COMM. MATH. SCI. (© 2003 International Press
Vol. 1, No. 4, pp. 697-714

UNIQUENESS OF BV ENTROPY SOLUTIONS FOR HIGH
DIMENSIONAL QUASILINEAR PARABOLIC EQUATIONS WITH
ARBITRARY DEGENERACY™

YIN JINGXUEt, LEI PEIDONG¥, AND WU ZHUOQUNS?

Abstract. This paper deals with the Cauchy problem for the quasilinear parabolic equations
with arbitrary degeneracy. We give a new and natural definition of BV entropy solution. The
uniqueness of the natural BV entropy solutions is obtained. In order to prove the uniqueness, the
discontinuity conditions for these solutions are established. Also, we construct an example of the
natural BV entropy solution.
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1. Introduction
In this paper we are concerned with the uniqueness of BV entropy solutions of
the Cauchy problem

% = AA(u) + V B (u), (z,t) € Qr, (1.1)
u(z,0) = uo(x), r € RY, (1.2)

where Q7 = RN x (0,T) and

with a(s), l;(s) appropriately smooth.

Since a(s) is allowed to have zero points, we call them points of degeneracy of
(1.1), the equation (1.1) does not admit classical solutions in general. For equations
with arbitrary degeneracy, namely, with the set £ = {s;a(s) = 0} including interior
points, the solutions of (1.1) even might be discontinuous.

Equations with degeneracy arise from a wide variety of diffusive processes in
nature. They are suggested as mathematical models of physical problems in many
fields such as the flow through a porous medium and sedimentation consolidation
processes of flocculated suspensions, see e.g. [1], [2], [5], [15] and the references cited
therein.

During the past fifty years, such equations have been paid much attention by many
mathematicians. One of the main problems for such equations is the uniqueness of
solutions. For equations (1.1) with arbitrary degeneracy, the set of degenerate points
E = {s;a(s) = 0} may include interior points. Suppose E D [¢,d](c < d). Then for
u € [e,d], (1.1) turns out to be the first order quasilinear conservation law
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698 ENTROPY SOLUTIONS FOR HIGH DIMENSIONAL

whose solutions, as is well-known, might have discontinuity, even if the initial value
is smooth enough. This means that shock waves appear in the solution in finite time
(see [8]). Since equations with arbitrary degeneracy are hyperbolic—parabolic mixed
type, it is natural to discuss solutions in a suitable class of discontinuous functions. It
was Vol'pert and Hudjaev(see [11]), who first devoted to the uniqueness of solutions
of equations (1.1) with arbitrary degeneracy. The BV space is selected in [11]. They
defined generalized solutions for (1.1) as follows.

DEFINITION 1.1. A function v € BV (Qr) N L*(Qr) is said to be a BV entropy

A
solution of (1.1) on Qr, if 0A(w) €L .(Qr), i=1,2,--- N, and for any 0 < p €

8(Ei loc
C§°(Qr), k € R, the following integral inequality holds

// sgn(u(z,t) — k) |(u — k)= — (E (u)— B (k) Ve — VA(u)Ve| dxdt > 0.
! (1.4)

The existence of BV entropy solutions is proved in [11]. The authors of [11] also
obtained the uniqueness of BV solutions under the conditions /A’ (u)g)—i € L>®(Qr)
(j = 1,2,---,N). However there are very few solutions satisfying this condition,
even for the porous medium equation. It is easy to verify that the typical Barenblatt
solutions are excluded from this class. The uniqueness of BV solutions to the Cauchy
problem (1.1) was completed by Wu and Yin [14] in one dimensional case. The proof is
based on the analysis of the discontinuity condition and a deep study of the properties
of functions in BV and BYV,.

Recently, we noticed that for high dimensional case, overcoming some technical
difficulties, Vol’pert proved in [10] the uniqueness of BV entropy solutions under the
following assumption

DA(u)
8$i

€ BV, (Qr)NL*>®(Qr), i=1,2,---,N. (1.5)

In 1999, Carrillo[3] discussed the uniqueness in a large class of solutions for equations
with arbitrary degeneracy. However, in the proof of uniqueness no information about
the discontinuity solutions is supplied.

Clearly, in the definition of Vol’pert and Hujaev above, the solutions and the test
functions are taken in different function spaces and are not allowed to be in the same
function space. In this paper, we introduce a new class of generalized solutions, called
strong BV entropy solutions. The idea of the new definition is motivated by the
fact that, in many cases, in defining weak solutions of partial differential equations,
the test functions are chosen in the same or nearly the same function space as the
solutions. Moreover, the solutions of equations with arbitrary degeneracy might be
discontinuous and the discontinuity surface has lower dimensional Hausdorff measure
zero. If the test functions are taken in C§°(Qr) functions space, then the integral
inequality (1.3) can not give precise information of solutions in the discontinuity
surface. So the definition we introduced here seems more natural.

DEFINITION 1.2. A function u € BV (Qr) [ L>(Qr) is called a natural BV entropy

821(u) &pi for

solution of (1.1), if is integrable on Qr with respect to the measure

T; ox
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any 0 < ¢ € BV.(Qr) and for any k € R the following inequality holds

// ) %(sgn(u'|r —k)+ sgn(u” —k)) [(ﬂ - k)aa—f — 8184—;?)88—;’1 (1.6)

_ // %(sgn(w — k) + sgn(u™ — k))(Bi(u) — Bi(k))gai =0

If in addition, for any h(z) € C§°(RY),

lim u(z, t)h(z)dr = / uo(x)h(x)dz, (1.7)
t—0t JrN RN
then w is said to be a natural BV entropy solution of the Cauchy problem (1.1)-(1.2).

It should be pointed out that our definition of natural BV entropy solution is
quite different from the Vol’pert and Hujaev’s definition. In Definition 1.1, since the
test functions ¢ € C§°(Qr), the integrals in (1.4) are Lebesgue integrals. However,
in Definition 1.2, the test functions only belongs to BV.(Qr), so the integrals in
(1.6) are non-Lebesgue integrals. In [10], in order to obtain the uniqueness of BV
entropy solutions, the author assumed that (1.5) is valid, namely, each second order
derivatives of A(u) is a Radon measure. Unfortunately, in high dimensional case,
it seems impossible to prove that each 8;‘;‘/(; ) (i =1,2,---,N) is a Radon measure,
although one can easily do that for AA(u).’

Notice that for ¢ € BV.(Qr), all terms on the left of (1.6) are integrals with
respect to the measure g—; which is zero on any subset of Qr with N —dimensional
Hausdorff measure zero. The difference of the measure for the integrals make our
proof quite different from the one dimensional case(see the deduction of discontinuity
conditions in [15], pp. 308). Since for u € BV(Q7) N L>®(Q7), u™,u~,u and B(u)
exist on Q7 except a possible set of N— dimensional Hausdorff measure zero, all
integrals in (1.6) exist. The main result of this paper is the following theorem.

THEOREM 1.3. Let uy and us be strong BV entropy solutions of the Cauchy problem

for (1.1) with initial data w19 and ugg respectively. If for almost all (t,x1,--- ,x;—1,
Tit1, - ,an) € (0,T) x RN=L as a function of x;, the left and right-limit of
DAultal,))
— g, eaist and
0A
a(Uk) cL®Qr), i=1,2,---,N, k=12 (1.8)
Z;

Then for almost all t € (0,T),

/}RN [t (z,t) — us(z, t)|wx(z)dr < eK’\t/

o |uo1 (z) — woz(x)|ws (z)de, (1.9)

where A > 0, K is a constant depending only on A and the bound of u1 and us, and

wi(z) = exp{—AV1+ z2}.

REMARK 1.1. The above result can be extended without any essential difficulty to
more general equations with arbitrary degeneracy of the form

du 9 i ou o .
- = 1] i i
ot oz (“ (t’“’“)ax) *o5? (t,z,u) + c(t, z,u),
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where o = a’* and

aij(xatvu)gifj > 07 \Vlf = (51'5527 to afN) € RN

In this paper, we denote by BV (Qr) the set of all functions of locally bounded
variation, namely, a subset of L}, .(Qr), in which the weak derivatives of each function
are Radon measures on Qr. A little general class, denoted by BV,,(Qr), is another
subset of Llloc(QT), in which only the derivative in z; of each function is required to
be a Radon measure on @r. Clearly

BV (Qr) C BV, (Q).

We need series of fine properties of BV functions and BV, (i = 1,---, N) functions
in the sequel, whose proofs can be found in [6], [9], [11], [12] and [14] respectively.

2. Discontinuity conditions

In this section we deduce the discontinuity conditions for BV entropy solutions
of the equation (1.1). For high dimensional case, we can’t deduce the discontinuity
condition so directly from the measure equality (1.1) as in [14] for one dimensional
case. The Steklov mean value operator is used to overcome this difficulty.

THEOREM 2.1. Let u be a strong BV entropy solution of the equation (1.1). Then
H —almost everywhere on I},

N N

(= 3 [Balu®) = Biu )] ey — Sf —wbbe| =0, (21)
i=1 1=1

A'(s) =0, Vs € [, u"], (2.2)

where w] and wﬁ denote the right approzimate limit and the left approximate limit
8A(u(ml,x;,t))
8{Ei

of wi(z;, x},t) = as a function of z; respectively, u, = min{u",ut},
u* = max{u,u’}.

Proof. Taking k > max{||u"||pe (0, |t || Loe(@r) } and k < min{—|[u™|| L0z
—|luT ||z (@s) } Tespectively, we get from the inequality (1.6) that

//ng;i ://Tﬂ%_zf_//%mgi, (23)

for any ¥ € BV.(Qr). Here and below we always adopt the summation convention
on repeated indices.
Define the operators

S, BV(Qr)— BV(Qr), [f— Shf,
Sh. + BV(Qr) — BV(Qr), f—S;.f,

where

t+h ‘ zi+h;
Siftta) =g [ fradn Sifeo =g [ fealndg
t T

g i

fori=1,2,---,N.
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Clearly
1 t . pr— T . ) . pr— T ) .
hh:{)h Shf(tv ) f (ta )a hhr% Sh f(mlv ) f (mlv )7

s

. t _oply im ) = e ).
hlir(()l* Shf(ta') =f (ta )a h}—>0’ Shif(x“ ) f (Z‘“ )

Replacing ¢ by Sy --- S} She in (2.3), we have

// __OS}. -+ Sy, Shp
Wy————
T 8{Ei

B // _OSy, -+ S), Siy / =08} -+ S, Si
= gy mThE B;(u)—_“hiTh T
T ot Qr 8331

Noting the commutativity of the operator Sj(S; ) with the differential operator
%(i) (t=1,2,---,N), we have

- (OSN ...8] st
s (55
o (555 ), (58,

Clearly, we have
/ f(x,t)Sﬁig(x,t)dtdx = / Sihif(a:, t)g(x,t)dtdx
Qr Qr

for any f,g € BV.(Qr). Thus

o
/ Sj—vhN ) ShlsthS hwza ‘
Qr
N 1 t — ¢ wi oY
== S_hN"'S_hls_ S . 1S—hS—h1‘Bi(u)T' (24)
Qr Qr Ty
Letting h, hi,--- ,hy — 0%,07 in turn in (2.4) and combining the deduced relations,

we get for any v € BV.(Qr)

//T<w:—wﬁ>8‘/f
= [ e =G [ B - g 5)

Dt = {(z,t): ut(x,t) > 0,u (z,t) > 0},
T ={(x,t) : ut(x,t) <0,u (z,t) <0},
D™ ={t: u,(t,z) >0}, D" = {t: u*(t,z) <0},
Dritt — {zi + us(my, 75, t) > 0}, Dt = {zi+ u*(x;, 2}, t) <0}

Set
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From the properties of BV functions(see [4]), the set F* = {(x,t) € Qr : u > 0} has
finite perimeter, namely, xp+ € BV (Qr). Clearly, xp+ = xp+ a.e. in Q. For any

¢ € C5°(Qr),
I, /1., S

then, by the definition of BV functions, xp+ € BV (Qr) and thus xp+p € BV.(Qr).
Similarly, we have xp-¢ € BV.(Qr). Taking v = xp+¢ in (2.5), we have

I wi- z%’;?* Jfo o7 =t
[ et [ - XD*%C“C”
[ i) 2
[ @ - myee

Noticing that an integrable function(with respect to Lebesgue measure) is ap-
proximately continuous almost everywhere, we deduce that u"(t,-) = u!(t,-) a.e. in
(0,7) for fixed z € RN, B;(u"(;,)) = B;(u!(z4,-)) and wl (x4, ) = w(z;,-) a.e. in R
for fixed (t,z}) € RV~ ! x (0,T) and hence

Op Op
//T Xp+atahfdm—//Tw—w)XD+8 dtdx
= // T(Bi(ur) — Bi(uh))xp+ g—xidtdx =0.

Since the functions w. (-, z},t) and u*(-, z}, t) are lower semi-continuous and upper
semi-continuous respectively, we see that the sets Dbt and DB~ can be expressed
as the unions of at most countable open intervals. It is easily seen that the measure
8XD*( ) za') and 8XD ( ) 1,)')
ox; ox;
intervals of the sets D"+ and D%~ By Lemma 3.7.4 in [15], we have

I =75
AL Tw i
/ dz (u" — ul) / dz (u” —u)p

te DY *\D” o teDP *\D” o+

concentrate on the endpoints of the component open

:/ o(ut —u)ydHY
r

XD+
Similarly, we can deduce that

L ) = Balae B2 L i) = (Bl )it

Xp+
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and

Thus

/F lwh —u™ )y = (Bi(u™) = Bi(u))ve, — (w] —w) e,

Xp+

JdHN =0.  (2.6)

Moreover, taking ¥ = xp-¢ in (2.6), we can derive in a similar fashion that

JdHN =0.  (2.7)

/F ol(u™ — u )y — (Bi(u™) — Bilu ) ve, — (! — wh)le,

Xp—

Combining (2.6) and (2.7), we have

/F pllut —u™)ye — (Bi(wh) = Bi(u ™))y, — (W] —wi)lye, [JAHY =0. (2.8)

u

For any bounded and measurable subset S of I, similar to Lemma 3.7.6 in [15],
we can select a sequence {¢;} C C§°(Qr) such that

ou

_>,

N
. . ou
lpj(z,t)] <1, lim ||¢; —xsllx =0 in X = Lt <QT,
j—o0 pn ot

1 &u

From this and Corollary 2.1 it follows that(precisely along a subsequence)
Jim, pj(z,t) = xs(,t)

H-almost everywhere on I'f. Then ¢ by replacing ¢; in (2.8), letting j — oo and
using the dominated convergence theorem, we obtain

/S<p[(qu —u" )y = (Bi(uh) = Bi(u™))ye, — (W] — wi)lya, JdHY =0,

which implies (2.1) by the arbitrariness of S.
(2.2) can be deduced similar to that of the proof of (4.8) in [15](Chp3, pp 308)
and we omit the details. The theorem is proved.

3. Proof of Theorem 1.1
Let u; and ug be two BV entropy solutions of the equation (1.1) with the initial
data ug1 and ugo respectively. Denote

1
Z=u1 — ug, B; = / bl(9u1 + (]. — 9)u2)d9,
0

8A(U1) _ 8A(U2)
8£Ei a’Ei '

1
o= §(sgnz+ +sgnzT), w; =

For any ¢ € C§°(Qr), ¢ > 0, define

J(u1, u2, @ // ( 61 (990) dzdt.
T Zq axz
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All efforts we make in the following is to prove

J(u1,uz,¢) >0, V0 < ¢ € C3°(Qr). (3.1)
Once this is done, the proof of Theorem 1.1 can be completed in the same way just
as in [14].
Clearly, J(u1,u2,¢) can be rewritten as

ulv Uz, 90)
] (57 oo (),
T ot 8(Ei T ot &u T ! &u
In order to obtain the crucial inequality (3.1), we need the following
LEMMA 3.1. For any ¢ > 0,¢p € C5°(Qr),

J(Ul,UQ, 80)

> — / o(sgnz™ — sgnz") (B — BizVe, — Wie, ) AHN (3.2)

+ [ ellutsgnar| + fufsgns i,
To
where

Lo={(z,t) €T, : 2zt (x,t)z" (x,t) = 0}.

Proof. By the theory of BV functions(see [11]),

0 0p; N -
//T o (% - g;jp) =- /z o(sgnzt —sgnz")(2y — Bizve, )dHy.  (3.3)

Iy ={(z,t) €T, 2T (x,t)2 (,t) > 0},
I ={(z,t)el,: 27 (x,t)z" (x,t) < 0},
Et ={(a,t): zF(x,t) > 0,27 (x,t) > 0},
E-={(z,t): 2" (x,t) < 0,2 (x,t) < 0}.

According to the definition of o, we have
0z 8512
o) ff e (-2
S TR (BT TXEE B T Ty )
Noticing mes I'gp = 0 and xg+ = Xg+, XE- = XE- @.€. in Qr, we have

// awl ? drdt
ﬂfz
N 90
// w; XE+ dmdt // Wi XE- dxdt
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Obviously,

i ; BV, . .
// o // /QTﬂ L VOEBVQr).  (39)
From this and the product rule for BV functions, it follows that
__Oyp B 0z  0f;z 5XE+
//T"“’laxid‘”dt - //TXE“”<at 8321'> // axz
1, e (G 5) ],
X\ B T om

[, oo (- 22)+ ot
oo (%) e
[ e v (%—%i:)

[, et ] motie

Now we treat the terms on the right hand side of (3.6) respectively. Let

and hence

0 90;
XE+) <8§ £j> (3-6)

Z*(xat) = min{z*(m,t),z*(x,t)}, Z*(l',t) = maX{ZJr({E,t),zi(:L"t)}.

Then Et = {(z,t) € Q7 : 2. > 0}, B~ = {(z,t) € Qr : z* < 0}.
For any i =1,2,---, N, define

E;f,ac;Hr = {z; : z.(t,x}, z;) > 0}, E:»wﬁf = {w; : 2*(t, 2}, ;) < 0}.

Since the functions z.(-,z},t) and z*(-,x},t) are lower and super semi—continuous
. t,z}, t,2;,— .
respectively, we see that the sets E"" * and E;"" can be expressed as the unions
. t,a), tah,— t,a), t,al,—
of at most countable open intervals. Denote by Er’m”’+, E "7 and El’m”’+, E, i

the right endpoints and the left endpoints respectively. We decompose these sets as
follows:

txh,+ otz t t,z),+ txh,+  tah,t t,z),+
BT =BT UE T, BT =BT UE T,
t,2,— b2, — t,2y,— t,2,— b2, — t,wi,f
E = ET’_‘ U ET’0 , El = El’j U El,o ,

where
BN = o, € BV Zl(ta) >0}, ENEYT = {ay € BL; 2t x) = 0},

BT = o e B 2(te) >0, Bt = {ai e B 2

el {z; € EL7; 2t ) < 0}, Eﬁ:g’l"’f ={zi e B7; 2

Et’i”7 ={z; € E7; 2"(t,x) < 0}, Elt”(f;’* ={z; € E7; 2"(t,x) = 0}.
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We introduce the following notations
Lo ={(@,t) € s =¥ (2, )z~(2,6) =0}, T4 = {ass (a,1) € o},
Ty = {(x,t) € Ta; 2H(2,8)2 (2,8) > 0},  T0% = {ay; (2,t) € T4},

0% ={z; €Ty 2" (2,t) > 0},  Tp7 = {a; € Ig™; 2" (,t) < 0},
Ffi ={x; € I‘g’x"; 2z, t) > 0}, I‘ff ={z; € I‘g’x"; 2z, t) < 0}.

Similar to the proof of Lemma 3.4.1 in [15], we have, for almost all (¢,27}) € (0,T) x
RNfl’

Ft,av; o Ft,a:; U Ft,av; U Ft,a:; U Ft,av;
0o T Tr+ r,— 1+ l,—

and
t,z! t Ay gt t,z! txh —\ tT,+
rh = i’ \E,)" e It = El’”” \E, 5"
Ft’ i t ,+ T, Ft’ i t,x;,+
l’a:l _ avl \E avl , la:l _ \E Il .

Using Lemma 3.7.5 in [15], we have

I, 7 (5 %)

- / ool — 2 m — ((Biz)* — (Bi2) e dH.

According to the theory of BV functions(see [9]), the set of non-regular points

of Xg+,xs- are N-dimensional Hausdorff measure zero. Since the measures 22 and

ot
85 £ are zero in any set of N-dimensional Hausdorff measure zero and Iy,. CI'z, we
have

//T XE- — XE-)® (%—%ﬂ;;)

—/F (xe- = Xe)el(z" =27 ) = ((Bi2)" = (Biz) )ywJdHy.  (3.7)

XE_

By virtue of the discontinuity conditions (2.1) and the relations (3.6)-(3.7) we deduce

that
Jf oo (5 =)+ [, e —5m00 (5 - )
—//T<XE_—W>¢(%—%@)

1
://( T)xRN 2 Z (sgnz+ + Sgnz_)‘ﬂ(w — w; )dtdx
0,7) x -1

/
i

t,x
z;€0,

+ // > (xp+ — XEr)e(w] — wh)dtda]
(0,T)xRN -1

t,x)
z €y ot
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- / / S (xe- - XE)elul — whdtda!
(0,T)xRN -1 o
mieTyT

L. ta, b pthTp T t,@)
From the definition of 'y, Fr;aj_‘, Pr’fc_‘, Fl::‘ and I‘li’, we have

1
// Z (sgnzt + sgnz " )o(w! — w!)dtdz)
(0,1)

)
xRN -1 P
IiEFO v

-/ KL (t, ) dtda),
(0,T)xRN—1

where
st =5 3 (sanz® 4 senz )p(uf —u)
xiel“é’m;
1 r l 1 r
=3 Z p(wj —wy) — 3 Z p(wj —w;)

a:,el—‘i:_/‘ z, el "
1 r l 1 r l

+ B Z p(w —wj) — B Z p(wi — wj)

for almost all (¢,2}) € (0,T) x RN—1L.
From the theory of BV space(see [9]), we have

Z (xe+ — XEv)e(w] —w))

t,x!
wiEFXE:_
1 1
_ T l T l
=73 E p(wj —wy) — 3 E p(wj —w;)
z/ /. t,ax’, z!
wieB I\ wieE T I\ELTT
r l
- E p(w; —w;),
!, t,z5,
wiEElt virt n Er Tirt
S l
> (xe- — Xeo)e(w] —w))
v
wiEly,
1 1
— ‘s 1 T
=73 E o(w; —w;) — = E p(w; — w;)
s 2! — s ol —
@ €B. TV T\E, " zieB) " T\E

Lzl — t.xh —
$76Ef TN ET» i

for almost for (¢,}) € (0,T) x RN~1.
By Lemma 3.7.8 in [15], we have

0 0 toaxh .
// Wi XE+ :/ dtdx; Wip XE*( y Ly )
T 61'7, RN—1%(0,T) Rl 61'7,

707

(3.10)
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_ N t.xl. -
[ mete = | rar, [ i),
T Ox; RN-1x(0,T) R! Ox;

Noticing the sets Ef #F and Ef &7 can be expressed as the unions of at most count-
able open intervals and

aXE+ (t, 1’;, ) . 8XE‘%+($1) 8XE— (tv 1’;, ) _ 8XE'5‘”§" (Z‘z)
0x; n 0x; ’ 0x; N Ox; ’

Ixp— (tz],)
82‘,‘1

one can see from the theory of BV functions that measures aXEBS’I“.) and

concentrate on the end points of the open intervals of E*i-+ and Et%i— respectively.
Thus, for almost all (¢,z}) € (0,T) x RN~

—_ Oxp+(t,x},) _ _
| el Y wme- Y a@e

vieE "I\ ELTY wieBL" BT
and
—~ 8XE— (t,x;,') e nA
R e
i €B TV TN\E, " i €B T T\E "
and hence
OX g+ // OXE- // / /
w;p - w;p = Ai(t, x))dtdz), (3.11)
//T 8.231 T 81‘1 (07T)><]RN—1
where

it ) = > Wi — Z wip

IzeEfT +\Et7‘ + a:zeE: \EtT +
- E wip + § w; P,
2/ _ 2, @l =
@i €B)" T\ELT weB TV T\E, "

for almost all (¢,2}) € (0,T) x RV~1L,
Now, combining (3.9), (3.10) and (3.11), we can obtain

//T (82 851) //Tawz dudt

=—/ p(sgnz" — sgnz")wiv., )JdHy —// ri(t, 2l)dtdxl,)  (3.12)
2 0,T)xRN-1

where

miba)= — 3 el Y el

,/ ,l
acel“ ’LJE:g+ xGF ’UEtm+

LD DR Z @wf :

tmf

acel“ ’LJETO acEF ILJE
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So far, we have proved that

T,z ) = — / o(sgnz — sgnz) (2 v — Birye, — Bive ) dHn
I

z

+ // ki(t, o) dtdz,.
(0,T)xRN -1

Similar to the proof of the inequality (3.22) in Lemma 3.4.1 in [15] (see pp. 319-320),
we can obtain

// ki(t, x))dtdz; > / o(|whsgnz"| + [wisgnz!|)y., dHy . (3.13)
(0,T)xRN—1 To

Thus complete the proof of Lemma 3.1.
Using Lemma 3.1, we can prove Theorem 1.1 by the same method as in [15] (see
pp 321-323).

4. An Example
In this section, we give an example of the natural BV entropy solution. Consider
the quasilinear equations of the form

ou
i AA(u) (4.1)

where
Al(s)=0 ifs<0; A(s)>0 ifs>0,
subject to radial initial value condition

> 0, 0<|z| <1,

u(z,0) = up(x) = up(|z|) { <0 > 1 (4.2)
with
li =0, 0.
|x|£ri— uo(x) =0, IxILHiJ“ uo(z) <
Denote r = |z|. Suppose 82?5;‘ o) i5 g regular measure. By virtue of [7], the

problem (4.1)-(4.2) admits a radial BV entropy solution u(r,t), namely, u(z,t) =
u(r, t). It is easy to verify that a radial solution wu(r,t) of the equation (4.1) satisfies
orN "ty o (TNlaA(u)

7) 5 (7”, t) S QT, (43)

ot or

where Qr = (0,00) x (0,T).

Since we have prescribed an initial value with a discontinuous point r = 1, the
corresponding BV solution u(r,t) would have a curve of discontinuity r = A(t) with
N (t) > 0 emerging from (0,1). Using the discontinuity conditions, we can obtain the
relations which satisfied by A(t)

u(t,r) = uo(r) if > At), u* |T:A(t) <0, u” ‘T:A(t) =0

and
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Thus (u(t,r), A) is a solution of (4.3) with boundary and initial conditions

wlpor@y =0, (4.4)

22— waN ), (45)
LA A(t)

(r,0) = uo(r) r>0 (4.6)

Define

] ou(, ), i < A1),
w(t,r) = { wo(r), if > A1)

We will prove that if (u(t,r), A(t)) is a BV entropy solution of the problem (4.3)—(4.6),
then w(t,r) is a BV solution of the problem (4.3),(4.6) with r = A(¢) as the line of
discontinuity.

By a solution of the problem (4.3)—(4.6), we mean a pair of functions (u(t,r), A(t))
such that

PN ly e Lo(G) N (G0, D) N CH(G), G ={(t,r): 0<t<T,r<A{)}.

I, e ],

where D denotes an universal bounded domain in (0,7") x (0, +oc) with D C G —{t =

0}.

orN—1y orN—1y

dtdr < 400,

orN =1 A(u)
or

and (4.3), (4.4), (4.5), (4.6) are satisfied.
Now we prove that w(t,r) satisfies the following integral inequality

C(G\{(0,1)}), A(t) € C[0,T]NnC*0,T], N(t) >0

Tk = [[ St =) gt )Y @ b5

~ [ St =) st~y EFHEE S0 )

where k € R, ¢ € BV.(Qr),» > 0 and the integral on Qr being respect to the
Op

or
From the initial condition (4.2) and the definition of the free boundary problem,

we can divide J(w, k, ¢) into three parts:

J(w, k, @) = // “Lsgn( uo—k)(uo—k)%
Sy ot

Op  0A(u) dp
//<A(t) rNlsgn(u — k) | (u — k)E ~ o (4.8)

'
measure — and —
ot
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+ //—A(t) %(Sgn(u"r — k) +sgn(u” —k)rV1!

| [(ﬂ 00, 94 ﬂ

ot or Or
= Jl(u07 k? QD) + JQ(ua ka 90) + J3('Ll,, ka 50)

We will treat Jq, J2 and Js in (4.8) respectively.
Let jc(s) be the kernel of a mollifier in one dimension, namely, j(s) = 1; (£),

0 < j(s) € C§°(R), suppj(s) € [-1,1], and fjofj(s)ds = 1. Define
polter) = [ G = p)iclt = s)(s.p)dsd.
Since ¢ € BV (Qr), it follows that ¢, € C5°(Qr) and . — ¢ in BV (Qr). Thus

dpe
_1 — _
Jl(u()a 7@ 6111%//>>\(t bgn (270 k)(UO k) ot

= lim N Hug — kN (1) e e dt. (4.9)

e—0 Jg

For any n > 0, define H,(s) = , hy(s) = Hj(s). It is easy to verify that H,(s)

is strictly increasing with respect to s for fixed n > 0. Moreover,

S
s24n

71]11% H, (s) = sgns, 71]11% shy(s) = 0.
Obviously,

Jo(u, k, @) = lir{)l+ Jon(u, k, @) (4.10)
T]*}

where

ng(u,k,go)://O(t) PNUHL (= k) {( k)%f 8‘2&“)‘3_‘7{’].

From (4.3), we have

Ope  O0A(u) dp.
FN-1 . _ Zre
Jon(u, K, ) _g%//d(t H,(u—k) [( ~k), 5 o |

> tim [ MY N O H W)k — uoAD)e (6 A0t

e—0

—lim// PN=1h 0 — ) 2% 4 — k) dtdr
=0 Jraa(t ot

For any 6 > 0, denote
Gs = {(t,r) € G;r < A(t) — d0}.

Since u € CY(Gs), we get by letting n — 0% that

// rN_lhn(u—k‘)@(u—k)goedtdr—>O
r<A(t)—6 ot
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uniformly for e. Moreover,

// Ny, (v — k)%(u — k)pedtdr
A(t)—5<r<A(t) ot

< / / N-1|9u
M) —5<r<A(t)

ot
N—1 ou . .
Ty (u — k)E(u — k)pedtdr — 0 is uniformly for e, asn — 0,
<A(t)

pedtdr — 0 is uniformly for e, as § — 0.

Thus

namely,

T
Y Jo (1, ) > / AN TN (Dsgn(k)[uo(ME) — Koo (L A®)dE. (4.11)

is uniformly for €.
Combining (4.10)—(4.11), we obtain

Jl(w7k; 80) + JQ(wa kv@)

T
Zglii% ; AN TN () [Juo — k| — k] + sgn(k)ug(AE))]@e |reaey dt > 0. (4.12)
Denote
1 N _
o) = §(sgn(u — k) +sgn(u” —k)).
We have

dpe
J3(w, k, ) —hm// (w—k)
e—0 r A(t) ot
+nm// o DA Dy
-0/ /. /\(t) or or’
Using the product rule for BV functions, we have
ugog
Js(w, k, p) = lim //
( e—0 r= )\(t ot
. 0A(u)
1 N-—-1 .
+ el—r>r(l) // < 87“ 14 >

. orN "ty 9 [ n_,0A(u)
+ehi%//, A(t)"’“%[ ot or (r or )}

It gives from the measure equality (4.3) that

e—0

. _10A(u)
9 ([ N-1
T //r—)\(t) T (r or ) '

FN=1y,
Js(w, k,p) = lim // chpe (4.13)
r=\(t)
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By virtue of formula which transforms the double integral of BV functions into a
curve integral(see [9]), we get

N—-1
/ / o / orper™ " (r,8) — ul(r, )] [ | dH
r=A(t) ot r=A(t)

9 ( N—laA(u)>
OpPer— | T
//r_)\(t) k 87’ (97"

et () (242) ]

Applying the theory of BV functions again, we have for any v € L= (Qr) N BV (Qr),

and

vt(t,r) — v (t,r) = " (t,7) — vl(t,r)]sgn%«

hold H—almost every on I'},. Thus

orN-1ly // 0 ( N_18A(u))
Okpe— — Okpe— | T
/~/T—>\(t) kP ot r=A(t) s or or

_ / oreper™ = [(ut (r,8) — u” (r, )y
r=\(t)

()5 )

Using the jump conditions gives

orN-1ly // d ( N_1 8A(u))
OpPe—F— — Orpem | T =0.
//T_w AT vy o or

From (4.13), we have

J3(w, k,p) = 0. (4.14)
Combining (4.8), (4.12) and (4.14) we derive (4.7) immediately.

Acknowledgement. The authors would like express their thanks to the referee
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