Commun Math Phys 181, 409 —446 (1996) Communications in

© Springer-Verlag 1996

Low Temperature Phase Diagrams for Quantum
Perturbations of Classical Spin Systems

C. Borgs’*, R. Kotecky>**, D. Ueltschi3

1 School of Mathematics, Institute for Advanced Study, Princeton, NJ 08540, USA
2 Centre de Physique Théorique, CNRS, Marseille, France
3 Institut de Physique Théorique, EPF Lausanne, Switzerland. E-mail: ueltschi@elda.epfl ch

Received: 10 June 1995/ Accepted: 14 February 1996

Abstract: We consider a quantum spin system with Hamiltonian
H=HY+7,

where H© is diagonal in a basis |s) = ), |s) which may be labeled by the con-
figurations s = {s,} of a suitable classical spin system on Z2,

HOs) = HO(s))s).

We assume that H©(s) is a finite range Hamiltonian with finitely many ground
states and a suitable Peierls condition for excitations, while 7 is a finite range or
exponentially decaying quantum perturbation. Mapping the d dimensional quantum
system onto a classical contour system on a d + 1 dimensional lattice, we use
standard Pirogov—Sinai theory to show that the low temperature phase diagram of the
quantum spin system is a small perturbation of the zero temperature phase diagram
of the classical Hamiltonian H®, provided 4 is sufficiently small. Our method can
be applied to bosonic systems without substantial change. The extension to fermionic
systems will be discussed in a subsequent paper.

1. Introduction

1.1. General ideas. Many models of classical statistical mechanics provide exam-
ples of first-order phase transitions and phase coexistence at low temperatures. It
became clear already from the first proof of such a transition for the Ising model
by the Peierls argument [Pei36, Gri64, Dob65] that a convenient tool for the study
of phase coexistence and first-order phase transitions is a representation in terms
of configurations of geometrical objects — contours. This has been systematically
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developed in Pirogov—Sinai theory [PS75, Sin82], sec also [KP84, Zah84, BI89],
which allows one to prove these phenomena for a wide class of models, with or
without symmetry assumptions on the coexisting phases.

For quantum spin systems, the theory of first-order phase transitions and phase
coexistence is much less developed. While several papers deal with this problem
in the presence of a symmetry relating the two phases, [Gin69, Ken85], no general
theory is known which provides a systematic approach to quantum spin systems
once the symmetry constraint is relaxed

In this paper we propose to develop such a theory for low temperature quantum
spin systems which are small perturbations of suitable classical systems To be more
precise, we assume that the Hamiltonian of the system is of the form

H=HY+,r, (11)

where H® is diagonal in a basis |s) = @, |s,) which may be labelled by the
configurations s = {s,} of a classical spin system with finite single spin space
S={1, .,|S|} and Hamiltonian

(s|HD|s) = HO(s) (1.2)
while V' is a local or exponentially decaying quantum perturbation,

V=>Va, (13)
A

where the sum goes over connected sets 4 and ¥ is an arbitrary operator on #; =
& ees #, except for the constraint that its norm |[[V]| is exponentially decaying
with the size of A4.

Assuming that the classical system has a contour representation in ¢ dimensions
that allows to apply thc methods of Pirogov—Sinai theory for sufficiently low tem-
peratures, we propose to study the quantum perturbation of this system by mapping
it into a suitable contour system in d + 1 dimensions, which can again be analysed
by the mecthods of Pirogov—Sinai theory. Actually, our method is very similar to
the method developed in [Bor88], were this strategy was used to develop weak
coupling cluster expansions for lattice gauge theories with discrete gauge group and
continuous time.

Our approach differs, however, from that used by Ginibre [Gin69] and Kennedy
[Ken85] In order to explain the main difference, let us first recall their method.
It is based on the idea of developing the density matrix e %" of the model (1.1)

arround the unperturbed matrix e~ v using Trotter’s formula

e P — lim (e_(ﬂ/’”H(O) <1 — EV)) . (14)

n

While the leading term of this expansion gives the partition function of the classical
spin system at temperature [, the expansion of V according to (1.3) will intro-
duce transitions between classical contours at various times, leading therefore to a
representation in terms of “quantum contours” on Z¢ x [0, f].

In the symmetric case considered in [Ken85] and [Gin69], these quantum
contours could be controlled with affordable effort using standard methods. The
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asymmetric situation considered here, however, obviously requires significant mod-
ifications involving something like a “Quantum Pirogov—Sinai” theory. Such an ap-
proach is currently being pursued by Datta, Fernandez and Frohlich [DFF95], leading
to results very similar to those presented in this paper!.

Here, we follow an alternative approach, motivated by [Bor88]. The main idea
is not to consider contours on Z¢ x [0, 8], but to use a suitable blocked approach,
which allows to map a d-dimensional quantum system onto a classical contour
system on the (d + 1)-dimensional block lattice. As a consequence, our results make
it possible to apply directly the usual Pirogov—Sinai theory to quantum spin systems
as well, thereby allowing to analyze questions concerning the low temperature phase
structure, finite size scaling, analyticity properties, etc. using the well developed
machinery of standard Pirogov—Sinai theory.

1.2 Contour representations of quantum lattice models. In the remaining part of
this introduction, we present the main ideas of our approach. In the first step, we
rewrite the partition function Z = Tre ## of the quantum spin system as

Z=TrT™ where T =¢ " and p = Mp (1.5)

with an integer M to be chosen later. We then expand the partition function Z of the

quantum system around the partition function Z €28 = Tr e—## @ of the classical spin
system using the Duhamel formula (a reference concerning the Duhamel formula is

e.g. [SS76]) for the transfer matrix T’ = e=PH. Introducing the family o7 of all sets
A contributing to (1.3), the Duhamel expansion gives

< . — Q)4 B
T = e P Pi¥uca i = 3 ) f co-dt | T(z,m), (1.6)
n AGM’O ng!

where n is an multiindex, n : o/ — {0,1,2,...}, and T(z,n) is obtained from 7® =
e~ P by “inserting” the operator ¥ at the times tl,..., ', see Sect. 2 for the precise
definition. Next, we resum (1.6) to obtain the expansion

T =Y T(B), (1.7a)
B
where
TB)= Y 1), (1.7b)
A={A41, ,Ax}
U,4,=B
with
T(L)y= - A)nAfdr -dt™| T(z,n) (1.7
= R y ,n) . 7¢)

n:suppn=s/ | A€ ny!

IResults of this type were announced some time ago in [Pir78] However, a detailed discussion and
proofs have never been presented



412 C Borgs, R Kotecky, D Ueltschi

Using the basis |s) to rewrite (1.5) as

z= 3 {UITs®). UTsh) (18)

S, )

and inserting the formula (1.7) to expand T around 7®), we obtain

Z= 3 ﬁ<s““>|f<3“))|s‘”>, (19

SO 00 (=1
B g

where we have identified s and s**)

At this point, the quantum spin system is easily mapped to a classical con-
tour system in d + 1 dimensions. Before doing so, let us discuss the expansion
(19) from a more heuristic point of view. Starting with the leading term in
BW, ... B™_ namely the term where all BY) are empty, the matrices 7(B")) re-
duce to the unperturbed transfer matrix 7(?), which implies that only the term with
s =52 = .. =M contributes to the sum over sV, .. s giving the partition
function of the classical spin system at the inverse temperature . A non-empty set
BW, on the other hand, corresponds to the insertion of one or several operators
Vi, A C BY, inducing transitions between different classical states s~ and s) It
should be noted, however, that for a fixed set of B%)’s only those spin configurations
s =52 = ... =™ contribute to (1.9), for which s/~ and s) are identical on
all points x for which x ¢ B,

In order to rewrite (1 9) in terms of contours, we assign contours to “configura-
tions” specified by s sM and BM B Namely, we introduce elementary
cubes as the unit closed cubes C C RY*! with centers (x,¢), where ¢t € {1,2, . ,M}
and x € Z¢. We say that an elementary cube C with center (x,¢), x € Z¢, lies in
the " time slice, we say that it is in a quantum excited state if x € B"), while we
say it is in a classical state if this is not the case Consider now a cube C in the ™
time slice which is in a classical state Then s'~!) and s) must assume the same
value s, € S on the corresponding point x € Z¢, and we say that the cube C is in
the (classical) state sy

In order to explain our definition of contours, let us assume for the purpose
of this introduction that /(®)(s) is the Hamiltonian of a classical spin system with
nearest neighbor interactions, and that the contours of the classical system correspond
to bonds (xy) for which s, #s, (see Sect. 2 for the more general case) We then say
that a cube C is part of the ground state region W,,, m € S, if it is in the classical
statec m, and if all neighboring cubes in the same time slice are in the classical state
m as well All cubes which are not part of a ground state region are called excited
As usual, we define a contour as a connected component of the set of excited cubes.

Resumming all terms in (1.9) which lead to the same set of ground state regions
and contours, we finally obtain Z as a sum over sets {Y1,..., ¥, } of non-overlapping
contours Given our definition of excited cubes, it is an easy exercise to show that
the weight of each such configuration factors into a product of contour activities

p(Y,) and ground state terms e’/;e'"'W'"’, where ¢, is the classical ground state energy
of the ground state m, while || is the number of cubes which are in the ground
state m This gives the representation

zZ= X }HP(Y,)He*"e’““”"", (110)
S} d

{7, m
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which is exactly of the same form as the contour representation of a classical spin
system. We can therefore apply standard Pirogov—Sinai theory to analyze the quan-
tum spin system considered here, provided we can prove a bound of the form

lo(Y)] < el eol?l (1.11)

where y is a sufficiently large constant, and ey = min,, ;.

Observing that cubes in a quantum excitation are supressed by a small factor
proportional to AB, while excited classical cubes are exponentially suppressed by a
“classical” contour energy proportional to B, such a bound can easily be proven,
see Sect. 4 for the details.

Notice that the weights p(Y') are in general complex. The version of the Pirogov—
Sinai theory to be used thus must deal with this fact. Actually, such a case has been
discussed in [BI89] and we are closely following their approach.

A novel feature of the models considered here stems from the fact that the
resulting classical model resides in a finite slab of thickness proportional to f3; ac-
tually we should talk of a cylinder because of the periodic boundary conditions. It
is therefore not possible to directly apply standard Pirogov—Sinai theory. Actually,
this gives rise to an interesting problem in both quantum and classical spin sys-
tems: dimensional crossover for first order phase transitions. We will not discuss
the physics of dimensional crossover in this paper, but the technical modifications
needed to deal with finite temperature quantum spin systems do actually provide the
necessary framework to deal with this problem as well.

The organization of this paper is as follows: In the next section, we state our
main assumptions and results. In Sect. 3, we derive the contour representation (1.10),
proving in particular the needed factorization of contour activities. In Sect. 4 we
prove the exponential decay of the contour activities. Section 5 is devoted to the
discussion of the resulting contour model including the discussion of modifications
to Pirogov—Sinai theory on a finite slab. In Sect. 6 we discuss expectation values
of local observables, and in Sect. 7 we combine the results of the preceding section
to prove the theorems stated in Sect. 2. Details of the necessary modifications to
Pirogov—Sinai theory on a finite slab are deferred to an appendix.

We close this introduction with a discussion of possible extensions. We recall
that we assumed that H(® is diagonal in a basis |s) = @, |sy), where s, lies in a
finite spin space S. While this is a natural setting for quantum spin systems as, e.g.
the anisotropic quantum Heisenberg model, it is not for the discussion of bosonic
or fermionic lattice gases. In this situation, a typical choice for H© would be an
operator which is diagonal in the usual bosonic or fermionic Fock representation
where basis vectors are characterized by eigenvalues of the corresponding num-
ber operators n,. While the corresponding classical system still has a finite state
space (ny = ny +n; = 0,1,2) in the fermionic case, bosons now give rise to a state
space which contains infinitely many classical states per site. In most applications,
however, this is not a serious problem, because the hamiltonian H(® suppresses
high values of n, (or, in the usual field representation, high values of the boson
field ¢,). Our methods and results are therefore applicable to bosonic lattice gases
without major modifications.

For fermions, on the other hand, the antisymmetrization of the wave function
leads to sign problems in the contour representation (1.10) which have to be dealt
with carefully. While this is a priori not obvious at all, it turns out, however, that
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fermion signs do not spoil the factorization properties needed to apply Pirogov—
Sinai theory (see [BK95], where the methods developed here are used to prove the
existence of staggered charge order in the narrow band extended Hubbard model)

2. Definition of the Model, Statements of Results

2 1 Assumptions on the classical model We start this section by stating the precise
assumptions for the classical model We consider a classical spin system with finite
spin space S = {1,.. ,|S|}, spin configurations s : Z? — S, x + s,, and finite range
Hamiltonian H(®(s) with translation invariant interactions, depending on a vector
parameter u € %, where % is an open subset of R". We assume that H)(s) is
given in the form

HO(s) = Y @), @1

where @,(s) € R depends on s only via the spins s, for which y € U(x) = {y €
Z¢ | dist (x, y) < Ro}, where Ry is a finite number. In our notation we suppress the
dependence of H® on @, and pu.

As usual, a configuration g which minimises the Hamiltonian (2.1) is called a
ground state configuration. For the purpose of this paper, we will assume that the
number of ground states of the Hamiltonian (2.1) is finite, and that all of them are
periodic More precisely, we will assume that there is a finite number of periodic
configurations g\, ..., g""), with (specific) energies

1
m — €m = 1li (pr (m) 5 22
en = en(p) = lim 7l gA (g™ (22)

such that for each u € 7, the set of ground states G(u) is a subset of {g",...,g"’}.
Obviously, G(u) is given by those configurations ¢ for which e, (u) is equal to
the “ground state energy”

eo = eo(p) = minen () . (23)

Note that we may assume, without loss of generality, that @,(g") is independent
of the point x for all ground state configurations g™, because this condition can
always be achieved by averaging @,(s) in (2.1) over the minimal common period
of gV, ...,g"

Our goal will be to prove that the low temperature phase diagram of the quantum
model is a small perturbation of the classical ground state diagram provided the
quantum perturbation is sufficiently small. In order to formulate and prove this
statement, we need some assumptions on the structure of the ground state diagram
Here we assume that for some value of py € % all states in {g'",. .,g")} are
ground states,

en(lto) = eo(py) forall m=1, ..,r, 24)

that e,,(u) are C'! functions in %, and that the matrix of derivatives

_ aem(#)
E= (Tuf ) (2.5)
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has rank » — 1 for all u € %, with uniform bounds on the inverse of the correspond-
ing submatrices. We remark that this condition implies that the zero temperature
phase diagram has the usual structure of a v — (» — 1) dimensional coexistence
surface S, where all states g™ are ground states, r different v— (r — 1)+ 1
dimensional surfaces S, ending in Sy where all states but the state g™ are ground
states, ...

Next, we formulate a suitable Peierls condition. In order to present it, we intro-
duce, for a given configuration s, the notion of excited sites x € Z¢. We say that
a site x is in the state g™ if the configuration s coincides with the configuration
g™ on U(x), i.e. on all sites y for which dist(x, y) < Ry; a site is excited, if it
is not in any of the states g),...,g"). Given this notation, the Peierls assumption
used in this paper is that there exists a constant y9 > 0, independent of u, such that

D.(s) = ep(u) + 7o for all excited sites x of all configurations s . (2.6)

Finally, we assume that the derivatives of @, are uniformly bounded in %. More
explicitly, we assume that there is a constant Cy < oo, such that

=G (2.7)

0
6—;1,'@X(S)

forall i=1,...,v, u € U, x € Z% and all configurations s.

Remark. Given the assumptions stated in this subsection, standard Pirogov—Sinai
theory implies that the low temperature phase diagram of the classical model has
the same topological structure as the corresponding zero temperature phase diagram
(see above).

2.2. Assumptions on the quantum perturbation. As pointed out in the introduction,
we propose to develop a theory which allows to control low temperature quantum
spin systems that are small perturbations of the classical system introduced above.
We consider quantum spin systems with Hamiltonians of the form

H=HO® 47, (2.8)

where H® is diagonal in a basis |s) = @, |sx) that may be labelled by the config-
urations s = {s,} of the classical spin system,

HO|s) = HO(s))s) . (2.9)
We assume that V is of the form

V=SV, (2.10)
A

where the sum goes over connected sets 4 and ¥ is a self-adjoint operator on #; =
®x€ 7. In addition to translation invariance, we assume that V4 and its derivatives,

%VA, i=1,...,v, are bounded operators, with a suitable decay constraint on the
corresponding operator norms || V4| and || % V4| In order to formulate this constraint,
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we introduce the Sobolev norm

== (x|

A.x€Ad

v

0 .

—V )e«HI’ (211)
o,

where |4| is the number of points in 4 Given this definition, our assumption on
the decay of V is the assumption that

I1V7[ll;o < o0 (212)
for a sufficiently large constant yy.

Remarks.

i) For a finite range perturbation, where V; = 0 if the diameter of 4 exceeds
the range Ry of the interaction, the assumption (2.12) is automatically fulfilled for
arbitrary large yp < o0.

ii) If the quantum perturbation ¥ is of infinite range, we need that || 7|l and
j V4|| decay exponentially in the size |4| of 4. Assuming exponential decay with a
sufficiently large decay constant y, and observing that the number of connected sets
A of size s that contain a given point x € Z is bounded by (2d)%, the condition
(2 12) can be satisfied provided y > 7o + 2log(2d).

iii) Strictly speaking, an exponentially decaying pair potential, V' = }:X’ o Vs
where the norm ||V, ,|| decays exponentially with the distance between x and y, is
not in the class considered in this section because V' is not given as a sum over
connected sets A It is obvious, however, that such a potential can be rewritten in
the required form, by artificially connecting the two points x and y by a nearest
neighbor path In (2.11), this effectively replaces the size of the set 4 = {x, y} by
its /;-diameter »_ |x; — y,|.

2 3 Finite volume states for the quantum system In order to discuss the phase
diagram of the quantum spin system, we will consider suitable finite volume states
( * )q.4 which are analogues of the classical states with boundary condition ¢, where
g=1,. ,r We first introduce, for any configuration s and any finite set 4, the
vector |s4) = @, |sx). Given a finite set A C Z¢, we then define suitable finite

volume Hamiltonians Hﬁlo) and H, on the Hilbert space #; = ®x€j¢}ﬁ, where
A = Uy, U(x). Namely, we introduce operators

H® =3 (s 1)]s 1) (54 (213)
S
HY = 3> HY (2.14)
xeA
and
Hi=H{+.% W (215)
ACA

The Hamilton operator with boundary conditions ¢ is then defined as the “partial
expectation value”

Hyq = (g9 1HAlg') . (2.16)
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where 04 is the set /_l\A. More precisely, H, 4 is an operator on 5 whose matrix
elements are
(s41Ho,als%) = (s4l @ (&8 |HAlS'E) ) ® Is}s) - 2.17)
Given the Hamiltonian with boundary conditions ¢, we introduce the quantum state
(+)ga as
1
( Vgt = =—Try(-e Pasy, (2.18)
Zg A

where
Zy s = Trye Flan (2.19)

Note that Hflo) and H, are operators on J#;, while H, 4 and its analogues,

HE) = (g5 1H g% (2.20)
and . .
H) = (gSIH|95)) 2.21)

are operators on .

Remark. Following Ginibre [Gin69], it might seem more natural to implement

the boundary conditions with the help of suitable projection operators Pg‘ﬁ). Here,

this would amount to defining Pg‘il) = |géq/1))(ggq/1)|. With the help of this projection

operator, one would then define
Zys= TrPf;ﬁ)e_ﬂH" ,
and similarly for the finite volume states (2.18). Observing that
Tty We™Pat = Tr . WP§)e™PHa

for all operators W on i, these two implementations of boundary conditions are
actually equivalent.

2.4. Statement of results. In order to state our results in the form of a theorem, we
recall that a local observable is an operator which is a selfadjoint bounded operator
on #, for some finite set 4. We also introduce, for each x in Z¢ and any local
observable P, the translate #,(¥). Defining finally A(L) as the box

ALY ={x€Z%||x|] £ Lforalli=1,...,d}, (2.22)
our main results are stated in the following two theorems.

Theorem 2.1. Let d = 2 and let H® be a Hamiltonian obeying the assumptions
of Sect. 2.1. Then there are constants 0 < o < oo and 0 <7y < oo, such that for
all quantum perturbations V obeying the assumptions of Sect. 2.2, all B = Py and
all 4 € C with .

A < Ao = m‘

(2.23)
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there are constants &, and continuously differentiable functions f,(p), g =1, .,r,
such that the following statements hold true whenever
ag(f, 4 1) := Re fo(p) — minRe f(p) = 0. (2.24)

1) The infinite volume free energy corresponding to Zy 41y exists and is equal

o fy
1

= log Z, 2.25
fq ﬂL—> |A(L)| 08 £y, A(L) ( )
it) The infinite volume limit
(¥)g = lim (V)4 a0) (2.26)
L—o0

exists for all local observables ¥V
i) For all local observables W and @, there exists a constant Cy ¢ < 00, such
that

{PL(D))g — (P)y(t( D))y < Cy ge P, (2.27)
iv) The projection operators
Py = a0 gl (2.28)

onto the “classical states” g(g()x) obey the bounds

1
(PElg = 11< 5 (229)

and .
(PE0)l <5 (2.30)

for all m%q
v) There exists a point fi, € U such that a,(f,) =0 for all m=1,...,r For
all p € U, the matrix of derivatives

P (M) (231)
Oy

has rank r — 1, and the inverse of the corresponding submatrix is uniformly
bounded in U

Remarks

1) Following the usual terminology of Pirogov—Sinai theory, we call a phase
with a, = 0 stable By the inverse function theorem, statement v) of the theo-
rem implies that the phase diagram of the quantum system has the same structure
as the zero temperature phase diagram of the classical sytem, with a v —(r — 1)
dimensional coexistence surface So_where all states are stable, » different
v—(r — 1)+ 1 dimensional surfaces S, ending in Sy where all states but the state
m are stable,....

ii) Choosing f§ sufficiently large and /4 sufficiently small, the bounds (2.29) and
(2.30) can be made arbitrarily sharp. In this sense, the quantum states (-), are
small perturbations of the corresponding classical states whenever ¢ is stable.
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iii) While Theorem 2.1 is stated (and proven) for general complex 4, the phys-
ical situation corresponds, of course, to real values of A, as required by the self-
adjointness of the Hamiltonian H. As we will see in Sect. 5, the “meta-stable free
energies” f, are real in this case, making the real part in (2.24) and (2.31) super-
fluous.

In order to state the next theorem, we define states with periodic boundary
conditons on A(L). To this end, we consider the torus A per(L) = (Z/(2L + 1)Z)?
and the corresponding Hamiltonian

Hperay= 3y, HO+1 X Vi, (2.32)
xEA per(L) AC A per(L)

where the second sum goes over all subsets 4 C A per(L) which do not wind around
the torus A per(L). With these definitions, we then introduce the quantum state with
periodic boundary conditions as

1 _
<' >per,A(L) = mTr fﬁm( .e 5HP°LA(L)) , (233)

where
Zoer, sy = Tr sy 0 PHpeatr (2.34)

Theorem 2.2. Let H®, V, B and 2 as in Theorem 2.1. Assume in addition that
A is real. Then the infinite volume state with periodic boundary conditions,

(P) per = L&&('P)per,A(L) (2.35)

exists for all local observables ¥, and is a convex combination (with equal weights)

of the stable states,

1
Y per = —(¥), . 2.36
< >p qGZQ%u) IQ(#)| < )q ( )

Here

o) ={g €{L,....r}|ag(n) =0} . (2.37)

3. Derivation of the Contour Representation

As explained in the introduction, we start with the Duhamel expansion for the trans-
fer matrix. In this section, we will consider a fixed finite volume A = A(L) = {x €
Z%||x;| <L foralli=1,...,d}, and a fixed value g € {1,...,7} for the boundary
condition; further, we are not explicitly specifying this in our notation. Introducing
the transfer matrices

7O = =P 3.1)

and "
T = e PHan (3:2)

we rewrite the partition function Z, 4 as

Zya=TrTY, (3.3)
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where ﬂ~ and M € N are related to the inverse temperature 5 by the equality
p=Mp (34)

The Duhamel expansion (or Dyson series) for the operator 7' yields

(_)V)m /} 1 n
T=>1TI ' [dty d7y| T(z,m) (3.5)

n |dew M40 g
Here, .7 is the family of all sets 4 contributing to the sum (2 15), n is a multiindex
n: ol — {0,1,...,} with finite n = 3", , na, v ={th,.... 7}, 4 € 4o} € [0, BT,
and the operator T'(t,n) is obtained from T(® by “inserting” the operator ¥ at
the times 7!, ,7}" Formally, it can be defined as follows For a given n and t,
let suppn = o7 = {A4,, .,Ay} be the set of all 4 € &y with ns+0, n; = ny, and
V,=V, Let
n

(515 «ou8n) = (T, T4 ..,r/lik, S T4)

be a permutation of the times 7 such that 51 < 55 < .. <, and set
(V]s . ) (I/l>"',V )I//(, "7V;(),

where on the right-hand side each V] appears exactly n, times. Then 7'(z,n) is defined
by

T(t,n) = e—S‘lH;O;I;e (s2—=s51)H t/ ‘VZ —(Sn—Su— 1)1‘1;0)1[7 —(f- Sn)Hq . (3.6)

Next, we resum (3.5) to obtain the expansion

T =Y T(B), (3.7)
BCA
where
I(B) = > I(A), (3.8)
o/ ={A4\, Ax}
UA,=B
with
74 ( ))" j’ n
Ht)y= Y [dz, a7 | T(e,n). (3.9)
n:supp n=.¢/ AEo/ ny! 0

Before continuing with the expansion for the partition function as sketched in the
introduction, we discuss the factorization properties of the operator 7(B) Given a
subsct A’ of A, we introduce the operators T/(t,n), T 4/(.<7), and T, (B) that are ob-
tained from 7(t,m), T(.«7), and T(B), respectively, by replacing H;?/)l = Z\,eA Hé?\?

by the operator ) H;OY) . Using the fact that

[0, 1O =0 forallx,ye A, (3.10)
while
[HO) V1 =0 if dist(x,4) > Ry . (3.11)

q.x?
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one immediately obtains that

T(B) = T;"\g T3(B) = T3(B) T;O\)E , (3.12)
where B is the set )
B ={xe A|dist(x,B) < Ro}. (3.13)

Let us now consider a set B that can be decomposed as B=B; U B,, with BN
By =0. Then
T5(B) = T3,(B1)T3,(B2) = T3,(B2)T3,(B1) (3.14)

due to (3.10), (3.11), and the fact that
Vi, Val=0 ifANnd =0. (3.15)
For B C A, we therefore get the decompositions
k
T3(B) = il;ll T3 (Bi) (3.16)

and
©
T8 = Ty 1758, (3.17)

provided B = Uf.;l B;, where By,..., By are pairwise disjoint.
Deviating a little bit from the strategy explained in the introduction, we further
expand the transfer matrix 7. Using (3.17), we observe that

(sa| ® <SA\B|T(B)ISIA\B> ® |sp)
=9 e‘ﬁzxen\é ‘p'(SU(x))<SB|®<SA\B|T,§(B)|S/A\B>® |S;3> . (3.18)

SA\BS )\
Introducing thus the operator T(s5z) on #% as the partial expectation value
Tp(sz) = (a8l T5(B)lsas) - (3.19)

we get i
T(B) = Z e_ﬁerA\E (DX(SU(X))(|SA\B><SA\B| ® TB(S@)) . (3.20)

SA\B

As before, U(x) = {y € Z%|dist(x,y) < Ry}, while 0B is the set
0B = {x ¢ B|dist(x,B) < 2R} . (3.21)

Considering “configurations” X = (B, s 5) on A specifying the set B as well as the
configuration s 4\ z outside it, we can combine (3.7) and (3.20) to get the expansion

T=>3K(Z). (3.22)
z

Here the operators K(X) (on 5#,) are defined by

K(Z) = K(B,SA\B) = e_B.ZXGA\E Px(su() (ISA\B><SA\B| ® TB(Sa—B)) . (323)
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Remarks.

i) The operator Tp(sz) inherits from 73(B) the factorization property (3.16).
Namely,

Ts(s5) = @ Ts,(575) - (324)
i=1

provided B = U;I:I B, with El,...,ﬁ,, pairwise disjoint.
ii) For x and B near to the boundary of A, the spin configurations sy () and sz
appearing in @, and Tp(sz) involve spins s, with y ¢ 4. A more precise notation

would therefore involve the spin configuration s 45 U giqA) restricted to the sets U(x)
and 0B, respectively

Next, we combine the representation (3.22) for the transfer matrix 7 with the
formula (3.3) to rewrite Z, 4 as

Zoa= > w(Zi. ,Zu) (325)
2y, W 2u
with the weights
M
W(Z1,. ) = T, JLK(S). (3 26)
=1
For a given collection of configurations Xi,. Xy, Z,_: (B(’),s(/KB(,)), on “time
slices” t+ =1,...,M, we now assign a variable g, € S ={0,1, ..,|S|} to each
point in “space-time” lattice
L=2x{l, .M} (3.27)
by defining
g @ ifxé A,
O =19 s ifxe A\BY (3.28)
0 if x € BO

Considering elementary cubes, i.e. the closed unit cubes C(x,?) with center (x,¢) in
Ly=Ax{l,.. ,M}, (3.29)

we say that a cube C(x,t) is in the ground state m, if the configuration gy,
coincides with the configuration g™ on all points y € U(x). Otherwise, the cube
C(x,t) is called an excited cube Note that a cube C(x,¢) may be excited for two
reasons (possibly both): either the Ry-neighborhood U(x) of x contains a point
y € BY, corresponding to the insertion of some operator ¥4 with y € 4, i.e. due to
a quantum excitation, or it contains a point y for which the classical variable sgf)
differs from the ground state value ggf"), which corresponds to a classical excitation.
Note also that a configuration where two successive cubes C(x,?) and C(x,z+ 1)

are in a classical state, o :sy) and oy 41y :S(»Hl), has weight zero unless

O(.r) = O(x.r+1); indeed, otherwise one has <S§-t)|K(Zf)K(Zf+1)|S$t+l)> = 0. This is
true also for t = M once we identify t =M + 1 with ¢t =1 (periodic boundary
conditions on IL).
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Recalling the relation (3.23), we now extract a factor e A%¢™) = ¢=Fen for
each cube C in the ground state m, leading to an overall factor of

e FmenlWal (3.30)

where |W,,| is the number of cubes in the ground state m. Considering, on the other
hand, the union D of all excited cubes, we assign a label ap(F') to all elementary
faces F in the boundary of D, by defining ap(F') = m if F' is a common face for
a cube Cp in D and a cube C, outside D in the ground state m, F = Cp N Cp,.
Defining the reduced weight w(or) by

W(Z1y s o) = e PEmenl Wl oy ) | (3.31)
we observe that w(op) depends only on the configuration op and the label op,
o(or) = o(0op,0p) . (3.32)

(The configuration outside D is entirely determined by the labels ap.) The weight
w(op,op) inherits from (3.24) the factorization property

0(0p,ap) = [] @(0p,,0p,) - (3.33)

i=1

Here Dy,...,D, are the connected components of D.
At this point, the rest is standard. One considers the sets

T, = U C(x,t) (3.34)
(x,t)ELL4
and
T™= U Cx»), (3.35)
(x,t)ELoo

imposing periodic boundary conditions in the “time direction,” and defines a (la-
beled) contour Y as a pair (supp Y, a), where suppY C T, is a connected union of
closed unit cubes with centers in IL, (considered as a subset of T), while o is an
assignment of a label a(F') to faces of dsupp ¥ which is constant on the boundary
of all connected components of T\supp Y.

The contours Yi,...,Y, corresponding to a configuration oy, are then defined
by taking the connected components of the set D of excited cubes in T, for their
supports supp Y1,...,supp Y, and by taking the labels m of the ground states for
the cubes C in T ,\supp ¥; that touch the face F, see above, for the corresponding
labels o;(F).

Resumming over all configurations in (3.25) that lead to the same set of contours,
and taking into account the factorization property (3.33), it is an easy exercise to
show that the resulting weight factors into a product of contour activities p(Y;) and

ground state terms e~Penl?l  This yields the representation

Zua = ) }Hp(mne—ﬂem"”m', (3.36)
", Y.} i m
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which is exactly of the same form as the contour representation of a classical spin
system. We can therefore apply standard Pirogov—Sinai theory to analyze the quan-
tum spin system considered here, provided we can verify its basic assumption — the
Peierls condition. Namely, we should prove a bound of the form

p(Y)] < e 1M le=PalY| (3.37)

where 7 is a sufficiently large constant, ¢y = min, ey, and |Y]| is the number of
elementary cubes in supp ¥ This will be done in the next section

Remark. The weights p(Y) are in general complex, even if the coupling constant
/. is real. Observing that the operators K(2X,) in (3.26) are selfadjoint for real 2, we

have, however, that
w2y, L 2u) = w(Ey, L 2) (3 38)

Considering two contours Y and Y* which can be obtained from each other by a
reflection at a constant time plane, we therefore get

p(Y)" = p(Y") (3.39)

provided % € R.

4. Exponential Decay for Contour Activities

We first give an explicit expression for the weight p(Y) Combining (3.25), (3.31),
(332), and (3.33) we have

n

Zya= X et T o(op,m,), (41)
Z], ,ZL/ =1
where Dy, , D, are the connected components of the union D of all excited cubes
corresponding to 2y, .., 2. This expression is equivalent to (3.36) once we take
for a contour Y = (D, ap) the weight
p(Y)= 3 wlop,ap) (42)
op—Y

Here the sum is over all configurations op consistent with the contour Y, i.e. over
all configurations op on D = supp Y that, if extended outside supp ¥ by appropriate
ground states determined by the labels op, yield the contour Y

Propositon 4.1. Let /. € R, B > 0, and yg = 1 be such that, for all x € 74,

(e = DRIl 3 |[Valleel < 1. (4.3)
&
Then N
lP(Y)l < e~ PeotnIY| , (4.4)
where :
7 = min{fy0, Ry “(y0 — 1)} — log(2|S|) (4.5)

The proof of the proposition relies on the following lemma.
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Lemma 4.2. Let B C A, and let sp, S and sz be arbitrary classical configurations

on B and 0B = {x ¢ B |dist (v, B) < 2R}, respectively. Let vy, B and ) be as in
Proposition 4.1. Then

55| Tp(s5)|55)| < e PeolBlg=Gro=1IBI (4.6)
0B

Proof of Lemma 4.2. Let 54 be an arbitrary extension of the configuration s, ==
to the full set A4, and let §4 be the configuration which agrees with s, on A\B, and
with §z on B. Then

(s8] Ta(s33)I158) | = [(s4lT5(B)IS4)| = | T3(B)I (4.7)

where, in agreement with (3.8) and (3.9), the operator T3(B) is defined by

T;B)= > Ta) (4.8)
.,Q{={A], ,Ak}
4;€50,UjA;=B

and

T3(l)= Y 1 (A fdrA -du | Tz(t,m) . (4.9)

n:suppn=s/ |A€s/ ng!

The time-ordered operator T;(z,m) is defined as in (3.6), with the Hamiltonian
> v H;,Ox) replacing H;,O/)l. Observing that for all s >0,

e Xres ]| = =¥l (4.10)
we now bound
I75(e,m)]| < e P8l T |17 (4.11)
Aest

Combining ({.7)—(4.9) with the bound (4.11) and the fact that the assumption (4.3)
implies that |A|||V4]] = 1 for all 4 € &7y, we obtain

. —FeclB (/”) ’
(sl Talslin)l| < e Pl 5 (2 A e
r,d={A], ,Ak} Aed ny 1
A,'EM(),U_,’AJZB

< e halil I1 (e — DBIAINYVAID
&/:{Al, ,Ak} Aed
Ai€sdlo, UjA;=B

e PeolBlg=relBl ST ((e — DA FallereMly . (4.12)
oA={d,, A} AEs
A,€540,U;4,=B

IIA
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We proceed with the bound

P , x 1k = .
X I (te=DlAImlee ) = 32 ST 2 (e= DBV Allee™!
o ={A\. A} A€ k=1 1=1 \ 4,€¢
A, €./0.U,A,=B A,NBH#D
oo |k ~ N
=Ygl [ 2 X (e DBl e
k=1 R:i=1 \ x€B A,E/y:
YEA,
> 1
< > =[Bff < e (4.13)
= k!

where we have used the assumption (4 3) in the second to last step. Combining
(412) and (4 13), we obtain the lemma. [

Proof of Proposition 4 1 In order to bound the sum in (4.2), we first derive a
more explicit representation for the activity p(Y). We decompose the torus T and
the set of excited cubes D into time-slices, T = [JI, T® and D = J", DY, and
recall that o(,,y =0 iff the cube C(x,7) belongs to B, the set of sites where
transitions between times ¢ and (¢ + 1) may occur. Summing over all configurations
op consistent with the contour Y then corresponds to the following three restrictions:

(1) The configuration o is such that the Ry-neighbourhood of each (x,¢) with
0.y =0 is included in D, ie B" © DO for each ¢ = 1,. .M.

(2) All cubes C(x,t) C D are excited, i.e. either g, ;) = 0 for some y € U(x)
or s) &g for all m =1

Ui F9u( forallm=1,...r

(3) Let F be a vertical face in the boundary of D, let m = ap(F) be the label
of F, and let T® be the time-slice containing F Then a(x,1) = g\" for all x € D)
whose distance from F is less then Ry.

Let us observe that since [s\5,) @ [s5,) = [sq\5,) ® |sz,) for any Bj,B, C 4, we
may write the expansion of unity 1 = Y  |s4)(s4| on #; in the form

L=73"Isng) @ l8) (s @ (sa]. (4.14)

Inserting now (3.26) with (331) and (3.32) into (4.2), we may use the above
observation to get the expression

M N
Py = % )3 > e " Eemmen n6kiy
(1) (M) (H (M) (I) My (=1
BB’(,)Cgm ot S gn e Syan '
(1) (H-l) (1) () (1+1)
x (s D“)\B“)| D(r)\gu)><55m|TB“>(S n)lsgm ) (4 15)
Here we defined /() = B/~ N B The first two successive summations are equiv-

alent to the sum in (4.2), while the third one implements the trace in (3 26). Namely,
the sum over BV, ...,B™) in (4.15) obeys automatically the first restriction above;
the second sum must respect the two others (and there is no restriction on the third
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sum). Observe that the choice of a contour Y (or of several contours), together with
the choice of partial configurations S(Dt(),)\B(,), sgi,),, at each time ¢ defines completely

the configurations between each time slice.

In order to get a bound on [p(Y)|, we estimate the absolute values of the factors
of the terms on the right-hand side of (4.15). Taking into account the condition (2)
above and the assumption (2.6) on the classical part of the Hamiltonian, we have

e—ﬁzxeum\w B(s1,y) < o Bleotn) DN\BY| (4.16)

The scalar product between the two base vectors is equal to 0 or 1. In fact, we
could use it to reduce the number of terms appearing in the second sum in (4.15);
however, we just bound it by one. Combined with Lemma 4.2, we finally get

M " y o
—B(eo+y0)|DN\BD| ,—Beo| BV ,—(yo—1)|B?
Mg 5 I 5 3 e MetmIDNET p—feolBT g—=(o=DIEl - (4.17)
(1) (M) t=1 () )
BE(,ic’gm = Spos0 %0

The summands do not depend any more on the partial configurations sg(),)\B(,) and

s\ Their number is bounded by

M o
IT Is|/P"\FHIT < s (4.18)
=1
To estimate the exponential in (4.17) we use the equality |[DO\B"| = [D®| — |B?|
and the bound IE’(I)I < R4|BY|. Thus e~ 0o=DIBY| < g=(o—DR;"1B| 4pd

. ~ _ M
(V)] < [Js]e P max{e~Pr,e~Ge DR PIITT S, (4.19)
t=1 (1)
e po

The last sum can be easily bounded, yielding

S 1 2 o1=2P" (4.20)
B )B(') o B(')CD(i)
BV cp¢

Combined with (4.19), this completes the proof of Proposition 4.1. O

We close this section with a proposition providing the necessary bounds on
derivatives:

Propositon 4.3. Let 1 € R, ﬁ> 0, and yg = 1 be such that, in addition to (4.3),
we have

eﬁwg %VA el < 1. (4.21)
oy e
Then s
a—ﬂp(Y)] < (BCo + 1)|¥]ePeotnIVT (4.22)

Here Cy is the constant from (2.7) and vy is the constant defined in (4.5).
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Proof  We first derive an analogue of the bound (4.6) in Lemma 4.2. To this
end, we have to bound the norm of d73(t,n)/dy;. Using the representation (3.6) in
conjunction with the assumption (2 7) and the bound (4.10), we get

¢ —p|B ] D n
|| = e fpla 11l
H A€/
k av, b
+ 3o a/"”um,u“f L HVAH"*}. (423)
J=1 Hi AC/\{4,}

Proceeding as before, we obtain

< el 3 }{ﬁcomtAHM«e—1>E|/:|||V,4n>
A €

0 -
(s3] o Tp(s53)|58)

i of ={A;,
A, €40, U,4,=B
LI av, ~
F el |52 T <<e71>ﬂ|/1|||mr>}
=1 T A€o/

< oC 1 ~ _
< o~ PeolBl ,—70l|B| Rk

lIA

e PeolBle=0lBIL By B| + |B| Yel®!
< (BCo + 1)|BlePeolBlo=Go= 1Bl (424)

A

Inserted into (4.15), and continuing in the same way as before, we obtain the bound
(422) O

5. Truncated Free Energies and the Stable Phases of the Model

While the next section will be devoted to a detailed discussion of the mean values
of general local variables, here we will anticipate the fact that the state ( - ), can
be linked with the “probability” — in the ensemble (3.36) of labeled contours — that
a given site x is in W, the area outside contours and in the ground state ¢'?). To
discuss the stability of phases in dependence on the “tuning” parameter p (cf Sect.
2 1), we can thus use the standard Pirogov—Sinai theory There are only two features
that are not entirely standard — the fact that the weights p(Y) are in general complex
numbers and the fact that our model is actually considered on a slab of thickness
M (linked with the temperature [§) with periodic boundary conditions in the “time”
direction The former was taken into account in [BI89] (also in [GKKS88], but here
we will base our discussion on [BI89] and later works based on it, in particular
[BK90] and [BK94]) The latter is a novel feature of quantum models Even though
it leads only to small modifications, it is important to realize that the metastable
free energies used to determine the phase diagram will have contributions coming
from contours wrapped around T, in the “time” direction This leads to certain
modifications in the definition of truncated free energies which will be described in
this section

We start with some notation As usual (see also Sect 3) a contour is a pair
(supp Y, ), where supp Y C T, is a connected union of finitely many closed unit
cubes with centers in Lo, (we call those cubes elementary cubes in the sequel),
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while o is an assignment of a label a(F') to the faces F' in JsuppY which is
constant on the boundary of all connected components of T\supp Y. Its interior
IntY is the union of all finite components of T\supp ¥ and Int,,Y the union of all
components of Int Y whose boundary is labeled by m. Recalling that we assumed
d = 2, we note that the set T\(supp ¥ UInt Y) is a connected set, implying that the
function a( - ) is constant on the boundary of the set V(Y)=suppY UIntY. We
say that Y is a g-contour, if ay = g on this boundary. Two contours Y and Y’ are
called compatible or not touching if supp Y Nsupp Y/ = 0, and mutually external if
V(YYNV(Y") = 0. Given a finite set of mutually compatible contours Y1,...,Y, we
say that Y;, i = 1,...,n, is an external contour in {Y1,...,Y,}, if supp ;N V(¥;) =0
for all j=i. Consider now a set of contours {Y1,...,Y,} contributing to (3.36). The
contours in {Yi,...,%,} are then mutually compatible, and all external contours
are g-contours. In addition, the labels of these contours are matching in the sense
that the boundary of each connected component of T,\(supp ¥; U--- U supp Y,) has
constant boundary conditions.

Given this setup, it is now standard to derive a second representation for Z, 4
which does not involve such a matching condition. To this end, we first introduce
partition functions Z,(V') for all volumes ¥ C T, for which V¢ = T,\V is a (pos-
sibly empty) union of closed elementary cubes in T,. We say that ¥ is a contour
in V,if ¥(Y) C V, and call a set {Y1,...,Y,} of mutually compatible contours in ¥
a set of matching contours in V if the boundary of each connected component of
V\(supp Y1 U- - Usupp Y,) has constant boundary conditions. Denoting the union
of those components which have boundary condition g by W,, we define

zZ,"y= Y [lp(¥)[Le el (5.1)
{n, Yu} i m

where the sum runs over all sets of mutually compatible, matching contours in V'
for which all external contours are g-contours. Recalling the expression (3.36) for
Z,, 4, we note that the partition function (5.1) is actually equal to Z, 4 if V =Ty,

Zy(Tg) = Zy 4. (5.2)

We now rewrite the partition function Z,(V), in a standard way, as a sum over
contours without any matching condition, see e.g. [Zah84] or [BI89]. Introducing
the weights

; r Zn(Int, Y)
Ky (Y) = p(Y)ePel I T] 22 5.3
A1) i= p(nefel [] 22 (5:3)
one gets
~ n
Z(vy=etal"l S T K(%), (5.4)
{n, .v,}crok=1
where the sum runs over all sets of mutually disjoint g-contours in V.
The weights K,(Y) do not, necessarily, satisfy the bound
Ky(7)| < & (5.5)

with a sufficiently small constant ¢ > 0. While it turns out that such a bound can be
proven for stable phases g, it is false for unstable phases. In order to circumvent this
problem, we follow the standard strategy and construct truncated contour activities
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K(;(Y ), truncated partition functions

Zivy=e S 1KUY, (56)
{Y[, ,Y,,}CVOk:l

and the corresponding free energies f, in such a way that the weights K‘;(Y ) satisfy
the bound (5.5) and, in the same time do not differ from K,(Y') whenever the phase
g is stable, ie. whenever the real part of the free energy f;, of the truncated model
is minimal, Re f; = min,, Re f,,.

Our definition of the truncated weights K; follows closely the treatment from
[BK94]. The main difference is that since the contours can have only a limited
extension in the time direction, we take their “horizontal diameter” as the parameter
to use in inductive definitions (and proofs) Namely, for a contour Y, we take the
diameter 6(Y) defined as the diameter of the d-dimensional projection

{y € R? such that (y,¢) € C(x,?), for some C(x,t) C supp Y} . (57)

We define 6(¥) in the same way. Notice that §(¥) < d(Y) whenever supp ¥ C
Int (V).

To introduce the weight K,;(Y) in an inductive manner, assume that it has already
been defined for all ¢ and all contours ¥ with 6(Y) <n, n € N, and that it obeys

a bound of the form (5.5). Introduce fq("fl) as the free energy of a contour model
with activities
K'(Y?) if 6(Y9) £n—1

5.8
0 otherwise. (58)

K(n—l)(yq) - {
Consider now a contour Y with §(Y) = n Since 5()7) < n for all contours ¥ in Int ¥,
the truncated partition functions Z;(Int,, ¥') are well defined for all ¢ and m. Their
logarithm can be controlled by a convergent cluster expansion, and Z;(Intm Y)+0
for all ¢ and m. We therefore may define K‘;(Y ) for g-contours Y with 6(Y)=n
by

! ] /}eq\)’| Zm(Intm Y)
KJ(Y) = 7,(Y)p(Y)e 51 Z ) (5.9)
with .
L) =TT x(x— PRe £V = Re i~ )3(Y)) . (5.10)

m¥q

Here o is a constant that will be chosen later and y is a smoothed characteristic
function We assume that y is a C; function that has been defined in such a way
that it obeys the conditions

0z =1, 0

A
=S
A

(5.11)

and
yx)=0 ifx< -1 and yx)=1 ifx=1. (5.12)

As a final element of the construction of K,;, we have to establish the bound
(5.5) for contours ¥ with 6(Y) =n The proof of this fact, together with the proof
of the following Lemma 5.1, follows closely [BK94]. However, since, on the one
hand, the claims of Lemma 5.1 (as well as the definition of K,;(Y)) slightly differ
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from similar claims in [BK94] and, on the other hand, there is a certain number of
complications in [BK94] that are not necessary for the present case, we present the
proof in the appendix.

We use f, to denote the free energy corresponding to the partition function
Z,

1. 1 ,
fa= _E ,}1_% mlong(V) , (5.13)
and introduce fy and a, as
fo=minRe f,, , (5.14)
a; = fRe fy — /o) - (5.15)

Finally, we recall that volumes V' as well as supports of contours, supp Y, are
unions of elementary cubes and |Y| or |supp Y| denotes their (d + 1)-dimensional
volume. Similarly for the boundary 0V of V' we use |0V| to denote its d-dimensional
euclidean area.

Lemma 5.1. Assume that p(-) obeys the conditions (4.4) and (4.22) and let
e=e 2 and g=a-—2. (5.16)

Then there exists a constant & > 0 (depending only on d and r) such that the
following statements hold provided ¢ < ¢y, and & = 1.

i) The contour activities Ki(Y) are well defined for all Y and obey (5.5) and
0 ~
IG—MK;(Y)I < (3rBCo+2)|V(Y)|e. (5.17)

ii) If a;0(Y) < @, then yo(Y) =1 and K,(Y) = Ky(Y).
iii) If a;,0(V) < a, then Z,(V) = Zy(V).
iv) For all volumes V C T4 for which V¢ = T,\V is a union of closed elemen-
tary cubes, one has
1Z, (V)| = e~ BrlvI+o@)|av| (5.18)

and s
’a—ﬂZq(V)‘ < QBCy + V)|V |e~FhlVIFoEIV], (5.19)

Remarks.
i) Here, as in the appendix, O(¢) stands for a bound Ke, where K < oo is a
constant that depends only on the dimension d and the number of classical states 7.
ii) For real A, the free energy f is independent of boundary conditions and can
be expressed as
log Tr e Pt = 1 lim 1 logZ, 4 . (5.20)
A ﬁ A T | AI 9,

Since H, 4 is a selfadjoint operator in this case, f is real. Rewriting the partition
function in terms of the (d + 1)-dimensional contour model introduced in Sect. 3,

1 1
S =
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see Eq. (5.2), we have

1 o1
f= 5w Jim, i log Z,(Ty) = y Vh}n]rm log Z,(V) (5.21)

iii) By contrast, the meta-stable free energies f, defined in (5 13) do in general
depend on ¢, even if 4 is real It is worth noting, however, that the meta-stable
free cnergies are real-valued in this case. To see this, we first observe that by the
symmetry property (3 39), Z,(V') is real for all V, implying that K,(Y)" = K ,(Y™)
Using the definitions (5 8) through (5.10), one then establishes by induction that
Z,(V) is real while K (Y)* = K (Y™). Given this symmetry for K/ (), the reality
of f, now casily follows from the cluster expansion of log Z;(V).

6. Expectation Values of Local Variables

To distinguish between different phases we have to evaluate expectation values of
local observables. Whenever we have a local bounded observable ¥, represented by
an operator acting on #pw with a finite supp ¥ C Z9, we have

Tr y,(We PHeny  Tr, (WTM) Z[
()4 = ry,(Ye ) _ T ) _ oy 6.1)
’ Try/i(e*ﬁHM) TI‘]/;](TM) Zq.A

Retracing the steps leading to the contour representation (3.36) of Z, 4, we can
get in a straightforward manner a similar expression for Z;f 4 Namely, introducing

M
wy (24, ,ZM):TI'J/4<!1U HK(Zt)> (62)
=1
with K(X) given as before by (3 23), we have
Z;,IA = > we(Zi,..., Zy) (6.3)
21, 2u

Localizing the observable ¥, by definition, in the first time slice, we define the
d + 1 dimensional support of ¥ as

SP)y:= U Cx1). (6.4)
xesupp ¥

Assuming without loss of generality that supp ¥ and hence (V) is a connected
set, we introduce the contours corresponding to a configuration oy, in the same
way as before, with the only difference that the supports of these contours are now
the connected components of DU . (¥), where, as in Sect. 3, D is the set of
excited cubes in T, By this definition, one of the contours corresponding to oy,
will contain the set (%) as part of its support We denote this contour by Yy
Continuing as before, we obtain the representation

zl= X pw(Yp) 1 p(¥)[[e Pl (65)
{Yp.71, 11} i m
supp Yy DS (V)



Quantum Perturbations of Classical Spin Systems 433

where
py(Yy)= > ww(op,ap), (6.6)
GD—VYW
with the reduced weight wy given by a formula of the type (3.31).
More generally, we introduce, for a volume ¥ which contains the d 4+ 1 dimen-
sional support (%) of ¥, the diluted partition function

zZy= X pe(Ye)Ip(Y)[Te Ferlnl (6.7)
{Ye,71, Y&} i m
supp Yy DS(¥)

where the sum runs over all sets of mutually compatible, matching contours in V
for which all external contours are g-contours. For V' =Ty, Z(V) = Z} ,, which
implies that
Z,)/ (Ty)
(P)ga = :
Zy(Ty)

For every term contributing to (6.7) we consider the collection %y consisting of
the contour Yy as well as all contours Y among {Y1,..., ¥} encircling it (Int ¥ D

& (V)) and define
p( @) = pu(Yy) TT p(Y). (6.9)

Yedy
Y+Yy

(6.8)

Denoting further supp %y = UYe% supp ¥, Int %y the union of all finite compo-
nents of T\supp #y, Int,, #y the union of all components of Int #y that are labeled
by m, and Ext %y = ﬂYe% ExtY, we introduce, in addition to the weights K, (Y)
defined in the preceding section for an arbitrary g-contour Y, also the weight

3 r Zn(Int,, Yy)
Kow(y) := po(Hy)elealsurr¥el [T 20— T2 6.10
29 (Yy) = py(Yy) mI;Il Z,(Inty, ) (6.10)
attributed to the collection #y. As a result we get the representation
~ n
z¥wy=e PVl S Ko@) K(T)) . (6.11)
YY1, Yn =1

Here the sum goes over set of all collections %y and all sets {Yi,...,Y,} of non-
overlapping ¢ contours in 7, such that for all contours Y;, i = 1,...,n, the set V(Y;)
does not intersect the set supp #y.

Assuming for the moment that the weights K, y(%y) and K, (Y) decay suf-
ficiently fast with the size of %y and Y, respectively, we now use the standard
Mayer cluster expansion for polymer systems to get

n

= Y Ko (W) i, )Y [H Kq(Yk)] G(P, Y1, V). (6.12)
Yy n=0 "y, y,} Lk=1

Z')
Z,7)

Here ¢.(%y,Y1,...,Y,) is a combinatoric factor defined in terms of the connectivity
properties of the graph G(%,,7Y,...,Y,), introduced as the graph on the vertex
set {0,1,...,n} which has an edge between two vertices i = 1 and j = 1, i+,
whenever supp ¥; Nsupp ¥; 0, and an edge between the vertex 0 and a vertex
i+0 whenever V(Y;) Nsupp %y +0 (see for example [Sei82] or [Dob94] for a new
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simple and very lucid proof). The combinatoric factor ¢.(%y,Y;, .,Y,) is zero if
G(Yy, Yy, ..,Y,) has more than one component.

To prove the convergence of (6.12) one has to show that the weights K,  and
K, decay sufficiently fast with the size of %y and Y, respectively. To this end it is
useful to introduce truncated models. For a contour ¥ with V(Y)N L(¥) =0, we
define K;(Y ) as before, see (5.9), while for the collection %y we define

Zn(Int7 y‘[’)

By} = ay, fe,|supp Y| cmi=m TE 7 (Y), 6.13
Ko (W) = pu(Wy)e mH1 Z/(1nt,, %)ygw 1Y) (6.13)
with z,(Y) as in (510) Given this definition, we introduce

2"y =e PSS KL (W) S HK (Y2) (6.14)

Yy {1, .1} k=1

and
;W)
< >q,V - Z(;(V) ’

which can again be expanded as

(6.15)

(Phgy = ; () Z Z [ fl K;(Y/f)] bWy, Yy, . Yy) (6 16)

n=0 " (v, Y}

The following lemma gives the absolute convergence of the expansion (6.16), which
in turn will yield Theorem 2.1 ii), iii) and iv).

Lemma 6.1. Let ¢, ¢y and & be as in Lemma 51, and assume that ¢ < gy and
& =1 Then

1) For every collection %y one has

|K(;‘I‘(@'{’)’ < HlP”e(a+2)|supp lI’Lg\supp Y\ S (V)] ) (6.17)
i) If
ag max o(Y) £ &, (6.18)
Yy

then K‘;’W(‘?%p) = K, p(Yy)
iti) The cluster expansion (6.16) is absolutely convergent, and

) S Kl 5 5| TG0 [ i)

{n, 0.}

é H n{/||e(a+2+0(a))|supp Y| (619)

iv) If a;6(Mq) < &, then (V)g4 = (¥), 4
v) For an arbitrary volume V C T,

'Zf(VN < ||t Isuee | ,~BholV IO (6 20)
vi) There is a constant K = K(d) > 0 such that for V =Ty,

|Z;I(V)l < Hthe(TH)ISUpPWle—ﬁ/blV1+O(6)lfV|maxe*%Wl,e*K‘/lW\) (6.21)
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Proof. Observing that (W) < maxyeg, 6(Y) for all components W of Int %y, the
statement ii) of Lemma 6.1 immediately follows from Lemma 5.1.

In order to prove i), we first note that pyp(Yy) < ||P|p(Yy), where p(Yy)
satisfies an analog of the bound (4.4) (however, Yy is not necessarily excited on
F(¥)), namely

1p(Yy)| < o~ Peolsupp Y| ,—supp YASON (] 4 e )F (6.22)

Hence

pw( Wy )ebedlsurp ¥l < “g:”e—ﬁ(eo-emsupp%le—ylsupp%\f(w(1 L eI (6.23)

Using Lemma 5.1 we get

14

Z(Int Zp)

< %It Fp|+0(e)|lnt p| 6.24
Z,(Int %y ) ¢ (€29

m=1

Combined with the bound ﬁ(eq —ey) < a, + O(¢) we get
K, ()| < ||| al59PP P Ut B -0 |21t By | o —7lsupp W\ (9] O@Isupp Tl (625
Observing that [y g, %,(Y)#0 implies that a,|V'(Y)| = («+ 1+ O(¢))|Y| for each
Y € %y, and noting that |#(¥)| = |supp ¥|, we finally get
K} o (Fy)| < | [|e=0—31=0Nlsupp B\ (¥)] o a+1+0()lsupp ¥| (6.26)

Statement iii) follows from i) and Lemma 5.1, i), while statement iv) follows
from ii) and Lemma 5.1, ii) and iii).
To get the statement v) and vi), we first write qu (V) as

zZ' ) = @Z e () Zy(Bxt Yy ) [] Zun(Int Yy ) . (6.27)

Using now (6.23) and the bound (5.18) in its strengthened form (A.43), we get
|Z;’”(V)| < ”nI/”evIV(W)Ie—ﬁﬁ)lVIeO(8)|5V|Ee—v|supp%|eo(8)|supp%|
Yy

X max (e_a7q|E’“%\U|e_K(d)y|aU’). (6.28)

U CExt %y
Extracting a factor

1 % -
max e 2|5uPp@/‘I‘| max (e 4|EXt@‘I‘\U|e K(d)'))laUl)

Yy U CExt %y
< max e K@V oy (o= F\V @V =K@1lU]
T Y UCV\V (@)
< max (e~ +1V\Ulg=K@no0ly (6.29)
ucv

where V(%) = V\Ext %y, and bounding

Ze—§|supp Yy | <1+ O(e_% ))|supp ¥ R (6.30)
Yy
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we get

ZX ) = (| wle" rDlsupp 1 o= 1V 1 O@IV | ay (o= F P\l K@120Ty (631
vcry

Bounding the last factor by one, we get statement v), continuing as in the proof of
Lemma A 3 in the appendix, we get statement vi) [

7. Proof of Theorems 2.1 and 2.2

Proof of Theorem 2 1 In order to prove the theorem, we will use Lemmas 5.1
and Lemma 6 1, with o = y/2. We therefore need that y >4 — 2logeg, which in
turn requires f and yp are sufficiently large, see (4.5). Choosing appropriate [y
and yo, we take /5 € (%/30, Bo] and choose /g according to (2.23). Then (4.3) and
(4 21) are satisfied once |A| < 4. For every f = ff; we now choose M such that
ﬁ ’} € ( Bo, Po] Whenever a, = 0 we can then use the claims ii) from Lemma 5 |
and 11) from Lemma 6.1 to conclude that K,(Y) = K’(Y) for all ¥ and Kq w(Py) =

K w(#y) for all #y. As a result the bounds (59), (5 17), and (6.17) are valid for
K,(Y) and K, w(%y). This allows us to use cluster expansions for evaluation of
Zy(V') as well as Z;’(V).

Hence (2.25) follows directly from (5.2), (5.13) and Lemma 5.1 iii). Similarly,
we get (2.26) (with an explicit formula for (¥),) from (6.12) Finally, given the
absolute convergence of the cluster expansion for the expectation values of local
observables and the exponential decay of the contour activities, the bound (2.27) is
standard

To cvaluate the expectation value of the projection operator (2 28), we apply

the expansion (6 10) for the particular observable ¥ = PZ’Z)Y) = 19(&”()\)><g(}(x)| Using

the factor &P \7(")l in (6.17), one can show that the sum of all terms with
supp %y .9 (V) is of the order conste, a term that can be made small by taking ¢
small We are thus left with contributions coming from the term K, y(%y) with

supp#y = S ()= U C.1). (71)
yeU(x)

This means that necessarily %y = {Yy } with supp Yy = .9(¥) and a(0S(¥)) = q
The only configurations ¢ yielding this Yy are those for which ¢ = {0, ,} agrees
with ¢?, except possibly for the point (y,#) = (x, 1). For the activity

Koo(Wy) = pu({Yy })ePerl V0L (7.2)

(9)

this gives a contribution O(¢) if 6, ¢y, and a contribution

5 M PR
e e <Y’|g(‘”><gﬁ”lﬂl e e q>,,<g§;73J,)>)
1=

_Tr//1('1y|g(q)>< (q)D_ 5mq > (7.3)
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if 6., = g?. Putting everything together, we obtain the bound
<P§/”8c)>q = Omq + O(e), (7.4)

which proves iv).

Finally, v) is a standard claim in the Pirogov—Sinai theory. Namely, given the
bounds (5.5), (5.17), and the fact that f; can be analysed by a convergent cluster
expansion, we get |f; —e;| < O(e) and a similar bound for the derivatives of f;.
Statement v) then follows from the corresponding assumptions (2.4) and (2.5) on
the functions e,(u). O

Proof of Theorem 2.2. The partition functions
Zper, ALy = Tr‘}fAe_ﬁHpe‘»A(L) (7.5)

and

que’r,A(L) = Tt y, Pe~ P itr (7.6)
have representations Z(Ty,z)) and Z q"('ll',lper(L)) similar to (5.1) and (6.5). The proof
of Theorem 2.2 follows from this representation in a standard manner [BI89, BK90].
One only has to notice that contours contributing to these partition functions may be
wrapped around the torus T4, (1) in time as well as space directions. Nevertheless,

whenever a contour Y satisfies the condition 6(Y) < %, one can define ExtY as
the largest component of Ty \supp Y. For every configuration containing only such
contours, all external contours have clearly the same external label. Splitting now

Z(Ty,,ry) (resp. Z ¥ (T, »(L))) 1nto contributions containing at least one contour such
that 5(Y) >§ and those where all contributing contours are such that §(Y) < £,

we get
-

Z(Wp,) = Z"8(Wpe)) + 30 Zu(T,,) - (1.7)
m=1
Here Z,(Ty,,) is given as a sum over all configurations containing only those

contours for which 6(Y) < % and such that the common external label of external

contours is m. Taking into account the fact that term Z®¢(T,, ) is exponentially
suppressed in L (one can use verbatim the proof from [BI89]), we get

iZ(TTAPe,) — 3 Zu(Ta,)| S e PAMCLH gmconstil, (7.8)
m=1
and similarly
Z¥(y,,) - > ZY (W p,,)| S || 9l DIsuwe Plg=FRMALA pmconstil (7 9)
o

Moreover, whenever m is stable, m € Q(u), we have Z, (T, ) = Z,,(Ty,,) and
we can use the cluster expansion of log Z, (T, ) and f;, to show that

per

|Z(Ty,, ) — e—ﬁme(zLH)dl < e—/?ﬁ,M(zLH)"M(zL 4 1)deconstiL (7.10)
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Namely, we just observe that the first terms in which these two cluster expansions
differ are of the order e ="'t (clusters wrapped around T,,, in spatial directions)
For m ¢ Q(p), on the other hand, we proceed as in the proof of Lemma A.3 to
get
|Zm(]r/1 )| exp(M(ZL + l)d —const /)e—/ffoﬂ/l(ZL+l)‘/

pet

% max{e—TM(2L+l)‘i,e—K(d);vM(zLJrl)l ‘} . (711)

For m ¢ Q(u) and L sufficiently large, we therefore get
|Zm(1r/1pc,)| < Zev/f/oM(ZL-f—l)"efK(d);-M(2L+I)"" (7.12)

In a similar way, proceeding now as in the proof of Lemma 6.1, we get

| m (FH‘AP cr

provided m ¢ O(u) and L is sufficiently large.

Combining the bounds (7 8), (7.10) and (7 12), and using the fact that f,, =
Re f,, if the coupling constant / is real, which in turn implies f,, = fo if m € Q(p),
we get

4 d—1
< 2||g/||e(+l)ISUPp‘I’J —BroM@L+1)! ,—K(d);MQ2L+1) ’ (713)

1Z(14,,) — [QQule PPMEET] < @ IIMELE O(emeonsity (7 14)

provided L is sufficiently large.
Introducing now the truncated expectation values

z)"(Ta,,)

VYot = 715
e = 715
(cf (56) and (6 14)), we get
ZW(]IApcn)_ Z 7ﬁRef,,,M(2L+l) <q/>m]1'1m
meQ(u)
S Y (W, (Zn(T,) — e MR mMOET)

meQ(u)
+ 3 HI(’]I‘APCI)I_F”{II”e (3+1)|supp ¥| —/f/‘oM(ZLJrl)d —constyL (7.16)

maQ(u)

Next, we observe that (¥); can be bounded in the same way as (), namely
> Iper N

|<II/>mn_ | < ”g/”e(y»NO(ﬁ))\SUPP‘P\ < ”g/”e(;H)ISUPP‘Pl ) (7.17)

Aper

Inserting the bounds (7.10), (717) and (7 13) into (7 16), and dividing both
sides of the resulting bound by |O(u)|e PMCLH | we get

<lP>pCl,/1(L)_ $ <"U>'"~]T1pc. ée—const,'LH.Pne(;'ﬂ)\supplﬂi, (7.18)
meQ(p)

provided L is sufficiently large In the limit L — oc, this yields the claim of Theorem
22. O
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Appendix. Pirogov-Sinai Theory in Thin Slabs — Proof of Lemma 5.1

In this appendix, we prove Lemma 5.1. Actually, it is a direct consequence of

Lemma A.1 below. In order to state the lemma, we recall the definition of f" as

the free energy of an auxiliary contour model with activities

K'(Y) if 8(Y) £ n,
K(")(Y)={ (1) if o¥) = n (A1)
0 otherwise,
and define
m mqin Re £, (A2)
a™ = fRe £ — f). (A3)

Observing that fo = lim,_, é") and a, = lim,_,oo ag"), Lemma 5.1 follows di-

rectly from the following.

Lemma A.1. Assume that p(-) obeys the conditions (4.4) and (4.22) and let

e=e 72 and g=o—2. (A4)

Then there is a constant &, depending only on d and r, such that the following
statements are true once (y is such that) ¢ <gy and o« = 3. For alln = 0 and Y
and V such that 6(Y) £ n, 6(V) £ n, one has:
i) Ky (V)| < &),
i) | Ky(V)| < BrBCo+ D)V (Y)el],
iii) If a§"0(Y) < & then ) (Y) =1,
iv) If ay’8(Y) < @ then K)(Y) = Ko(¥),
v) If &P8(V) < & then Zy(V) = Z,(V),
Vi) |Zy(V)| < e PRIV Ie0@lov
vii) | 22,(7)| £ 2BCo + V)|V |ePR" V100127,

Proof. We proceed by induction on #.

I The case n = 0. There are no contours with (¥Y) = 0. This makes i)-iv) trivial
statements and implies that fq(o) = e,4. On the other hand, 6(7) = 0 implies |V'| =0
and Z,(V) = Z;(V) = 1, which makes v)-vii) trivial statements.

II. Induction step n— 1 — n.

Proof of i) for 8(Y)=n. Clearly, 6(IntY) <n, and all contours ¥ contributing
to Zy(Int,, Y) obey the condition 3(Y) <n. This implies that IK‘;()N’ )| < &7l by
the inductive assumption i). As a consequence, the logarithm of Z,;(Inth) can be
analyzed by a convergent expansion, and

|log Z)(Int, Y ) + B £ V|Int,, Y || < O(e)|dlnt,, Y| . (A5)
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Combining (A 5) with the induction assumption vi), we get

1 ?I((II::m;)) < oY Q0@ 1T | < g It Y] 40(0) Y] (A 6)
m q n
Observing that
Bew —Bf3 V] = 0e), (A7)
which implies the bound
Bleg — e0) — a1 < OCe)., (A8)

we use the bound (4.4) to evaluate
|p(y)e/?eqm| < e lPle—enlYl < p=G=0ENIY]pay~"IY (A9)

Applying now the bounds (A.9) and (A.6) to the definition (5.9) and using the
equation |V (Y)| = |Int Y|+ |Y|, we obtain

KNI = ()t Dl ol (A.10)

Without loss of generality, we may assume that X;(Y ) >0 (otherwise Ké(Y) =0
and the statement 1) is trivial) Let us notice that

V)l = o(N)|Y| (A.11)

Indeed, considering a disjoint union 7 of “rows” consisting of elementary cubes
C(x,t) with fixed cordinates x,,...,xs and ¢, one notices that the set V' (Y) intersects
at most o(Y) of elementary cubes in each such row and there is at most |Y| such
rows that have a nonempty intersection with V' (Y). By the definition of x;(Y ) and
(A.11), we get

Bl — £V (1)) £ (1 + )Y
for all m#g As a consequence,

al )l = (1 + )Y, (A.12)

provided )((’I(YH:O. Combined with (A.10) and the fact that X;(Y) < 1, this implies
that
|K‘;(y)| < e Li—1-2=0@)Y| , (A.13)

which yields the desired bound 1) for 6(Y) =n
Proof of ii) for (Y) =n Using (422), (2.7), (4.4), and (A.8), we get

l_@az(p(y)e/}eqli’l) <(2BCy + 1)|Y|e~(ﬁ€o+7)i}’le/§eq|y|

< (2BCo + 1)|Y[e GOV I 1] (A 14)
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Using inductive assumption i) and ii) for contours contributing to Z; ,(Int, Y),
we can apply the cluster expansion to get the bounds

‘5% log Z;(Int,, )| < [BCo + (1 + BCo)O(e)]|Int, Y| (A.15)
and 5
p @—_f,ﬁ””” < [BCo + (1 + BCo)O(e)] . (A.16)

Using further the inductive assumption vi) and vii), as well as the bounds (A.5)
and (A.6), we get

Z(Int,Y)

(n D
— 12— < [Tnt Y] ,0(e)] Y|
o Im—[ Z)(Tnt,, Y) [(3BCo + 1) + (1 + BCo)O(e)]|Int ¥ |e%

<[(2rBCo + 1) + (1 + fCo)O(e)][Int Y]e%  mt¥1g0@IY]
(A.17)

With the help of (A.16) and (5.11) we get

‘a%,x;(Y)’ <2(r — DIFCo + (1 + fCo)O(e)IO(Y)

<2(r — DIBCo + (1 + BCo)O()|Y | . (A.18)

Combining now (A.14), (A.17), and (A.18) with (A.6), (A.9) and the observation
that [V (Y)| = |Y|+ |Int Y|, we get

‘B%K;(Y )' < {2rBCo+1+(1+BCo)OE)HV (V)| VDl g=G=0eDIX] (A 19)

Using now again the fact that K/(Y) (and its derivatives) vanishes unless (A.12) is
fulfilled, we get the desired bound, provided ¢ is sufficiently small.

Proof of iii) for k =6(Y) < n and a(")é(Y ) < & We just have proved that i) is
true for all contours ¥ with 6(Y) < n. As a consequence, both fy %*=1) and Im ) may
be analyzed by a convergent cluster expansion. Using the definition of fy ™) and the
obvious fact that |Y| = &(Y) (again, d = 2), one concludes that all contours Y
contributing to the cluster expansion of the difference fy =D — fm ) obey the bound
|Y| =z k. As a consequence,

BIfY=D — £ < (Ke) (A20)
and .
BIAED — fimI5(Y) < (Ke)'o(Y) = k(Ke)* < O(e), (A21)

where K is a constant depending only on the dimension d and the number of
phases . Combining (A.21) with the assumption af]")é(Y ) < &, we obtain the lower
bound

o — BLAED — fUD18(Y) 2 a—a!) — 0(e) = a—d— O(e) =2 — O(e),
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with & defined by (A4) Combining this with (5.12) we get the equality
7,(Y) =1

Proof of iv) and v) The statement follows from the just proven fact that y;(Y) = 1

for all contours Y with (5(Y)a§,") < 4, the definiton (5 9) of K/(Y) and the relations
(56) and (5.4) We proceed by a second induction on the diameters of ¥ and V.
For 6(Y) = 0 or o(V) = 0 the statement is trivial Assume now that K(;(Y) =K, (Y)
for all ¥ with 6(Y) < k<n and 6(Y)a{’ < 4. Comparing (54) and (5.6), we
conclude that Z/(V) = Z,(V) for all ¥ with 8(V') < k <n and 6(V)ay” < d. Let ¥
be a contour with 3(Y) =k + 1 and 6(¥)ay’ < & Then Z,(Int,, Y) = Z,(Int,, Y)
since o(Int,, Y') < 6(Y) — 1 = k. Combined with the fact that y,(¥) = 1 by iii), we
conclude that K[;(Y) = K,(Y). This completes the induction on k.

Proof of vi) for (V) =n We say that a contour Y is small if af,")é(Y) < & while
it is large if af,”)(S(Y ) >d&. We then rewrite the partition function Z,(}7) given in
the form (5 1) by splitting the set of external contours into small and large contours
and, for a fixed collection of large external contours {Xj, ,Xj }text, We resum over

(mutually external) small g-contours in Ext = V\Uf‘:l V(X;). As a result we get
k

z,Vy= > Z™NExt)I] | p(X) [1Zn(Int, X;) (A 22)
{X1, X Fext =1 m

with the sum going over sets of mutually external large contours in V. The partition
function Z;‘“"‘"(Ext) is obtained from Z,(Ext) by dropping all large external g-
contours

Due to the inductive assumption iv), Kq(Y)zKC’I(Y) if ¥ is small Since

IK(;(Y)[ < " by 1), Z;“‘a“(Ext) can be evaluated by a convergent cluster expan-
sion, and
\Z;ma”(EXt ){ < e‘/}Re /;ma”|EXt ’eO(zJ)V‘EXH . (A 23)

Here quma” is the free energy of the contour model with activities

K,(Y) if 6(Y) <nand Y is small,

0 otherwise.

K;mall(y) — { (A24)

On the other hand,

31y A
H ‘Zm(lntm)(l)\ = e—ﬁfo \IntX,\eO(s)}rIntXJ

m

by the induction assumption vi) Observing that the smallest contours contributing
to the difference of f,f{’) and f,,(,”_l) obey the bound |Y| = n, while

V(XD = o(X) X < nlXi],
we may continue as in the proof of (A.21) to bound

Bl — fimex, | < BT — £V 0] £ n(Ke)'|X| £ O)|Xi
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Thus

H |Zn(Int X;)| < e—ﬁfo(")llntX,leO(s)lX.l . (A.25)
m
Combining (A.23) and (A.25) with the bounds
lp(X)| < e~ MI=BeolX]l < o=(=0@)IXi] g—B1s" X (A.26)
and . .
0Ext| < [oV] + Y oV (X)| < |oV] +2d + DY X, (A27)
i=1 i=

we conclude that

~ ~ k
< L0V ,—Bf" IV —BIRe £i™" —Re f{M]|Ext | —(=0())IX|
|Z,(V)| S e e > ooe I1e . (A.28)
{Xla ,Xk}ext i=1

Next, we bound the difference fsmall — m), First, for all large contours X, we have
q q g

X] 2 60X) 2 1o := s . (A.29)
4
Next, we observe that
o 1
(n) __ psmall < (K Iy < X
PUAY — 13 £ Ko £ s (A30)

where K is a constant depending only on d and N. Recalling the condition & = 1,

we get
31 £(n) 1l a;n) 1 (n)
n) _ Sma; S . S n A. 1
Bl = 1™ = Sogmey = 2% (A3D)

provided ¢ is chosen small enough. Combining (A.28) with (A.31), we finally obtain

~ a(") k
< L0E\V] ,—Br"V] — L [Ext | 7T ,—7 Xl
1Z,(V)| < e e Y. e [le (A.32)
{Xl) an}ext i=1

with
J=y—1. (A.33)

At this point we need the following Lemma A.2, which is a variant of a lemma
first proven in [Zah84] (see also [BI89] and [BK94] for the proof of this lemma
exactly in the following formulation).

Lemma A.2. Consider an arbitrary contour activity K,(Y) = 0, and let Z, be
the partition function

2= % TTRe). (A.34)
{Yl, ,Y,,}i:l

Let §; be the corresponding free energy, and assume that Kq(Y )< ¢ Y1 where
& is small (depending on r and d). Then for any @ = —3§, the following bound
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is true
Z eAlExt| Hkq(Yz) < OOV , (A.35)
{Y1, Yitext ! B

with the sum running over all sets of mutually external g-contours in V

In order to apply the lemma, we define K,(Y) = e~ *!"1 if ¥ is a large g-contour,
and K ¢(Y) = 0 otherwise. With this choice,

1
0< -5, < (Ke)h

= “iyTog(ke) e

As a consequence,

)
q = —, A.37
a= (A37)
provided ¢ is small enough. Applying Lemma A 2 to the right-hand side of (A 32),
and observing that £ .= e~ =< ¢, we finally obtain the desired inequality

lIA

- Sq

Z,(V)| < QO] ,=B15" 17| (A.38)

Proof of vii) for o(V)=n Beginning from the formula (A 22) above, we first
notice that

}% log Z™(Ext Y)| < (BCo + (1 + BCo)O(e))|Ext Y| (A.39)

(cf (A 15)) since we can use ii) for small ¥ Using further the bound (A.23) we
can conclude that

a ~ ~ a1 sma A
——Z;ma”(EXt ) < (ﬁCO 4 (1 ° ﬁC())O(S)))EXt Y|e—ﬂRe fy "lEXt [60(8)(1EX1 | (A40)

o,

Combining this with the bounds (4 22) as well as (A 23) for Z;™"(Ext) and the
inductive assumptions (vii) and (vi) for Z,(Int,, X;), we get
0

~

Ol

Z[,(V)‘ < OB S ((BCy + (1 + BCo)O(e))|Ext Y|
{X]. ~Xk}cx\

~ ~ Al smal n k - .
+(2BCo + DIt Y|+ (BCy + 1|7 [Je PR L™ =R SIERUTT o= G=0IIXL (A 41)

i=1

Proceeding now as in the proof of vi) from (A.28), we finally get vii)
This concludes the inductive proof of Lemma A 1. [J

For V' =T, the bound from Lemma A 1 vi) can be actually strengthened-

Lemma A.3. Under the assumptions of Lemma A1 we have
qu(IA)l < e%/%ITIlIeO(!:)IWxI max{e_“%“m , e—K(d)}'Iﬂﬂl} (A.42)

with a constant K(d) that depends only on the dimension d
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FO) }

Proof. Extracting from (A.32) the factor . max} e~ TIBXITTE o371 we still
X1, Xitext

get the same bound. This factor can be, the limit n — oo, clearly bounded by

_a _
maxycy(e”* 1V \UIe= K@Uy Ag a consequence,

1Z,(V)| < e BAlVI LO@NOV] oy (e—arqlV\Ule—K(d)VlﬁUl) , (A.43)
- vcv

which is still true for arbitrary ¥ C T. We now decompose U and ¥V into time
slices, U = |J,U; and V' =}, V;, and observe that |V\U| = ", (|Vi| — |U:|), while
|oU| = 3=, |0n(U,)|, where n( - ) denotes the projection onto IR?. Using the isoperi-

metric inequality on IR?, we now bound

d—1 M d—1
_Y — % — —
max (e~ HV\VIg=2K@HUIT ) < TT max (e L¥I-1UDe—2aK@HIUl T
ucv =1 u,CV;

M a d;l
< [1 max{e™ %1l e 2K@WI"T 1 (A 44)
t=1

Restricting ourselves to ¥ = T,, we observe that |V;| = |V|/M is independent of ¢
in this case. As consequence,

a d—1 a d—1
IVl p=2dK@n|UIT y < GV o=2aK@(VIM)T yyM

max(e” (max{e”

ucv

= max{e"a'«t””, e K@nloviy (A45)

where we used that |0V | = 2dM(|V|/M )T in the last step. [
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