3.2) we can say that ro,73,...,7N,... depend
on r1. In this section we give necessary conditions that the differentiable functions
ro(r1)...rN (r1) are monotonically increasing for r; in some interval I =(0,a).
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As a first step we prove that each function r; (1) reaches its first maximum at
a value ry’ 1> 0 with the property that these points are ordered in a decreasing
sequence.

LEMMA 3.4. Function r;(r1) has a first positive mazimum called rfj_l, and if we
consider these points all together for j>1, they satisfy ri't>ri2>...>r{ >...>0.

Moreover, r1,r3,...,7; are increasing functions for r1 €1, = (O,r{j) .
Proof. The proof is by induction on n. For n=2, from (3.2) we have that
ro="h%r; (E - r%") +2rq,
differentiating this expression with respect to r;, we obtain

rh= (h2E+2) — (20 +1)h3r3°.

h2(20+1)
riel;= (0,7"}‘1) . Notice that rq(r1) >ry for r1 € I7.
Nevertheless, we need to study the case n=3 before proving the inductive step,
because for n=2 we did not use a general argument.
For n=3 we have that

1/2c0
The equation r4(r1) =0 has a solution rj! = (M> such that r5(r1) >0 for

r3=h>%ry (E—r%”) +2r9—ry,
and differentiating with respect to rq,
ry=[R*E+2—(20+1)h°r37|ry—1.

In order to prove existence of r{2€ (0,7}!) such that 4 (r{?) =0 and r}(r1)>0 for
ri€ls= (O,T’{Q), we claim that r} changes sign in I1; indeed, using that ) (r’fl) =0,
it follows that r4 (rj') =—1, and since 3 (0) =0 and r5 (0) = Eh*+2, we have that

ry(0)= (h2E+2)" —1>0,

therefore, the conclusion for n =3 follows.
We now we assume that this assertion is true for j and seek to prove it for j+1.

Thus, we want to prove that there exists 7} € (O,rij_l) such that ), (ri‘j> =0 and

T;.H (r1)>0formel;= (O,rfj). We have that

Tj+1:h27"j (E*T'Jz-g)ﬁ*?’f’j*’f’j_l (34)
and

i =[PE+2— 20+ 1) R v =) (3.5)

The fact that 7

i1 (Tikj_l) <0 follows from the facts that from 7} (r’lkj_1> =0 and

iy (r’lkj_1> >0. In order to prove that 1}, (0)>0, we can observe that evaluation

of (3.3) at =0 gives the following linear recurrence:

741 (0) =75 (0)=h*Er’; (0) + (; (0) =7 _, (0)), (3.6)

J
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with initial data r} (0)=1 and 4 (0) =h?E +2. By the inductive hypothesis we know

that 7 (0) >0, and repeated application of (3.6) enables us to assert that 7%, (0)—
0

7%(0) >0, so 7, ; (0) >0. Thus, the proof follows.

Our goal is to see that if h is small enough, x; is far enough to the right side of

zero, and if two polygonal functions, corresponding with two values r; close to rfj ,
pass each other in the interval [x;,x;41] then they are descending in this interval.

This is equivalent to prove that under these conditions (rj41 —7;) (rij ) <0.

LEMMA 3.5. If h is small enough and x; is far enough to the right side of zero, then
(Tj+1 —Tj) (T‘;j) <0.

Proof. By definition 77 (rfj) =0, so evaluating in (3.5) we have
0= {h2E+2— (20+1) hQTJQ-G (7"{])} T (T*j> —Ti (7’;]) ;

therefore

J

. (rrj) (R2E+2) Tl (rfj) =Ty (’I‘Tj) |

E - (20 4+1) h27r} (r’fj)

Plugging this expression into (3.4), we obtain

[rjs1—ms] (T‘TJ> = [1rj (B=137)+(rj—rj-1)] (Tfj)

Ty 7’/4_1 *J
20i1 <2<7h2E—2+ ;,l >+(rj—rj_1)] (7“1])~

J

If h is small and z; is far enough to the right side of zero, we have that 0<
(rj—rj-1) (rfj) <1and 0< |} —r}_,| (r{j) < 1. Therefore, [rj41—7;] (rfj) <0. 0O

3.1.3. Existence and uniqueness of the ground state. We can now
formulate our main results of this section: the existence of the numerical ground
states with their symmetry properties and their uniqueness, for each £ > 0,0 >0 and
h= ﬁ, in the sense that they have the lowest frequency.

PROPOSITION 3.6. Suppose n>2; then there exists a unique solution Ry = (rh)jzzl

J
of the system (3.2) such that:
1. rh>0 for 1<j<2n—1.
2. Tzij =Tp4; for 0<j<n.
3. T§n+j = —rgn_j for 0<5<2n.

Proof. Let neN and h:ﬁ, so ,=1/4. From Lem. 3.4 we know that if
r1€1(h)=[ri",r;"""] the corresponding sequence increases until node z,, and then
starts to descend, i.e., the polygonal function has its first maximum at z,, =1/4.

Notice that, if 7y <ri™ then r,41 >7y,. Analogously if r; > rf”fl then r,_1 >r,.

We want to prove that there exists 7" € I(h) such that the recursion solution has

the expected symmetries properties, i.e., it reaches its maximum value r? at xn:i
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and 7!_ =1l +1- As a consequence, rh =0, and we also have odd symmetry for
Tébnﬂ,...,ribn. This solution is called the numerical soliton Rj,.

Throughout the proof r™™ and r™** denote the vector solutions corresponding
to initial values 7" =™ and " =7i"~! respectively. By definition we know that
) <rptt =it oand =@ > e Moreover, due to the fact that r,(rq) is
an increasing function in I(h), we have that

min min max
ol <yt <y (3.7

Therefore, following (3.7) we have

min min ___ min max
rn71<7ﬂn+1_7an <7ﬂn71'

Also, from the definition of r*** it follows that

Y < = ey
so the continuous functions r,1(r1) and r,—1(r1) must intersect each other, at least
once, in T 1.

Let us denote by Rj the vector solution of the recursion corresponding to this
value r?'. We call it the vector soliton or the discrete numerical soliton. By construc-
tion Rj has the symmetry properties required.

For the proof of the uniqueness of Ry, we use its symmetry as follows. Since
the function 79, (1) is decreasing, if we had two different values of 71 € I such that
their corresponding sequences satisfied r,,_1 =711, then both sequences would have
ro, =0, a contradiction. 0

3.2. Convergence of the numerical solitons. In the previous section we
proved the existence of r? € I(h) corresponding to the initial value of the recursion
such that the sequence solution is Rj, but we have not given an estimate for it yet.

In this section, we estimate this value r? with an error with quadratic order in h.
In a second step we will use this estimate to obtain an order of approximation between
the evaluation of the ground state profile Ej, (R(x)) and the discrete numerical soliton
Ry,.

3.2.1. First approximation step. = We know (see [1]) that the ground state
profile R(x) reaches its maximum value at z=1/4. We denote by A= R(1/4) this
maximum value.

LEMMA 3.7. Let 0<h<1/4,; then

R(h):hA./ﬁal —E+0(h?). (3.8)

Proof. From the soliton Equation (3.1)

R/I:ER_R20+1;

multiplying each member by R’ and integrating, we have that

R/2:C+ER2—LR20+2.
oc+1
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We know that R'(1/4)=0,; then, using that R(0)=0, we obtain that

, A20‘
R(0)=VC=A\/— —E,
c+1

where we have taken the positive branch of the square root because we want R(z) to
be increasing in (0,1/4). From the same equation we have that R”(0)=0 and R"'(0) =

ER'(0)=FEA,/ ;f_j — E. Thus, by Taylor’s expansion of R(x) at =h, equality (3.8)
follows. a

Equality (3.8) suggests that we start the recursion process (3.2) with the value
uy1 defined by the first term of this expansion.
On the other hand, we may consider the following family of initial value problems:

~U"+(E-U*)U=0
U(0)=0 (3.9)
U'(0)=4.

For each 3> 0 there exists only one solution Ug (z). From Equation (3.9) we have
that

Us(h)=pBh+0 (h%),

SO

Us (h)
h

=B+ (n?%).

We will denote by u? the output sequence (3.2) that starts with the value u; = hj3.
In the following proposition we prove that, for all 3, the evaluation Ej (Ug(x)) and
the vector u” differ by a quadratic order in h.

PROPOSITION 3.8. Let 3>0 be fized; then Ug(x) and u” satisfy, for 1<j<4n-—1,

’ef‘:‘Ug(jh)—uf‘:O(W). (3.10)

Proof. For simplicity of notation, in Equation (3.10) we write e; instead of ef . The

order of accuracy of the scheme at each node z; is 7; =0 (h2) , and, due to the fact
that u” satisfies the recurrence equation (3.2), we have that the local errors satisfy
the following new recurrence equation,

€j+1:—€j,1 +26j+h2 [E—C]€j+h2Tj, (311)

where C' is a constant. Actually, C' depends on 8 and h because it is an upper bound
20

of U 5" (z) and of (uf ) , but any change in h has a corresponding change in [ such

that u? = hg.

The linear part of the recurrence equation

€j+1=—€5_1 —|—2€j (312)
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has only one (double) eigenvalue A=1. Thus, a basis for the vector space of solution
sequences of (3.12) is given by (1,1,1,...) and (1,2,3,...); therefore any solution {e;}
increases linearly in j. This is enough for our purposes, because, if we call

qj=h*[E— (20 +1)Cle; +h>T;,
and since T; =0 (h?), we have that

lg;| =0 (h*) + O (h?) | (3.13)
. 01 €e; 0 .
and, if let B= WES 7 Jand Q; = , the recurrence equation (3.11)
—12 €j+1 q
becomes
E;=BE;_, +Qj. (3.14)
Tterating (3.14), we have
j—1
E;j=B'Ey+Y _ B*Q;_. (3.15)
k=0

The linear increase rate of (3.12) implies that
| B*|| < Ck. (3.16)

In order to estimate || E,|| we use an inductive argument. Using the definition of u?,
we have that the error at the first node z; satisfies

1] = [Us () —uf | = [Us(h) =8| = O (). (3.17)

Thus, since eg =0, we have that
|Eoll =0 ().
For estimating || E'1 || we need to estimate |es|. Using (3.13), (3.16) and (3.17), for j=1
we have that
le2| <[|E1[| = | BEo+ Q1| < | BEo || +|a1| =O (h*) + O (h?) [e1| = O (h?) .

By the inductive hypothesis we can assume that |ex|=O (hz), for all 0<k <j,. Then
by (3.15) we have that

j—1
el B < || B Eo | + > || B*||1Qj-xll-
k=0

For the first term, we have the following estimate:
|1B7Eo || < [|B7| [1Eo|l < Cj || Eol| = CO (h*) = O (1?),
and for the second term, by (3.13) and (3.16) we have that

j—1 j—1
D _NIBHIQi—kl <D Ck (O (h*) +0 (h*)ej—x])
k=0 k=0

by inductive hypothesis |ex| =0 (hz); thus for all 0 <k <j, we have that

S 1Byl <0 (1) k=0 ().

Therefore we conclude that, for all j, (3.10) is satisfied. |
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3.2.2. Second approximation step. By Proposition 3.6 we know that, for
each h >0, there exists a unique 77 € I'(h) that gives the discrete soliton Rj,. Let 5h >0
be given by rk = hp;,; then sequence uPr is the numerical soliton Ry,.

Let Ug; () the solution of (3.9) with initial data Uﬁ* 0)=0;.

We denote by o= R'(0)=A,/= Az” — E the exact slope of the continuous soliton

at =0,; then we have that Ug,(x )fR( ). Fixing h >0 we have associated to 3y the
recurrence solution u/%.

REMARK 3.1. By definition ofﬁ;;,uﬁ; and By, using the estimate (3.10), we have that

|Us; (1/2) |:‘U6* (1/2) —uhn | =0 (h?), (3.18)

‘u% (1/2)‘ —0(h?). (3.19)

’uQn

Our goal is to prove the convergence of the numerical soliton R to the continuous
soliton R(x). A first step is to prove the convergence of 55 to fy. A second step will
be to calculate the order of this convergence.

LEMMA 3.9. Let 3} and By defined as above, then

B, = Po- (3.20)

Proof. We know that (see equality (3.18)) for h >0,

\Us= (1/2)| =0 (h?),
so Ug: (1/2) o 0.If B -+ Bo, we would have two different positive solutions of (PNLS)

such that either are valued zero at boundaries =0 and =z = %, but this is impossible
(see [1]). O

Order of convergence

We now want to calculate the order of the convergence that was given in (3.20).
For that, we will need some preliminary results.

We can rewrite the second order equation (3.9) as a first order system by intro-
ducing the variable V =U":

{ g - ‘(/Ei gy, with nitial data. (U(0).V(0) = (0.6). (3.21)

and we write (Ug, V) for the unique solution of this system, for each 3. System (3.21)
has properties of continuity and differentiability with respect to the initial parameters,
for example, with respect to 3 (see [4] or [9]).

LEMMA 3.10. The solution (Ug,V3) () of the system (8.21) is continuous with respect
o B. If K is a Lipschitz constant for this operator in [0,1], then

(U (@), Vi (@) = (Up, (), Vi, (2)) | < €F |8, = Bl

Proof. See [9] chapter II. O
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In our case we have that

O (h?) =|Up: (1/2) = Ug, (1/2)| < |8 — Bol; (3.22)

thus, two is the best possible order of convergence in (3.20). In the rest of this section
we will prove that the order of convergence is a number greater than one. In fact, we
will prove that there exists 1<+ <2 such that |3} — o] =0(h7).

LeEMMA 3.11. The solution (Ug,Vg)(z) of Equation (8.21) is differentiable with re-
spect to B, and if By is as above, then

95Vis (1/2) = —1. (3.23)

Proof. For the first assertion, see [9] chapter II. For the second assertion,
we know that the solution of the problem (3.21) with initial data (0,0y) satisfies
(Uﬁo (O)vvﬁo (0))=1(0,80) and (Uﬁo (1/2)avﬁo(1/2)) =(0,—fo). Now, multiplying the
second equation of the system (3.21) by Vg(z) and integrating in x, we have that

L ooto
Vi (x)— EUS(z)+ p U272 (z) = 62
differentiating this equation with respect to (3, evaluating at == %, and taking the
limit when 3 — 3y, we obtain that

—B0(95V,) (1/2)= o

Since [y #0, equality (3.23) follows. d

We consider the tangent straight line of the function Ug: (x) at x:% and let 2%
be the value of the intersection between this straight line and the z-axis. Also, we
denote by % the first positive root of Ug; (z). Notice that, in general, ol # 2P but we

can assert that both are on the same side of x = %

LEMMA 3.12. Let zl and x} be as above; then

w5 =0(1) and - =0(r?). (3.24)

Proof. We know (see [1]) that Ugx () has only one inflection point in its increasing
part (between 0 and its symmetrical axis), therefore there is only one inflection point
in the decreasing part (between its symmetrical axis and ). Ug; (z) is convex in a
neighborhood on the left side of x{, but we do not know the exact position of the
inflection point, because it depends on ¢ and FE.

We will only consider the cases z} and z? greater than 1

5

L. If Ugy () is convex at z= 3, then the inflection point is on the left side of
z =13, thus it is convex in the interval (3,z{) (see Figure 3.1). Therefore
1<zl <al and

Ugs (1/2) <Up. (25) = = <0.

The value at z=3 of the tangent straight line of Ug: (z) at zf is yn <
Ug: (1/2),; therefore y, =0 (h?). Also Ups (zh) = 2+ =—p;, and, since

53
By — Bo #0, we have that x’ol—%zO(hQ), SO xff—%:O(lf).



160 ORBITAL STABILITY

- (1/2)

1/2 X1 xo"

FIGURE 3.1.

1
2

If % <zl <2l then the inflection point is in the interval (%,x}f) (see Figure
3.2) and

2. If Ug: (z) is concave at x= 5 we have two possibilities:

Up: (1/2) <Ups (25) <0

then we can now proceed analogously to the previous case.

\M(l/Z)

FIGURE 3.2.

If 1 <af <z} the inflection point of Ug: (z) is in (3.2f) and we have two
new possibilities. The first one is (see Figure 3.3)
h
Up: (1/2) < U (25) <0;

therefore we can apply a similar argument as in the above cases.

The second one is (see Figure 3.4)
Ups (25) <Up: (1/2) <0

moreover since by definition we have that

Ug; (1/2)
271

But we know that Ug, (1/2)=0 and Up (1/2)=—[. By (3.23) we obtain

UL (1/2)~Us, (172) 3 4y
~140(8;~ o) = ﬁ;;—ﬁfo = 5&51—@0 : (3.25)
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1/2 Xo"

FIGURE 3.3.

U, (1 /§2)

1/2 Xo™

FIGURE 3.4.

Therefore

2 . 9
T = B tTOBr—0)",
1

—X

Us; (1/2)

sozf —1=0(h?).
Hence, this lemma follows. 0

PROPOSITION 3.13. There exists 1 <y <2 such that

|84 — Bol =0(h7). (3.26)

Proof. If there exists v as in (3.26), by (3.22) it will be less than two. For the
proof that v >1, it suffices to prove that 8} — Gy =o0(h).
It is immediate that Ué;; (1/2) — —fp and Ulliz (z8) = —B;. We define

g(h) =, () ~ U (1/2) =— 5 — U (1/2).
Since U”; (0)=0 and by (3.24) we have that

. U’Z(1/2)—U’;(a?h) —alh
O:Ui(xg)g ° O(hz)ﬁ - 20?2235
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thus g(h)=o0(h?*). Using the definition of g(h) and (3.25) we calculate the order of
Br—Po:

Bo— By, :ﬁo+Ué; (1/2)+g(h)
= (Uh; (1/2) = U4, (1/2)) +9(0)
=~ (B}~ Bo) + O (5~ o) +g(h),

SO

g(h)=0 (5} —Bo)”.
Therefore 5} — B =o0(h). Thus, the proposition follows. d

Approximation from the discrete ground states to the continuous one
We are now, are in a position to show the main result for this section.

PROPOSITION 3.14. In the above conditions we have that the difference between the

evaluation of the continuous soliton En R and the discrete soliton Ry, has a first order
of approximation.

|Rh—EhR|2}h:O(h) h—>00. (3.27)
Proof. By definition
, 2N—1 5 9
|Rn—EnR2,= S h‘ujh —R(jh)‘
j=1

As in the proof of Proposition (3.8), if
\e’fIZIUfZ—R(h)FO(W), (3.28)
then we have for each 1< j<2n—1 that
] =" ~ R(im)| =0 (h);
hence (3.27) follows. Therefore, we only need to show equality (3.28).
[ — R (k)| <[u ~ Us; ()| +|Us; (W) = R ().

The first term satisfies ’u’fh —Up; (h)‘ =0 (h?*) by (3.10), and the second one also
satisfies |Ug; (h) = R(h)| =0 (h?), because
|Ug: (h) = R(h)|=|Bih+0 (h*) = Boh— O (h®)|
=h|B =Bl +O(h?).

Using (3.26), limit (3.27) follows. |
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4. Orbit, distance and Lyapunov function

We give the concepts of orbit and of distance from a point to the orbit of another
point for the discrete case, in the same way as was given in [1] and [12]. The system
(SDPNLS) has phase symmetry; thus by orbital stability we mean stability modulo
this symmetry.

DEFINITION 4.1. Suppose vp, €Sy. We define its orbit as the following set:

Gu, ={vne’ /v €(0,2n]}. (4.1)

DEFINITION 4.2. Let wp,vn, €Sp. The distance from wy, to the orbit G, is defined by

p2E (W, Gy, ) = ’YGi(I&fQﬂ‘] {<Ah (vhei'y —wh) ,ope’Y —wh>h —|—E<Uhei'Y —wp,vpeY — wh>h} .
(4.2)

Hamiltonian and norm two are two quantities that play a central role in the
analysis on the continuous case (see [1] and [12]); thus we can consider for the system
(SDPNLS) two similar concepts given by translating them from the continuous case.
These quantities are conserved by (SDPNLS), as we expected, and they are given by

1
Hilon]= < (Ah - J_HD(R}L)> ¢h7¢h>ha
Nlon]=onls,-

In the same way as [1] and [12], we define a Lyapunov functional with these
quantities:

Enlon] =Hnlon] + EN [¢n].- (4.3)

We will estimate &, in terms of pgp. We can assume that a solution of (SDPNLS) is a
perturbation of the ground state Rp:

on (1) e = Ry, +wp,(t), where wy,(t) =up (t) +ivy (t). (4.4)
Using the conservation of &, we can write the difference A&, in the following form:
A& = Epdo] — En Ry
=& [¢h (t)ew] & [Rh]
=&, [Rh —i—wh(t)] —&n [Rh] .
We obtain a lower bound for A&, through a Taylor expansion in Rp:
Agh Z <Liuh,uh> + <L'i’l)h,’(}h> — Cl ||wh||i’7h — CQ ||wh||(15,h, (45)
where
L" = A, +EI,— D(Ry),
L = A+ EI,— (20 +1)D(Rp,).

Notice that functions L" and Li:Sh — S}, are the real and imaginary parts of the
linearized (SDPNLS) operator near the ground state Ry,.
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If we write the solution in the form (4.4) there exists 7y, € (0,27] that achieves the
distance (4.2) for Rp:

p2E (thgvh) :inf{<Ah (’Uh et —Rh) ,Un et — Rh>h +E<’Uh el —Rp,v e _Rh>h} .
(4.6)
the minimum is taken over all phases v € [0,27) and it provides an orthogonal condition

(D(Rp)Rp,vn)), =0, (4.7)

where vy, is the imaginary part of the perturbation of the solution in (4.4).
We want to obtain lower bounds for the quadratic forms <L’1 uh,uh> , and

<L’j_vh,vh>h as follows:

(Lhup,un ), + (L vp,on), > Csllwnll; , — Callwnllf , — Callwally - (4.8)

because plugging (4.8) into (4.5) we get a suitable lower bound of AE and then,
applying the techniques introduced in [12], we can obtain an orbital stability result.
Thus, it is sufficient to calculate a bound like (4.8).

5. Constrained variational problem for the quadratic forms

In order to obtain a bound like (4.8) we need to analyze the spectrum of L"
and Li. The technique that we use is adapted to the discrete problem and differs
considerably from the technique used in [1] for the continuous periodic case.

In the remainder of this work we assume, without loss of generality by the property
of symmetry, that S, CC?”~! and that we can take the corresponding inner product
and norm in the interval [0,1/2].

5.1. Lower bound for L".  Using the tridiagonal form of the matrix L" (u,),
we prove that its eigenvalues are singles.

LEMMA 5.1. Eigenvalues of the matriz L" (uy) are singles, and eigenvectors of two
different eigenvalues are orthogonal.

Proof. Suppose that uj, and v €Sy, are nonzero eigenvectors of eigenvalue A. If
Uoy—17# 0 and vg,_1 #0 then there exist a#0and §#0 such that

QUzn 1+ Bvan_1 =0.
Since
(An+EI,— D(Ry) — M) (aup, + Bop) =0,
using the tridiagonal form of this matrix we have that
aup~+ Bup =0.

Thus up and v, are linearly dependent, so the eigenvalues are single. If wus,_1=0
or vo,—1 =0 we have two possibilities. If us,_27#0 and va,_27#0, we can proceed
analogously to the above case with a similar argument. If ug,_1#0 and wva, 1 =0,
we define vy, =uyp, +vp; this is an eigenvector of the same eigenvalue A and vg, 1 #0;
thus it is covered in a previous case.

For the orthogonality we can use a standard argument (see for instance [10]). O

Since L™ Rj, =0, we have that R}, is an eigenvector of eigenvalue A=0. Actually,
we will prove that this is the first eigenvalue of L" .
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LEMMA 5.2. The first eigenvalue of L" in 'Sy, is A\=0 with eigenvector Ry,. Moreover,
an eigenvector of the first eigenvalue has all its coefficients with the same sign, and
they never vanish at the inner nodes.

Proof. By definition Ry, is an eigenvector of the eigenvalue zero of the operator
L™ . Our goal in this lemma is to prove that zero is the first eigenvalue of this operator.
For this, we can consider the Rayleigh quotient for L" :
Apvp+ Evy, — D(Ry,)vp,v
Ra(vp,h) = {Anvn h 5 (B Jvn h>h. (5.1)
‘vh|2,h

If \ is the first eigenvalue for L" in S, we know that

A= min Ra(vp,h), (5.2)
vp €Sp

and this minimum is achieved in an eigenvector vy. But it is easy to check that the
vector |vUp,| is a minimum of (5.2); thus [vy| is also an eigenvector of the eigenvalue
A. Therefore, by Lemma 5.1, we can conclude that vy, =|v,| or 0, =—|vp|, so Up
does not change the sign in S,. Moreover, due to the tridiagonal form of the matrix

A+ EI;,— D(Ry,), all the coefficients of v, are nonzero
We shall have established this lemma if we show that A\=0. We suppose that
A#0; then by Lemma 5.1, and since v, and Ry are orthogonal, but both do not
change sign, so we have a contradiction. Hence, zero is the first eigenvalue of L” in
S;, with eigenvector Ry,. Therefore, L" is a non negative operator in S,. ]

Let L}, denote the subspace of Sy, that satisfies condition (4.7):
L= {U S Sh/ <D(Rh)Rh,’U>h = 0} = (D(Rh)Rh)J' NSy.
The first eigenvalue A\? of L" in the subspace L, is given by the minimum of the

Rayleigh quotient

LM vy, v
)\}f: inf 7< h; h>h
v ELYK |Uh|2,h

Since Ry ¢ L;, we have that A? >0. We will prove that there exists a constant C'>0
such that A} >C.

PROPOSITION 5.3. If A} is the first eigenvalue of L™ in Ly, there exists a constant
C >0 such that \' > C, for h>0 small enough.
Proof. We consider the usual basis of finite element functions {¢;};.,,_; in

Vi, C H}0,1/2]. If weV, we have that w(:r):Zi:llw(ml)gpz(x) (see [3]). By the
Rayleigh-Ritz principle (see [7]), the first eigenvalue of L" in the finite element space
is

A =minmaxR(aw)= min R(w),
B (w) a€R wWEV},
lwll,=1

where R is the Rayleigh quotient for the continuous operator L_ (see [1]) evaluated
at the finite elements, i.e., if w=> ¢;p;,

2204 [ (P + Epip; — R* pip;) da
_ i

Riw)= 22 [ pipjda

(5.3)
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Let A1 denote the first eigenvalue of the continuous operator in the subspace (R2"+1) +
(see [1]). We know that (see [7])

M >a>o0.

Our goal is to prove that there exists a constant C'>0 such that A} >C for h small
enough. Thus, it is sufficient to show that A% and A} are close if h is small. In this
case we can take, for instance, C'= %

Let up, €Sy, thus (see Section 2) we have Gy (up) €V, such that Gp(up)(x;) =u;,
so Gp(up)(z) :Z?;f u;p;(z). Evaluating (5.3) at G, (ur) we have that

R(Gh(up)) = <Ahuh+Euh_D(EhR)uh7uh>h+O(h).
|Uh|i—%\u%|i
Since (3.27) and (5.1), we obtain

Ra(uh,h) —R(Gh (uh)) hj 0.

0+
Therefore we conclude that [Af — A" | is small for h small enough. Hence, the propo-
sition follows. 0
REMARK 5.1. By Proposition (5.3) we have that
(L™ vpvp), > C|Uh|§,h Vup, € Ly,
and from this bound we conclude,

(L"vp,0n), > Cllvali,, Vo €L (5.4)

5.2. Lower bound for L}j_. From a simple computation we can see that
<L’_~L_Rh ,Rh> , <0. In this section we will prove that Li defines a positive quadratic

form in R,JZ-, the subspace of Sy orthogonal to Ry,.
With the notation of Proposition (5.3), we know that (see [7])

A <A <A 420022, (5.5)

Now we can proceed analogously to the previous section. Using inequality (5.5) we
obtain a lower positive bound for <L}}rv,v>h at R,f,

2
<L'}ruh,uh>h>0|uh|2’h, uhERﬁ.
We require of an additional condition for the solution ¢, (x,t),

(Pn(t),dn(t)), = (Rn,Rn), teR. (5.6)

By (4.4) and (5.6) we have that

(B = =5 G )+ 0,00 (-7

Now, in the same way as [12], we can prove the following results.
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PROPOSITION 5.4. Let o <2. If i (t) satisfies (4.4) and (5.6) with up, € Sy, then there
are constants D,D1 and Do >0, such that

(L' up,un), > Dllupll; ), — D1 (Apwn,wh), [w]3 , — Dalwly, - (5.8)

Proof. Without loss of generality we can assume that (R, Rp), =1. We write

up = (un); + (un)

with
(un) = (un, Bn)y, R (5.9)
= — 5 unswn )y o0y B
and

up— = [(un,un)y, + (Vn,vn) | B

We have that
<Lﬁ_uh,uh>h = <L’_:_ (Uh)H ,(uh)H >h
+2( L (wn) o (un) 1)+ (L (un) 1 (un) ),
and there exists d > 0 verifying

<L}-fl- (uh)l7(uh)l>hZd((uh)J_a(uh)J)h (510)

1
=d |:<uhvuh>h+4[<uhvuh>h+<vhavh>h]2
By (5.7), (5.9) we have that

<L}-:- (un )y (un); >h = i (LY Ry, Ru ), [(un,un)y, + (vn,0n),)7 (5.11)

Finally, from (5.7) we conclude that

<L}—:— (uh)L ) (uh)H >h = <uh3Rh>h <L}J,L- (uh)L ’Rh>h (512)

> —d' (Apwp,wn)y lwly , —d" [wly, -

Now, the lower bound (5.8) follows from (5.10), (5.11) and (5.12). O

6. Main results

We are now in position to prove a stability theorem by the discrete operator.
Once this stability result is proved, we will show the convergence of the numerical
solutions to the solution of the continuous problem (PNLS). In order to prove the
stability theorem we will proceed analogously to [12].
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THEOREM 6.1. Let o be small enough and let ¢y (t) be the solution of (SDPNLS) with
initial data ¢ €Sy,. Then there exists a ground state Ry, that is orbital stable, i.e., for
any € >0 there is a 6(g) >0, such that if |¢0|§,h = |Rh|§’h and pg (¢o0,Gr, ) <d(e) then

pE (on(t),Gr,) <e for all t>0.

We will say that the soliton orbit is stable.

Proof. Suppose that the minimum of (4.6) is achieved in 7. From (5.4) and (5.8),
substituting in (4.5), we have

A&, > (Ll up,up) + (L vy, o) — C ||wh||ih -y ”wh”ih

2 2 6
> Cs|lwp |} ), — Callwlly p, — Cs llwnlly -
Hence

A&, = g(p(dn(t),Gry)), (6.1)

where
g(t)=ct? (1 —at?— bt4) with a,b,c¢>0.

Notice that g(0) =0, and g(¢) >0 for 0 <t < 1. We can obtain the stability from (6.1):
let € >0 be small enough; then the continuity of £,in S, implies that there exists
d(e) >0 such that A&y, < g(e) for p(po,Gr,) <I(e). Since A&}, does not depend on ¢,
from (6.1) we conclude that g(pg(¢n(t),Gr,)) < g(e) for t>0.

Hence, since pgp(ép(t),Gr,) is a continuous function of ¢,

pE(¢h(t),th)<€ for t >0, (62)

and the soliton Ry is orbital stable. 0

THEOREM 6.2. Let Ey,: H}[0,1/2] — Sy, be the evaluation operator at nodes {x; =jh};
and ¢(z,t), be the solution of (PNLS) with initial data ¢o(x); then for all t>0

’e”“ bn (t) — e”Eh (¢ (:E,t)) ‘2,h thO

where v, and 7y are the values of the phases where the distance is achieved in the
discrete and continuous cases respectively.

Proof. From (3.27) and (6.2), and by the continuity of the evaluation operator
E;, and the orbital stability in the continuous case (see [1]), we have the following
inequalities,
| (t) — eV En(o(t))], < |e" dn(t) — Rh|2}h +|En(R) — Rply ), +
| En(R) — e En(6(t))],
<pE(n(t),Gr,) +|En(R) — Ruly ), + Cpr (¢(t).Gr) hjoo’

and the proof is complete. ]
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