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THE RIEMANN PROBLEM FOR FLUID FLOWS IN A NOZZLE
WITH DISCONTINUOUS CROSS-SECTION*

PHILIPPE G. LEFLOCH' AND MAI DUC THANH?

Abstract. The system of balance laws describing a compressible fluid flow in a nozzle forms a
non-strictly hyperbolic system of partial differential equations which, also, is not fully conservative
due to the effect of the geometry. First, we investigate the general properties of the system and
determine all possible wave combinations. Second, we construct analytically the solutions of the
Riemann problem for any values of the left-and right-hand states. For certain values we obtain up
to three solutions whose structure is carefully described here. In some range of Riemann data, no
solution exists. When three solutions are available, then exactly one of them contains two stationary
waves which are superimposed in the physical space. We include also numerical plots of these
solutions.
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1. Introduction
We consider the Riemann problem for the following system describing the evolu-
tion of an isothermal fluid in a nozzle with discontinuous cross-sectional area a(z) > 0:

9 (ap) + 0z (apu) = 0,

By (apu) + 8 (alpu® + p(p))) = p(p)d:a, (1.1)
da = 0, zER,t>0.

Here, p and u stand for the density and the particle velocity of the fluid under con-
sideration, respectively, and the pressure function p = p(p) is given by

p(p) = kp”, 1<y <5/3. (1.2)

Observe that the third equation in (1.1) is trivial since the function a depends only
on z. Since we are interested in discontinuous functions a it is convenient (following
[14]) to consider the full set of three equations. The third equation is associated with
a linearly degenerate field with constant characteristic speed.

First, observe that the system (1.1) does not take the usual form of a system
of conservation laws and is not fully conservative. This is due to the effect of the
geometry modeled by the function a. When a admits discontinuities, Dirac masses
appear on the right-hand side of the second equation of (1.1). Therefore, the usual
notion of weak solutions for systems of conservation laws does not apply. The product
still makes sense as a measure within the framework introduced by Dal Maso, LeFloch,
and Murat [6]. Throughout this paper, the function a will be assumed to be piecewise
constant, so that the application of the theory in [6] is particularly immediate, as we
will see below.
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764 THE RIEMANN PROBLEM FOR FLUID FLOW IN A NOZZLE

For smooth solutions (z,t) — (p,u,a), the system (1.1) is equivalent to the fol-
lowing three conservation laws:

9t (ap) + 0 (apu) =0,
atquagg(%2 +h(p)) =0, (1.3)
Ora = 0,

where the function h is defined by h'(p) = p'(p)/p, thus

Ky -1
hip) := ——=p"".
(p) pogg 4
On the other hand, the Rankine-Hugoniot relation associated with the third equa-
tion in (1.1) takes the form

~Xa] = 0, (1.4)

where A denotes the speed of the discontinuity, [a] := a4 — a— is the jump of the
quantity a, and a+ denotes its left- and right-hand traces. The relation (1.4) implies
that :

(i) the component a remains constant across the shock, or

(i) a is discontinuous but the shock velocity vanishes.

The following discussion provides us the list of admissible waves for solving the Rie-
mann problem, and is central to this paper.

Let us assume first that the component a remains constant across some shock
wave. Since a is piecewise constant, it should be constant in a neighborhood of the
shock. Eliminating a from (1.1), we obtain the following system of two conservation
laws

9¢(p) + Oz (pu) =0,
By (pu) + 8z ((pu® + p(p))) = 0.

Thus, the left- and right-hand states are related by the Rankine Hugoniot relations
corresponding to (1.5)

(1.5)

- A[p] + [pu] = 07

, (1.6)
— Apu] + [pu” +p(p)] =0,

where [p] := p; — p4, etc.

Suppose next that the component a is discontinuous and that, therefore, the shock
speed vanishes. The solution is independent of time, and it is natural to search for
a solution as the limit of a sequence of time-independent smooth solutions of (1.1).
Following Marchesin-Paes-Leme [19] and LeFloch [14], this motivates us to consider
the system of ordinary differential equations

(apu)’ = 0,
u? (L.7)
(5 +h(p) =0.

The integral curve of (1.7) passing through each point (pg, uo, @) can be parameter-
ized by u, say

u = (p(u),u,a(u)),
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and satisfies

2
UWRY iy = Yo Y g
o PoUO
p(u)u

a(u) =

Letting v — wu+ and setting p+ = p(us), ax = a(ux), we see that the states
(p+,u+,a+) satisfy the Rankine-Hugoniot relations associated with (1.3), but with
zero shock speed:

[apu] = 0,
2 (18)
%+ h(p)] =0.

It is easy to check (LeFloch [14]) that discontinuities satisfying (1.8) are solutions
of the nonconservative system (1.1) in the sense of Dal Maso-LeFloch-Murat for the
family of paths based on the ODE trajectories (1.7).

In this paper, we will construct solutions of the Riemann problem associated with
(1.1), made of elementary waves defined as follows.

Definition 1.1. The admissible waves for the system (1.1) are the following ones:
e the rarefaction waves, which are smooth solutions of (1.1) with constant com-
ponent a depending only on the self-similarity variable /¢t
e the shock waves which satisfy (1.6) and Lax shock inequalities (see [13]) and

have constant component a;

e and the stationary waves which have zero propagation speed and are given by

(1.8).

As will become clear in Section 2, the system under consideration in this paper is
not strictly hyperbolic. This makes the analysis of the Riemann problem particularly
challenging. For other earlier work in this direction we refer to [4,7,10,11,12,17,18,19].
For recent numerical work on hyperbolic systems with source-term we refer to [1, 2,
3,8,9].

An outline of this paper is as follows: Section 2 presents basic material on the
system (1.1). Then, in Section 3, for each wave family we construct one-parameter
sets of states which can be connected to a given state by using shock and rarefaction
waves in one family plus a stationary wave. In Sections 4 and 5, we exhibit the solution
(or solutions) of the Riemann problem: first using a single stationary wave (Section
4) and, second, using two stationary waves (Section 5). The Riemann solutions are
finally plotted numerically in Section 6. We do attempt, in this paper, to single out
a unique admissible solution in cases when our construction generates more than one
solution. In fact, it would be very interesting to investigate whether the concept
of a kinetic relation (see [15]) developed in the context of nonclassical shocks and
propagating phase boundaries could be applicable to the present problem.

2. Preliminaries
It will be convenient to write U = (p,u,a). For smooth solutions the system (1.3)
can be written in the standard form

U + AU) U = 0, (2.1)
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where
u p pula
A=|W(p) u 0
0 0 0

The matrix A is not the Jacobian of a function. It admits the following three eigen-
values and right-eigenvectors:

Ati=u—+/p(p), =0, A3:=u++p(p),

/
1= (p,=VP'(),0)", 2= (pu, —p'(p), alu — #))t, r3 = (p, /P (p),0)".
(2.2)
The first and the second characteristic speeds may coincide, and so do the second and
the third characteristic speeds. More precisely, setting

C*:u= ﬂ:‘/iwp%l, (2.3)
we see that
)\2 = )\1 on C+,
)\2 = A3 on C~
and (1.1) is not strictly hyperbolic.
In (p,u)-plan, the boundaries of strict hyperbolicity C'y separates the half-plane

p > 0 into three (open) domains. For convenience, we will refer to them as the “lower
region” Gy, the “middle region” G», and the “upper region” Gs :

gl:{(pv ) u< —\/p I }
g2_{p7 ) |u|<\/ }7
Gs ={(p,u) : u>/p }

In each of these regions the system (2.1) is strictly hyperbolic and we have

A1 <>\3<)\2, in gl,
A< A< )\3, in gg,
Ay < A1 < )\3, in gg.

It will be also convenient to use the notation

G5 = {(p,u) € Go : u >0},
Gy ={(p,u) €G> : u <0}

The second characteristic family is linearly degenerate, while the 1- and the 3-
characteristic families are genuinely nonlinear:

1
=VA1-r1 =VA3 -3 = 7,(/’1’”(!’) +2p/(p)) > 0.
2y/p'(p)

A shock wave in the first or third family connecting a given left-hand state Uy to a
right-hand state U must satisfy the Lax shock inequalities (see [13])

A(U) < /_\Z(U, Uo) < A\i(Up), i=1,3, (2.4)
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where \; (U, Up) denotes the shock speed.
Shock waves from 1- and 3-families are constrained by the jump conditions (1.6).
The so-called Hugoniot set is determined

1 1
(u—uo)* = K(— = =)(p" = pg)-
po P 0
We can distinguish between two families. Using the condition that the 1-Hugoniot
curve issued from Up is tangent to the 1-eigenvector vector r1(U), we find

1 1 1/2
uo = (R(— = )" =) s P> po,
o po P
7‘[1(U0).U,— 1 1 1/2
up + ((— — =)(p" — pg , p<po.
o+ (K= =) T p <

Similar arguments lead to H3z(Up). Using Lax shock inequalities (2.4), we can define
—

the 1-wave and a 3-wave (left-to-right) shock curve S; (Up) and S3(Up) consisting of
all right-hand states U that can be connected to Uy by a shock by:

S (U()) : OJl(P; U[)) = Ug — (Ii(pl — %)(PW — pg))l/Q, P > po,
— ’ 1/2 (2.5)
$a0)  nlp)s=ma = (sl = D =) ", o<

N
The condition p > po for S;(Up) (respectively p < po for S3(Up)) is derived from the
Lax shock inequalities (2.4).

+—
Similarly, the 1-wave and 3-wave (right-to-left) shock curve S1(Uy), S5(Up) con-
sisting of all left-hand states U that can be connected to Uy by a Lax shock are

1 1/2

D =) p <,

! " (2.6)
IET) RN

Next, we search for rarefaction waves, i.e., smooth self-similar solutions to the
system (1.3). As usual, we consider for ordinary differential equations

dU . TZ(U) .
@€ VN o)y T L3, (2.7)
U(&) = Ub.

Therefore, we can determine the 1-wave (left-to-right) rarefaction curve Ry (Uy) by

14 !
wp) =uo— [ YZB) g,
(4] p
2. /k _
e (AL S 28
-1 =1 -1
pT(E) = pp? — — (€—&), £>6.

VEY(y +1)
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and the 3-wave (right-to-left) rarefaction curve R3(Up) by

\/_

w3(p) =uo+ [ +—dp, p < po,
o (2.9)
iy = 77
p = (&) =py° + N 1)(5 ), €< -

If we take £ < & and p > pg in the formulas (2.8), (2.9) instead, we get the l-wave
— —

(right-to-left) and 3-wave (left-to-right) rarefaction curve R1(Up), R3(Uo).
In conclusion, we can define the wave curves

Wi (Us) = 81 (Uo) URA (Vo)
Wi (T) = S1(Us) URA (),
W (Us) = Ss(Un) URs(Uo), (2.10)
Ws(Us) = S3(Uo) URs(Uo).

Let us investigate properties of the wave curves. A state Uy being given we
consider the wave curves in the (p,u)-plan issuing from Up. It follows from (2.6) that

duy(Uo,p) |07 = o) + (55 = 2™

0 = - 3o o, p) — o) <0, p> po, (2.11a)
and, clearly,
%io’p) = /P T <0, p<po. (2.11b)
Similar calculations show that
%ﬁo,p) >0, p>0. (2.12)

From (2.11)-(2.12), we have the well-known property:

Lemma 2.1. (1- and 3-wave curves)
The wave curve W (Up) : p — wi(Uo, p),p > 0 is strictly decreasing. The wave

-
curve W3 (Up) : p — w3(Up, p),p > 0 is strictly increasing.
As observed in Section 1, a stationary shock from a given state Uy to some state
U must satisfy

2k 10\ 1/2
Wa(Us) : u=ws(Us, p) i=sgn(uo) (ug = (0" =l 1)), o £0,

V- (2.13)
apUopPo

E(Uo, p; a) := w2(Uo, p)p — =0.

If ug = 0, then the equations (2.13) determine three points (po,0), (0, £+/(267)/(y — 1)

(7 D/ %). Assume ug # 0. The function p — ws(Up, p) is defined provided the ex-

pressmn under the square root is non-negative:

2Ky -
2 enr o y—1 . y—1 >0
ug 7_1(p po ) =0,
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which requires that

_ vy—1 =
p<pl) = (Gub+ ') (2.14)

In the interval [0, p(Up)], the function p — wq(Uo, p) is decreasing for ug > 0 and
increasing for ug < 0. On the other hand,

OS(Uo,pra) _ 46— 35 (7 = p3 ") —wyp?™! (2.15)
5 = i 12 '
C (e A
Assume, for simplicity, that ugp > 0. The last expression means that
0X(Uy, p;a
% >0, p< Pmax(pO,uU)’
P (2.16)
0% (Uy, p; a .
% <0, p> pmax(p07u0)’
p
where
y—1 2 2 7—1) =
max a'U/ = U ’ 2.17
Pmax (Po, o) (H7(7+1) 0T o (247

The function p — X(Uy, p; a) takes negative values at the endpoints. Thus, it admits
some root if and only if the maximum value is non-negative. This is equivalent to
saying that

aop0|uo|
EES! )

VEYpmiax (Po, Uo)

For ug < 0, the same properties hold provided we reverse the inequalities (2.16) and
replace “negative” by “positive”. Based on these observations, we have

a > amin(Up) := (2.18)

Lemma 2.2. (Waves associated with the linearly degenerate field.)
Given Uy, a stationary shock issuing from Uy and connecting to some state U =
(p,u,a) exists if and only if @ > amin(Up). More precisely, we have:
(i) If @ < amin(Up), there are no stationary shocks.
(ii) If @ > amin(Uo), then there are exactly two values ¢;(Up,a) < pmax(Up) <
v2(Uyp, a) such that

E(Uo, ¢1(Uo, a),a) = E(Uy, ¢2(Uo, a),a) = 0. (2.19)

Accordingly, along the curve W5 (Up), there are two distinct points that can be
attained from Up using a stationary shock.

(ili) If @ = amin(Up), then on the curve W5(Up) there is a unique point that can be
attained from Uy using a stationary shock.
The following lemma compare together terms arising in the previous lemma.

Lemma 2.3.
i) We have

Pmax(po, o) < po, (po,uo) € Ga,
Pmax(Po, o) > po, (po,uo) € Gz UGy, (2.20)
Pmax(Po, %) = po, (po,uo) € Cx.
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ii) After a stationary jump, the state (@1 (U, a), w2(Uo, @1 (Ug,a))) belongs to Gy
if up < 0, and belongs to Gs if ug > 0, while the state (p2(Up, a),w2(Uy, p2(Uo, a)))
always belongs to Go. Moreover, for ug # 0, we have

(pmax(U()aa)aw2(U07pmax(U07a))) € ctif ug > 0,

. (2.21)
(pmax(U()aa)aw2(U07pmax(U07a))) eC if wo <0.
In addition, we have
— If a > ag, then
©1 (Uo,a) < po < g02(U0,a). (222&)
— If a < ag, then
< Uy, f Up € G1 UGs,
po < p1(Uo,a) for U € GiUGs (2.22b)
Po > (,DQ(UU,G) for Uy € G>.
iii)
amin(Ua a) < a, (pa ’LL) € gi7 L= 172737
amin(Ua a) = a, (,0, ’U,) € Ci: (223)

amin(U,a) =0, p=0 or u=

Proof. The inequalities (2.20) are straightforward. To demonstrate ii) and iii),
we can assume for simplicity that ug > 0. Let us define the function

9(Uo, p) = w3 (Uo, p) — kyp”

2Ky —
2 y—1 _ ~v—1
—,y — 1( po )

= uyg — kyp' L

Then, a straightforward calculation gives

g(Uo, pmax(UO)) = 07

which proves (2.21). On the other hand, since

dg(Uo, p)
dp

= —(y+ Dryp’? <0,
and that ¢1 (Up, a) < pmax(Uo, a) < ¢2(Up,a) it holds that

g(U07 ®1 (U(), a')) > g(U07 pmax(UO)) =0> g(UOv $1 (UOv a’))
The last two inequalities justify the statement in ii). Moreover,

Y(Uo, po; a) = pouo(l —ag/a) >0 if a> ao,

which proves (2.22a), and shows that py is located outside of the interval [¢; (Up, a),
v2(Up,a)] in the opposite case. It is then derived from (2.15) that

D ; A
0Z(Uo,poia) _ U5 —K¥P0 — _ o g Up € Go,
ap Uo
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which, together with the earlier observation, implies (2.22b).
We next check (2.23) for a = agp. It comes from the definition of amin(Up) that
amin(Up) < ap if and only if

Pk
VEYPTZ > poluol,
that can be equivalently written as
2 1y 2 vy—1

Ilm):= ——m — (& TmyFt + —— > 0,

(m) := —2gm = (k) 7Frm3 pow R
where m := p] ' /u2. Then, we can see that

I(1/k7y) =0, (2.24)

which, in particular shows that the second equation in (2.23) holds, since (po, ug) € C+
for m = 1/k~y. Moreover,

di(m) 2 i
W_7+1(1 (kym)>771),

which is positive for m > 1/k7v and negative for m < k7. This together with (2.24)
establish the first statement in (2.23). The third statement in (2.23) is straightforward.
This completes the proof of Lemma 2.3. B

Proposition 2.4. i) The 1-shock speed Ay (Up, U), (for p > po) may change sign
along the 1-shock curve S; (Up). More precisely, if Uy € G; UG, then A1 (Up, U) remains
negative:

/_\1 (U(), U) <0, UeS (U()) (225&)

If Uy € Gs3, then 5\1(U0, U) vanishes once at some point Uo corresponding to a value
p =11(Uo) > po on the 1-shock curve S;(Up) : p— U = (p,w1(p; Up)), such that

A1 (Uo, Up) =0,
>\1(U07U) > 07 14 € (p07p~0)7
>\1(U07U) < 07 pE (,50,—‘-00),

UOGQ;.

(2.25b)

ii) The 3-shock speed A3(Up,U), (for p > pg) may change sign along the 3-shock
backward curve S3(Up). More precisely, if Uy € G2 U G3 then A3(Up,U) remains
positive:

/_\3(U0, U) <0, Ue S3(U0) (226&)

If Uy € Gy, then 5\3(U0, U) vanishes once at some point Uo corresponding to a value
p = ¥2(Up) > po on the 3-shock backward curve S3(Up) : p — U = (p,ws(p; Vo)),
such that
X3(Uo, Up) = 0,
)‘3(U07U) < 07 pE (p07p~0)7
)\3(U07U) >07 pE (p~0,+00),
Uo S g;

(2.26D)
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Proof. We only prove i), since similar arguments can be used for ii). From (1.6)
and (2.6) we deduced that

. Y _ pr\1/2
_ o Uop) —pouo _ sy . (2.27)

M (Uo,U) =
P = Po Po P —Po

Thus, if Uy € Gy UC™, then ug < 0 and 5\1(U0,U) < 0. If Uy € Go, then, since the
function p — p” is convex and p > pg, we deduce from (2.21) that

~y—

— 1
M (Uo,U) < up — /EYpy> <0,

where the last inequality holds by Uy € G». Letting Uy — C* in the last inequality,
we obtain

Xl(Uo,U) <0, U;éUo,U[) €C+.

Thus, (2.25a) is established.
Assume now that Uy € Gz. Set

Y Y
I(p) = L Lo ud =0,p > po. (2.28)

Po P — Po

Observe that the function [(p) and A (Up, U) have the same roots and take values of
opposite signs. Then, a straightforward calculation shows that

l(po) = kypy " —ud <0, I(+00) = +oo,

l,(p) — h}(’y_ l)p‘Y +pg

>0,
/)0(/) - Po)

which implies the existence of the value 11 (Up) as indicated in (2.25b). Moreover,
the three statements in the beginning of (2.25b) are satisfied. In view of the jump
relation

[pu] =0,

for a Lax shock with zero speed, the value w;(Up, 11 (Up)) must be positive. The fact
that the function p — p7 is convex and that the function w; is decreasing in p yields

_ - Y — pl\1/2
0:>\1(U0,U0) = Uug — (Iﬂ‘,ﬁu)
Po P — Po

> ug — \/ﬁi/ll(Uo)%1

> wi(Uo, ¥1 (Vo)) — NG
= )\1(’(/}1 (U[)),wl(U[)adJl (UO)))a

which, since wy (U, 91 (Up)) > 0, proves the last statement of (2.25b). This completes
the proof of Proposition 2.4. &
Let us introduce two other curves in the (p,u)-plane:

2\/KY 1-1

Ce @ Ux = - ",
u(p) pomy ¥

* * QVR’Y y-1

C* ut(p) = flPVZ

)

(2.29)

)



PHILIPPE G. LEFLOCH AND MAI DUC THANH 773

Formally, the curve C, is given by R1(po = 0,uo = 0), and the curve C* is given by
N
Rs(po = 0,up = 0). At this stage, we have:

Lemma 2.5. i) If Uy is located above the curve C,, then the curve W, (Up) has a
unique intersection with each curve C, C, and C*. If Uy is located below C,, no such
an intersection is available.

ii) If Uy is located below or on the curve C*, then the curve Ws(Up) has a unique
intersection with each curve C4, C. and C*. If Uy is located above C*, no such an
intersection is available.

3. Two-parameter sets of composite waves
Solution curves of the Riemann problem for (1.1) are understood to be either wave
curves that were already defined in the previous section or sets of composite waves

Wl,z(Ug,a),VVu(Uo,a) (for 1- and 2-wave families) or W2,3(Ug,a),17\/2,3(U0,a) (for
2- and 3-wave families). For simplicity, we restrict our attention in this section to
the situation that there is only one stationary shock in each composite wave. Two
stationary shocks in a composite wave is also possible and this will be discussed later
in Section 5.

Definition 3.1. The composite curve Wi_,,(Up,a) is the set of all states U =
(p,u,a) such that there exists a state U' € Wy (Up) and the 1-wave from Uy to U’ can
be followed by the stationary shock from U’ to U by using ;(U’,a), i = 1,2. The
composite curve Wi_, | (Up,a) is the set of all the states U = (p,u,a) such that the
(fixed) stationary jump from Uy to some U’ (using ¢;(Up,a)) can be followed by the
1-waves from U’ to U, ¢ = 1, 2.

Under the transformation

T -, U —u, (3.1

a right-hand state U = (p,u,a) becomes a left-hand state of the form (p,—u,a).
Therefore, without loss of generality, we can always assume from now on that

ap < a. (3.2)

We need only construct Wi »(Uy, a), as similar arguments can be used for other cases.
Set

Uj: = W1 (Uo) N C:t, Z(Uo) = W1 (Uo) N {’LL = 0} (33)

First, assume that Up is below or on the curve C, (Figure 3.1). The curve W, (Up)
always remains in G; and does not cross the strict hyperbolicity boundary C+. There-
fore, all the 1-waves have negative speeds. Consequently, the 2-waves can not be
followed by 1-waves. The only way is that the 1-waves are followed by 2-waves. Thus,
we have in this case

Wi2(Uo,a) D Wi 5(Us,a) U Wi, (T, a). (3-4)

Second, Uy is between C. and C* or on the curve C* (Figure 3.2).

The construction can be a 1-wave from Uy to U = (p,u) € Wi (Up) as long as
U do not belong to Gs, followed by a stationary jump by either using ¢, (Up,a) to a
state U; with

U,egG if u<0,

3.5
Ui eGs if u >0, ( )
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u A

W11—>2(U07 a)

Fic. 3.1. Uy below C.

or using s (Up, a) to a state Us € Go. Such states Uy form W?_,,(Up, a). The states
U, € Gy form the set Wi _,,(Uo,a). In the case U; € G3 reached by a stationary jump
from U € QQL , we have

A(Ur) >0, (3.6)

the construction can therefore be continued with W, (Uy) as long as the 1-shock speed
from U is non-negative. This is Wi _,, (U, a) with any U belongs to W; (Up) between
Uy and Z(Up). Hence, we have in this case two curves and a one-parameter family of
solutions described by

WLQ(UO:a) ) W11—>2(U07a’) u W12%2(U07a) U W21%1 (Uv a’) (3 7)
UeWi(Uy), U betweenU; and Z(Up). '
Finally, assume that Uy is above C*, i.e, Uy € G5 (Figure 3.3).
In a neighborhood of Uy, the shock speed and the characteristic speed are positive,
so that stationary shocks can be followed by 1l-waves, only: using ¢;(Up,a), the
solution can begin with a stationary shock to a state U; € Gs, followed by using
Wi (Uy) as long as the shock speed is non-negative, i.e.,

UeWi(Uy) : p < (Uy). (3.8)
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u k

Fic. 3.2. Up between C+ and C.

This is the curve W3_,, (Up, a). Clearly, this curve crosses the curve C*. If the solution
jumps by a stationary shock using @2 (U, a) to a state Us, then we know by Lemma
2.2 that U € G» in which 1-wave speeds are always negative so that 1-waves can not
follow. In other words, W5_,, (U, a) is empty.

On the other hand, from Uy, the construction can begin with a non-positive shock
from Uy to some state U with p > 11 (Up), followed by a stationary shock using either
v1(U, a) to a state U; with

U eG if u <0,

Uy €gs if u>0,
or using s (U, a) to a state Uz € Go. These two ways determine two composite curves
Wi, (Uo,a), W2,5(Up,a). When using ¢; (U, a) to attain a point U; € Gs, similarly,
by virtue of (3.6) the construction can be continued by using Wi (U;) as much as 1-
shock speeds from U; are non-negative. In this case, the composite wave set consists
of three curves and a one-parameter family of solutions:

WLQ(UO:a) 2 W11—>2(U07a) u W12—>2(U07a) u W21—>1 (U07a) u W21—>1 (Ua a)

_ 3.9
UeWi(Up), U betweenUyand Z(Up), (3.9)

where Uy := (¢1(Us), w1 (Us, 41 (Up))) the point at which the 1-shock from Uy has zero
speed. The construction is complete.
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u k

Fic. 3.3. Uy above Ct

Obviously, the curve Wj_, (Up, a) is monotone, as a part of Wy (Uy) for some U;.
Moreover, it is derived from the above construction that the two curves W} ., (Up, a),
W2 ., (Up, a) can be parameterized by p:

p = (pi(p,wi(Uo; p); a),wa((p, w1 (Uo; p)); pi(p, w1 (Uo; p), @), i=1,2, (3.10)

where ¢;(p, w1 (Up; p)) is defined by the implicit equation

E((p,w1(Uo; p)), wi(p,w1(Uo; p));a) = 0. (3.11)

We will show that parts of these two curves are monotone. These parts are sufficient
to the construction of Riemann solutions in the next section.

Lemma 3.1. The u-component of the curve W¢,(Up,a) is a decreasing function
of p. The u-component of the curve W} _,,(Up,a), as a function of p, is increasing for
p < p* and decreasing for p > p*, where the point (p*,w; (U, p*)) € Go.

Proof. Without loss of generality we can assume that ug > 0. For simplicity we
may omit Uy in (3.10). Obviously, for both components u of the two curves we have

w(p) = ) - L [(H22) T ], (3.12)
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Taking the derivative with respect to p on both sides we find

aow1P)7*2 ap (W1 +wiplws —wywip p772j|

aws 2

wu' = wiwy — /i'y[(
a w3

. + w) — Wy
= wiw) — ry(p] " (o +wip)n —wynp p7?).
Wiw2p

Combining together terms having w) of the last equality, we obtain

o k! " Hwr + W
(u? — kyp] I)E = wiw] + Kyp" 2 — Bhd fjl; 1[))- (3.13)

Observe that the first factor on the left-hand side of (3.13)

u?(p) — kypi(p) " >0 fori =1,

\ ) . (3.14)
u”(p) — kypi(p)’— <0 fori=2.

For the right-hand side we proceed as follows. For U on the curve W;(Uy) we
have
syl Hw +wip) _ w)

! —2
wiwy +KYpT T = =
w1 p w1

_ Y, o _
(Wi — Ky} 1)+7(p7 L—pl™h <o,

(3.15)

which is
— positive from U_ down to infinity for i = 1,
— but negative between Uy and U_ for i = 2.
From now on we need only consider the case ¢ = 2 as the other case is similar.
Therefore we just consider the part p > p_ in which

(p,wi(p)) € Gr. (3.16)
The right-hand side of (3.13) is estimated as

mrpl~Hwi +wip) _ i+ syp] ! (w1 + wip)
wip wip (3.17)
w1 +wip
w1 p
The first factor on the right-hand side of (3.17) is positive. We will show that the
second factor is negative. Actually,

wiw) + Kkyp' 72 —

< 7.

(Wi — k7]

_ vy—1
wi =yl =

Taking the derivative of the function /(p) we obtain

(u® = w}) +wi — wyp" = 1(p). (3.18)

(p) = (v = D(ur’ —wiwh) + 2wiw) — ky(y = 1)p" 7,

or
2 kw1 —py 111 -
1) = e e R
v—1 () up — w1 I w” (Po P) "
_ Y _ Y 2
_ kw1 (p poQ) (P Po m) — kyp? 2 (3.19)
(uo —w1)p*> \ p— po po

26ypy wi(p = po)
Ug — W1

IA

- H7p772 < 07 P > po,
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and tends to —oo as p — +oo. The fact that the right-hand side of (3.13) takes a
negative value at U_ and the inequality (3.19) implies that the right-hand side of
(3.13) is always negative. It is then derived from (3.14) that the function defined in
(3.11) is decreasing for u < 0. It is similar to prove the case u > 0. The proof of
Lemma 3.1 is complete. B

Lemma 3.2. The p-component of the curve W}_,,(Up,a) is increasing in p at
least when (p,w;(p)) remains in Gs.

Proof. Let the function u be defined as in (3.12). Taking the derivative in p of
the identity

u(p)p2(p) = aowi(p)p/a,

we obtain
Phu +u'py = ag(wr +wip)/a,

or

!

©h(p) = —pau' Ju + ag(wr + wyp)/a.

Replacing u'/u from (3.13) in the last equality and after rearranging the terms, we
obtain
witwip U

—). (3.20)

Ty —
eo(p) = wz(p)( o ”
As long as (p,w1(p)) belongs to G, it follows from (3.13) that

!

Kye] " (w1 + wip)

LU _
(W — kyp] ) — = wiw] +ryp? 7 -
u wip
y—1 /
S wlwi +wf/p _ h}’y(pl (wl +0J1p)
w1p
_witwip, o y—1
S (Wi = Kyp] ).
Thus,
wy +wip S u' u? — ky] " S u'
wip T wwd -yl

so that (3.20) yields

©5(p) > 0.

This completes the proof of Lemma 3.2. B

Corollary 3.3. The curve W}_,,(Up,a) can be parameterized by expressing the
p-component as a function of the u-component, i.e.,

p = p(u).

Moreover, this function is monotone decreasing, at least for (p,w;(p)) € Gs.
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Proof. As seen by Lemma 3.1, the component u = u(p) of W?_,,(Up,a) is a
decreasing function of p. So, it admits in inverse

p=u""(u).

Using this identity into the expression of the component p in (3.10), we get the
component

p=pu).

Lemmas 3.1 and 3.2 yield the desired monotonicity property. B

4. The monotonicity criterion: Solutions with one stationary wave

As seen in the previous section that the Riemann problem for (1.1) may admit up
to a one-parameter family of solutions. This phenomenon can be avoided by requiring
Riemann solutions to satisfy a monotone condition on the component a.

Monotonicity Criterion.

(a) Along any stationary curve W»(Up), the cross-section area a is monotone as a
function of p.

(b) The total variation of the cross-section component of any Riemann solution must
not exceed (and, therefore, is equal to) |a; — a,|, where a;,a, are left-hand and
right-hand cross-section levels.

A similar criterion was used by Isaacson and Temple [10, 11] and by Goatin and
LeFloch [7].

In this section we will consider Riemann solutions containing one stationary wave
only. Consequently, only the requirement (a) of the a-monotone criterion affects on the
construction of solutions. The requirement (b) will be taken into account for solutions
containing two stationary waves, which will be discussed in the next section. Under
our monotonicity criterion, we will show that there exist two solutions containing one
stationary wave at most.

As before, for definiteness we assume in this section that
a; < Gy. (4.1)
Moreover, the notation
W;(U1,Us) & W;(Us, Us),

will be used when the i-wave connecting some state U; to some state U, is followed
by a j-wave connecting Us to Us (here 7,5 =1,2,3).

Lemma 4.1. The Monotonicity Criterion (a) is equivalent to saying that any
stationary shock does not cross the boundary of strict hyperbolicity. In other words:
(i) If Uy € G1 U Gs, then only the stationary shock based on the value ¢ (Up,a) is

allowed.

(ii) If Uy € Ga, then only the stationary shock using @2 (Uy,a) is allowed.

Proof. Taking the derivative with respect to p in the identity

a®(w2p)? = (aouopo)’,
we get

a(p)a’ (p)(w2p)® + 20° (w2p)(wWhp + w2) = 0. (4.2)



780 THE RIEMANN PROBLEM FOR FLUID FLOW IN A NOZZLE

To demonstrate the lemma, it is sufficient to show that the last factor of the second
term in (4.2) remains of a constant sign whenever the curve W5(Uj) does not cross
the boundary of strict hyperbolicity C+. Indeed, assume for simplicity that ug > 0,
then
— kYt
wy(p)p + w2 = R L
w2

wy — kyp? !

W ’
which remains of a constant sign if and only if W, (Uy) does not cross C.. This
completes the proof of Lemma 4.1. &

Fi1Gg. 4.1. U, below or on C1

Let us denote by Wi, (Up) the part of Wi_,,(Us, a), i = 1,2, which is admissible

—2
for Monotonicity Criterion. In view of Lemma 4.1 we have

WlL—a)Q(UO) = {U € W11—>2(U07a)7 P Z p—}7

2,a 2 (43)
W1$2(U0) = {U € Wl—>2(U07a)7 p=< P—}:

where p_ is the value at which the curve W, (Up) intersects the boundary C~.

Lemma 4.2. When U describes the curve Wi (Up), Uy € Gy from the boundary
C~ to the horizontal axis {u = 0}, the critical value apin(U) decreases to zero.
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Given left-hand and right-hand states U; = (p1, ur, ar), Ur = (pr, Ur, ar), We now
discuss the construction algorithm for the corresponding Riemann solution. We need
some further notation. First, define the two curves C;,Cs made of states reached by
stationary jumps from points on C~ when the variable a jumps from a; to a,. Here
we use p1(U(a = a1),a,) and ¢2(U(a = a;),a,), U € C, respectively. Obviously, we
have

Ci €G1, Cy€QGo.

Lemma 4.3. The curves C1,C2 can be parameterized so that the u-component
is decreasing as a function of the p-component.

Second, it is convenient to introduce the two points at which the curve Wy (U;)
crosses the boundary of strict hyperbolicity:

{Ui} =W (Ul) NCt. (4.4)

In view of Proposition 2.4, for each U € Cs, there exists a point U € G; such that the
3-shock speed vanishes:

Xs(U,U) = 0.

Such states U where U € Cs form a curve denoted by Cs.

u k

Fic. 4.2. U, between or on éz,C*
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Construction 1. U, is below or on the curve C; (Figure 4.1).

The solution may have a (right-to-left) jump from U, to Uy € GiUC™ by @1 (U, ay).
In view of Proposition 2.4, there exists a point U; € Ws(Uy) at which the 3-shock
speed vanishes. Then, define Us by

{UQ} = W1(Ul) N W3(U1).
The solution can be
Wl(Ul7U2) @W?)(U%Ul) @W2(U17U7‘)7 (45)

which makes sense if and only if the 3-shock speed A3(Us, U} ) is non-positive. In other
—

words, U; is below or on the curve W; (Ul)

N
NN
Uy § "~
.

Fic. 4.3. U below C., U, above C*

Construction 2. U, is between or on the two curves Co,C* ( Figure 4.2).
Let

{U1} =Ws(U;) N Cs.

Since Uy € Cs, by definition, there exists a point Uy € C~ which can be attained from
U, by using a stationary shock. Let

{Us} = Wi (U1) N Ws(Us).
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The solution is then
W1 (Ul, U3) D W3(U3, UQ) D WQ(UQ, U1) D W3(U1, Ur), (46)
provided U, is above or on the curve W (U;). In other words, U; is below or on the
—
curve W1 (Us).

Construction 3. U; is below or on the curve C,, and U, is above or on the curve
C* ( Figure 4.3).
Set

{Ui} = Ws(Ur) 0 {p =0},
+—
{U2} = Wi(Ui) n{p =0}
The solution is then

Ry (U17 U2) © Ry (U27 (Oa al)) @ W2((Oa al)a (Oaar)) D RB((OaaT)a Ul) @ R3(U17 U(’T‘) )
4.7

Fic. 4.4. U, between Ws(Us), W3(Us)

Construction 4. U is below or on C;.
At U_, the solution can jump by a stationary wave using either ¢;(U_,a,) to
Ui € Gi, or p2(U_,a,) to a state Us € Gy. At U, the solution can jump by a
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stationary wave using either o1 (U, a,) to Us € Gs, or ¢2(Us, a,) to a state Uy € Gs.
It is easy to see that U; is an endpoint of Wy, (U;,a,), i = 1,2. On the other hand,
by virtue of Proposition 2.4, from any point U € Wfﬁ2(Ul,ar), the exists a point

~ — ~
U € W3(U) N Gy such that the 3-shock speed from U to U vanishes:
Xs(U,U) =0.

Such states U form a curve in Gy, denoted by L.
On the curve W;(Us) there exists a point Us € Gy at which the 1-shock speed
vanishes:

X (Us, Us) = 0.

This construction gives a (unique) solution in the following two cases:

u

Fic. 4.5. U, above Ws(Us)

(i) Assume that U, is above or on the curves L and W3(U,), and is below or on the
curve W3(Uy) ( Figure 4.4).
Set

Us € Wa(Uy) N Wi, (Us, ar),
Us € WQ(U5) n Wl(Ul).
The solution is then

Wl(Ul,Uﬁ)@Wz(Uﬁ,Us)EBW?,(UE),Ur). (410)
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(ii) Assume that U, is above or on the curve W5(Us) ( Figure 4.5).
If

Ws(Uy,) N Wi (Us) =0,
then the solution contains a component of empty density. Otherwise, set
{Uz} = Wi (U,) N Wy (Us).
The solution is then

Rl(Ul, U+) ©® WQ(U+, U3) o Wy (U3, U7) (&) W3(U7, Ur) (411)

Fig. 4.6. Ua above Wi (U;)

Construction 5. U, is above C~ and is below C*. This construction gives the
same solutions as Constructions 2, 4. Let us denote by W3%,(U,) the composite

(backward) curve constisting of all the states U such that there exists some state

5
U € W3(U,) and the stationary shock from U using ¢»(U,a,) admissible to the
a-monotone criterion to U; can be followed by the 3-wave from U; to U,. We then
define

{Uh} = Wi, (U,) nCT,
(U2} = WIS, U,) n e,

-
Then, if U; is below or on the curve W; (Uy), the following construction gives a unique
solution:
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(i) If U, is above or on the curve W, (U;), then
Wil (Ur) N Wi () = {Us}.

See Figure 4.6.

Fig. 4.7. Us below WI(UI)

By definition, the point Us determines a point Uy € W5(U,.) to which the solution
jumps by a stationary shock. The solution is then

Wl(Ul,U3) EBW2(U3,U4) EBW?,(U4,UT). (4.12)

This solution however coincides with the one given by Construction 4.
(ii) If Us is below the curve W;(U;), then the point Us determines a point Us €
Wis(U,.) to which the solution can use a stationary jump, and

Wl(Ul) n W3(U2) = {Ug}

See Figure 4.7.
The solution is then

W1(U,,Us) @ Rs(Us, Uz) ® W (Us, Us) & W3(Us, Uy,), (4.13)

which coincides with the one given by Construction 2.
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Fic. 4.8. U, between 17\)3(U2) and VVg(Us)

Construction 6. U; € Gs.

From Uy, a stationary jump using ¢ (U;, a,) attains a state Uy, the solution can
be continued by using W, (U;) as long as the 1-shock speed from U; is non-negative,
i.e., until a state U; at which the 1-shock speed from U; vanishes. On the other
hand, the solution can jump by a non-positive shock from U; to any state U below
or at a state U; at which the 1-shock speed from U, vanishes. The solution then
can be continued by a stationary jump using (U, a,) where U € Wy (U;). Let us
denote Us, U; the states reached by a stationary jump from U;, U_, respectively, using
2(T1,0r),92(U -, a,), respectively.

—
(i) Assume that U, is above or on the curve W5(Us), and is below or on the curve

=
W3(Us) (Figure 4.8).
Then

W127—a>2(Ul) N W3(Ur) = {U4}

By definition, the point U determines a point Us belonging to Wy (U;) corresponding
to a stationary jump. The solution is then

S1(U1,Us) ® Wy (Us, Us) ® W5(Us, U,), (4.14)

provided the 3-shock speed A3(Uy, U,.) is non-negative, i.e., U, is above or on a curve
L - the set of all states at which the 3-shock speed from any state U on the part
{u < 0} of the curve W%, (U;) vanishes.

— ~
(ii) Now, let U, be above or on the curve W3 (U;) (Figure 4.9).
If

Wa(U,) 0 Wi (UL) = {Us). (4.15)
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Fic. 4.9. U, above 17\73(&1)

The solution is then
Wa (Ui, Ur) ® Wi (Ur, Us) @ W3(Us, Uy). (4.16)
If (4.15) is not satisfied, i.e.,

Wi(Ur) Nn{p =0} = {Ur},
Ws(Uy) N {p =0} = {Us},

so that Us is above Uy, the solution then contains a component of empty density.

5. Solutions with two stationary waves

In this section we will complete the description of Riemann solutions by consid-
ering solutions that contain two stationary waves. Under the Monotonicity Criterion,
this happens when a stationary shock jumps from the level a = a; to an intermediate
level a between a; and a,, and then we use a k-shock with zero speed which keeps
constant the level a, £k = 1,3, then we finally use another stationary shock jumping
from the level a to a,. Hence, there are only two possibilities:
(i) U, belongs to G; and the shock with zero speed is a 3-shock,
(ii) U belongs to Gs and the shock with zero speed is a 1-shock.

We are going to discuss these two situations.

Construction 7. U, € G; (Figure 5.1).

Any a € (a;,a,) determines a state U; € W,(U,) which can be attained by a
stationary jump using ¢;(U,,a). In view of Proposition 2.4, there exists a point
U, € W3(U,) such that the 3-shock speed A3(Us,U;) = 0. The state U, determines
a state Us € W»(Us) attainable by a stationary jump using 2 (Us(a),a;). The curve
Wi (Uy) passing through Us will determine the Riemann solution:

Wi (Ul, U3) SV Wz(Ug, U2) 57 53(U2, Ul) ©® Wz(Ul,Ur). (51)
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Fig. 5.1. U, € G

In order for this construction to make sense, the following requirements must be
imposed

{ a > amin(Ur), (5.2)

ap Z amin(UQ)-

Observe that amin(U,) < a; (< a) if and only if U, is below the curve C; so that the
first line in (5.2) is obvious. The condition (5.2) can be seen as a constraint on the
contracting duct.

Construction 8. U; € G; (Figure 5.2).

Any a € (a;,a,) determines a state U; € Wa(U;). It is derived from Proposition
2.4 that there exists a point Uy € W, (Uy) such that the 1-shock speed Ay (Uy,Us) = 0.
The state Uy determines a state Us € Wh(Us) attainable by a stationary jump using

N
w2 (Usa(a),a,). The curve W;5(U,) passing through Us will determine the Riemann
solution:

Wo(Uy, Uy) @ S1(Uy, Us) & Wa(Us, Us) & W3 (Us, Uy). (5.3)

There is no constraint on expanding duct.
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Fig. 5.2. U; € G3

6. Numerical results
In this section we plot the solution of the Riemann solution for various range of
values of the data.

6.1. Construction 1. (See Figure 4.1, Section 4)

Figure C1.1: The solution is a 1-shock from U; = (p;, u;,a;) to Us followed by
a 3-rarefaction wave from Us to Uy, followed by a stationary wave from Uy to U, =
(prsUr,ay).

Figure C1.2: The solution is a 1-shock from U; = (p;,uy, a;) to Us followed by a
3-shock from U, to Uy, followed by a stationary wave from Uy to U, = (pr, tr, Gy )-

6.2. Construction 2. (See Figure 4.2, Section 4)

Figure C2.1: The solution is a l-rarefaction wave from U; = (p;,ur,a;) to Us
followed by a 3-rarefaction wave from Us to Us, followed by a stationary wave from
Ui to Uy, followed by a 3-rarefaction wave from U to U, = (pr, U, @y ).

Figure C2.2: The solution is a l-rarefaction wave from U; = (p;,ui,a;) to Us
followed by a 3-rarefaction wave from Us to Us, followed by a stationary wave from
Ui to Uy, followed by a 3-shock from U; to U, = (pr, Uy, ar).-

Figure C2.3: The solution is a 1-shock wave from U; = (p;, u,a;) to Us followed
by a 3-rarefaction wave from Usz to Us, followed by a stationary wave from U; to Uy,
followed by a 3-rarefaction wave from Uy to U, = (py, U, ar)-

Figure C2.4: The solution is a 1-shock wave from U; = (p;, u,a;) to Us followed
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by a 3-rarefaction wave from Us to Us, followed by a stationary wave from U; to Uy,
followed by a 3-shock from U to U, = (py, tr, ay).

6.3. Construction 3. (See Figure 4.3, Section 4)

Figure C3.1: The solution is a l-rarefaction wave from U; = (p;,ur,a;) to Us
followed by a rarefaction wave with zero density, i.e. in empty, from Us to O at which
it suffers a shift on the component a, followed by a rarefaction wave with zero density
from O to Uy, followed by a 3-rarefaction wave from Uy to U, = (pr, Uy, ar)-

6.4. Construction 4. (See Figure 4.4, Section 4)

Figure C4.1: The solution is a l-rarefaction wave from U; = (p;,ui,a;) to Usg
followed by a stationary wave from Ug to Us, followed by a 3-rarefaction wave from
Us to Uy, = (pr, ur,ar).

Figure C4.2: The solution is a 1l-rarefaction wave from U; = (p;,ur, a;) to Usg
followed by a stationary wave from Ug to Us, followed by a 3-shock from Us to U, =

(pr;uraar)'
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Figure C4.3: The solution is a 1-shock wave from U; = (p;, u, a;) to Ug followed
by a stationary wave from Ug to Us, followed by a 3-rarefaction wave from Us to
U, = (pT7UT7 ar)'

Figure C4.4: The solution is a 1-shock wave from U; = (p;, ui,a;) to Us followed
by a stationary wave from Usg to Us, followed by a 3-shock from Us to U, = (pr, ur, ar).

6.5. Construction 5. (See Figure 4.5, Section 4)

Figure C5.1: The solution is a l-rarefaction wave from U; = (p;,u;,a;) to Uy
followed by a stationary wave from U, to Us, followed by a 1-rarefaction wave from
Us to Uy, followed by a 3-rarefaction wave from Uz to U, = (p,, u,, a;).

Figure C5.2: The solution is a l-rarefaction wave from U; = (p;,u;,a;) to Uy
followed by a stationary wave from U, to Us, followed by a 1-rarefaction wave from
Us to Uy, followed by a 3-shock wave from U; to U, = (pr, ur, ar).

Figure C5.3: The solution is a l-rarefaction wave from U; = (p;,u;,a;) to Uy
followed by a stationary wave from U, to Us, followed by a 1-shock wave from Us to
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Uz, followed by a 3-rarefaction wave from Uz to U, = (py, ur, ar).

6.6. Construction 6. (See Figure 4.8, Section 4)

Figure C6.1: The solution is a 1-shock wave from U; = (p;, ui,a;) to Us followed
by a stationary wave from Us to Uy, followed by a 3-rarefaction wave from Uy to
U, = (praura ar)'

Figure C6.2: The solution is a 1-shock wave from U; = (p;, u,a;) to Us followed
by a stationary wave from Uj to Uy, followed by a 3-shock from Uy to U, = (py-, trr, ar).

6.7. Construction 7. (See Figure 4.9, Section 4)

Figure C7.1: The solution is a stationary shock from U; = (p;,u;,a;) to Uy
followed by a 1l-rarefaction wave stationary wave from U; to Ug, followed by a 3-
rarefaction wave from Us to U, = (p,, U, a;.).

Figure C7.2: The solution is a stationary shock from U; = (p;, us, a;) to Uy fol-
lowed by a 1-rarefaction wave stationary wave from U; to Ug, followed by a 3-shock
wave from Ug to U, = (p,, Uy, a;).
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Figure C7.3: The solution is a stationary wave U; = (pr,ui,a;) to Uy, followed
by a 1-shock wave from U; to Us, followed by a 3-rarefaction wave from Ug to U, =

(pr,ur,ay).
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