COMM. MATH. SCI. (© 2006 International Press
Vol. 4, No. 3, pp. 609-619

ON THE EXISTENCE OF TRANSIENT SOLUTIONS OF A TUNNEL
FIRE MODEL*

INGENUIN GASSER' AND HERBERT STEINRUCK?

Abstract. In this paper we present a global existence and uniqueness result of solutions to a
system consisting of a coupled nonlinear PDE and a nonlinear ODE. This system is a one-dimensional
fluiddynamic model for tunnel fires and was presented in [6] and then anaylsed in [2]and [5] with
respect to the applications.
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1. Introduction

Due to some serious fire accidents in the near past tunnel fires have become an
interesting topic not only for CFD engineers. In the last decades various mathematical
models based on a gas-dynamic description of the air in the tunnel have been proposed.
A good overview on the modeling approaches is given in [4, 8. A recent survey on
computer codes for tunnel fire simulations can be found in [7]. In this context the
internet platform [1] should be mentioned also.

On one hand complex CFD codes need detailed (often non-available) input data
and produce very detailed flow results for a single situation. Nevertheless, many
questions from the application cannot be answered. On the other hand such codes
are expensive and need a lot of know how to be used. These are some of the reasons
why there is a revival of simple one-dimensional fluid dynamic models which are fast
and in general not worse than CFD codes in answering certain questions from the
application.

One of these one-dimensional models was introduced in [6]. To our knowledge this
is one of the first models derived from underlying fluid dynamic equations. The single
dimension refers to the longitudinal spacial extension. This model is derived in such
a way that it allows us to combine both a good description in the low Mach number
regime and significant heat transport. The results obtained by now show that the
model seems to keep the main features of tunnel fires. A good (at least qualitative)
agreement with results from experiments has been obtained (see [6, 3]). Stationary
solutions of the model equation have been discussed in [2].

Let p, u, p, T be the (dimensionless) density, velocity, pressure and the temper-
ature of the flow in the tunnel, respectively. Then the leading order equations in a
small Mach number expansion are given by

pt+ups =—pq, (1.1)
1 ulu .
ut+uux+ppm=—pdu|2|—fdsma (1.2)
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610 TUNNEL FIRE MODEL

with g =gq(z,t) as time and space dependent (scaled) heat source. The equations have
to be supplemented by the equation of state for an ideal gas p=pT'. In the equation of
motion we have considered the pressure loss pg,u|u|/2 and the buoyancy force fisina
with a scaled pressure loss coefficient pg, and a (scaled) buoyancy parameter fq. For
more details on the derivation of the model and scaling see [6, 3].

As far as boundary data is concerned we prescribe Dirichlet data for the pressure
p at the entrance and the exit, homogenous Neumann conditions for the velocity u
(no fire at the entrance and exit) and standard inflow boundary conditions for the
density p (for ¢ >0)

p(t,0)=pi(t).p(t,1)=p.(t), (1.4
U (¢,0) = 0,u,(¢,1) =0, (1.5
p(t,0) =p,(t) if u(t,0)>0,p(t,1)=p,(t) if u(t,1) <O0.

o —

Initial data are prescribed for the density and the velocity
u(0,2) =ug(x), p(0,2)=po(x), Vrel0,1]. (1.7)

Thus, our model consists of the equations (1.1)-(1.3), the boundary conditions (1.4)-
(1.6) and the initial conditions (1.7).

A first problem lies in the fact that we have two boundary conditions for the
pressure but only a first derivative of the pressure in the model. To get rid of this
problem we consider the following reformulation (restricted to one space dimension).
We eliminate the pressure by multiplying the equation (1.2) by p and integrating over
x €[0,1]. This gives

/Olputda:+/01puuxdx+pr—pzZ—/Olpdvngmdx—/olfdsinapdx. (1.8)
Equation (1.2) gives
uat)=o(t)+ [ gy =v(t) + Q1) (1.9)
where Q(z,t) is a known function. Then we obtain the system
pe+ (v+Q)ps =—py, (1.10)
Rvg+Rgv+ /Olpdvp(v—'—Q)QMQ'd:c =—RQ,+Qq+fysina —Pr+ D1 (1.11)

for p and v where R, Ry, RQ,+Qq+ f4sina denote functionals applied to p(x,t) defined in
(2.1)- (2.2). This system consists of an Ode for v and a Pde for the density p. The only
boundary conditions needed are the inflow conditions (1.6) for the continuity equation.
The conditions on the pressure appear as parameters in (1.11). The condition on
the velocity (1.5) is automatically fulfilled by (1.9). In this paper we use this last
formulation (1.10)-(1.11) for the analysis.

The paper is organized as follows. In section 2 we present the existence and
uniqueness result.

2. Global existence and uniqueness

In this section we focus on the global existence and uniqueness of solutions of the
equations (1.1)-(1.2) with boundary conditions (1.4)-(1.6) and initial conditions (1.7).

We formulate the following conditions:
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(A1) On the data in the equations:
(i) Let ¢=gq(z,t) >0 be a smooth function on [0,1] x [0,00) with suppg(.,t) C
(0,1)Vt€[0,00).
(ii) Let pgy =pav(z) be a smooth function on [0,1] with pg,(z) >0 Vze
[0,1].
(iii) %et ]a:a(x) be a smooth function on [0,1] with —F <a(z)<§ Ve
0,1].
(A2) On the boundary data:
(i) Let py=pi(t) >0 and p, =p,(t) >0 be in C*[0,T] for all T >0.

(ii) Let p;=pi(t) and p, =p,(t) be smooth functions for ¢ € [0,00].

(A3) On the initial data:
(i) Let ug=wuo(x)=vo+ [ q(y,0)dy for some constant vo.
(ii) Let po=po(z)>0 be a piecewise continuous differentiable function for
z€[0,1].

In the following we use the notation
1
R(t) :/ plx,t)dx (2.1)
0

Rf(t):/o p(z,t) f(z,t)dx. (2.2)

Before presenting the main existence result we state a result concerning lower and
upper bounds of the solutions of the continuity equation (1.10). In the following we
use the notation fyaz (1) =max(, 1efo,1)x[0,7] f(¥;1)-

LEMMA 2.1. Let (A1)(i) hold. Let T>0. Then for a given ve C[0,T] the conti-
nuity equation (1.10) with initial po and boundary data (1.6) has a unique piecewise
continuously differentiable solution p on (z,t) €[0,1] x[0,T]. It satisfies

0< pmin(T) < p(x,t) < prmaz(T), V(x,t) €[0,1] x [0,T7, (2.3)
with
min (pl(t)’pr(t)vPO(x))eiqmaIT7 (24)

pmin(T) = t€[0,T],z€[0,1]
(pl(t)apr(t)vp()(x))' (25)

max T)= a.
P ( ) te[O}l%,aSé[O,l]

We also bring the proof since it involves the characteristics where the main ideas
of the existence analysis are based on.

Proof. Consider a time interval [0,7]. The characteristic curves n=rn(t,zg,to) are
defined by

0,z0,0) = x

d t,l’ ,t 7]( y L0y 0,

BREL01) _ 120, 10), 1) =0(8) +- QUL t0).6), 4 it 0.0) =0, (26)
n(to,l,to) =1.

Given a continuous v =v(t) the right hand side in (2.6) is continuous (in 7 and ¢) and
Lipschitz-continuous in 1. The Lipschitz constant L satisfies L < @q:(T"). Therefore
the characteristic curves are uniquely defined at every point (z,t) and do not intersect.
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The continuity equation (1.10) reads along the characteristics

dp(n(t7330»to)7t)

dt =—q(n(t,z0,t0),t)p(n(t,r0,t0):t), (2.7)
with
p(n(0,20,0),0) = po(xo) for 0<n(t,zo,to) <1 Vte[0,T]
p(0,t) =p(n(t,0,t),t)=pi(t) for u(0,t) >0,
o(L0) =p(n(t, L D=p, (1) for (L) <0.

The density does not increase along the characteristics, it decreases at most expo-
nentially in the region with non-vanishing heat-source ¢q. This implies the estimates
(2.3), (2.4), (2.5). ]

Now we state the main global existence result.
THEOREM 2.1. Let (A1)-(A3) hold. Then for all T >0 there exists a unique solution

(p,v) — p piecewise continuous differentiable in [0,1]x [0,T] and v C[0,T] - to the
equations (1.10)-(1.11) with boundary conditions (1.6) and initial conditions (po,vo).

The proof of this theorem will be presented at the end of this section. As a
preparation we present a lemma and the corresponding local in time existence result.
The following lemma is an immediate consequence of lemma 2.1. It is stated without
proof.

LEMMA 2.2. Under the above assumptions we have

0<pmin(T)< R(t) , (2.8)
Rq(t) < Pmaz (T) qmazx (T)7 (2.9)
RQq(t)S Pmaz (T) qz@aa: (T>7 (2-10)
R, (1)< pmaz(T) Gmaw(T) @timas(T)  VEE0,T].  (2.11)

In the following we omit the argument 7" and f,,.; has to be understood as

fma:v = fmaa:(T)

We start the existence analysis with a local (in time) result.

THEOREM 2.2. Let (A1)-(A3) hold. Then there exists a 6 >0 such that there is
a unique solution (p,v) — p piecewise continuous differentiable in [0,1] x [0,0] and
veCL[0,0] - to the equations (1.10)-(1.11) with boundary conditions (1.6) and initial
conditions (po,vo).

Proof. For the following analysis we consider the corresponding integrated equa-
tion (1.11)

o)== | g (Ru(she(s)

(s)
1
+/O Pan(@)p(x,5) (v(s)+Q(x,s))2|v(5)+Q(x’s)|dm

+Rq,(8) + Rqq(s) + Ryysina(s) —pi(s) +pr(s)} ds. (2.12)
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We use a standard fixed point procedure to show local (in time) existence and
uniqueness of solutions of the equations (1.10)-(1.11). Let §,0 > 0 and we consider the
domain

D={(v,t)|—0<t<é, wg—o<v<wvy+o} (2.13)
and ve C(Is) =C[—0,d]. Then we choose a closed subset Y C C(I5) with
Y ={veC(Is)||lv—vollcu,) <o} (2.14)
We define the operator
S:Y —C(Iy) (2.15)
with

(SU)G)UOEZ;}i;){f@(sﬁws)

+/0 Pav(z)p(z,5) (v(s) +Q(x’5))2‘v(5) +Q(z,s)| &

TRq,(8)+ Raq(s) + Ryysina(s) —pi(s) +pr(s)} ds

where p is given by the solution of the continuity equation (1.10) with boundary and
initial data satisfying (A2) and (A3).
The idea is to choose § and ¢ in such a way, that the mapping S is a contraction.
We assume 0 <7T'. Using the definition of the operator S we estimate

§ 1
(50)6)~tnl <1 | i { Ratehoto) [ i) AL,
+Rq,(s)+ Rqq(s) + Ryysina(s) —pi(s) +pr(s) tds|

{pmaQOaz [UO + U] + PmazPdv;maz

<

Pmin

[02 + 20 (UO + Qmam) + (UO + Qmaz)Q]

+pmant;muw +pmameaIQ7naI + pmaa:fd - (pl _pr)maw} . (216)
Given a o it is easy to choose a ¢ such that ||Sv—wo|[c(s;) <o. Thus S:Y =Y.

Next we show the contractivity of the mapping S. Clearly, the contractivity is
used in the iterative scheme

= Sv', 0% =y, i=0,1,2,..., (2.17)
i.e. first we solve

; 4(0,70,0) =

d it t ) ) 77( sy L0y 0
w:vZ(t)+Q(nz(t7a:0,t0),t), 7' (t0,0,t) =0 (2.18)

nl(to,l,to) ].

d (0l t t t . .

P 000 E) _ i g o). ) G (10,00 1), (2.19)

dt
. pi(to) for xo=0
p' (' (to,zo,to),t0) = 4 pr(to) for mo=1 (2.20)
po(zo) for t4=0



614 TUNNEL FIRE MODEL

and then

5
v (8) = v —/0 R%(s) {R,(s)v"(s)

_l,_/ pdv(x)pl(x,s) (Ul(S)+Q($,s))2|vz(s)+Q(x’s)|dm
0 4 |
+RY, (8)+ Rigg () + Ry ina(8) —pi(s) +p,(s) } ds (2.21)

where we denote by

R (8)= /0 0 (@,6) f(2,0)da. (2.22)

From now on we have to prove basically two things:
1. First we estimate possible changes in the density — or in the integrated density
— due to the changes from iteration level i —1 to ¢ such that

1
/|pi(x,t)—pi—l(a:,t)mxgctnvi—ui—1|\c(,6), vee[0,0]  (2.23)
0

where ¢ depends only on the data and

1

< .
max(|v0 +G|7 |1)0 _U|7Qmax)

(2.24)

2. Then all terms in the iteration-expression |[vi! —vf| lc(15) Will be reduced to
an estimate on the left hand side of (2.24).
We start with 1):
In a first step we assume that p; and p, are constant (in ¢). We choose a limit for the
length of the time interval (2.24) and consider the interval [0,1] at time ¢ € [0,].
In order to estimate the quantity

1
[ 1@t wt)lds (2.25)
0
we split the the interval [0,1] (at time ¢) in different regions. Let for i=0,1,2,...
T = in[g 1]{7]i(t,x0,0)|0 <n"(s,20,0) < 1Vs€[0,t]} (2.26)
zo€|0,
zl= sup {n'(t,0,0)|0<n'(s,20,0) <1Vs€[0,4]}. (2.27)
z0€[0,1]

We denote by ¢ =n'(t,70s,0),s=1,2,...,S the value at ¢ of the characteristics which
satisfies x} <n’(t,x0s,0) <%, where zgs,5 =1,2,..5 are the discontinuities of the initial

=Ly

density po. We denote (see Figure 2.1)

Q= (Ovmin(‘r;‘vm;il)) (2.28)

Qpr = (max(xl, 287 1),1) (2.29)

O = (min(z}, 2, ), max(z},z; ")) (2.30)

Q, = (min(z%, 27 1), max(z!, 27 1)) (2.31)

Qgs = (min(z?, 2571, max(z?,2571)), s=1,2,...,8 (2.32)
S

QC:(O,l)—{leUQbTUQlUQT Ust}. (233)

s=1
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To simplify the notation of the characteristic curves in the following we omit the
arguments zo and ¢y and write simply 7*(s) instead of n%(s,x¢,t0) (2o and ¢y have to
understood from the context). We estimate (due to (2.18))

, - 1 _— , -
max [n'(s)—n' 1(5)\§T|tito|{|75—t0H|UZ—UZ e+ (ko) =" (to) |}

S€E[to,t]

(2.34)
where the second estimate is to be intended along the characteristic 1° or along the
characteristic 7°~1. Thus for n(to) =n""1(tp) and under the condition (2.24)

max [ (s) ="~ ()| < [t —tol||v" =v"H|cwy) (2.35)
s€[0,t]

holds. Tt is easy to see that (constant boundary data for p)

| Wa-p twolde= [ i -p mold=0.  (230)
le Qbr

Applying (2.35) we obtain

/ 19 (t) = 0 (2,8) | < s ma max [ (5) — i~ (5)]
Qs s€[0,t]

Spdiff;maxtﬂvi —Uiilﬂc(jé), s=1,2,...,5, (2.37)

where pg; ¢ f:maz = Pmaz — Pmin- Then we use

%(pi(ni(t),t) —p T ), ) = —am (1), (' (£),) +a(n’ T (£),6)p (1), 1)
=—q(n" @), )" (' (t),t) = p" ("1 (1), 1)]
—la(n"(t),t) — ('~ (t),)]p" (' (t),1) (2.38)

Therefore (using ¢>0)

lp" (' (8),6) = "~ ("1 (1), 1) < |p" (' (0),0) — p*~ (n*~1(0),0)|

+Gamaz Pmaz X 7' (s) =" (s)]
s€0,t]

<t ‘ |Ui —vi! | |C(L;) (Irél[%ﬁ] |(p0)z(x)| + (qm)mazpmmr)
(2.39)

and
/Q ‘p%.’lﬁ,t) _pi—l(x7t)|d$ Sf”vi _,Ui—1||c(15) <zr£[%)§] |(p0)a:($)| + (Qz)mazpmaa:) .

(2.40)

It remains to estimate the differences on €; and €2,.. We consider now €); and assume
that 2i <2, '. Then we consider the two characteristics nj; and 7}, (at iteration
level ) with 7}, (t)=2¢ and nj,(t)==2)"". Due to (2.24) these two characteristics
cannot reach the right boundary at x=1. There exists an s € [0,¢] with 7}, (s) =0 and

iy ()] < [t [[v* — v~ H|o(1y) (same argument as in (2.35) for the characteristics nj, and
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z=0 Zos r=1

F1G. 2.1. Schematic view of the notations. The continuous and dashed lines correspond to the
iteration level i—1 and i, respectively.

nt—t with ni=1(t)=xi""'). Since nj, and n}, do not cross we have |n};(s) —niy(s)| <
|t][|v" —v* || (1,)- Thus we conclude for the size of

|2y =y | =i (8) = mip (O] < [t [0 =0 Y] ey €7 (2.41)

and therefore

0" (z,t) — p' (2, 1) | d < paif fmaz [t 0" — 0" ] (1) €2t (2.42)
Q

The same estimate holds for €,.. This leads to an estimate of the type (t <9)

1
/0 ‘pl(l‘vt)ipzil(xat”dzSCt”’U’L*inlHC(Is)v (243)

where ¢ depends on T and on the data. Now we turn to the case of non-constant
boundary data. In this case we transform the problem by using

p(x,t)=p(x,t) = [(1—2)pi(t) +pr(1)] (2.44)
into
Pi+u'p,=—qp' —u'(pr—p1) = [(1—2)(p)e +x(pr)e] —ql(1—x)pr+ape]  (2.45)

with constant boundary data

p(0,t)=0, p(1,t)=0, p(z,0)=po(x) = [(1—2)pi(0) +zpr(0)]. (2.46)

Now we use the same estimation procedure as above in the case of constant boundary
data. The difference lies in the fact that the right hand side in the equation (2.45)
has changed. We see in (2.18) that the characteristic curves remain unchanged. The
only changes appear in (2.39)-(2.42) where the densities are involved. Equation (2.39)
remains unchanged due to

ﬁi(x7t)_ﬁi_l(xvt):pi(m7t)_pi_1($7t)' (2'47)
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In (2.41) and (2.42) the quantity pgiffmaes has to be revisited. Also ppq, in (2.41)
and (2.42) has to be replaced by the corresponding value of p. It is easy to see that

|ﬁi (.’E,t)| < Prmaz :ﬁO;mam +t[(pl - pr)max(|UO +J| + Qmax)
+qmax (pl;mam + Primaz + (plt;mam + prt;mafc] (248)

and therefore 7 ;. <2p . Along these lines we obtain instead of (2.39
pdszmax Pmaz

7' (" (1)) =" (" T (@), ) St =0 M r3) [Powsman + dzimas Prmast
+(pl - pr)maw (1 + Gmazt + Gmaz (Pl;maac + Primaz
+(plt;max+prt;max]' (249)

Putting all the estimates together we finally obtain the desired result
/ lp'(z,t)—p' Nz, t)|da <ct|[v' —v" Yoy, VEZS (2.50)
0

where ¢ depends only on the data.

Now we pass to 2):
In the following all terms to be estimated in the iteration-expression |[v**! —vf||c(r)
will be reduced to an estimate on the left hand side of (2.23). We start with

i+1

o
/ |R§(S)*R;_l( $)|ds <6 frmax max/ |p"(x,8) — p"(z,s)|dx (2.51)
0

and
§ Ri(s) RY(s) s)R*1(s)—Ri(s)R\ (s
[ BT RO R,
o Ri(s) R~1(s) Ri(s)Ri—1(s)
Pmax i i—
<o [*) i) R o)
pmzn 0
+'0m”fm“ / Ri(s)— R(s)ds  (2.52)
and

* Ry(s) ; RT(s) oo S i1
) - syt < [ e i) o
oy Bl Rs)
[ O R

S(Spm;m?mam ||’Ul _'Uz_lHC(I(;)
5 Ri(s) RI7(s)
+[vg+ o -1 ds.
[vo "]/0 ‘(Rz(s) Rz—l(s))|

(2.53)
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Analogously
5 pl vi(s 2.5 (s s
[ [ o) (pi@c,s)( (5)+Q( 7}>%zl(s)< )+ Q(a,5))|
— Y8 (v'~ (s)+Q(x}§zzlli)(8) (5)+Q(x,s))|>dxds|

5 1 4 B i 2
S/o ; pdu(w)Ri(sﬂpz(x,S)—p (z,5)| (v +Q(z,5))*dxds

§ o1 w i .5 _U’L—l .8 ’Ui 2.8 ldwds

+/0 ) Pav () Ri(s) [v*(z,s) (z,5)||v" +Q(x,s)|dxd

ﬂ7|( T+ Q(x,8)) (v (x,5) + Q(x,8)| = [V (,5) — Q(x,5)]) |duds

ot 1 1 i—1 A 2
[ [ pul)l g~ g 0 9 (0(6) + Q) P

1 5o 4
< Pdvimaz—— <U0+U+Qmaw)2/ / 0" (x,8) = p* " (x,5)|dwds
0 JO

min

+2pdv;max pmam (UO + U+qmax) o ‘ |Ui —Vi-1 | ‘C(IJ)
min
1

6 pl
1
+Ddv;maz Pmaz (Vo + 0 + Gmaz 2/ / : Y dzxds. 2.54
PavimazPmaz (0 +0+maz)” | | 1505~ iy (2.54)

Summarizing the estimates (2.23)-(2.54) we obtain
[0 =l <edllv’ v Hlowy,  i=12.. (2.55)

where the constant ¢ depends only on the data, on § and on T. Therefore, given a o
choosing § small enough the map S turns out to be a contraction.

The properties a) and b) allow us to conclude that there is a unique fixed point
of the map S in Y which represents the solution. This concludes the proof. ]

At the end we conclude with the proof of the main Theorem 2.1:

Proof. Here we have to show that the solution is extendible to the interval ¢ € [0,T7].
We multiply (1.11) by 17 and obtain (for v#£0)

R ! v (v+Q)|lv+Q)| v 1
|v|t+§q\v|:_/0 Pdvpmfdx_mﬁ{RQt+RQqudsina_pl+pT}'

(2.56)

Obviously, the last term on the right hand side is bounded. The first term on the
right hand side can be estimated

1 0 for v>0
_/ pdvpi wdw < pdv;mazpmaacqunax for —Gmaz <V <0 (257)
0 [0] 0 for v<—¢maz-

Therefore, |v| grows at most exponentially and exists for every finite time interval.
Since also ¢ >0 holds, |v| remains bounded. This concludes the proof. |
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3. Conclusions

We have shown a global existence and uniqueness result for solutions of model
equations for the description of tunnel fires. This result is a necessary basis for ongoing
studies on the model. A possible extension is to study tunnel-networks. In this case
we need a good knowledge of the model for the single “network-pieces”. Another
extension is to introduce control-mechanisms and to study the resulting dynamics.
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