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Abstract: It was pointed out by P. Dorey that the three-point couplings between
the quantum particles in affine Toda field theories have a remarkable Lie-theoretic
interpretation. It is also well known that such theories admit quantum affine algebras
as “quantum symmetry groups,” and widely believed that the quantum particles
correspond to the so-called fundamental representations of these algebras. This led to
the conjecture that Dorey’s rule should describe when a fundamental representation
occurs with non-zero multiplicity in a tensor product of two other fundamental
representations. The purpose of this paper is to prove this conjecture, both for
quantum affine algebras and for Yangians. The result reveals a hitherto unsuspected
role played by Coxeter elements (and their twisted analogues) in the representation
theory of these algebras.

1. Introduction

Quantum groups arose from the quantum inverse scattering method, developed by
the Leningrad school [13] to solve integrable quantum systems. They provide, in
particular, a way to understand the solutions of the quantum Yang-Baxter equation
(R-matrices) associated to such systems, and a general framework for producing
new solutions. Of special importance are the solutions which depend on a complex
(“spectral”) parameter; those which are rational, or trigonometric, functions of this
parameter arise from the quantum groups called Yangians, or quantum affine alge-
bras, respectively (see [11, 12], and Chapter 12 in [8] for background information).

More recently, quantum groups have arisen in another guise in connection with
1 + 1 dimensional integrable quantum field theories, namely as the algebras satisfied
by certain non-local conserved currents. For example, Yangians appear as “quantum
symmetry algebras” in G-invariant Wess—Zumino—Witten models [1], while quan-
tum affine algebras appear in affine Toda field theories (ATFTs) [2]. In [10], Dorey
gave a remarkable Lie-theoretic description of the classical three-point couplings (or
“fusings”) in certain integrable field theories, including ATFTs. It is the purpose of
this paper to interpret Dorey’s rule in terms of the representation theory of Yangians
and quantum affine algebras.
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To describe our results in more detail, recall that an ATFT is a theory of scalar
fields with exponential interactions determined by the roots of a (possibly twisted)
affine Lie algebra. If g is a finite-dimensional complex simple Lie algebra, and §
is the associated (untwisted) affine Lie algebra, the quantum affine algebra U.(g)
is a “quantum symmetry algebra” of the ATFT based on the dual affine algebra
§", whose Dynkin diagram is obtained from that of § by reversing the arrows (the
deformation parameter ¢ is related to the coupling constant of the theory, which
should be purely imaginary for the quantum affine symmetry to exist — see Sect. 10).
Note that § is self-dual if g is simply-laced, but otherwise §* is a twisted affine
algebra fa, where f is simply-laced and ¢ is a diagram automorphism of f.

The manifestation of this quantum affine symmetry of interest to us is the rela-
tion, conjectured by physicists, between the so-called “fundamental representations”
of Uy,(g) and the “fusings” of the classical and quantum particles of the ATFT
based on §" It is well known (see [5,10 and 14], for example) that the masses
of the particles in the theory form the components of the eigenvector with lowest
eigenvalue of the Cartan matrix of g; in particular, there is a natural one-to-one
correspondence between these particles and the nodes of the Dynkin diagram of g.
One says that there is a fusing between the particles labelled i, and & if a cer-
tain term in the lagrangian of the theory is non-vanishing (see Sect. 10) Choose a
colouring of the nodes of the Dynkin diagram of g black or white in such a way
that linked nodes have different colour, and let y be the Coxeter element of the
Weyl group of g obtained by taking the product of the simple reflections associated
to the black nodes, followed by those associated to the white nodes. Let R; be the
y-orbit of the simple root o; if i is black, and of —a; if i is white. Then, Dorey’s
rule asserts that there is a non-trivial coupling between the particles labelled 7, j and
k if and only if

(D) 0eR +R +ER;

A little later, it was shown in [23] that (D) also gives the fusing rule for the solitons
in the classical theory.

For the theory based on a twisted affine algebra fg, the particles are in one-to-
one correspondence with the orbits of ¢ on the nodes of the Dynkin diagram of
f, and a twisted version of (D) is required to describe their fusings. One defines a
“twisted Coxeter element” 7 for the pair (I, ), with the property that the orbits of
7 on the set of roots of T are in one-to-one correspondence with the orbits of ¢ on
the nodes of the Dynkin diagram of I If g is the (non-simply-laced) algebra such

that §* = fa, these orbits are naturally in one-to-one correspondence with the nodes
of the Dynkin diagram of g Proceeding as above, one obtains an analogue (TD)
of (D), in which the indices 7,j and & may be viewed as nodes of the Dynkin
diagram of g, although the analogues of the R, are sets of roots of f. Then the
classical fusings of the ATFT based on §*, where g is non-simply-laced, are given
by (TD).

The situation in the quantum theory turns out to be slightly different. This time,
the fusings of the ATFT based on §* are given by (D) if g is simply-laced, but by
(D) N (TD) otherwise (this can be verified case-by-case using the results in [9], at
least when g is not of type £ or F').

Even without this physical motivation, (D) strongly suggests a connection
to representation theory because of its similarity to the condition occurring in
the Parthasarathy—Ranga Rao—Varadarajan (PRV) conjecture [24]. This conjecture,
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proved by Kumar [17] and Mathieu [21], asserts that, if u), 4 and y3 are dominant
weights of g, Wu; the Weyl group orbit of yx;, and W(y;) the irreducible g-module
with highest weight y, etc., then

(PRV) 0 € Wiy + Wiz + Wps

implies
Homg(W (1) @ W(p2) @ W(p3), €)+0
(C denotes the one-dimensional trivial g-module). Now, as Braden [4] pointed out,

(D) is equivalent to
OeFii+Fij+F/1k,

where I' is the cyclic subgroup of W generated by y, so (D) is obtained from
(PRV) by replacing W by I' (and restricting to fundamental weights).

The fundamental representations of U,(§) to which (D) is related can be charac-
terised as the finite-dimensional irreducible representations of U,(§) which contain
a fundamental representation W,(4;) of U,(g), and are such that all other irreducible
U,(g)-subrepresentations have highest weight strictly less than 4; (see [7 and 8]).
There is, in fact, a family of such representations V' (1;,a) of Ug(§), depending
on a parameter a € €C*. The representations V(Z;,a) and V(4;,b) are related by
twisting by an automorphism of U,(§) which fixes U,(g) and corresponds, at the
classical level, to the automorphism of the loop algebra g[z,¢~'] which sends ¢ to
at/b (the central extension by which § is obtained from the loop algebra plays no
role here, since it acts trivially on all the representations of interest). Now recall
that, whether or not g is simply-laced, the particles of the ATFT based on §" are in
one-to-one correspondence with the nodes of the Dynkin diagram of g. If i, and
k are three such nodes, we would therefore expect a fusing between the quantum
particles labelled i, j and k if and only if

(®) Hong(fi)( V()“iaa) ® V(lpb) ® V(Aka C)a C)#O 5

for some a,b,c € C*. Thus, (®) should hold if and only if i,; and & satisfy (D)
when g is simply-laced, or (D) N (TD) otherwise. This conjecture was first made
explicit by MacKay [19,20].

In this paper, we prove this conjecture when g is not of exceptional type. We
also prove an analogous result for Yangians (it was actually in the context of
Yangians that MacKay originally made his conjecture). In fact, in the body of the
paper, we concentrate on the Yangian case, and describe at the end how to translate
the main results from the context of Yangians to that of quantum affine algebras.
As MacKay has emphasized [20], the truth of the conjecture indicates that there is
some beautiful structure in the representation theory of U.(g) which is not evident
at our present state of knowledge. It also suggests that it would be interesting to
study the representation theory of twisted quantum affine algebras, but this does not
seem to have been attempted yet.

One approach to the conjecture is through R-matrices. There is a canonical
map R(a,b) € End(V(4;,a) ® V(4;,b)) which is a rational function of the spectral
parameter a/b, and is such that tR(a,b) commutes with the action of U,(§) (=
denotes the flip of the two factors in the tensor product). In some cases, explicit
formulas for R(a,b) (or rather its Yangian analogue) were given in [7] (and earlier
in [22], but without proper mathematical justification). There is a finite set of values
of a/b for which R(a,b) is well defined, but not invertible, and then its kernel
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is a subrepresentation of V(4,,a)® V(4,,b). If one can choose a/b so that this
subrepresentation is fundamental, one deduces that (®) holds for some £, c. To use
this method to prove the implication (D) (or (D) N (TD)) = (&), one would need
to compute the R-matrix associated to every pair of fundamental representations;
in addition, one would have to prove that every fundamental subrepresentation of
V(4i,a) ® V(A;,b) arises from the R-matrix as above. Because of these difficulties,
we employ a different and simpler method, which makes no use of R-matrices, and
which establishes the reverse implication at the same time.

2. Yangians

Let g be a finite-dimensional complex semisimple Lie algebra with Cartan subal-
gebra b and Cartan matrix 4 = (a,,),,,es. Fix coprime positive integers (d;);c; such
that the matrix (d;a;;) is symmetric. Let R be the set of roots, R* a set of positive
roots, and R~ = —R*t The roots can be regarded as functions / — Z; in particular,
the simple roots o; € RT are given by

ai(j) = ajls (Zaj € 1) .

Let O = @, ,Z -« C bh* be the root lattice, and set 0 =3 .., N- g,
A weight is an arbitrary function 4:7 — Z; denote the set of weights by P,
and let
P ={i€eP.i(i)=0foralliel}

be the set of dominant weights Define a partial order = on P by
J=p ifand only if i—pue QF

Let 0 be the unique highest root with respect to =
Let (,) be the non-degenerate invariant symmetric bilinear form on g such that
the induced form on bh* is given by

(,9;) = d;a,; .

If B € R, set dg = (P, B). Let W be the Weyl group of g, let {s,},c; be the simple
reflections which generate it, and let wy be the longest element of . The dual

Coxeter number £ of g is

L (pae)
=142

where p is half the sum of the positive roots of g.
Fix a basis {H,}iec; U {X;},cg+ of g such that, for all i € I, o, € R,

[H, X;] = +a()X,  [X5,X ] = 6, pHa
(HoH)=d'ay,  (GX7)=06.p  (GX5)=0,

where H, = 3", mH; if o = 3", mo;. Let X = X;F
If {I,} is an orthonormal basis of g with respect to (,), let

Q=3r
V4
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be the Casimir element of the universal enveloping algebra U(g). We also denote
by 2 the element

Q=3"1,0,c9®g.
P
Let k be 1/4 of the value of © acting in the adjoint representation of g (the value
of k is given in Sect. 3).

Definition 2.1 ([11]). The Yangian Y(g) is the algebra over C generated by ele-
ments x,J(x), for x € g, with the following defining relations:

[x,y] (inY(g)) = [x,¥] (in g), (1)
J(ax + by) = aJ(x)+ bJ(y), )
[, JO)] =J([x¥]) » (3)

), J([y,z2D] + [ (2),J ([, yD] + [V (), ([2.x])]

= 2 (L)1) [z D)1 1g 1y } )

p,q,r

[W)ID)) [2,J (W] + [V (2), J W), [x, T (»)]]
= z ([x’lp]s [[y’ Iq]a [[Za w]9lr]]){IP’I‘I’J(Ir)} H] (5)

p.g,r

for all x,y,z € g,a,b € C. Here, for any elements z1,z,,z3 € Y(g), we set

1
{z1,22,23} = = D" Zz(1)Zr(2)22(3) >
24 =

the sum being over all permutations © of {1,2,3}.
The Yangian Y(g) has a Hopf algebra structure with counit &, comultiplication
A and antipode S given by

Ax)=x®1+1®x, (6)

AJE)) =J(x) © 1+ 10J(x) + %[x ®1,Q], 1)
Sx)=-x,  S(Ux))=-J(x)+rx, (8)
o(x) = e(J(x)) = 0 . 9)

We shall also need the following presentation of Y(g), given in [12]:

Theorem 2.2. The Yangian Y(g) is isomorphic to the associative algebra with
generators X,.’j;,H,-,,,i € Lr € N, and the following defining relations:

[H;r,Hjs] =0, (10)

[H;0, X751 = + diay X5, (11)
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[ 150~ o X501 = o+ sdia(H, X5 4 X5 HL), (12)

(X5 X, ] = 0 jHris (13)

D 0 X~ G X ] = adiay (S X4 X5, ()

S o X oo X XD 1 = 0, (15)

Jor all sequences of non-negative integers ry,. vy, where m =1 — a;; and the sum
is over all permutations n of {1,.. ,m}

The isomorphism [ between the two realizations of Y(g) is given by

fUH) =d ' Hy,  fUH))=d;"H+ f(v),

ST =X fUX)) =X+ (W), (16)
where . J J
B +y— —y+ ipr2
=-S5 LB XX + XX ) — ZH?
’ 4ﬁeA+di(ﬁa)(ﬂ b ﬁ) 2

1
wit = £ - 3 dp( XX + XTI
4 ﬂEA+

1
- AXTH + HXE) O

Remarks. 1. The presentation (2.1) of Y(g) shows that there is a canonical map
g — Y(g) (it is known that this map is injective). Thus, any Y(g)-module may be
regarded as a g-module.

2. If m is a permutation of / such that

Hi v Hupy, X7 X
defines a Lie algebra automorphism of g, the assignment
Hi = Hyiyks *X,,ﬁ]:( — an(:,)’k

defines a Hopf algebra automorphism of Y(g). We denote both of these automor-
phisms simply by 7.
We shall make use of two further types of automorphism of Y(g).

Proposition 2.3. There is a one-parameter group {t,}scc of Hopf algebra auto-
morphisms of Y(g) given in terms of presentation (2.1) by

Ww(x)=x  1(J(x)) =J(x) +ax,

for x € g, and in terms of presentation (2.2) by

ko (k K\ Lo
ra(H,,w:Z(r)a’“ft,,, m(X,?,i):z(r)ak Xt 0

=0 r=0

This is Proposition 2.6 in [7].
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The second automorphism is an extension of the Cartan involution
Qo(H) = ~Hi,  goX*) =X7F a7

of g to Y(g).

Proposition 2.4. There exists a unique algebra automorphism ¢ of Y(g) such that
e(Hip) = (-1 Hy,  o(X3) = (-1DXT,
for all i € I, k € N. Moreover, ¢ is a coalgebra anti-automorphism of Y(g).

Proof. 1t is easy to check that applying ¢ to one of the defining relations in (2.2)
gives another of the defining relations. Hence, the assignment in the statement of
the proposition extends uniquely to an algebra homomorphism Y(g) — Y(g), and
it is obvious that ¢ is an involution.

Using the isomorphism f in (2.2), it is clear that ¢|; = @ and that

QU (Hy)) = J(H)
Hence,
PUE)) = F oD IHT) = F 506 T(H)] = ~JO6F)

To prove that
(p@@)od=4%0q,

where A°P denotes the opposite comultiplication of Y(g), it suffices to show that
both sides agree when applied to a set of generators of Y(g), such as {I-Ii,/\’i*,
J(H;),J (X,-i)},-g. This is now straightforward, making use of the formula for 4 in
(2.1) and the observation that (¢o ® @)(Q2)=Q. O

We shall also need the following weak version of the Poincaré—Birkhoff-Witt
theorem for Y(g).

Proposition 2.5. Let Y*,Y~ and Y° be the subalgebras of Y(g) generated by the
X% the X7 and the Hiy, respectively (i € I, k € N). Then,

Y=Y .Yyt O

The proof is straightforward.

3. Finite-Dimensional Representations

If W is a g-module and 1 € P, the weight space
W,={weW|H;-w=Ai)w forall i € I}.

If W;+0, 4 is called a weight of W, and the set of such weights is denoted by
PW).

A non-zero vector w € W is called a g-highest weight vector if w € W, for
some A € P(W)and X;" -w =0 for all i € I. Let W+ be the set of g-highest weight
vectors of W, and set W;" = W+ NW,;. If W = U(g) - w, then W is called a highest
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weight g-module with highest weight 4. Lowest weight vectors and g-modules are
defined similarly. For any A € P™ denote by W(4) the unique irreducible highest
weight g-module with highest weight 4. If W is any finite-dimensional g-module,
we have

we @ w)eEmh,

ePT

where the multiplicities m;(W) are given by
my(W) =dim(W"nw;).

We recall that the Casimir operator Q € U(g) acts on W(.) by the scalar
(A+2p,2) In particular, x = %d@ﬁ.

Let W™ be the dual g-module of /¥, and let W0 be the g-module obtained by
twisting W with the Cartan involution ¢ of g. For . € P, let /. = —wg(2). It is
well known that

mi(W) =mz(W*) = mz (W)

Suppose now that V' is a Y(g)-module. Set

V++:{ueV+|X;j(-v:O for all i € [,k € N},

and for any 2 € P*, set V;'* = V¥ NV,. Note that, by (22), V' is preserved
by the action of Y°, and so, if ¥** 40, it contains a non-zero Y’-eigenvector v
(say), so that

Hij-v=d;v,

for some d,; € € Such a vector v is called a Y(g)-highest weight vector, V is
called Y(g)-highest weight if V' = Y(g)-v for some Y(g)-highest weight vector
v €V, and the collection of scalars d = {d; s };c/ren is called its highest weight.
It is not difficult to show that, for every d = (d, x)icrken, there is an irreducible
Y(g)-module V(d), unique up to isomorphism, such that /'(d) has highest weight
d. Lowest weight vectors and modules for Y(g) are defined similarly.

The following theorem of Drinfel’d [12] classifies the finite-dimensional irre-
ducible Y(g)-modules

Theorem 3.1. (i) Every finite-dimensional irreducible Y(g)-module is both highest
weight and lowest weight

(1) If d = (d;k )ierken, the Y(g)-module V(d) is finite-dimensional if and only
if there exist monic polynomials P; € Clu] such that

P(u-+d,) o k1
BUTd) S a 18)
P 2 (

in the sense that the right-hand side is the Laurent expansion of the left-hand side
about u=o00 [

If V is a finite-dimensional irreducible Y(g)-module, we call the associated
I-tuple of polynomials (P;);c; the Drinfel’d polynomials of V.
In general, if 7 is any finite-dimensional Y(g)-module and v € V is a Y(g)-
highest weight vector, with
H-v=d; v
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for some dj; € C, it follows from (3.1) that there exist monic polynomials P} such

that
P,”(u+d,)
P}(u)

Proposition 3.2. Let V1, V, be finite-dimensional Y(g)-modules, and let v, € V1,
vy € Vo be Y(g)-highest weight vectors. Then,

— & v, —k—1
=14+ > d},u .
k=0

01®vy __ pl pb2
P, =P'P?*. O

This is Proposition 2.15 in [7].
The Y(g)-modules of interest in this paper are defined as follows.

Definition 3.3. If i €I, a € C, then V,(4;) is the finite-dimensional irreducible
Y(g)-module with Drinfel’d polynomials

_fu-a ifj=1i,
P’(”)—{l if ji.
We call V,(;) a fundamental Y(g)-module.

Given a finite-dimensional Y(g)-module V', we can define the following associ-
ated Y(g)-modules:

(i) V(a): this is obtained pulling back ¥ through 1,;
(i) V®: this is obtained pulling back V' through ¢;
(iii) the left dual ‘¥ and right dual V': these are given by the following actions
of Y(g) on the vector space dual of V:

(V- ))=fS(y)v), yeY(@)feVvel,
) =fST')-v, yeY@),feriver.

Clearly, if V is irreducible, so are all the representations defined above.

Proposition 3.4. Let U, V and W be finite-dimensional Y(g)-modules, and let
a€ C. Then,

DUV VPR U,

(i) V(a)? = V?(~a);
(111) Homy(g)(U, Ve W) = Homy(g)(’V ®U, W),
(iv) Homy (U, W ® V) = Homy (U ® V', W);
(V) "V EV(=2K), V' =V (K), (V) = (V) 2V,
D) (VW)Y =W V), (VW)X W'V,
(vii) (V(@))' = V(a), '(V(a)) = ('V)(a).

Proof. Part (i) follows from the fact that ¢ is a coalgebra anti-automorphism of
Y(g), and part (ii) from the identity

(p-‘[az‘[_a-(p,

which is proved by checking that the two sides agree when applied to any of the
generators I-Ii,k,Xi’j,i. Parts (iii)—(vii) are straightforward. [J

The following result describes the Drinfel’d polynomials of the modules defined
above. If i € 1, define i € I by i = J;.
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Proposition 3.5. Let V be a finite-dimensional irreducible Y(g)-module with
Drinfel’d polynomials P; (i € I), and let a € C. Then:

(i) The Drinfel’d polynomials P* of V(a) are given by
Pi(u) = P(u—a)

(ii) The Drinfel’d polynomials 'P, and P! of 'V and V', respectively, are given

by
"P(u) = P:(u+ k), Pl(u) = P-(u—«K).

(iii) The Drinfel’d polynomials P! of V? are given by
PE(u) = (— 1Y PP (1 4 d, — )

Proof Parts (i) and (ii) were proved in [7]. We now prove part (iii) Let O0%v e V
be a Y(g)-lowest weight vector, and let

Hy-v=d, v, (diy€C).
Then, v is a Y(g)-highest weight vector in V% and, in V%, we have, by (2.4),
Hyov=(=1Y"d .
Hence, the Drinfel’d polynomials P? of V¢ satisfy

Pl(u+d,)

=1 = | k+1f —k—1 . 19
Py T (19

On the other hand, by Propositions 3 1 and 3.2 in [7],

Pr(u—x) o T k1
—— =1+ du . 20
Plurd,—m M 20
The result follows on comparing (19) and (20). O

Corollary 3.6. Let i€ I, a € C Then:

(1) "(Va(4)) = Va—)c(i,')a (Va(it))t = Va+x()~l_);
() (Vo)) = Vg ali) D

We shall also need the following result.
Proposition 3.7. Let V be a finite-dimensional highest weight Y(g)-module Then,
V? is also a highest weight Y(g)-module

Proof Let 0FveV; (4 € P™) be a Y(g)-highest weight vector. By (2.5), m,(V)=1
and m, (V') = 0 unless p < A. Let ¥ be the g-submodule of V' of type W(4); then
vE W Let v~ be a lowest weight vector (for g) in /. Then, v~ is a Y(g)-highest
weight vector in V¢ and

Y(g)-v- DU v =W,
so v € Y(g)-v, and hence

Ve =Y(@)-vC Y(g)-v". |
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We conclude this section with the following results.

Proposition 3.8. Let V be a finite-dimensional Y(g)-module. Then, V is irreducible
if and only if V and 'V (resp. V and V') are both highest weight Y(g)-modules.

Proof. The “only if” part follows from (3.1) (i). For the converse, suppose that V
and 'V are highest weight (the other case is identical). Let v € V; (A € P*) be a
Y(g)-highest weight vector. Let 0= W be an irreducible Y(g)-submodule of ¥V, and
let u (say) be the highest weight of W as a g-module; thus, u < A. Then, ‘W is a
quotient of /¥, and these g-modules have maximal weights 7 and 1, respectively (cf.
the proof of (3.7)). Since ‘V is a Y(g)-highest weight module, its highest weight
vector must map to a non-zero element of ‘W. Hence, 1< o, so A < u. Thus,
A=pand W=V. O

Along similar lines, we have the following result whose simple proof we omit.

Proposition 3.9. Let V be a finite-dimensional Y(g)-module, and assume that, as
a g-module, V has a unique maximal weight J. € P*. Then, Y(g)-v is a proper
submodule of V if and only if V' (resp. 'V') contains a Y(g)-highest weight vector
of weight strictly less than A. O

4. Dorey’s Rule

Let s1,52,...,5, be the simple reflections in the Weyl group W of g (in some order),
and let y = 515, - -5, be the associated Coxeter element of W. Define roots

Gi = SpSn—1 - Sit1(0)

and let R; be the y-orbit of ¢;. It is known that the ¢; are precisely the positive roots
which become negative under the action of y, and that each R; contains precisely
h roots, where the Coxeter number 4 is the order of y (see [16,25,26]).

Definition 4.1. If p = 2, we say that indices i,iy,...,i, € I satisfy condition (D,)
if and only if 0 € Ry + R;, + -+ Ry ,.
Note that the condition (D,) appears to depend on a number of arbitrary choices:

we had to pick a Cartan subalgebra ), a set of positive roots R*, and an ordering
of the set of simple reflections. However, we have

Proposition 4.2. For any p = 2, the condition (D,) is independent of the choices
made.

Proof. Let G be a (connected, complex) Lie group with Lie algebra g. If b is another
Cartan subalgebra, and R' a set of positive roots with respect to ), there exists
g € G such that h = Ad(g)(h) and Rt = Ad(g)*(RT). Then, the & = Ad(g)*(«)
are the simple roots in R+, and the §; = Ad(g) os; o Ad(g~") are the corresponding

simple reflections. Using the Coxeter element j = 515, - - - §p, it is easy to see that,
in an obvious notation, R; = Ad(¢g)*(R;), and it follows immediately that

OGRil+"'+Rip iffOER;l+"‘+Rip'
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Thus, we may work with a fixed Cartan subalgebra and set of positive roots,
and need only consider the effect of re-ordering the set of simple reflections. It is
well known (see [26], Lemma 2.3) that any such re-ordering can be achieved by a
sequence of moves of the following two types:

(1) $152 - Sp—1Sp ¥ SpS182*+ Sp—1;

(1) 81 - Si—188i418i02 =Sy = S| Si_18i4185i842 -+ Sp, Where §,811 = §i415:.
Thus, it suffices to prove that, if 7 is the Coxeter element obtained from y by
performing one of these moves, the condition (D, ) obtained by using 7 is equivalent
to that obtained using y. Define qgi and R; in the obvious way.

For a move of type (i), it is easy to see that d;/‘ =s,(¢;) if j#+n, and q-Sn =
spy” W) Since 7 = s,ys,, it follows that Rj = s,(R;) for all j. It follows as before
that the condition (D,) is unchanged.

For type (ii), 7 =y and it is clear that ¢ , = ¢, except possibly when j =i or
i+ 1. But

G =5n - Si2(0) = Sn - - Sipasiv1 (o) = @5,
since s,41(%;) = o;, and

¢j+1 =S8y Si+251(ai+1) =S8p-- 'Sz+2(0‘z+1) = ¢i+1 s
since §;(0i+1) = %1. Thus, ﬁj =R; forall j. O

Remark. Despite this result, it is sometimes convenient to make a particular choice
of y, as follows (see [4,5 and 10], for example). Choose a partition

I=1111, (21)

such that
a,-j =0 if l,] € Io or if l.’j € 1. .

It is clear that such a partition exists and is unique up to interchanging I, and /,.
Since s; and s; commute if i,j € I, or if i,j € I,, the Weyl group elements

'))OZHSU '))OZHSI'

il icle

are well defined. Then we take 7 = 7,7.. Note that 72 = y2 = 1, so that y™! = y47,.
With this choice, it is easy to see that
o ifiel,,
=10

o ifiel,.
Note that y¢; = yoa, = —o; if i € I,; on the other hand, if i € I, it is clear that
o; occurs with coefficient —1 in the root y¢p; = —y,a,, so y¢; € R~. It follows that

o €ER; ifiel, and —o; € R; if i € I,.
We observe next that, for an arbitrary choice of y,

bi=Ai—y "
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Indeed, recalling that s;4; = A; if i+, and = A, — o; if i = j, we have
y-l(li) = SpSp—1 - S1(A) = SuSp—1 - - - 5i(A)
= SuSn—1 " Sit1(hi — ) = A — SpSp—1 -+ - Sip1() = A — ¢ .
Hence, (D,) is equivalent to the condition
YO Ay Yy A VP A =0 A VA YA,

for some r1,72,...,7, € Z. Since one is not an eigenvalue of y on b* (see [16],
Lemma 8.1, for example), this last equation is equivalent to

(Dy) YV iy 92y + VP A, =

for some 71,72,...,7, € Z. Now, the PRV conjecture [24], now a theorem [17,21],
asserts that, if puy, pa, ..., p € P* and if 0 € Wy + Wy + - -+ + W, (where Wy
is the Weyl group orbit of x4 € PT), then

Homg(W (1) @ W) ® - @ W(up), €C)=+0.
Hence, we have
Proposition 4.3. If p = 2 and i\, iy,...,i, € I satisfy condition (D), then
(CGp) Homy(W(4:)) @ W(4i,) ® - @ W(4;,), C)=+0. O

This result (and its proof) are due to Braden [4]. A generalisation of it can also
be deduced from the main results of this paper, without using the PRV conjecture
(see the remark at the end of Sect. 8).

In the case where g is not simply-laced, we shall need a twisted version of
condition (D,). For this, we recall that the dual affine Lie algebra §*, whose Dynkin
diagram is obtained by reversing the arrows in that of the affine Lie algebra g, is
the twisted affine Lie algebra associated to a diagram automorphism ¢ of a simply-
laced algebra g (see [15]). Following [25], choose nodes ij,15,...,I, of the Dynkin
diagram of §, one from each orbit of o, and define the twisted Coxeter element §
of g by

~ o~ ~

V=88, 8,0
(here, and elsewhere in this section, a ~ is used to denote objects associated with
g). Define roots ¢; of § by

. s o
¢, =0 58 8, (6,

and let R be the j-orbit of ¢ Note that there is a natural one-to-one correspon-
dence between the set / of nodes of the Dynkln diagram of g and the set of orbits
of ¢ on the nodes of the Dynkin diagram of §. Thus, if p = 2 and iy,i,...,3, €1,
the following condition makes sense:

(TDp) OERil+Ri2+"'+Ri .
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This is the twisted analogue of condition (D, ) that we shall need. As in (4 3), (TD,)
is independent of the choices made in defining it. It suffices to prove independence
of the choice of node from each g-orbit, for a given choice of total ordering of
these orbits Unfortunately, we have only been able to verify this by a case-by-case
check

We now make the conditions (D,) and (TD,) explicit, beginning with the case
p=2
Proposition 4.4. (D,) and (TD,) are both equivalent to (CG,)

Proof For condition (D,), we take ; to be the “white-black” Coxeter element
defined in the previous remark, and distinguish two cases:

(a) g is not of type A, with n even In this case, & is even and it is well known
that wy = 7"2; moreover, it is easy to check that, for all i € 7, i and 7 have the
same colour Suppose that i and i are both black Then, %; € R; and %; € R; so the
result follows from

hi2
%= “Wo(%) =7 ' (C(I) € R, .

If, on the other hand, i and i are both white, then y4(%,) € R; and 74(2;) € Ry, and
the result follows from

; —h2
7e(0) = =0 (o) = " Pye(w) € —R

(b) g is of type A, with n even In this case, 4 is odd, 7 and 7 always have differ-
ent colour, and wy = y¢7y"~12 = (#1240 The argument now proceeds essentially
as in case (a)

This proves that, for all g, (CG,) implies (D,) The converse is the case p = 2
of (4 3).

For (TD;), we have only been able to verify the result by using a case-by-case
check. [J

The crucial case for us is p = 3.

Proposition 4.5. Let the nodes of the Dynkin diagram of g be numbered as in [3],
andlet 1 i < j <k <n

(a) g = A4y. (i,),k) satisfies (D3) if and only if
Wi+jEnk=n+1—-(0G(+]), or
()i+j>n+Lk=2n4+2—-i—j

(b) g =B, (n = 3): (i,), k) satisfies (D3) if and only if

Ditj<n—1k=i+], or
()yi+jzn+1,k=2n—i—j; or
(iii) i < n, j=k=n,

and satisfies (TD3) if and only if one of the conditions (i), (iii) or
GiY i+j=n k=2n—1—i—j

holds

() g=C, (n = 2). (i,),k) satisfies (D3) if and only if
Wi+j=nk=i+j, or
() i+jzn k=2n—i-j,

and satisfies (TD3) if and only if one of the conditions (i) or
) i+j=n+2,k=2n+2—i—j
holds
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(d) g =D, (n = 4): (i,,k) satisfies (D3) if and only if
Wi+j=n—-2,k=i+j;or
(yi+jznk=2n—i—j—2;or
(iiiyi En—2,n—iiseven, j=k=n—1or j=k=n; or
(V)i<n—-2,n—iisodd, j=n—1k=n
(es) g = Eg: the triples satisfying (D3) are

(1,1,1),(1,1,5),(1,2,3),(1,2,6),(1,3,4),(1,5,5),(2,2,2),(2,2,4),(2,4,4),
(2,5,6),(3,3,3),(3,3,6),(3,4,5),(3,6,6),(4,4,4),(4,5,6),(5,5,5),(6,6,6).

(e7) g = E7: the triples satisfying (D3) are

(1,1,1),(1,1,3),(1,1,6),(1,2,2),(1,2,5),(1,2,7),(1,3,6),(1,4,4),(1,7,7),
(2,2,4),(2,3,5),(2,3,7),(2,4,5),(2,6,7),(3,3,3),(3,4,4),(3,4,6),(3,5,7),
(3,6,6),(4,4,4),(4,5,5),(4,5,7),(4,6,6),(5,5,6),(5,6,7),(6,6,6),(6,7,7).

(es) g = Eg: the triples satisfying (D3;) are

(1,1,1),(1,1,2),(1,1,3),(1,1,6),(1,2,5),(1,2,8),(1,3,4),(1,3,5),(1, 3,6),
(1,3,7),(1,4,5),(1,5,5),(1,7,7),(1,7,8),(1,8,8),(2,2,2),(2,2,3),(2,2,4),
(2,2,5),(2,2,8),(2,3,8),(2,4,5),(2,4,6),(2,5,5),(2,6,6),(2,6,7),(2,6,8),
(2,7,8),(3,3,3),(3,3,4),(3,3,7),(3,4,5),(3,4,7),(3,5,6),(3,5,8),(3,6,8),
(3,7,7),(4,4,4),(4,4,5),(4,4,6),(4,4,7),(4,4,8),(4,5,8),(4,6,6),(4,6,7),
(5,5,5),(5,6,7),(5,6,8),(5,7,7),(6,6,6),(6,7,7),(6,7,8),(7,7,7),(7,8,8),
(8,8,8).

(f) g = F4 (a3 short): the triples satisfying (D3) are

(1,1,1),(1,1,2),(1,2,2),(1,3,4),(1,4,4),(2,2,2),(2,3,3),(2,3,4),(3,3,3),
(3,3,4),(3,4,4),(4,4,4),

and those satisfying (TD3) are

(1,1,1),(1,1,2),(1,1,3),(1,2,3),(1,3,4),(1,4,4),(2,2,2),
(2,2,3),(2,2,4),(2,3,4),(3,4,4),(4,4,4).

(g2) g = G2 (op short): the triples satisfying (D3) (resp. (TDs3)) are
(1,1,1),(1,2,2),(2,2,2) (resp. (1,1,1),(1,1,2),(1,2,2),(2,2,2)). O

Remarks. 1. It is interesting to note that, in each of (a)—(d), case (ii) of condition
(D3) can be written k = A — i — j, where /4 is the Coxeter number of g, and that in
case (b) (resp. (c)), condition (i)’ can be written k = h—i— j (resp. 2h — i — )
where # is the dual Coxeter number of g. (This mysterious factor of 2 in the C,
case is apparently well known to physicists.)

2. If g is of type Ds, the triple 2,2,2 satisfies (CG3) (because W(4,) is the
adjoint g-module), but does not satisfy (D3). Thus, the converse of (4.3) is false
when p = 3. This result was first noted in [18].
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The proof of (4.6) is a straightforward, if tedious, computation. We discuss the
example of g = B, to show what is involved. From [15], we see that § is of type
A7 and o is the obvious involution:

We take
Y = 51525354, 7 = 515283840 .

Then,

O1 =0 + o + o3 + 204, P2 =0y + o3 + 204, ¢3 =03 + 204, s =04 ;

$r=t+is+ds+8, =Gt ds+ds by =dutds, by =d
The orbits are as follows:
Ry = {tay, +oy, +as, (0 4+ 0p + o3 + 204) },
Ry = {£(on + o), £(o2 + 23), £(orr + o3 + 2044)} ,
Ry = {03 +204), T(ory + otz + 03), £(0tp + 203 + 2014 ), (0ty + 20 + 2063 +2014) }
Ry = {Foq, (o5 + o), H(on + o3 + og), £(oty + 02 + o3 +04)} 5
Ry = {£61, £, £83, +0¢, 307, £(3s + s + G + 37), £(d1 + G + d3 + s + 5)},
R, = {2081 + &), £(da + d3), £(d6 + 87), £(6a + &s + Gg), £(Gy + 83 + G + d5) ,
+ (03 + Gy + ds + G + Gy), F(d) + G + G + 0y + b5 4 d6)}
Ry = {84 + 8s), £(dy + 8 + d3), £(83 + G4 + ds), £(83 + s + ds + de),
+ (8 + 03 + da + bs + ), £(82 + &3 + dg + ds + ds + &7),
+ (&) + 0y + 03 + g + s + dg + d7)}
Ry = {8y, +8s, (63 + 84), (45 + dg), £(dr + 3 + d4), =(ds + G + d7),
+ (&) + 8 + 83+ dq)} .

By inspection, one sees that i, /, k satisfies (D3) or (TDs3) exactly in the following
cases:

(D3). (1,1,2), (1,2,3), (1,4,4), (2,3,3), (2,4,4), (3,4,4),
(TDs): (1,1,2), (1,2,3), (1,3,3), (1,4,4), (2,2,3), (2,4,4), (3,4,4).

These results are in accordance with (4.6).
For p = 4, the following result determines (D, ) inductively in terms of (D)
and (D3).



Yangians, Integrable Quantum Systems and Dorey’s Rule 281

Proposition 4.6. Fix p = 4 and iy,i,...,i, € 1. Then, iy, iy,...,i, satisfy (D) if
and only if there exists 2 < r < p such that either

~

(1) i, iy satisfy (D2) and iy, ..., iy,...,i, satisfy (D,_2) (the " indicates that
the index is to be omitted), or ) R
© (ii)) there exists j € I such that iy, i,,j satisfy (D3) and j,i3,...,iy,...,i, satisfy
p=1)

The same result holds with (D,) replaced by (TD,) throughout.

Proof- The “if” part is trivial, and the “only if” part follows immediately from
the following simple fact about root systems. Let fi,f,,...,5, be roots (p = 3)
and suppose that f; + 2 +--- + B, = 0; then, there exists 2 < r < p such that

p1 + B, is either zero or a root. To prove this, just observe that —2 = —(f, /?1) =
(B2 -I-'---I-ﬁp,ﬁl), so, for some 2 < r < p, we must have (ﬁ,,ﬁl) <0 O

We conjecture, based on extensive computer calculations for small values of p
and algebras of low rank (including the exceptional algebras), that one can always
take » = 2 in this result.

The main purpose of this paper is to study the following conjecture, first made

explicit by MacKay [20] (when p = 3), but implicit in the work of several authors
on affine Toda field theories (see [5,10 and 23], for example).

Conjecture 4.7. Let p = 2 and let i1,i,...,i, € 1. Then,
HomY(g)(Val (}'l‘] ) ® Vllz(j'iz) @ ® Vdp()'ip )7 C)*O s (23)
for some ay,ay,...,a, € C, if and only if iy, is,...,i, satisfy

D) when g is simply-laced ,
both (D,) and (TD,) when g is not simply-laced .
It follows immediately from (3.6) and (4.4) that this conjecture is true when
p = 2. The main result of this paper is to prove the conjecture when p = 3 and g is
not of exceptional type (this is the content of Sects. 5-8). In dealing with the p =3
case, it is useful to observe that, if i, j, k satisfies (23), so does any permutation of

i, ],k (the same is obviously true of condition (D3)). To see this, note first that, by
(3.4) and (3.6) (i), (23) holds if and only if

HomY(g)( Va(A) ® Vb('lj)a VC—K(A];))*O s
which in turn holds if and only if
Homyq)(Ve—2c(Ak) ® Va(4i) ® Vip(4;), C) %0 .

Thus, (23) is preserved by cyclic permutations of (i, /,k). On the other hand, by
3.6 (i), (23) is equivalent to

Homy(g)(Vg(/l,;) ® VI;(;L_/-) ® Va'(/ll-‘), (E) #O 5 (24)

where a = k + d; — a, etc. But, it is known that there exists a diagram automorphism
7 of g such that n(i) =i for all i € I. Twisting by the corresponding automorphism
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of Y(g) shows that (24) is equivalent to
Homy (Ve (2) ® Vi (2,) @ Va(4,),C)*0.
Hence, (23) is also preserved by the permutation (i,/,k)— (k,j,i) Since this,
together with the cyclic permutations, generates the whole symmetric group on
three letters, (23) is preserved by all permutations of (i,/, k). It follows that, in
proving (4.5), we may always assume that i, and k are in some fixed order.
As to the case p = 4, we note that Proposition 4 6, together with the p =2

and p = 3 cases of Conjecture 4 7, implies the following weak version of the “if”
part of (4 7) for arbitrary p.

Proposition 4.8. Let g be of type A,B,C or D, let p = 2 and let iy,is,...,i, €1
satisfy (D,) if g is simply-laced, or (D,) and (TD),) if g is not simply-laced Then,

Homy(g)(Va, (4,) @ Vg, (2 ® Vaz(i,z) ® ® Va"l(/i,’_] )
® I/a,.‘l(/il,%])® ® Va/,(;*Ip)’(E):':()’
for some ay,az,...,a, € C

Proof We assume that iy,i, ..,i, satisfy (ii) in (4 6) (the other case is easicr)
By the p =3 case of (4.7),

Homy()(Va, (%) @ Vo, (4, ) @ Vip(4;), €) %0,

HOlnY(g)(V(‘(/ﬁ"/_) & Vaz(;'ig ) & - & Va,+1 (;Vf,_,[ ) Y Va,‘ 1()'1',,1)

® - ®Vap(;~1p)>(]:):':0a

for some ai,a,,...,a,,b,c € C. By (3.4) and (3.6), there are non-zero (hence in-
jective) Y(g)-module homomorphisms

Vb()v/) - Vu,+1\(;~f, )® V(ll+l\’()"1_] ),

VL()/-) - Va,,fn(/t[p) @ & Va,flfl\'(/“’l,+| )® Vu,,l—h‘(/:i,,] )® & Va2~l\‘(;~f2) :
By twisting with a suitable automorphism 7, (see (2.3)), we may assume that
¢ = b+ K Taking the tensor product of the last two homomorphisms, we then
obtain an injective homomorphism

Viri(27) @ Vi(4;)
1
Val,ﬁ,\»(/ll-p) @ @V nlly ) O Ve ity )@ @ Vay—i(47)
®Va, -H\(/f, ) Y Va;—x(;{l ) .

Finally, composing with the injective homomorphism

C — Virr(4) @ Vi(4))
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given by (3.4) and (3.6), we obtain an injective (hence non-zero) homomorphism

C

l
VaP_K(}'l'-p) ®-- B Var+1—'€(’1ir+1 )® Var—1—K(’1ir—1 )®- - ® Vaz—"(’li_z)

OV, +1(45,) ® Vay (A7) -
Equivalently,
Homyg)(Va, (4i,) @ Vo, (Ai,) @ Vay—21c(Aiy ) @ -+ - @ Vo —2ic(Aip_ )
® Vo, —2x(Aipy ) @ - ® Vap—2i(4:,), €©)£0. [0

The same argument shows that the conjecture stated after the proof of (4.6)
implies the “if” part of (4.7) in full generality (when g is not of exceptional type).

5. Some Preliminary Lemmas

In this section we collect some results which describe the restriction of Y(g)-
modules to “diagram subalgebras” of Y(g).

Definition 5.1. Let 0J C I.

(i) gy is the Lie subalgebra of g generated by the H; and the X,-jE forielJ;

(ii) Y, is the subalgebra of Y(g) generated by the H; ) and the le,i, forieJ,
keN.

(i) Oy =i, Z- 04, OF =3 i/ N0

It is clear from (2.2) that there is an algebra homomorphism Y(g;) — Y, which
maps H;; — H;; and Xl.,j,i |—>Xi,ik, for all i € J, k € N. In particular, every Y(g)-
module may be regarded as a Y(gs)-module. If V' is a highest weight Y(g)-module
with highest weight vect or v, set

Vy=Y(gs) 0.
Note that ¥ is preserved by the action of b, since [b, ¥;] C ¥;.

Lemma 5.2. Let 0J C I.

(i) Let V be a highest weight Y(g)-module with highest weight . € P* (as a
g-module). Then,
Vi= @ Viy.
neQf

(ii) If V is an irreducible Y (g)-module, then V; is an irreducible Y(g;)-module.
(iii) If V and W are irreducible Y(g)-modules with highest weights A and p,
then,
V,@Wy= @ (V® W)&+u—-11~ 0
neQy

The proof is straightforward (see Lemma 4.3 in [7] for part (ii)).
The canonical map Y(g;) — Y(g) is not a homomorphism of Hopf algebras.
Nevertheless, we have
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Lemma 5.3. Let V and W be finite-dimensional irreducible Y(g)-modules and let
O+J CI Then, V; @ Wy is a Y(g;)-submodule of V@ W. [

This is Lemma 2.15 from [7]. The following is a more precise result.

Lemma 5.4. Let U,V and W be finite-dimensional irreducible Y(g)-modules with
highest weights (as g-modules) A, u and v, respectively, and let O0J C I

(i) Assume that ++ u—v € QF Then, any non-zero Y(g)-module homomor-
phism U@V — W maps U; ® V, onto W, In fact, this restriction defines an
injective linear map

Homy(g)(U QV,W)— Homy(gj)(UJ QVy,Wy). (25)

(i1) Assume that U; ® Vy is a highest weight Y(gy)-module and that U Q@ V
has an irreducible quotient Y(g)-module with highest weight v < A+ u Then,

At pu—veQN\Q;

Proof The fact that any Y(g)-module homomorphism f - U ® V — W maps U; ®
V, into W, follows from (5.2) (i) and (iii). If f =0, the image of f contains a
Y(g)-highest weight vector w € W. By (5.2) (i) and (iii) again, w is in the image
of the restriction of f to U; ® W;. By (5.2) (ii), f is surjective, and the linear
map (25) is injective.

Part (ii) follows immediately from part (i). [J

Lemma 5.5. Let V and W be finite-dimensional irreducible Y(g)-modules, and let
O+J C 1 Assume that V; @ W; contains a non-zero Y(g)-highest weight vector
u which is also an Y-eigenvector of weight v € P*. Then, (V @ W), contains a
Y(g)-highest weight vector

Proof Clearly, A+ u—ve Q. It follows that u € (V ® W)}*. The result now
follows from the discussion preceeding (3.1) [

6. The A4, Case

In this section g is of type 4, (n = 1) The Coxeter number 4 of g is n+ 1.
Proposition 4.6 implies that Conjecture 4.7 is a special case of

Theorem 6.1. Let 1 < i,j,k < n, a,b,c € C Then,
Homy gy (Va() ® Va(2y), Vi34 )) %0 (26)

if and only if one of the following holds:

Di+j<n+lLk=i+jb—a=3i+))c—a=3j

(i) i+j>n+L, k=i+j—n—1, b—a:n+l—%(i+j), c—a:%(n—i—
1-j)
Remark 1t follows from 6.3 (i) below that the space

Homy g)(Va( %) @ Vo(4;), Ve(k))

is one-dimensional when it is non-zero.
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We shall also prove the following:
Theorem 6.2. Let 1 <i < j < n, a,b € C. Then, V(L) ® Vy(4;) is not a highest
weight Y(g)-module if and only if
b—a= %(j—i)-l—r for some 0 < r < min(i,n+1—j).

Hence, V,(4;) ® Vi(4;) is reducible as a Y(g)-module if and only if

b—azi(%(j—i)—}-r) for some 0 < r < min(i,n+1—j).

Remark. One can show further that, when b—a= %( j—i)+r for some
0 <7 £min(i,n+ 1 —j), the Y(g)-module ¥;(4;) ® V3(4;) has a Jordan-Holder
series of length two:

0>V — V;(il) ® I/b(/l]) — I/a+ (Ai—r) ® I/tvl+%(j—i+r)()"j+r) —0 s

1
2
where V is an irreducible Y(g)-module such that
r—1
V= @W(Ai-s + Ajrs)
s=0

as g-modules.
We begin with the following.

Proposition 6.3. Let 1 < i,j,k < n.
(1) We have

C ifk=i+jork=i+j—n—1,

Homg(W (%) ® W(;), W (%)) = {0  horise

(ii) As g-modules, we have
Va(A) = W(4) .
(iii) Let a,b,c € C. Then,
Homy g)(Va(4:) ® Vo(4;), Ve(4k)) = 0

ifk*i+jori+j—n—1Ifk=i+jori+j—n—1, and a and b are fixed,
the space
Homy g)(Va(4:) ® Va(4;), Ve(Ax)) $0

for at most one value of c, in which case it is one-dimensional.
Proof. Part (i) is easy, part (ii) is well known (see [11 and 8]), and part (iii) is
immediate from parts (i) and (ii). O

Proof of 6.1. By induction on n. The case n =1 is proved in [6). Twisting by ¢
and using (3.5), we see that

Homyg)(V2(4:) ® Vp(4;), Ve(Ak)) %0
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if and only if
HomY(S)(V%(n+3)fb()°”+1—/) @ V%(/1+3)~a(2‘”+1_")’ V%(lz+3)—c(;“”+1‘k)):’:0

Hence it suffices to prove the theorem when i+ < n + 1.
Assume that
Homyg)(Va(4) @ Vp(4), Ve(24)) 0 (27)

Since i + j < n, 6.3 implies that £ =i+ Noting that
Aitlp—livj € OF,
where J ={1,2, ..,i+/j— 1}, (5.4) gives
Homy g ,\(Va(4i) @ V(4), €C)+0,
whence b —a = %(i +j) by (3.6).
The value of ¢ can be computed as follows Using (3.5) and (3.6), (27) implies

that
Homy(g)( a+5 (l+j)(A/)’ a+t > (11-!—1)(/”’7"’1 ’)®V(/1"+/)):*:0

and hence, by taking left duals, that
Homy ) (V,_ 1(y,+1)(/bn+l —i-))® Va(Z), V, a—Lnt1-1— ,)(/”n+l~j)):':0

The first part of the proof now shows that

a*(c~%(n+1)> :%(i—!—n—kl—i—j),

ie
c—a=g3j
For the “if” part, suppose that k =i+ j, b —a = 2(1’ +j)andc—a= %j. Using
(54) with J ={n—i—j—2, ..,n} and (5.5), we sce that
(V 1(,,+1)(/”n+1 ;)® a__(,,+1)(/tn+1 1))/“1 —iey +0.

Since there is no non-zero dominant weight strictly less than /,.;_;—;, it follows
that for some ¢’ € C,

HomY(q)(V/ l(n+1)(/1n+l —i— 1) (/H_l)(/ll’l-f-]—j) & V_%(n+1)(;v11+1 ) +0
Applying (3 5) and (3 6) shows that
Homyg)(Va(4:) ® Vi(2,), Vor (7)) %0 .

But then, by 6.3 (iii), ¢’ is uniquely determined, and by the “only if” part, ¢’ = ¢
The proof of 6.1 is now complete [

Proof of 6 2 By induction on n. If n = 1, the result is contained in [6]. Assuming
the result is known when g is of type 4,, for m < n, we prove it when g is of
type A4, by induction on min (i,n + 1 — j). If i = 1 or j = n, the result follows from
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(6.1) and (6.3), since

W(21) @ W () = W(h + 4) & W (A1),

W(in) @ W(Aj) = W(kn+ Aj)) ® W(Aj—1) .

Assume now that min(i,n + 1 — j) > 1. To prove the “only if” part of (6.2),
consider the case i +j < n+ 1 (resp. the case i +j > n+ 1).

Since V;(4;) ® V3(4;) is not a highest weight Y(g)-module, there exists an irre-
ducible Y(g)-module ¥ with g-highest weight A = 4; + A; — 7, for some 0+# € Q7
such that

Homyq)(¥Va(4) ® Vo(4), V) *0.

By (3.5),(3.6) and (6.1), we have
HomY(g)( Va+%(/’{i—1) ® Viw(lj), V:H—%(n—i)(in) ® V)=*=O B

(resp.
HomY(g)(Vtvl('li) & Vb_%(lj+1)a Ve V_%(H_l)(/ll ))4:0) .

If b—a#%( j—1i)+r for any 1 < r < i, then by the induction hypothesis on
min(i,n + 1 — j), V‘H_%(A,-_l) ® Vo(4)) (resp. V,(4)® V_%(/lﬁl )) is a highest weight

Y(g)-module, so
M+ A S+ Ahi+A4—1,

ie.
N=oi+ -+ o,
(resp.
hit iy S +Ahi+4i—n,
i.e.

o+ +a).

This, together with the requirement that A€ P*, forces #=o; +---+a;, so
A=li_1+ /1j+]. Noting that Ai + Aj — A1 — /1]'.,_1 c Q:;, where J = {i,i+ 1,...,j},
it follows from (5.4) that

Homy g ,)(Va(41) ® Vo(4j—it1), €)F0.

By (3.6), we see that b —a = %(j — i)+ 1, as required.

We now prove the “if” part of (6.2), assuming it when g is of type A, for
m < n, and for smaller values of min(i,n —j+ 1) when g is of type 4,. We
consider three cases.

Suppose first that i +j < n+ 1 (resp. i+j > n+1). Let

1
b—a=§(j~i)+r forsome 0 <r =i, (28)
and assume for a contradiction that ¥,(4;) ® V3(4;) is a highest weight Y(g)-module.

Let J' = {1,2,...,n— 1} (resp. J' = {2,...,n}). Since V(1) ® Vs(4;) is assumed
to be Y(g)-highest weight,

Va(Ai)yr @ Vo(A1)yr C Y(8)* (v; ®v;)
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where v; and v; are Y(g)-highest weight vectors in ¥;(/4;) and 73(4;). But then (5.2)
implies that
Va(Ai)yr @ Vo(Z4y)yr C Y (8y0) - (v, @ v))

and hence that V,(4;),s @ Vp(4;), is Y(g,7)-highest weight. By the induction hy-
pothesis on #n, b —a cannot take any of the values in (28). This is the desired
contradiction.

If i + j = n + 1, the argument used above fails when b — a = %(n + 1), since in
that case V,(4,); ® Vp(4;), is Y (g, )-highest weight. But for this value of b — g,
the contradiction is immediate from (3.6).

We have now completely proved Theorem 6.2, except for the final statement,
which follows immediately from (3.6) and (3.8). O

7. The D, Case

In this section g is of type D,, (n = 4). The Coxeter number s is 2n — 2.
Conjecture 4.7 is a special case of

Theorem 7.1. Let 1 £i < j <k < n,a,b,ce C Then,
Homy (g)(Va(4:) @ Vi(4;), Vo(45)) %0
if and only if one of the following holds:
W)i+j=n—2k=i+jb—a=3(i+))c—a=13j
()i+jznjsn—2k=2n—i—j—2b—a=%i+j),c—a=1j
(ii)i<n-2,j=n—1,b—a=3n+i-1),c—a=3(n—i-1),
k_{n—l if n—1iis even,
n if n—1iis odd,
(vyisn—-2,j=nb—a= %(nJri—l), c—a= %(n-i—l),
i n if n—1iis even,
“\n—=1 ifn—iisodd.
Moreover, the space of homomorphisms in (26) is one-dimensional when it is
non-zero
We shall also prove

Theorem 7.2. Let 1 <i < j <n Then, V(4)® Vy(4;) is not a highest weight
Y(g)-module if and only if one of the following holds:

(i) j=n-2,

b %(j—i)+r Jfor some 0 < r < min(i,n — j), or
—a=
n—l—r—%(j—i) for some 0 < r < min(i,n — j),

(i)i<=n—2,j=n—1o0rn,

1
b—a:E(n—l—i)—rr for some 0 < r < i;
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(iii)y i=j=n—1 or n,
b—a=n—r—1 forsome0=r < n—2 withn—r even,
(iv)i=n—1, j=n,
b—a=n—r—1 forsomeO=<r <n—2withn—r odd.
Hence, V,(4;) ® Vi(4;) is reducible as a Y (g)-module if and only if (b — a) takes

one of the above values.

We first recall from [7], Theorem 6.2, the g-module structure of the fundamental
Y(g)-modules.

Proposition 7.3. Let a € C. Then as a g-module,

(41 o
Va(A) = { oW (Aicax) ifisn—=2,
W) ifi=n—1orn,

where Ay = 0. O

We first prove

Proposition 7.4. Let 1 < j < n—2 and let vy and v; be Y(g)-highest weight
vectors in V(A1) and V(4;), respectively.

(1) Va(A) ® Vo(4) is not a Y(g)-highest weight module if and only if b —a =
LG+1)orn—4@G+1)

(i) If b—a= %(j-i— 1) or n— %(j-{— 1)), then V(A1) ® Vs(4;) has a Jordan—
Hoilder series of length two, namely

0= Y(g) (0 ®v)) = Va(h) ® V(%)) = ¥y 1 (A1) = 0,

or
0= Y(8): (1 @) = Va(A1) @ Wo(4j) = Vo3 f(Aj=1) = 0),

respectively (if j = n — 2, the first short exact sequence should be replaced by
0—Y(g) (n1 Qvj) — Va(A1) ® I/b(xj) - Va+%(n_2)(/1n—l )® V;H_%(n_z)(/ln) —0).

Proof. Let b—a=3(j+1) and J ={1,2,...,n—2}. By (6.1), the Y(g)-sub-
module V;(4;); ® Va(41)s of Vo(4;) ® Va(Ar) has a Y(g,)-highest weight vector of
weight 4,y = A1 +4; — oy —--- — o; for g. Hence, by (5.5), V3(4;) ® V,(41) has a
Y(g)-highest weight vector of weight A;.;. But then, by (3.14), Va(41) ® Vp(4;)
cannot be Y(g)-highest weight.

For the converse, assume that V;(41) ® V3(4;) is not Y(g)-highest weight, let
M = V(A1) ® Vo(4;)/Y(g) - (v1 ®v;), let N be an irreducible quotient of M, and
let A € Pt be the maximal weight of N as a g-module. The dominant weights
A < A + 4; are of two types:

(1) jz3, A=k +4—n 0 <k =[j/2], and
(i) A= Ajy1—%, 0 S bk S [(j+1)/2],
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with the understanding that 4o = 0 In case (i),
Homy g)(Va(41) ® Vp(4,),N)#0,
which implies that
Homy q)(V(4)), Vasn—1(41) ® N)#0,

and hence that 4; < 2/4; + A;_o This implies that k = 1, i.e. A =2, + 4,—». But
then 4, + 4, — 42 € Oy, where J' = {j — 1,j,...,n}. Hence, (5.5) implies that

Homy(q ,,)(V5(42), C) %0,

which is absurd. Thus, case (ii) must hold. As above, one sees that k = 0 or 1 (and
k=1if j =n—2), so we must have either

(iia) Homy(q)(Va(/1) @ Vi(4)), VeZ:1)) #0 (if j < n—2), or
(llb) Homy(g)(V‘;(/l] ) ® VZ;(/ZJ ), Vc(;»jﬁl ))=|=0,

for some ¢ € C.
In case (iia), note that Ay + 4; — Aj41 = oy + - - +a; € QF,, where J” = {I,
2,.. ,n—2}. Hence,

Homy(q ) (Va(21) s & Vo(2)) 1, Ve 2y 1)1 ) %0,

which gives b —a = 1(j+ 1) and ¢ —a = 1}, by (6.1).
In case (iib), we get
Homy(g)(P3(4))s Vagn—1(21) @ Vo(2j-1)) %0,
and hence, taking left duals,
Homygy(Ve—ps1(2j=1) @ Va(21), Voeni1(4;)) +0 .
Finally, twisting with ¢ gives
Homy q)(Vi—a(41) @ Vap—1—c(Aj=1)s Van—1-5(4;)) %0 .

We are now in the situation of (iia). Hence,
1, 1.
2n*1—c~(n—a):§j and 2n—1—b—(n—a):§(]—l),

Le.
1 1
b—a:n—i(j%-l) and c—a:n—l—ij.

We have now proved (i) In fact, the preceding argument shows that, if 7 is an
irreducible quotient of V,(41) ® V;(/,) with highest weight different from 4, + 7,
then either

Lo N ~
b—a= 5(1 +]) and ¥V & Va—r%](/LjJrl)’

or
1
boa=n—(+1) and VEV, 100, (29)
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We prove part (ii) of (7.4) when b —a = %( j 4+ 1); the other case is similar.
First, if N is any Y(g)-submodule (or quotient module) of V;(41) ® V5(4;), then,
since Homyq)(Va—nt1(41) ® N, Vo(4;)) #0, (resp. Homyg)('N & Va(A1), Vo—ns1(4;))
+0), we see by using (7.3) that

my(N)=+0 if jis odd, and m(N)+0 if jis even.

If L =Y(g)- (v ®v;) is reducible for ¥Y(g), let L' C L be an irreducible Y(g)-
submodule. Then, L' = V,(4,;) for some e € €, and we get

Homyg)(Ve(4j-1), Va(41) ® Vp(4;))#0.

But this is impossible when b — a = %(j + 1), by (29).

Let M be the quotient V(A1) ® Vy(4;)/L. Then, M = Y(g)+M,,,,, since oth-
erwise M would have an irreducible quotient which would have to be of highest
weight A;_;, and we have seen above that this is impossible for this value of
b —a. Since M is non-zero, this shows that M,{j. .1 F0. On the other hand, since

My, C M, we have
dim (M),,,) < my, (Va(A41) ® Vo(4))) -

This multiplicity is one, and so M; ,, is one-dimensional. Thus, M is a highest
weight Y(g)-module with g-highest weight 4;,;. If M is not irreducible for Y(g),
it contains an irreducible Y(g)-submodule, which must be of the form V;(4;41-2)
for some 1 <k < [(j+1)/2], d € C. By (7.3), this means that m; (M) =2 if
J is even, and mo(M) =2 if j is odd. But this would mean that mo(L) =0 or
my, (L) = 0, and we have seen that this is impossible. [J

To prove (7.1), we need
Proposition 7.5. Let 1 <i <n—-2,a€C.
() If n—i is even,
Homy g)(Va(Zn) ® Vo(4n), Ve(4:)) 0
ffb—a=n—i—1, c—a:%(n—i—l),
Homyg)(Vz(An—-1) ® Vo(An—1), Ve(4:)) %0
iffb—a=n—i—1, c—a=%(n-i—l).
(i) If n—1i is odd,
Homyg)(¥a(2n—1) ® Vo(4n), Ve(4:)) %0
ffb—a=n—i—-1, c—a= %(n—i—l),
Homyg)(72(4n) ® Vo(An—1), Vo(4:)) %0

1
ffb—a=n—i—1, c—a=§(n—i—1).
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Proof. We prove the first statement in part (1); the proofs in the other cases are
similar. In [7], Proposition 6.2, we established that, if b —a = n — i — 1, there exist
¢,c’ € € such that

Homy g)(Va(4n) @ Vo(4n), Ve(4:))+0

and
HomY(g)(Kz(/ln—l )® I/b(;Ln—I ), Vc’(;‘i)) +0 .

To see that ¢ = ¢’ =a+ %(n —i—1), notice that since m; (V(1,)® V(i) =1,
the values of ¢ and ¢’ are uniquely determined by a and b. But now, twisting by
¢ and applying 7,45 gives
HomY(g)( Va(on) @ Vo(2n)s Varp—c(4:)) F0
and
HomY(g)(Va()vn—l )® I/Z)(/ln—l ), Va+b—c’(/11)) *0,
and hence
a+b—c=c and a+b—-c =c.

Conversely, suppose that Homyqg)(V,(4,) ® Vi(4n), Vo(4;)) 0. We prove by in-
duction on n that b — a and ¢ — a have the stated values. If n = 4, the result fol-
lows from (7.4) (i) by using a diagram automorphism of order three of Y(g), so
the induction begins Assume the result when g is of type D,, with m < n. Now,
22, — 4 € QF, where J = {2,3,...,n}, so by the induction hypothesis on n, we get

b—a=n—-1—-(G(-1)—1l=n—-i—-1.
The value of ¢ — a is determined as before. [

Proof of Theorem 71 We only have to prove the theorem in cases (i) and (ii),
since (7.5) establishes cases (iii) and (iv).

The “only if” part is proved by induction on n. The induction actually begins
at n =3, when g is of type A3, and the result in that case is contained in (6.1).
Assume now that n = 4 and that the result is known when g is of type D, for
m < n.

Suppose then that

Homy () (Va(4) ® Vo(4)), Ve(4x)) +0 . (30)
This implies by Proposition 7.4 that
Homy(q)(V,_y (1) @ V1) (21) @ Fh(2)), Vi) 40,
and hence
Homy q)(Vy 15 1)(41) @ Vo(4): Vo3 (A1) © Fe(4)) 0.

Let F be a non-zero element in Homy(g)(VaJr%(i_l)(/l])@ Vo(4;), V;1+n_%(ii_1)®
Vo(%)), and let v; and v, be Y(g)-highest weight vectors in V;H%(l_l)(/h) and
Vs(4;), respectively. We first prove that one of the following must hold:

() b—a=1(i+/) and F(v; ® vj) = 0;
(ﬁ)b—a=n—1—%(j—i) and F(v; ®v,) = 0;
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() For®v)*+0,i+j<nmk=i+j—2,b—a=3({+j)—1,c—a=1j
(0) Fv1 ®v))*0,i+j2Zn+2,k=2n—i—jb—a=%(i+j)—l,c—a=1j.
If F(v; ® v;) = 0, then, by (7.4), we see that either («) or () must hold. On

the other hand, if F(v; ® v;)=0, then, using the fact that 4, + A4 — 4 — 4; € O,
where J = {2,3,...,n}, we see from (5.5) that, if i > 2,

Homy g ,)( Va+%(li—2) ® Vp(Aj—1), Ve(Ak—1)) %0 .

The induction hypothesis on » now shows that either (y) or () must hold. If i = 1,
the same conclusion follows from (7.4). Finally, if i =2, we get b=c and j =k,
SO

F: VH%(M)@) Vo(4i) = V., 3(A1) ® Vi(4;) .

+n—x5

Since a + %=|=a +n— %, 3.2 implies that F(v; ® v;) = 0, contradicting our assump-
tion. This completes the proof that one of («)—(d) must hold.

Next, we prove that (30) implies that () must hold. Observe that if we twist
by ¢ and apply T,+s—n, then (30) implies that

Homyg)(Va(4)) ® Vo(4i), Vasp—c(A))*0 .

Suppose that a, b and c satisfy the conditions in (y) or (6) above. Then, it is
easy to see that a,b and a + b — ¢ do not satisfy any of the conditions (a)—(9).
Thus, the only possibilities are («) and (). We prove by induction on i that (f)
is impossible.

If i =1, we know by (7.4) that k =j+ 1 (since i < j < k) and that b —a =
%( j+ 1), so (B) is impossible in this case. Assume that (o) is the only possibility
for i — 1. If (B) holds for i, we see from (7.4) that

HomY(g)(V:H.n_l_ %(j_,q.])(/lj—l ), Va.;_,,_ 3 (4i-1) ® Ve(A)) #0,
or equivalently that
HomY(g)(V_%(ii—l) ® I{Hn_l_%(j_,'_,.])(/{j—l ), Ve(Z)) #0.

Since («) holds for i — 1, we get

| 1y 1. .
a+n—l——§(j—l+1)—(a—§)—2(1—1-] 2),

i.e. j = n, contradicting our assumption that j < n. This completes the induction,
and proves that (30) implies («).
We now show, again by induction on 7, that (30) implies that either (i) or (ii)
in the statement of (7.1) must hold. If i = 1, the result follows from (7.4).
Assume the result for i — 1. To complete the induction we consider four cases:

Case 1. j <k =n—2.By (74), () givesk=i+jor2n—i—j—2,
Homyq)(V,_ 1 (4i=1) ® V1615 1y(A+1), Vo)) 0,
and
e~ (a-3)=30+D.

ie.c—a= %j. Thus, either (i) or (ii) in 7.1 must hold for i.
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Case 2 j =k < n—2. Again, («) gives

Homyq)(V,_s (o) @ V1o (A1), V(7)) 0

Unfortunately, (7 1) does not apply to this because j + 1 < j However, the non-
vanishing of this last space of homomorphisms is equivalent to

HOmY(g)(V(7”+I(;€,/) ® I/;,_%(Zi—l )a Vt'l+%(i+j—1)—n+1(;‘/+1 )):':O >
and hence, twisting by ¢ and then applying 7,_;, to
HomY(g)( V,[,Jr%(/lz—l ) Y V—c +u*1(;vj )7 V_a_%(,Jr/_l)_H],](/Av/-H )) *0

We can apply the induction hypothesis to this inequality, and this gives that j + 1 =
i—l+jor2n—(—1)—j—2, and

1 1
c+n ( a+2> 2(1 +7)

and

In both cases, we get i +2j =2n—2 and ¢ —a = %j, so (7 1) (i) is satisfied (we
already know that b —a = %(i +7))

Case 3 i <n—2,j=k=n—2 We show that this case is possible only if /i =2
(it is obvious that i must be even). We first determine the value of ¢ Observe that
(30) implies that
Hom)’(g])(l/c'—/1+l(;;r1—2) Y V;l(;l)’ I/17—/1—#1(/117—2)):':0 s
and hence, twisting by ¢ and applying t,_;, we get
HomY(g)(V—a(;d) & V7(+!I—|()'1172)3 V~b+n——l(;vnf2)) +0

Since (o) must hold for this, we get
f i)
c= —(n—1).

ato(n—i

By (74), we see that (30) implies
HomY(g)(Va—nﬁ(ws)(’tl) ® Va+%(;“’+1 )@ KJ+%(;1+1~2)(;“'1*2)’ V;+%(nfi)(}'ﬂ—2))*0 )
which gives
HomY(g)(I/Lz+%(;*1+l )® V,;+%(”+i_2)()vnfz ), Kz+%(i+1)()“l ) @ I/‘,+%(,,_[)()vzz—2)):|:0

By (7 4) again, the module on the right-hand side of this space of homomorphisms
is irreducible. Thus, if vy and v, are Y(g)-highest weight vectors in V 1 H)(/il)

and V ! (”_l)().,,*z), respectively, v; ® v,—, must be in the image of any non-zero
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homomorphism F in
HomY(g)(I/tz+%(/1i+1 )® Va+%(n+i—2)()'"'2)’ Va+%(i+l)(/11) ® I{J+%(n—i)(j'”_2)) .
Since Aiy1 — A1 € OF, where J = {2,3,...,n}, we see from (5.5) that

HomY(gJ)( 1()’)® V+ (n+, )(/ln 3)5 at+i (n ,)()Ln 3)):':0
The induction hypothesis on » now proves that i = 2.

Case 4. i=j=k=n—2. In this case, we have b=a+n—2andc=a + %(n—Z).
Equation (30) implies that

Homy(g)(Ve—nt1(Zn—2) ® Va(An—2), Voent1(An—2)) 0 .

But (o) does not hold for this if n+4, and (7.1) (ii) holds if n = 4.

Finally, the inductive step, and with it the proof of the “only if” part of (7.1),
is complete.

We now prove the “if” part. Suppose that (i) holds. Taking J = {1,2,...,
n — 2}, we see that I/H%(Hj)(ij) ® V,(4;) has a Y(g)-highest weight vector of weight

Aiyj. This vector cannot generate a reducible highest weight Y (g)-submodule, since
otherwise it would have an irreducible Y(g)-submodule, which would necessarily
be of the form ¥.(4,) for some » < i+ j, and this is impossible by the “only if”
part of (7.1).

Suppose now that (ii) holds. Recall from the discussion in Sect. 4 that we may
assume that i < j < k.

Consider first the case when n,i and j are all even. By (7.5),

Homyg)(V, _ L(nti- 1)(/1,,)®V(i )Y, a—t(n—i- 1)(}L NF0,

HOmy(g)(V_l(n i), Y, VT H(A) @V, 1(i+j)_n+1(/1,))=l=0.
Hence,
Homy(g)(V—%(n-‘—i—l)(l”)@V(ll )V, atj—Ln—i- 1)(’1'1)® a+i(+i)— 1 (A))F0,
or equivalently,
Homy q)(Va(4) ® ¥y 14y (As Ve L noimy(An) @ Vo s 1y 1y (An)) 0.

We consider the composite of a non-zero element F of this space of homomorphisms
with the non-zero homomorphism

V;+%(n—i 1)(’l )®V+J Ln—i— 1)('1 )= Vo 1(12'1 2-i—j)

given by (7.5). This composite cannot be zero, otherwise the image of F would be
a Y(g)-module N for which

Homy (‘N ® Va(2i): Vi 3 i1jy-ni1 () #0 - 31)
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Moreover, the irreducible g-modules occurring in N would be among the set
{W(250)s W(on—2), W (n—a)s o s W(lan—i—j)} -
Since i £ k=2n—i—j—2,
mo('N @ W(2)) =0,  my(W(%)) =1,
so (31) is impossible
The proofs in the other cases are similar applications of (7.5) and the g-module

decomposition of the fundamental Y(g)-modules. We omit the details.
This completes the proof of the “if” part of (7.1). O

It remains to give the

Proof of 72 We proceed by induction on n. As usual, the induction starts at n = 3,
where the result is known from (6.2). Assume now that (7.2) is known when g
is of type D,, for m < n. To prove the result when g is of type D,, we consider
first the case when i < j = n — 2, and proceed by induction on min(i,n — j). The
induction starts when i = 1, this case being covered by (7.4).

Assume that V,(4;) ® F,(4,) is not Y(g)-highest weight. Let v; and v; be Y(g)-
highest weight vectors in V(/4;) and V' (4;), respectively, and let N be an irreducible
Y(g)-quotient of V' (4;) ® V(4,)/Y(g) - (v; ® v;). Then, we have

Homyg)(Va(4) @ Vi (4;),N) %0,

and N; 5y = 0. Assume for a contradiction that b — ¢ takes none of the values

1
SG=D+r  0<r<min(n—)),

or

n—1+%(z’—j)~r, 0=r<min(i,n—j).
If i+ < n, we use (7.4) to get
Homy (V11— (4) @ Vo 1(Zi-1) @ Vo(4)), N) 0,
and hence
Homyig)(Vy, y G 1) @ ViUV, 1oy () @ N) 40, (32)

By the assumption on b — a and the induction hypothesis on min(i,n — j ) Va(Z—1)
® Vy(4;) is Y(g)-highest weight. Hence, /j + /4 = 2,y + 4;, sO 4= /;+ 4Aj — 1,
where n = >, r;0, € O satisfies

n=on+2m+ ey 200+ F o)+ % %
If r, =0, let J ={2,3,...,n}. Then, by (5.4),

Homy g ,)(Va(4i—1) @ Vp(4;—1),N;)=*0 .
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By the induction hypothesis on n, we have

h— _{%(j—i)'i‘r for some 0 < r <i—1, or

n—2+%(i—j)—r forsome 0 < r<i—1.

But all these values have been excluded.

Using 4 € P*, one sees that the case ; > 0 is possible only if i = 2, and then
either n = 1, or n € Qf,, where J' = {1,2,...,n —2,n— 1} or {1,2,...,n —2,n}.
In the first case, A = A; and (32) becomes

Homy(g)(l/‘z+%(’11 ) ® VZJ()“]), Va+n—-—%(i+l)(/’{1 ) ® VC(;LJ)):#:O > (33)

for some ¢ € C. By the assumption on b — a, V;H%(/h)@ Vp(4;) is Y(g)-highest
weight, but then (33) contradicts (3.2). In the second case, (5.4) gives

Homy(q ,)(Va(42) ® Vy(4;), Ny ) *0,

and then (6.2) gives
1. 1.
b—aZE‘] or 5]‘{-1
Both of these values have been excluded.
Thus, we have obtained the desired contradiction when i+ j < n. If i +j > n,

one uses a similar argument, but using (7.4) to replace (32) by
Homy gy (Va(4:) ® Vb_%(ljﬂ),N ® V[,Jr%(l_j)(ll))*o-

This proves the “only if” part of (7.2) when j < n — 2.

For the “if” part, note that the i = 1 case is contained in (7.4). Suppose that
i>1 If b—a=3(j—i)+r, where 0 <r < min(i,n —j), let J” ={1,2,...,
n—1}. By (6.2), Va(4i);n ® Vs(4;), is not Y(g)-highest weight, so by (5.5), nei-
ther is V(A)® Vp(4;). f b—a=n—i+ %(i —Jj)—r, where 0 < r < min(i,n —
j), one uses the same argument with J” replaced by {2,3,...,n} and uses the
induction hypothesis on n instead of (6.2). For the remaining value b —a =
n—1+ %(i — J), note that, if i%;, we have

Homy q)(Va(4) @ Vo 1416y (A Varno1 - 4 () (Ai=)) F 0,
by (7.1), while if i = j, then by (3.4) and (3.6), we have
Homyq)(Va(4i) @ Vayn—1(4:), €©)*0 .

In any case, this implies that V(1) ® V3(4;) is not Y(g)-highest weight.

We now consider part (ii). If j = n, the result follows by the above argument,
using (5.5) and (6.2) (and the same J"). If j =n — 1, replace J” with {1,2,...,
n—2,n}.

Finally, parts (iii) and (iv) follow immediately from (7.5). O

8. The B, and C, Cases

In this section, we give the analogues of Theorems 6.1 and 7.1 when g is of type
B, or C,.
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Theorem 8.1. Let g be of type By, and let 1 < i < j <k < n, a,b,c € C Then,
Homy(g)(Va(%) @ Vi(2)), Ve(x)) 0

if and only if one of the following holds

NYi+j=n—lLk=i+j,b—a=i+j,c—a=],
(iyi<n j=k=nb—-—a=n+i-1l,c—a=n—-i—1 01O
The proof of this theorem is very similar to that of (7.1). Although we shall

omit the details, we remark that the argument used to prove the existence of a
non-zero homomorphism of Y(g)-modules

Va(/:l)® Vb(/“j> - V((/:zn;z_,;/)
(for suitable a, b, c) when g is of type D, fails to produce a non-zero homomorphism
V;I(/I) & Vé(//) - V((;~2n¥i7j)

when g is of type B, (as would be predicted by condition (D) alone) because of a
difference in the way that tensor products of spin modules for g behave in the two
cases. Namely, in the B, case, the tensor product of the spin module with itself
contains every fundamental g-module except the spin module, whereas in the D,
case, the tensor product of the two spin modules, or of a spin module with itself,
contains only “half” the remaining fundamental g-modules.

Theorem 8.2. Let g be of type C,, and let 1 < i £ j <k < nya,b,c € C Then,
Homy (o) (Fa(2) ® V(7))  V.(74), €©) 0

ifandonly if i+j <n k=i+jb—a=3(i+j),c—a=3j O

The proof of this theorem is similar to that of (6 1). Note that the fundamental
Y(g)-modules are irreducible as g-modules in both the 4, and C, cases (see [11
and 8])

Remark We can use (6 1),(7.1),(8 1) and (8.2) to prove (4.2), avoiding the use
of the PRV conjecture In fact, we can prove a more general result. Suppose, for
example, that g is of type D,, and that7,; < n —2,a,b € C Let V be any irreducible
quotient Y(g)-module of V,(4,) ® V,(4,), and let 2 be the highest weight of V' as a
g-module Then,

Homg(W (2;) @ W(4,), W(.))=*0 34)
Indeed, since / is dominant and < 2, + /;, we have either

(i) 2 = /4 for some k, or

(ii) 2 = /4 + 4, for some k,/.
In case (1), we know that (i, /,k) satisfies the conditions in (4.5), and then (34) is
casily checked In case (ii), 4, +4; — 4 — 7, € Q;, where J = {2,3, ,n}, so by
(54) and an obvious induction on n, we have

}10m}]/(W(;'l )J 2 I/I/(;/ )J7 W(/A)J):‘:O 5
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which implies
Homy(W (4;) ® W(4;), W(4))=*0.

Similar arguments apply in the other cases.

9. The Quantum Affine Case

In this section, we indicate how to translate the preceding results from the context of
Yangians to that of quantum affine algebras. We use freely the notation established
in [8], Chapter 12. We assume throughout that the deformation parameter ¢ is not
a root of unity.

To find the quantum affine version of (6.1), for example, one replaces Y(g) by
U.(8), V,(X;) by Vi(A,a), etc., and conditions such as

1 1
b—a=3(i+j), c—a=gj

in (6.1) (i) by . _

bja = ¢/, cla=¢l.
Similarly, in (6.2), the condition for V;(4;,a) ® V(4;,b) not to be a highest weight
U,(§)-module is

bla = ¢/~ for some 0 < r < min(i,n+1—j).

The main results in Sects. 7 and 8 can be translated in the same way. We leave this
to the reader, as well as the straightforward problem of appropriately reformulating
the proofs.

10. Appendix: Dorey’s Rule and Affine Toda Theories

In this section, we sketch how Dorey’s condition arises in the context of ATFTs. We
shall consider only those ATFTs based on untwisted affine algebras. The exposition
is a slightly expanded version of that given in [14].

We begin by summarizing some results related to Coxeter elements, for which
we follow [16]. Let oy = —6, Xoi =X,5, and I =111{0}. Let k; (i €I) be the
coprime positive integers such that

Z k,‘O(,‘ =0
i€l
(so that kp = 1), and set
X =2 VhXE.
iel

Since X is a regular element [16], its centralizer is a Cartan subalgebra ) of g.
Note that [X*,X] =0, so X* € }. Recall also that h =), k.
Let H € b be such that o;(H) =1 for all i € I, and set

A = exp <2n\/_—ll-1> .

h

Thus, 4 lies in a connected complex simple Lie group G with Lie algebra g.
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Note that the centralizer of 4 in g is Iy On the other hand, it is clear that
AdDXT) = ot X T,

where @ = 2™~ It follows that Ad(4)(l) =’ In fact, it is known [16] that
Ad(4)|yy is a Coxeter transformation of Iy, ic. one can choose an ordered set of
simple roots aj,05, o, of g with respect to )’ such that

V= Ad) ly = sish 5.

where s/ is the i simple reflection in the Weyl group of g with respect to by
Define, for i € I,
(}5; = Sl/zS:1—l S;—H(O(;) >
and let R/ be the }’-orbit of ¢/
Choose root vectors X,/, for every root ' of g with respect to by, such that

Ad(A)X) = X |

and set

H =3 Xy. (35)
B'ER!

It is clear that Ad(A4)(H,) = H,, so H, € . Obviously, the H; are linearly indepen-
dent, and hence form a basis of

We now turn to Toda field theory The ATFT based on the affine Lie algebra
g is defined by the lagrangian

vt |ow| m
sonr= [ [{[] -] oo ana
X

where ¥ is a function of the coordinates (x,7) on 1 4+ 1 dimensional spacctime with
values in b, (', ) is the invariant bilinear form on g, m? is a (positive) mass scale,
and f is a coupling constant (usually either real or purely imaginary). Since the H,
are a basis of I, we can write

Vo=, (36)

iel

where the i are scalar-valued functions. The component ), is associated with the
i particle of the theory The potential term

V(lp) _ (ead(‘l’)<X+),X~)

in £(¥) can be expanded formally as a power series in the s,

V(‘I’):i > Vg oW, Wy,

p=0iy,1p, Jip€l

and one says that there is a coupling (or fusing) between the particles labelled
il;izs' '$i[) if l/lllz ip :*:O
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From (36),

Viliz ip = Z ([Hln(l)a l,,(z)a . [Hl,,(py ] o ]]9X_) ’

where the sum is over all permutations 7 of {1,2,..., p}. Next, using (35), we get

Vi1i2 ir = Z Z Z Z ([X[}’ls[Xﬂé,,[Xﬂ;’X-'—]]]9X_) .
™ BlER] pe B ER’
in(1) 2 l n(2) p in(p)

(37)
Since the weight of
[X[};,[Xﬁé,...,[XB;,X*'] -]

with respect to b is ] + f; +--- + B, it is clear that the term on the right-hand
side of (37) corresponding to f7, ), ..., B, can be non-zero only if

Pr+bht--+B,=0,
and hence that

V.

iy i, ¥0 only 1f0€R' +R’ --+pr

Thus, the p-point coupling Vi;, i, +0 only if i1,i2,...,i) satisfies (D). The con-
verse statement also holds when p = 3, but this requires a case-by-case analysis,
which we omit.
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