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SYSTEMS *

THOMAS G. KURTZ T AND JIE XIONG #

Abstract. In an earlier paper, we studied the approximation of solutions V(¢) to a class of
SPDEs by the empirical measure V" (t) of a system of n interacting diffusions. In the present paper,
we consider a central limit type problem, showing that /n(V"™ —V') converges weakly, in the dual of
a nuclear space, to the unique solution of a stochastic evolution equation. Analogous results in which
the diffusions that determine V" are replaced by their Euler approximations are also discussed.
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1. Introduction
In [26], we considered a class of nonlinear stochastic partial differential equations
(SPDE) of the form

d d
dv(t,x)= % Z Oz, 0n, [aij(z,v(t,-))v(t,x)] — Z&E [bi(z,v(t,-))v(t,z)]
+d(x,v(t,)v(t,z) |dt
d
—/U B(w,v(t,-),u)v(t,x)—l—zam [ (z,v(t,),u)] | W(dudt). (1.1)

The natural interpretation of v is as the density of a mass distribution V' evolving in
time, and in fact, since v will not have the regularity presumed in (1.1), to rigorously
formulate the equation, we must use a weak form

<¢7V(t)> - <¢’V(0)>
- / (Gd(- V() + L(V(5))6,V () ds

—I-/ <¢ﬁ(~,V(s),u)—|—V¢Toz(-,V(s),u),V(s)>W(duds). (1.2)
U x[0,t]
where

L)) = 3 D 043 (5,0)02, 02, 6(0)+ 3 bi(,0)02,0(0).
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326 STOCHASTIC EVOLUTION EQUATION FOR FLUCTUATIONS

Equations in this class arise in a variety of settings, including nonlinear filtering
with both the Zakai and the Kushner-FKK equations being of this form. Other
examples include McKean-Vlasov equations [30] and classes of SPDEs considered by
Kotelenez [23] and Dawson and Vaillancourt [9].

In [26], we established a representation of the solution of (1.1) in terms of weighted
empirical measures of the form

t)= lim ZA (t)0x, (1) (1.3)

n—oo n,

where 0, is the Dirac measure at  and the limit exists in the weak* topology on
M(R?). To be precise, let U be a Polish space and p be a o-finite measure on U.
W will be a space-time Gaussian white noise on U x [0,00) with covariance measure
w(du)dt, namely

E(W(Ax[0,)W(Bx[0,s])) = u(ANB)(tAs).

For 1<i, j<d, a;j, b;, d and «;, B will be real functions on R?x M(R?) and on
R? x M(R?) x U respectively. Here M(R?) is the collection of all finite measures on
R?. Dot notation will represent a function in that variable alone. For example, d(-,v)
is the real-valued function on R? with v € M(R?) fixed. b and o will denote the vectors
with components b; and «; and a will denote the matrix ((a;;)).

The particle system {X;, A;,V} giving the solution is governed by the following
equations:

Xi(t):Xi(O)—i—/O U(Xi(s),V(s))dBi(s)—i-/O c(Xi(s),V(s))ds
+/ a(X;(s),V(s),u)W (duds) (1.4)
U x[0,t]
and
A= A0+ [ AT (X(0).V()ABs) + | A (3). V()
—|—/ A;i(8)B(Xi(s),V(s),u)W (duds), (1.5)
U x[0,t]

where the B; are independent, standard R?-valued Brownian motions, independent of
W, and {(X;(0),4;(0))} is an exchangeable sequence of random variables in R% x R
that is independent of {B;} and W. Here o, ¢ and ~ are related to a, b, a, and by

afo'U:UIEUO'TxU Oé.'EUUOéTfZ?’UU u
(2,0) = o(a,0) <,>+/U<,,> (,0,10)u(ds)
and

bz, v) = ela,v) + o (@, 0)y(2,0) + /U B(e,v,u)al, v,u)u(du).

The representation of the solution given by (1.3) suggests that the solution can
be approximated by the weighted empirical measure

ZA £)0xn (1), (1.6)
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of a finite particle system satisfying

XZ-"(t):Xi(O)—i-/O U(X?(S),V"(s))dBi(s)—i-/O (X (s),V"(s))ds

+/ a(X(s),V"(s),u)W (duds) (1.7)
U x[0,t]

A2 (8) = 4;(0) + / A (97T (XP(5), V" (5))dBi(s) + / AD(s)d(XT(s), V™ (5))ds
—|—/ A (s)B(X](s), V" (s),u)W (duds), (1.8)
U x[0,t]

fori=1,2,---,n.

In [27], it was shown that for an appropriate metric p on M(R?),
{V/np(V™(t),V(t)) }rn>1 is stochastically bounded, that is, for each e€>0, there is a
constant K. such that

sgp]P’(\/ﬁﬁ(V"(t),V(t))>K5) <e. (1.9)

From (1.9), we see that the convergence rate has an upper bound of the order
of ﬁ A natural question to ask is whether ﬁ is the right order. To this end, we

study the convergence of the process S, (t) =+/n(V™(t) —V(t)) and show that for an
appropriate space ®_,of distributions, S,, converges in distribution in Cg__[0,00).
We characterize the limit S as the unique solution of a stochastic evolution equation
of the form

<¢>,5(t)>:<¢,5(0)>+<¢»M(t)>+/0 (F1(V(s))9,5(s))ds
+/ (Fo(V(s),u)d,S(s)) W(duds), (1.10)
U x[0,t]

where F} and Fj are linear in ¢ and M is a distribution-valued martingale. F; and
F5 are defined in Assumption (S6) in Section 4 in terms of appropriate differentials of
the coefficients of (1.2), reflecting the fact that we are rescaling the deviation of V"
from V.

This type of problem has been studied by various authors in the McKean-Vlasov
setting, that is, «=0 and A?(¢)=1 (cf. Hitsuda and Mitoma [19] and the references
therein). Comparing the present results with those of [19], here the process V is not
deterministic and the process S is not Gaussian. In [19], the limit S is characterized
by its covariance structure which, because S is Gaussian, uniquely determines its
distribution. A stochastic evolution equation is also derived in that paper. The
uniqueness of the solution to that stochastic evolution equation is proved by Mitoma
[33].

Another new feature in this paper is that the driving martingale M in the evo-
lution equation (1.10) is not Gaussian and has to be defined by the particle system
{X;,A;,V} itself. The main difficulty in establishing the uniqueness of the solution
of (1.10) comes from the addition of the last term in (1.10) which does not appear in
[19] and [33].
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Limits of empirical measure processes for systems of interacting diffusions have
been studied by various authors (see, for example, Chiang, Kallianpur and Sundar
[4], Graham [18], Kallianpur and Xiong [22], Méléard [31], and Morien [34]) since
the pioneering work by McKean [30]. Typically, the driving processes in the models
are assumed to be independent, and the limit is then a deterministic, measure-valued
function.

Florchinger and Le Gland [14] consider particle approximations for stochastic
partial differential equations in a setting that, in the notation above, corresponds
to taking y=0=0 and the other coefficients independent of V. Florchinger and Le
Gland were motivated by approximations to the Zakai equation of nonlinear filtering.
Del Moral [10] specifically studies this example. Kotelenez [23] introduces a model of
n-particles with the same driving process for each particle and studies the empirical
process as the solution of an SPDE. His model corresponds to taking y=oc=d=08=0,
but the other coefficients are allowed to depend on V. In particular, the weights A;
are constants. Dawson and Vaillancourt [9] consider a model given as a solution
of a martingale problem that corresponds to taking A;(¢)=1 in the current model.
Bernard, Talay, and Tubaro [1] consider a system with time-varying weights and a
deterministic limit.

The paper is organized as follows: In the next section, we derive key estimates
on the magnitude of the A? and on the error in the approximation of (X;,A4;) by
(X, A). In Section 3, we prove that {S,} is a tight sequence of ®’-valued processes
(®’ being a conuclear space defined later). Then, in Section 4, we show that the limit
S of {S,} is the unique solution of (1.10).

If one wants to use the finite system to simulate the solution of the SPDE, then
the finite system must also be approximated. The simplest approach is to use an Euler
approximation. In the last section of this paper, we analyze this approximation in
the simplest setting, assuming that W is a one-dimensional Brownian motion (that is,
U consists of a single point). Letting V"!/" denote the weighted empirical measure
for the Euler scheme approximating the finite system (cf. (5.1-5.3)), we consider the
process Sy, (t) = /n(V™1/"(t) = V" (t)). We prove tightness for {S,} and characterize
its limit as the unique solution of another stochastic evolution equation. Finally, we

combine the two parts and derive a stochastic evolution equation for the limit of
Vn(Vmtn ),

2. Preliminaries
In this section, we state the main results of [26] and [27] needed in the present
paper for the convenience of the reader. The following assumptions were made in [26]
for the existence and uniqueness of solutions of the SPDE (1.1).
(S1) There exists a constant K such that for each x € R?, v € M(R?)

o) P+ )P+ /U o, ,10) ()
() P+ )P+ /U Bla,v,u)pu(du) < K.

(S2) For each z1,70 €RY, vy, 15 € M(RY)

lo(x1,11) —o(a:g,l/g)|2—|— le(x1,11) —c(xg,yg)|2
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() (@) + / la(e1,v1.,0) — alwa,va,w) P u(du)
U

+d(z1,v1) *d($2»V2)|2+/ |8(z1,v1,u) — B(x2,v2,u)|* u(du)
U

< K*(lzy —mo|® + p(v1,12)?),

where

p(v1,v2) =sup{[(¢,v1) — (b, 12) | : p €B1}

and

By ={¢:]6(z) —d(y)| < |z —yl,|¢(x)| < 1.Vz,y e R}
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By the same proof as in Proposition 2.1 of [26], we have the following result.

PROPOSITION 2.1. Suppose that Assumption (S1) holds and p is a positive number.

i) If
Ee?! X1 0] « o0,
then
sup E sup e?M 0 <oo.
1<n<oo 0<Ls<T
1) If
E|41(0)” < oo,
then
sup E sup [Af(s)[” <oo.
1<n<oco 0<s<T
iii) If
E|A;(0)[e" X1 O < o0,
then
sup E sup \A?(s)‘erlX?(S)l<ool

1<n<oo 0<s<T

REMARK 2.2. If (2.1) and (2.3) hold, then (2.5) holds with r=p—1.

A weaker form of the following assumption was used in [27].

(2.1)

(2.5)

(2.6)

(S3) There exist constants A>1 and K >0 such that for any i#id sequence

(§i77’/i)a 2:1727 and IERd,

2\
1 n
E fE i0p. | — , <
U<x7ni_1£ m) U(:L' /u')

nA

KE¢

where p(-)=E[{11,,¢.], and a similar inequality holds for the other coeffi-

cients.
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REMARK 2.3. If o(z,p) = [o1(z,y)u(dy) or o(z,u) =01(x), then (S3) usually holds.
For example, if |o1(x,y)| < K, then (S3) holds.
The following estimate is the key for the proof of the tightness of {5, }.

THEOREM 2.4. Under the assumptions (S1)-(S3), there exists a constant c¢i(T,m)
such that
2

1 n
Esup X7 (EAm) = Xa(tAmp) P + gZIA?(tAnZ%)—Aj(t/\nLZ)IA
t< -

where

1 n
n;’l—inf{t:n;A? >m? or hm EZA }
Proof: By Doob’s inequality and Holder’s inequality, we have
Esup | X7 (r Ariy,) = Xi(r Ay,
r<t

< (5 1) B [ 0066017 6) =000,V (9) P, s

+32/\t2>‘71E/0 le(X[(s),V"(s)) — c(Xi(s),V(s)) |2)‘ls§n% ds

2\
+32k (2)?)\ 1) t/\—l

& | t ([ ez —a(Xi<s>,V<s>7u>|2u<du>)A1s<n:,ads~

(2.7)
Let
V=S AWk and = Y A0,
i=1 j=1, j#i
Then
Blo(X7'(),V"(5)) — 0(Xi(s), V()P oy
<IPEJo (X7 (3). V"(3)) =0 (Xil3). V" (3)) Ly,
H3P (X (5), V7 () — o (Xi(5), V7" ()|
+3PE|(Xi(5), V() — 0 (Xi(5), V()P o,
~ A
<3P KPE(|X0(s) Xi(s 24 p(V"(5), V" (5))2) Ly,
FIAKPE(V(s),V ( ))”1s<n
+3PE[E[|o(Xi(s Z Aj(5)0x, () — 0 (Xi(5), V()| W, X;]].

J 1, j#i
(2.8)
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Note that, similar to the arguments in the proof of Theorem 2.1 in [26], we have

< S AN )~ X ()] + Z\A” )

j=1
1
s(E; 2y1/2( Z|X” 2y1/2 ZIA” 9l (29)

Similarly,

~ ~ 1 1 -

p(V"(5),Vi"(s)) = —Ails) + W;AJ<S>'

Let

() =Bsup X7 (rAn) ~ X A
and

Then, for the right hand side of (2.8),

Ist term < 322 K2*2* <E|XZ”(3/\7]:,LL) — Xi(sAnh)|*

1 = n n n n
+2A P E~ Y X (s Af,) = X (s A, )2 +22A9m(5))
j=1
SIAEP (f () + 4 m [ (s) + 42 g7 (5))

and
1 1
2X 172X 92\ . (PP =2
2nd term < 3*°K="2 (n”‘]E?}iIt)'AZ(T)' +(n_1)2>\m )

Since, conditioning on (W, X;), (A,,X;), j#1, are iid, we have

KZ)\ 52)\ 4 32)\[(2)\
AR |W,XZ)) e

Hence, the first term on the right hand side of (2.7) is dominated by

3rd term < 32)‘IE< — EAi(s )2

20—1

4 6A 2 32)\K2)\22)\ 1 E |A( )|2)\+ 1 2\
2A—1 n2x gy (1"

2X t
(6)\> TA—l/ 18} K2A ((1—|—2Am2>‘)fgl(s)+2)‘g;’1(8))d5
0

32)\K2/\
B )%} ™.



332 STOCHASTIC EVOLUTION EQUATION FOR FLUCTUATIONS

Similar estimates hold for other terms on the right hand side of (2.7). Therefore, there
exist constants co(T,m) and c3(T,m) such that

” ! Tm
a0 <eo(Tom) [ (F00)+ goas+ 20, (2.10)
0
By similar arguments as in (2.7) of [26] and (2.10) above, we have
n ¢ cs(T,m
(0 <eu(Tm) [ () +gp(oas+ EL.
0
Therefore
t 63+1%
PO+ GO = e +e) [ () +ap(o))ds+ 252,
0
By Gronwall’s inequality, we have
c
Fr®) 0 (1) <
n
by taking ¢; = g2t (estes) |

ca2+tcq

3. Tightness
In this section, we prove tightness for {S,, } in an appropriate space. For simplicity
of notation, we restrict our calculations to space dimension d=1 in the rest of this

paper.
As in Hitsuda and Mitoma [19], we use the modified Schwartz space ®. Let
p(z)=Cexp(—1/(1—|z[*))1j4j<1 where C is a constant such that [ p(z)dz=1. Let

vla)= [ Wn(a~y)dy.
Then for any integer k, we have |e®) ()| <cg(k)(14€/®l). Let

o={p:¢p €S},

where S is the Schwartz space. For k=0,1,2,..., define

olz= 3 [a+ia)

0<k<k

2

(()¢@D da.

Let @, be the completion of ® with respect to ||-||x. Then ®, is a Hilbert space with
inner product

o) = 3 [a+lapp? ( (6 <x>w<x>>)(dk (@a(o)0(a) )

0<k<k

Note that ®,, D ®,+1 and that ®¢ is L? (), where py(dz) =1)%(z)dx. For $ € ®y and

peD,,
@.6)=( o—/</> (2)da
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defines a continuous linear functional on ®, with norm

, [@:9)]
sede 91l

and we let ®_, denote the completion of ®y with respect to this norm. Then ®_,, is
a representation of the dual of ®,. If {cﬁj} is a complete, orthonormal system for @,
then the inner product for ®_, can be written as

16— =

¢15¢2 Z ¢17 ¢27¢,€> (31)
j=1

By a slight modification of Theorem 7, page 82, of [17], these norms determine a
nuclear space, so in particular, for each x there exists a k' > k such that the embedding
T,’:l 1, — @, is a Hilbert-Schmidt operator. The adjoint T,’j/*:@_,.i—ﬂb_,g/ is also
Hilbert-Schmidt. ® =U ®_j gives a representation of the dual of ®. (See [17],
page 59.) We prove tightness for {S,} in C¢_, [0,00) for an appropriate .

THEOREM 3.1. Suppose that (S1)-(S3) hold and that (2.1) and (2.3) hold for
p=max(4\,\/(A—1)).

Then there exists r such that {Sy} is tight in Ce__[0,00).
Proof: Let

1 & 1 & n
nﬁp:inf{t: ﬁ;A?(t)szp or 52(1_’_6?\& (t)\\/eplxi(t)g >mp}.

=1

Then for T'> 0, we have

2 n
supP(n? <T)<— sup (l—i—E sup A7(s)P+E sup ePlXi (s)l),
n mP 1<n<co 0<s<T 0<s<T

and since by Proposition 2.1, for each T'> 0, the right side goes to zero as m — oo, it
is enough to prove tightness for {S, (- AnLP)}.
By It6’s formula, we have

(0, V(1)) = (&, V"(0))

n

+¢’<X?(s>>o<X;’<s>,V"<s>>)de-<s>

+ / (Gd(- V() + LV ()6, V7(s)) ds

+ / (OB V"(3).u) + ¢l V" (3),0),V" () W(duds),  (3.2)
U x10,t]

where
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Hence, by (1.2) and (3.2), we have
(¢,5n(t) = Sn(0))

— =3 [ e (s e)
X0 6o (X7 61,V (5) B

+ [ VAtV @)+ LV )61 )
0
— (9d(- V() +L(V ()9, V (5)) )ds
[ Va((@B V) )+ al V7 (s),u), V" (s))

U x[0,t]

(9B, V(s)w) +¢'a(V(),u), V(5)) ) W(duds).  (3.3)

Note that (¢, S,(t)) :M;’"(t)—i—A:g(t) +Mi’"(t) is a semimartingale with respect to
the filtration {F;} generated by W and the B;. Setting

Gys.u) = v/ (@B V" (),u)+0/a - V" (),u),V(s))
—(6B(-V(s),u) + ¢ a( V(s),u), V(s)) ),
we have

]

t

=23 [ AP (P (D) V7 (6) 6/ (X () (X2 ()17 (5) s

MQ" z//G"su (du)d

ZA” 2(6(X7 ()X (3), V" (5)) + ¢/ (X () (X['(5), V" (5)) )

/G” s, u p(du)
H?’n( )=n({¢d(-, V() + L(V"(s))$, V" (5)) — (¢d(-,V (5)) + L(V(5)) 6,V (5)))".

It follows, for example, that for t,h >0, we have

and

Let

2

t+h
E[(6, S, (t+h) — Sn(£))? |ft]<E[/t B(HL™ (s)+ H2" () + hH™ (5))ds| Fi], (3.4)

and, applying Doob’s inequality,

Blsup(6.50(5) = 5, (007 SB[ 1207 (5)+ B (9)+HH" ()ds. (35)

s<t
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We need to estimate each of the Hi"
Let ¢=¢1) and |¢|K:supwjogkgn|(dk/da:k)¢(x)|. Then ||, < const||@||,41. It is
easy to see that there exists a constant c; such that

|é(2)] < crldloe!”

and

()] + ¢ ()] < e |1l
Hence
A

E Linir>s)

AT (X () (X ), V()6 (KT () (KT (), V" (5)))

n A

LS Ao KPer e g
n
=1

<E Linnr>sy

>

2
Lipmr>sy

1 n 1 n
N A ()42 41X (s)]
p 2 AT e

i=1 i=1
~ N
K2/\C¢|¢)|%)\ {m423m4| 2

cs(m, A, s)|6[7,

<K PE

A

and we have

E[H " () Lgyos o] < cs(m, X s) |01 < cs(m, ), 5) |65 (3.6)

Observing that

Vn((@d(-,V"(5))),V"(s)) = ($d(- V (s))), V()
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< T I OX () - (=0 X X )~ X (1475
IZI(b NIXP(5) ~ X,lo)] A7 (9
e YA~ A
< %;7 (P57 o) 3117 ) — X, ()] A7)

K n -
faall [Xi(s)] n .
+ cre Blo| A7 (s) — Ai(s)],
\/ﬁ; | |
and hence

E| Vi (#d(-,V"(5)).V"(5) = V" (5))

2\
L >sy

n

§22/\1$|%A(2\/HC7K)2>\E<:LZ|X?(S)Xi(5)|2)\
X . = % 22—1
y <nz’(eXZL(S)l\/dXi(S)')A?(s) ? ) 1{W>s}>
=1 . 2
+22)‘1|gz~5|3)‘n)‘K2>‘c$>‘E< (iz |AZ(s) —Ai(5)|)\>
=1

A—1
Lo~ 2 xu(s
% <nZ€“'X‘( )> 1{172;‘723})
=1

SCQ(TR,A,SN%@A-

As
VA (@ V" (5) = d( T7()), V7 (5) )|
7; d(Xi(s),V"(S))—d(Xi(8)7‘~/n(3)))‘
<— Z K p(V"(),V"(s)),
we have

- - 2\
B[V (0(d(, V" () = V(6D V" (6))] sy

n 2

" Ails)ere O Glop (V" (5),77(5)

1=1
1 & 1 & *
2834, ()22 S 2]
<”21 (s) n;e

< K*n*E

Linnr>sy

S KQATLAC%/\ | %‘ g)\E
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22—1 2\ 1 - n 2\ 1 < n 2\
X2 m (5Z|Xi (s) = Xi(s)) +(EZ|AZ- (8) = Ai(s))™ | Linmr>sy
=1 =1
< K2An’\C$A|$I%’\ (m2c(m’2))k22,\—1

2
1~ on 1, o0
xE [m%nZXi (5)*Xz‘(5)\%+ <nZ|Ai (S)Ai(S)P) 1{1712:”>s}]
=1 =1

SClo(m,A,S”%%)\.

As
V{0, 77(5) V), 775
= %ZAz(S)Qb(Xz(S))(d(Xi(S),Vn(S)))—d(Xz(s),V(s))) ,
we have

~ 2X
E|va(o(d(, V() =d(, V(). V6| Lo

n 22—1
<12Ai(s)z§*162§*1lxi<s>>
n

i=1

<KD IRE

’2>\

X % Z ’d(Xi(s),f/n(s)) —d(X;(s),V(s)) 1{772#’25}]

§011(m,)\,s)|q~5\%’\,

where the last inequality follows by arguments similar to the estimate for the third
term on the right side of (2.8).

Let

n

Nou= (Ai()d(Xi(5)d(Xi(5),V(5) = (9d(- V(5),V (5)),  n=1.

i=1

Then {N,,:n=1,2,---} is a discrete-time P(-|I¥)-martingale with, using the notation
of Burkholder [3],

n

Su(N)? = (Ai(s)$(Xi(5))d(Xi(s),V (5)) = (6d(-,V (), V (5)))*.

i=1

(Do not confuse S, (N) here with our process S,,.) By Theorem 3.2 in Burkholder [3],
there exists a constant C) such that

E(NA W) < CAE(Sn (N)*A W),
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Therefore

E ‘\/ﬁ<¢d(.7v(s)),1~/n(s) — V(3)> ‘2/\

= EE(N|W))

< %C,\]E[E[(Z (Ai(5)$(Xi(9)d(Xi(5),V (5)) = (e[, V(5)),V(5)))?)

= O3B (|41 ()X, (9))d(X1 (5), V (5)) — (6 (- V (5)). V ()]

S 012(m7>\as)|¢|g>\a

]

and we have
E[|v/n((6d(- V" (5))), V" (5)) — (6d(- V() V(5D Lpymrssy] < crs(m, A, s)| 92,
Similar arguments give
E[(VA[(L(V" ()6, V"(5)) = (L(V ()9, V()]) Lyprg] S eralm, A,9)|0[3,

where the estimate in terms of the higher derivatives is required because of the dif-
ferential operator, and we have

E[HS" (5) (03] < c15(m, A, 8)[ B3 < e1s(m, A, 9)]| 6] (3.7)
Finally, again applying similar arguments, we can show
E[H" (5) g0 s3] < c16(m, A, 8) 9[5> < e16(m, A, 5)| 613 (3.8)

Without loss of generality, we can assume that all of the ¢;(m,\,s) are nonde-
creasing in s. Applying (3.6), (3.7), and (3.8), (3.5) gives

E[Sli§<¢,svz(3A7]Z;p) - Sn(o)>2} < (;17(m,p,t)||¢\|i.

For « sufficiently large, the embedding T_; : ®,_; — @ is Hilbert-Schmidt and hence,
if {¢x} is an orthonormal basis for ®,_1, > 7, [[¢x|] <oo. (See [17], Lemma 1 and
Theorem 2, pages 33-34.) Consequently,

Efsup [ S (s Anp?) = S (0)]|2 o—py] < E[ngymﬁn(smz;’”) —58(0))%]
k=1 BN

s<t

o0
<ci7(m,p,t) Z [ pk][3 < 0.
k=1

It follows that for each ¢ >0 and e >0, there exists k; >0 such that

supIP’{stip 150 (8 AP | = (—1) > Kt e } <.
n s<t

But {¢p € ®_:[[9)]|—(x—1) < kt,c} is a compact subset of ®_, so {S,(-An;;P)} satisfies
the compact containment condition in ®_.
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Similarly, by (3.4), for t<t+h<T, h<1,
E[[ S5 ((t+h) Amp?) = Su(E AniP )12 (o1 | Fi]

00 t+h
< ZE[/t (Hy™(s)+H M (s)+hHY™ (5))1gymrs gy ds| Fi]
k=1

0 T
<hOTDAEDY ( /0 (Hy™(s)+H™(s)+hHY™ (8) L ymrs g ds) /A F.
k=1
Then
> T 1 2 3
B> ( / (HL () + HE"(5) + W3 ()M sy ds) 2]
k=1

O H / (L7 (5) 4 127 (5) 4 RS ) N6k 13) L sopds) )
kOZOl 2 T 1 2 3,
B lloeli / () + B2 )+ BEE () /1061 Ligirsyds) ]
< (X llowlpy™-DA
k=1

- 1/
x (anni / B 6) + B2 )+ R () ) 1{n:;;p>s}1ds>
< o0. =
Since
180 ((t+R) AmP) = Sn(EATRPIZ . < [Sn((E+R) AT?) = Su(EADEPZ (-1

we have verified the conditions of Theorem 4.20 of [24] (Theorem 3.8.6 of [13]) with
1, n 2,n 3,n
6(k 1)/)\2 / H +H ( )+6H¢k (S))Al{n:ﬁ;pz‘s}ds)l/)\

Note that since the S,, are continuous, tightness of {S,} in Dg_, [0,00) implies tight-
ness in Cg_, [0,00).

The same argument gives tightness for {M>"}, and we have the following addi-
tional result.

LEMMA 3.1. Under the conditions of Theorem 3.1, {M*"} is tight in Cg_, [0,00).

4. Characterization of the limit
We need the following additional assumptions.
(S4) There exists ¢ >0 such that

o (z,0) T 2| - (5/ |2 o, v,u) > pu(du) >0
U

Vr,z R4, ve M(RY).
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(S5) The coefficients o, ¢, d, a, b, 7, o, and (3 are differentiable with respect to the
measure in the sense that, for example, there exists a bounded, continuous
function dd on R? x M(R?) x R? such that for vy,vs € M(R?),

d(z,v) —d(z,11) :/0 y Ad(z,(1—r)vy +rve,y)(va(dy) — vy (dy))dr.

(S6) For r given by Theorem 3.1, ¢ € @,y 140, v1,v0 € M(R?Y), and uc U,

F1(V1,V2)¢
=d(-,v2)¢+ L(v2)9

/Rd/ ¢(x)0d(x,rva+ (1 —r)r1,")
—l—aL(rVg+(1—r)u1,~)qb(x))drul(dx) (4.1)

and

Fy(vi,v2,u)9
_¢6 ,V2,U +v¢) ( VQ,U)

/Rd/ x)0p(x,rve + (1 —1r)v1,u,-)

+V¢ (x)aa(x,ryg+(1—r)yl,u,~))dryl(dm)(4.2)

are in @, for 0<I<2.
For ¢ € 4o, the mappings

(v1,v9,0) € M(R?) x M(R?) x ®_ . — (Fy (v1,10)h,0) €ER (4.3)
and
(v1,v2,0) € M(R?) x M(RY) x ®_ . — (Fy(v1,10,)p,0) € L2 (U, ) (4.4)

are continuous.

(S7) For each v € M(R?), the mappings from z €R? to a;j(x,v), b;(z,v), d(z,v) €
R and «;(z,v,-), B(x,v, ) € L>(U,u) have bounded derivatives with respect
to z up to order q=x+2. For each z€R? ucU and ve M(R?),
Oa;j(z,v,-), 0b;(z,v,-), 0d(z,v,"), Owi(z,v,u,-),d0(x,v,u,-) are in P, and
there exists a constant K such that

> lloai(@,v,- ||2+Z||5b v, )|lg+10d(@,v, )13

i,J
+f (Znaai(x,u,u,-)n%||aﬂ<z,u,u,~>||§> pldu) K.

REMARK 4.1. If vy =vo=v, we write F;(v) rather than F;(v,v). Condition (S6) im-
plies smoothness and growth conditions on the coefficients of the differential operators.
Continuity of the mapping

(v1,10) € M(RY) x M(R?) — Fy (v1,12)h € Dy,
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would imply (4.3).

Continuing to restrict the calculations to dimension d=1, by (3.3),
t
<¢»5n(t)>=<¢5,5n(0)>+<¢7M17”(t)>+/0 (F1(V(5),V"(5))¢,5n(s)) ds
+/ (Fo(V(s),V™(s),u)p,Sn(s)) W (duds), (4.5)
U x|[0,t]

where

My" (8) = (6, M " ()
:n*1/2n t”s (s ™(s),V™(s
S [ A (TN
+¢'<Xﬁ<s>>o<Xf<s>,vn<s>>>des),

Vi ((¢d(-, V"™ (5)) + L(V"(5)), V”(8)> (@d(-, V() + L(V(s))0,V (s)))
= (@d(-,V"(s)) + L(V"(5))$,Sn(s)
+v/n(ed(-, V" (s ))+L(V"(S))

= (¢d (V" (8))+ L(V"(s)) b, 5n(s)

// 2)0d(z,rV"(s)+ (1=r)V(s),")
+OL(rV™(s)+(1— T)V(s),-)¢(x),Sn(s)>drV(s,dm)

= (F1(V(),V"(5))9,5n(5)),

)
¢—d(-,V(s))+L(V(s))$,V(s))
)

and
va( (s ”() >+¢'< VP (5),), V() — (0B( V(5).w) + 6, V(5), ),V (5)) )
= (600, V"(5),u) + &'l V" (s),u), Su(s))
// 2)0B(x,rV"(s)+ (1—r)V(s),u,-)
+9/( >aa<x,V<s>7u,~>,sn<s>>drV<s7dx>
= (B(V(5),V"(5),0)6,50(5))-

Let H=L?*(U,p). In the terminology of Kurtz and Protter [25], we define a
R x H#-semimartingale Y by setting

Y(a,h,t):at+Bh(t):at+/ h(u)W (duds),
U x[0,t]

for aeR and heH. Let
U, (t) =S, (0)+M>"(t),

and for ¢ €D, yo, let (F(V(s),V"™(s))0,S,(s)) denote the R x H-valued process given
by

(F(V(s),V"(5))$,5n(s5)) = ((F1(V(5),V"(5)) 9,50 (5)) , (F2(V (5), V" (5), ) §, 5n (s))) -
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Then (4.5) can be rewritten in the notation of Kurtz and Protter [25] as
(0,50 (1)) = (¢, Un(8)) + (F(V(-), V" (), Sn) - Y ().

Note that for each ¢ € C*(R), h€H, and 1<i<n, [M;’",Bh] =0,
t

M17nB':|
)m.By)

= l/0 (A7(5))2 (HXP ()Y (XP (), V7 (5)) + & (XP () o (XP (), V" (s))) *ds,

n
and

2

[Mi’”L=/0t<<<m<~7v"<s>>+¢'a<-»V”<8>>> V(s))ds

where V' (s) =+ Y7 | A7 (5)25)(?(8).

We should emphasize that we are proving convergence in distribution for {S,}.
The limit will not “live” on the original probability space. To be precise, for a count-
able dense subset {h;} CH, the sequence

{(Vn7M1’naSﬂa{Y(hJ)}v{31}7{X7}5{A1})}
is relatively compact in Cqg)x (o_,)2x (®>)*[0,00). Denoting a limit point by
(V7M757{Y(hi)}a{Bi}’{Xi}v{Ai})

(even though these are not the V, Y, {B;}, {X;}, {A;} on the original probability
space, they will have the same distribution), M (and hence S) will not be adapted

to the filtration {}"ty ’{Bi}} generated by Y and {B;}. Note that {Y (h;)} determines
Y (h) (and hence B") for all h€H and the Y (h) determine W .

For any limit point, M will be a ®_-valued local martingale with [M¢,Bh]t:0
for every ¢ €  and he€H and

g, = | (90 V () + 80 V() Tals) s,

where

R
Va(t) = lim. - > Ai(t)0x, ).
i=1

LEmMMA 4.1. For ¢ € Dy,

E[e?(SO+M@) 17
:exp{*%(<¢2,Vz(0)>*<¢,V(0)>2+/0 (69 V () +/a(-,V (5))) Va(s))ds) }

and

E[e!(@M =MW |5 (W) v FM]

t+r
—exp{=g [ {61V + oV ()P V(s)ds)),
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which determine the joint distribution of W and M .
Proof: Define

M (1) = (6. )1" (1))
w3 4 (XN K5V (o)

+¢'<Xi<s>>a<xi<s>,V<s>>)dBl-<s>,

and observe that

1,77, Nn
-],

1 . ! n n n n n n n
=230 [ (A0 () (X7 (5). V7 (6) 6/ (X2 () (X7 3.V ()
i=1
2
_Ai(s)(b(Xi(s))'y(Xi(S)uV(S))_¢I(Xi(5))U(Xi<S)7V(S))> ds.
converges to zero. It follows that M1™ and M™ must have the same limit. Again, to
be precise, one should say that any limit point of
{(VnﬂM17n7Mn75n7{y(hj)}7{Bi}7{Xi}7{Ai})}
will be of the form
(MM7M757{Y(hi)}7{Bi}’{Xi}7{Ai})'
For a o(W) measurable random variable Z, exchangeability implies
]E[ei<¢’s(0)+M(t)>Z]
— lim E[€i<¢75n(0)+1\7"(t)>z]

n—oo

 Jim BlBlexpli—= (41 (0)0(X: (0) = (6.V (0))+ My} W]"Z
~Elexp{~ (62, V20)) = 0.V O+ [ ((690.V(5)+ 6. V(:)Va(o)ds) 2]
where

Hoat)= [ Ao (as(Xl(s)w(Xl(s),V(s))+¢'<X1<s>>o<xl<s>,v<s»>dBl<s>.
The proof of the second identity is similar. |
Let U(t)=5(0)+ M (t) and

(F(V(s))9,5(s)) = ((F1(V(5)),5(5)), (F2(V (s),u),5(s))).

Then (S,,U,) is relatively compact in Cy__xs_,.[0,00), and by the continuity as-
sumptions on F; and F and Theorem 5.5 in [25], for any limit point (S,U), we have

(0,5(1)) = (&, U®)) +(F(V(),5)-Y(t).
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Specifically, any limit point of {S,} satisfies (1.10).
To prove uniqueness for the solution to (1.10), suppose that S; and Sy are solu-
tions and set £ =57 —S5. Then & satisfies

(6.6() = / (F1(V(5)),£(s)) ds + /U (F(V(3),u).E(5) W (duds).  (4.6)

% [0,1]

We adapt arguments of Rozovskii [36] to establish that £ =0 is the unique solution
to (4.6) and hence establish uniqueness for (1.10).

LEMMA 4.2.  Suppose that the assumptions (S1)-(S7) hold. Then §=0 a.s.
Proof: Let ¢=x+2, and for ve M(R), define p,= [ (x) 'v(dr)<oco. By
LemmaA. .6,

2007 0)0)_y+ [ 15 ol () < ersi ol (4.7

forallved®_,.
Note that £(t) takes values in ®_, C®_,. Let {¢f} be an orthonormal basis for
®,. Applying It6’s formula, we have

<¢’?’5<f>>2:/0 2(62,6M) (F1(V(5))6,(5)) ds
+/ 2(¢,£(t)) (Fa(V (s),u)$?,£(s)) W (duds)
U x[0,t]

/ / Ba(V(5),u)6%,£(s))? u(du)ds.

By Proposition 2.1, if (2.1) and (2.3) hold, then (2.6) holds giving E[sup, <7 py ()] < oc.
Let Tk:inf{t:pv(t) >k}. Stopping the processes at 7, taking expectations, and
summing over j, (4.7) gives

EleAnl, =k | (2<s< ML)+ [ 15 <>||2qu<du>)ds
S/o clngEHf(s/\Tk)HQ_qu

Then uniqueness follows from Gronwall’s inequality and the fact that 7, — 0o as k —

0. i

Finally, we have our main result.

THEOREM 4.2. Under assumptions (S1)-(S7), we have S, =S and S is the unique
solution to the stochastic evolution equation (1.10).

5. CLT for Euler scheme

Now we consider the CLT for the Euler scheme used in [27]. Let 7;(s)

[%]
and for some partition {U} of U and wuy € Uy, define &s5(u) =ug, u€ Uy, k 2,.

1,
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Let {(X°, A™),i=1,...,n} satisfy

X0(1) = X,(0) + / o (X (05(5)), V™ (15(5)))d By ()
(X7 (15(s)), V™ (15(s)))ds

[
4 / D (s()).V™ (05(9)), €5 ()W (duds),  (5.1)
U

AP0 = Ai0)+ [ AT (X (1a(5)). V™ s ()i ()

0

+ [ AT s (9.1 5] s

0

+ / AT ()B(X (15(5)), V™0 (15(5)), 5 (w)) W (duds),  (5.2)
U x[0,t]

where

n

n 1 n
V() = - > A ’5(t)(5Xin,5(t). (5.3)

i=1
In this paper, we only analyze the simplest case in which W is a one-dimensional

Brownian motion, that is, U consists of a single point.

Modifying Theorem 3.3 in [27] in a way similar to the proof of Theorem 2.4 of
the current paper, we have the following result.

THEOREM 5.1. Under the assumptions (S1)-(S5), we have

2X 1<
’I’L,(s n 774,5 n A A
B swp | [X]00)-X; (t)‘ v EE‘_:|AJ. (t)— A7 (1)] L, yms <e(T,m)8,

where

1 n 1 n

n,o __: n 2 2 n,8 2 2
0 —inf t:—g A () > o —E A (t)” > .
N 1 { nil ,L() m I‘n i () m}

i=1

_ Applying the same arguments as those in Section 3, we can prove that the sequence
Sp=/n(V™/™ — V") is tight. Now we characterize its limit points.
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Note that S,(0)=0. As in (3.3), we have
(0.5.(0))
- ;ﬁz / t {A?’”%) [¢<X?” MV (1 (), VY (11 (5))
+6/ (X[ () (X" (11 (), V" (2 <s>>>]
— A2 (5) [(X () V(X (), V() + ' (X[ () o (X](), V"(5))] }de«s)
W}Z / t {A?’Ws) [¢<X§””"(s))d(X?’”"m;L (), V™" (01 (s)))
L (D)X 0 5)]
— A2 (5) [B(X7 () (X[ (5), V" () + L(V" () (X[ (5))] }ds
+\}ﬁ§_j / t {A?” "(s) [ﬂé(X?’”"(S))ﬁ(X?’”"(n; (), V™" (31 (5)))
Xy (V0 ()]

— A7 (s) [p(X{ ())B(X]" (5), V" (5)) + &' (X' (5)) (X (5), V" ()] }dW(S)
EIl+IQ+I3. (54)

LEMMA 5.1. Let £7(t) be processes satisfying

1 n
SD EGWPSK, VY.
=1

Then
J IR )
=3 [ @B =By () ds—o. (5.5)
\}EZ [ s—ny wras—o. (5.6)
1 n ¢ . ,
WZ/ EM(s)(W(s) =W (na(s)))*ds —0, (5.7)
1 n t .
T=3 [ @ 0B - By ()ds—0 5.8)
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1 n t .
vD | ey )s=ny (s —o. (5.9)
IR
D [ € 6nv o)Wy s)as—o. (5.10)
1 n t
D | o0 B~ Bl )i (s) -0, (5.11)
1 &,
\/521/0 £ (01 (5))(s=n1(s))dW (s) = 0. (5.12)
Proof: Note that
1 n t 2
— (s s)— 1 (5)))2ds
B[ 2 | 6B - By ()
<o [ LYY (B By () s
<KZI/O 3(s—n1(s))?ds
[nt] Jt+1
<3an (s—l)st
=0 A n
:Kn[nt]%eo

This proves (5.5). (5.6), (5.7) and (5.9) can be proved similarly.
For k=1, 2, ---, let

1< [
Vi= Y | € )= By ().

Then M}, is a discrete-time, square integrable martingale with quadratic variation
process

k

M =3 (=S € ma () [ (Bi(s)— Bils (s)))ds | -

j=1 i=1 n
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Hence
[nt] g 1 n ]_1 ]_1 2
IEIJW[QM] :ZE ([1 \/5257(”)(31(5)—32(”)”3)
=1 n =1
[nt] FA Z n . .
n n 1 —1 -1
:Z/ / ZE(QL(Jf) (81/\82—]7)65816182
Jj=1 n n =1
[nt]

1 1
SKZ/ / S1 /\82d81d82
j=1 0 0
1

:2K[nt]/n 51(l —$1)ds1
0 n

K[nt]
" 3n? -0

This proves (5.8). (5.10) can be proved similarly.

Finally,
1 [fn ’
E \/ﬁ;/ i (11(s))(Bi(s) = Bi(n1(s)))dW (s)

=3 <f;§f<ni<s>><BZ<s>—Bz<ni<s>>>> ds
= [ 230 )Py (o)

[nt] - it
<K v (sfl)ds

=07 % n

1
:K([nt]%—l)ﬁ—m,
which proves (5.11). (5.12) can be proved similarly. |

LEMMA 5.2. Let
W)= [ VIRV (s) =W ()W (s).

Then W"=W and Wls a one-dimensional Brownian motion independent of W.
Proof: It is clear that W™ is a sequence of martingales and

nt
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By (5.10), we have

/\f W (2 (s)))ds —0,

and the lemma follows by the martingale central limit theorem |
Note that
X7 () = X (1 (9))

— (X} (1 (), V™Y (1 (5))) (Bils) — Bi(n (5)))
(X (3 (), V7 (g () (s =1 (5))
(X (s (), V™ (s () (W (5) = W (. (5)) (5.13)

and
AP (5)= AP (01 (s))exp (v(X?’”"(n; (), V™" (01 ()))(Bi(s) — Bi(n. (5))
+D(X] " (1.(5)). V™Y (01 () (s =17 (5))

A (s (), V7 (s () (W (s) ~ W (2 <s>>>),

where D=d— 2 (v*+?). (5.5)-(5.7) then justify the replacement of A}” 1/n( ) and

X" 1/n( ) by A" 1/n(’l71 (s)) and X" 1/n(’l71 (s)) in the calculations below, where the
notation ~ means that the dlfference converges to zero in probability.

LEMMA 5.3. Let 1:R? =R be bounded and continuous and have bounded, continuous
first derivative Ox1) with respect to the second variable. Then

tiiA?”"m%(s» XY (11 (8)),), VY (5) = VY (1 (s)) ) dW (s)
o Vn“
z/ (- V() B2t (%) + B, V() (x,1),V (5) @V (5)) A" (5).
Proof: Note that
S AT () (DX (1 (), VI () VI G () )V (s)
o v
=1

¢ 1 = n,1/n 1 = n,l1/n
-/ Ay DA
(¢<X?’”"<n%< ), X" ”"(s)) Y(X ”1/”(?7%(8)),X}7"1/"(77%(8)))dW(8)
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w(X”’l/"(n%(5)),X”’1/”( 1 (5))dW (s)

J

/ ZA“/” . ZA’“/" ()220 (X7" (1 (5)), X2V (1 (5))
(X" (o (s)), V™ ””( 1(5)))dIW"(s)
[ ZA"”” ZA"”” DA 1 ()77 ()
¢(X?1/"(77%(3)),X}71/”( +(5))dW" (s).
The conclusion of the lemma then follows. [ |

THEOREM 5.2. For ¢ €®,., define
My(t)=(0.M(1))
-/ (0B 8)( V(5)),V (5)) T (5)
-/ QA V ()05 V (5),1)+ B, V()28 V(5),)6(3),V () &V ()T ()
+f (1) (- V($))6. V() dTT (5
-/ 0V ()00, V(5),)+ B,V ()05, V (), D (5),V () @V () T (5),

where 0y and 03 are derivatives with respect to the corresponding variables and 82
refers to the operator defined in (85). Then My is a martingale satisfying [W, M¢]t =

Let S be a limit point of {S }. Then S is the unique solution of

t

<¢,§<t>>=<¢,A7<t>>+/Ot<F1<v<s>>¢,§<s>>ds+/< 2(V(5))0,5(s) ) AW (s).

(5.14)

Proof: Recall that I, I, I3 are defined by (5.4). It is easy to see that I; —0.
Note that
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_’_f/ Vn 1/n ¢+L(Vn l/n( )¢7Vn,1/n(s)>

—{d(- V" (5)d+ L(V" (5)6,V"(s) ) ds
=Io1+Ioo+ Ia3,

By Lemma 5.1, it is easy to show that I3 — 0 and Iso — 0, and by the definition of
F1 in (41),

123/Ot<F1(V"(s),V”’1/n(s))¢,§n(s)>ds

which converges to the second term on the right of (5.14).
Similarly

n

Iy= / }ZA"”" (X7 (9))

[ﬁ(X?“"(m (S))7V”’1/"(n;(8)))—ﬁ(X?(S),V”(S))]dW(S)

[a<X7’”"<n; (S)),V”’”"(n;(S)))—a(X?(S),V”(S))]dW(S)

t
+ [ {Rv(9).771/7(5)6.,5,(5) ) aw (s
0
=131+ 132+ I33.
By (5.13) and Lemma 5.3, we have

N R n,1/n nln nln n,1/n n,1/n n,1/n
131%/0 %;Ai / (s)p(X / (s )<8 ﬂ( / (s),V 1/ (S))(XZ / (ﬂ%(S))*Xi / (s))
(@B s >’V"*”"<s>v~>»vm””<n;<s>>>—v"’1/"<s>>>dW<s>
~ /0 ((ad1B) (-, V (5))¢, V (5)) dW™ (s)

+/OI (-, V(8))02038(x,V (),-) + B(-, V (5) B2 B(x,V (5),)) b (%), V (s) @ V (5)) dW ™ (s)
and

J / (@D10) (- V(5))$.V () ATV (s)

4 / (@ (- V(5)) 02030, V(s). )
O o~
LBV (5))Baa(x, V(5), ) (%), V() @V (5))dIT™ (5).

Then I31 + I35 converges to <¢,M> and I33 converges to the third term on the right
of (5.14).
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Uniqueness of the solution follows from Lemma 4.2 giving the desired result. N

Finally, we combine the results of Sections 4 and 5.

THEOREM 5.3. Let S(t)=+/n(V™'/™(t)=V(t)). Then S:=S* where S* is the

unique solution of the stochastic evolution equation
(6,5 (1)) = (6,(0)) + (@ M(1)+ M(¢) ) + / (Fi(V(s))6,5"(s)) ds
+ [ )W), 615

ped,.

REMARK 5.4. Comparing (5.15) to (1.10), we see that the difference lies in the

additional martingale driving term M. M arises directly from the discrete-time ap-
prozimation of the driving Brownian motion W through the limit in Lemma 5.2.

Appendix A. Proof of monotonicity.
We can represent ®_, as the space of equivalence classes of (g+1)-tuples v=
{(vo,v1,"+,vq)}, where v; € L, = L*(R,(1+2?%)%?dx), such that

k

: 2\2¢q d
001 =3 [ (40 00e) g o (A1)

The (¢+1)-tuples u and v are equivalent if the right side of (A.1) does not change
when v is replaced by u. Then

lvl12, —lnf{ZHUkllL = (uo, .- M)NU}- (A.2)

k=0

By the Riesz representation theorem, for each v € ®_, there exists a unique ¢p=6,v €
®, such that

(v, f 0= _((e)®) ().
k=0

It follows that

v (0, ($0) -+ (prp) D)}

and
q
lollZg = I1(ew) ™13
k=0
In particular, the infimum in (A.2) is achieved. For each u={(ug,u1, - ,uq)} € ®_,,
q
(w,0)_,=Y" <uk, (¢¢)(k))>Lq
k=0

does not depend on the choice of the (¢+1)-tuple in the class of u. Note also, that
since @g4 is dense in @y, {vEP_g:0,0 € Pyio} is dense in P_g.
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LEMMA A.1. Suppose that f and its derivatives up to order q are bounded. Then for
73¢65®q+1;

- 2220 /) B () B
kZ/Rm Y24/ ) B (9 W)

- / (1122 £ () () Dz 1 Oy ol 6]
- / (1122 (1)@ ()T D+ O L8],

and hence for v=¢,

q

> [t ese)® (o0 Mde= (613,
k=0"R

In addition

sup Z:O fR(l + xz)zq(f71¢)(k) (@P)(k)dx

NED, HV”q

W L+ a2)20] f(Gu) @D et erg Y \/ [ a0 @00
R

1<4,5<¢q

(A.3)

Proof: Let f1= 19" and note that if f and its derivatives are bounded, then f; and
its derivatives are bounded. Then

q
3 /R (L4222 (1) D (60) ¥ e
k=0

=Z / (142229 (f(y) = fry)® () )

q

—Z / (L4222 (F(7)) P ()P 142221 f17)®) (69) D

H

q—

k=
/ (142%)%1 £ (9) T (o) D+ (
R 1=0

R
/ 1+22)% £00 (35) 5D (69) @

#3700 O 60 e

k=0"R

_ g $2 2q (k) (k) "

> [t i) o) M

- / (1422 () D (60) Dz + Oy 1)
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Integrating the first term in the fourth expression above by parts gives

= [ apesen® (@0 22 00 ) do
R 142

- /R (1+2)20f ()@ (¢p) Dl
+q—1 q (1+x2)2qf(qfl)( w)(l+1)(¢¢)(q)dgj
> (1) :
qg—1
+Y [ ) Vs
k=0"R
-5 (1422 (fryp)®) (p9p) P dae
> et

:*/R(l +22)20f () D () D da+ O ([ llg 1 0ll)-

Since [|v]lq > [|(v¥) 9|1, (A.3) follows by the Cauchy-Schwartz inequality.
Finally, if v=¢, we can add the two identities to obtain

3 / (1122 (£r0)® (60) Pz = O 6])-
k=0

|
Write F1 :Fll +F12 and F2 :F21 —|—F22, where
1
Fiip= §a¢”+b¢/, Fhp=ag'. (A.4)
For ve M(R), let p, = [p1p(z) v (dx).
LEMMA A.2. Forve®_, such that =040 € Pyya,
2<U,F{‘1U>fq=—/a($w)(1 +2%)%) (¢) Y (@) Pda+ O (|J0]|,),
R
where [O(||v][2,)| < ea0l|v]|?, with cxo independent of v.
Proof: By definition,
(v, FT1v) g =(¢, F11v) = (F119,v) = (F116,0),
q
1
=3 [+t on® Gas"s) Vs
k=0"R
q
Y [@ra?en®es e, (4s)
k=0"R

where the third equality follows from the fact that Fi1¢ € ®,. By Lemma A.1, the
term involving b is bounded by a constant times [|¢[|2 = |v]|? .
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For the term involving a, let a; = %ﬁ and ag = 2“TW Then

q

> [ (1a221(00)® (a0 Ve

k=0

q

=>. / (1+22)2(¢9) ¥ (a(69) @ — ar ($6) — as(ve')) P da
k=0

:—Z/R(l+x2)2q<¢>w)<‘““)a(¢>w)<’““>dx+0(||¢||3)
k=0

- / a(1+2)%) () @V Pz 1 0(|6]12),
R

355

where the second equality follows by integrating by parts and applying Lemma A.1.

LEMMA A.3. There exists a constant coy such that for € >0, ve ®_, such that ¢ =

Ove Dy, and ve M(R),

/ 1 F5y ()02 a(du)
U

<49 [t [ o) Puldnl(on) T Pdet en 1+l

Proof: Noting that

* PH(U)V ¢7E§17
15, ol = sup SFELD) _ gy (0P
VED, ||'Y||q YED, H'Y”q

)

y (A.3),

|5 (v o2, < q [ (a2 priaama) o)+l

+ew Y \//R(l+x2)2q|a(i)(x7y,u)(¢¢)(j)|2dx)2.

1<i,j<q

Consequently, there exists a constant cgs such that
151 (v, u)ol2 < (1+€)/(1+x2)2q|a(x,v,u)(¢w)(q“)|2dﬂf
R

tego(1+et Z /1—|—x )24 (@, v,u) (o)D) |2da?,

1<4,j<q

and integrating with respect to ju, the boundedness of a(? in L?(U,u) implies the

existence of co.
LEMMA A.4. Forved_,,

2(v, Fiyv)_, <caspuv]2,-



356 STOCHASTIC EVOLUTION EQUATION FOR FLUCTUATIONS

Proof: Assume that ¢ =0,v€ ®¢42. As in Lemma A.2,
(v, Fiov) = (F120,0),.
Write

<F12(V)¢a¢>q:<d('7V)¢7¢>q+<G1(V)¢7¢>q (A6)

where
]‘ /1 /
Gr(v)o= [ (Ga(a.0.)0(a) + 500,08 (0)-+ 0b(a.n)o () ().

The boundedness of the derivatives of d implies that the first term on the right of
(A.6) is O(]|¢|lq) uniformly in v. Note that

$(@)()? < / (B (w))[2(1+y?)dy / (1+4%) 2y,

[¢(x) ()| <O([[¢]1)-

Similarly, letting K7 =sup, W((j))l and Ky =sup, %/((;))l,

¢ (2) ()| < |(¢(2) () |+ K1l b ()9 ()] < O(l|¢]l2)

and

6" () (2)| < (p(2)(2))" |+ 2K1 [ (2) ()] + Ka|d(x) (2) | < O(l| ]l 3)-

Consequently,

G100l = [ (10d(e.) (o) (@) + 5 [a(e.) ol (a)o(a)
00,6 (@) () o~ () d)

<ecz1pul|@llz <csipulldlly=caipu vl —g-

Combining this inequality with the estimate on the first term gives the result. ||

LEMMA A.5. There exists caq such that forve ®_,,
/UHFQ*Q(Vau)UH%qM(du) <caupy||v]2,- (A7)

Proof: To bound || F3,v||—,, note that

. (7, F350) (F227,9) [ F227||
1Fvl—g= sup = sup ot < *l¢llq-

YEP 42 ”,qu YEP 42 H,)/Hq YEP 42 ”,qu

Then || Fa27yllq < cas5(u)pu]|v|lqg by the same argument used to estimate G; in Lemma
A .4, and co5 can be selected to be integrable with respect to . |
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Combining the previous lemmas we have

LEMMA A.6. Forved_,,
2<U7F1*(V)v>_q+/U 15 (v,u)ol|2 gu(du) < crgpil|v]|2,. (A.8)
Proof: Selecting € >0 so that (1+¢€)2<(1+4) for 6 in (Sy),
2<vaFf(V)U>_q+/U||F5(V,U)U||3qu(du)
§2<UaF1*1(V)v>_q+(1+€)/U||F§1(V»U)U||3qﬂ(du)
+2<U»Ffz(V)v>_q+(1+€_l)/U||F§2(V7u)v||3qﬂ(du)

S—/R<a(az,u)—(1+e)2/U|a(m,1/,u)|2u(du)> (1+22)24) (¢2p) D) (2) P de

+(cao+ean(1+e)(1+e ) +easpy+(1 +571)C24P3)|\U||2—q

§018p§|‘v||3q7
since the first term in the third expression is less than or equal to zero by (S4). ||
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