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Abstract: Using explicit expressions for a class of singular vectors of the N =2
(untwisted) algebra and following the approach of Malikov—Feigin—Fuchs and Kent,
we show that the analytically extended Verma modules contain two linearly indepen-
dent neutral singular vectors at the same grade. We construct this two dimensional
space and we identify the singular vectors of the original Verma modules. We show
that in some Verma modules these expressions lead to two linearly independent
singular vectors which are at the same grade and have the same charge.

1. Introduction

The highest weight representations of the Virasoro algebra play a crucial role in
analysing conformal field theories. In most cases these representations contain sin-
gular vectors which lead to differential equations for the correlation functions and
hence describe the dynamics of the system. Benoit and Saint-Aubin [3] gave ex-
plicit expressions for a class of the Virasoro singular vectors (the BSA Virasoro
singular vectors). Using these results, Bauer, Di Francesco, Itzykson and Zuber de-
veloped a recursive method to compute all the Virasoro singular vectors [1, 2], the
so called fusion method. This method can be used to give explicit formulae for the
Virasoro singular vectors [15]. A completely different approach to this problem is the
analytic continuation method which was developed by Malikov, Feigin and Fuchs
for Kac—-Moody algebras [13] and was extended to the Virasoro algebra by Kent
[11]. Recently, Ganchev and Petkova developed a third method which transforms
Kac—Moody singular vectors into Virasoro ones [10].

In a recent paper [6] we used the fusion method of Bauer et al. to find the
analogues of the BSA Virasoro singular vectors for the N =2 (untwisted) alge-
bra. In theory the same method can be applied to obtain all uncharged singular
vectors, but this turns out to be even more complicated than in the Virasoro case.
It is however possible and of independent interest to use the analytic continua-
tion method to find product formulae for all singular vectors, as we show in this

paper.
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The paper is organised in the following way: after a brief review of the N =2
BSA analogue singular vectors in Sect. 2 we analytically continue the N = 2 algebra
in Sect. 3. Section 4 extends the notion of singular vectors to this generalised N = 2
algebra which will lead in Sect. 5 to product expressions for all singular vectors of
the N =2 (untwisted) algebra. In Sect. 6 we show that these product expressions
follow similar relations as in the Virasoro case. We then find in Sect. 7 and Sect. 8
that there can be two linearly independent singular vectors at the same grade having
the same U(1)-charge.

2. Definitions and Conventions

Let! sc(2) be the N = 2 (untwisted) superconformal algebra in the Neveu-Schwarz
(or antiperiodic) moding, which is given by the Virasoro algebra, the Heisenberg
algebra plus two anticommuting subalgebras with the (anti-)commutation relations:

3

C
[Lm,Ln ] = (m - n)Lm+n + E(m - m)5m+n,0 P

1
[Lm, Gr:t ] = <5m - r> G,:,ll:+r ,

L, Ty 1 = —nTpin s
1
3
[Tm,Gri ] = isz:+r >

(T, T ] = Cm5m+n,0 >

- C 1
{G:—’Gs } = 2L+ (r—8)Tps + 5 (7‘2 - “) Orts,0 5

3 4
[Ln,C ] = [T, C 1=[GF,C]1=0,
{G/.GF} = {G/.G7} =0, mneZ rsel,. (2.1)

We can write sc(2) in its triangular decomposition: sc(2) = sc(2)_ @ #, ® sc(2).4,
where #, = span{Ly, Ty, C} is the Cartan subalgebra, and?

sc(2)+ = span{Liy, T4y, G1,,GL, :n € N,r € ]N%} .

A simultaneous eigenvector |h,g,c) of #, with Ly, Ty and C eigenvalues A, g and
¢ respectively and vanishing sc(2); action sc(2)y |h,q,c) =0, is called a high-
est weight vector. The Verma module ¥} ,. is defined as the sc(2) left module
U(sc(2)) Qw,@sc). |h g, ), where U(sc(2)) denotes the universal enveloping al-
gebra of sc(2). This means ¥}, , . is the representation of sc(2) with the basis

Bhge = {L—i, v Ly T - Ty, th;+ . 'GtJTG:j‘ . .G:j]_ |h,q,c) :
1

-

. . . . 1 —
Pz zi 2L > > )0z 3= > > = 20

ez zh oz},

! There has not been any standard notation in the literature for superconformal algebras
2We writt N for {1,2,3, }, Ny for {0,1,2, }, N, for {%, %, %, } and Z; for
2 2

{ .-3353 )
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Finally, we call a vector singular in ¥j 4 ., if it is not proportional to the highest
weight vector but still satisfies the highest weight vector conditions3: ¥,, » € Vhgels
called singular if Lo¥, , = (h+n)¥yp, To¥np =(q+ p)¥np and sc(2); ¥, , =0
for some » € N and p € Z. If a vector is an eigenvector of Ly we call its eigen-
value % its conformal weight and similarly its eigenvalue of Ty is called its U(1)-
charge*.

The determinant formula given by Boucher, Friedan and Kent [4] makes it
apparent that the Verma module 7}, ,(¢).q.c-) has for positive, integral » and posi-
tive, even s an uncharged singular vector at grade’ 5 which we want to call ¥, .
We use the parametrisation:

o(t) = 3 -3¢,
=y ¢t
hs(t,q) = n TR (2.2)

. + .
We can find &1 charged singular vectors ¥}" in the Verma module “fhki o) &

grade k for k € Ny. The conformal weight BE is:

1

hE(t,q) = +kq+ %z (k2 - Z) . (2.3)

In an earlier paper [6] we gave explicit expressions for ‘I’;‘ and for ¥, , by using
the fusion method. In each case we can freely choose the fusion point. For instance
in the case of ¥,, we considered the three-point function (0| Py ,(.¢)q.c)(Zr)
D, o600, 0.c)(Z1) Phy 5(1,0),0,¢7(Z2) |0), where we have the freedom of choosing the
relative position of the points Z;, Z, and Z;. Therefore we introduced in ref. [6]
the fusion point parameter #: Zy = Z, + #(Z) — Z,). For n =1 we can write these
singular vectors in the following form:

2r
Y., = (1,0,0,00 > E:lﬁ%(r)Tnj_]Jr%(r—nj)Enj_er%(nl+...+nj_2)...

j=2 m+ +nj=z
Jeven €Ny
2

.. Tm+%(}11 + ny +n3)E”2+21(n1 +n2)Tnx+%(n1)

SO O~

X ]hr,2(t9q)’ q, C(t)) > 2.4)

3y e ¥h,q,c automatically satisfies C¥ = c¥

4 For a singular vector ¥, € Vh.q,c We may simply say its charge p and its grade n rather than
U(1)-charge g + p and conformal weight 7 + n

5 Among physicists the term “level” is also used instead of grade
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where Ey(n), E;(n) and Ti(s) are four-by-four matrices (k € IN):

+ p—
2Lp+4T) T —G_k+% ~G
—n(n —r)T—4 0 0 0
Ejn) = (-1} ,
0 0 —nt(n — r)dx) 0
0 0 0 —nt(n — r)dk,
(2.5)
Ex(n) = ! E;(n) (2.6)
R nt(n—r) £ )
—0k1 0 0 0
0 = 0 0
Ti(s) = (- 1)k G:k+% 0 —T_, 0 . (2.7)
g—1+(5—s)t g—1+(5—s)t
o —T_
G O I

Using the same parameter #, the odd singular vectors ‘I’,:ciE can be written as follows:

2k
= 0.001)% X TYLRE L r=m)T )

Jj=1 n+ +n i=k
j odd ",G]N]

1
0
STt m e m)E (A m)T () |
0

x |hf(t,q),q,c(1)), (2.8)

. (0010)2 ST RE, L (rem)T ()

J=1 nmp+ dni=k
Jjodd ﬂE]NI

'T’;+%(n1 +n2+n3)E (n1 +n2)T +,(I’l1)

SO O~

X |l (,9),q,¢(1)), (2.9)
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where the four-by-four matrices Ej?k(n), Tji(s) and Tji'(s) are (j € N):

Ej(n) = (-1)!

Gt G_.

2L +H{(2k—n)2gk )4 (g DIT, T, T A
nk—n)E2(gE£ )] Ok —m)i£2GED)] nk—mytE£2(gED)] n[k—n)E2(gE1)]
202q+1)L_;+[(2k—n)—4% (g DIT_; (2q£1)T_; QqE1GY 1, Qqt1)GT,,
- (2k—n)E2(gE1) @k—nyx20gx1) Qk—nyE2(qx) QChk—niE2(gxD) |>
0 0 —5]‘,1 0
0 0 0 —dj1
(2.10)
—0j1 0 0 0
0 —0j1 0 0
Ti(s) = (~1) 26, 24T, 0 , (2.11)
= S)t+2q (k—s)t+2q
2Aq+1)GL ) 2Ag+1)T—;
G 0 0 e
—0j1 0 0 0
0 —~0j1 0 0
7 ()= | 29-067,,, 0 Ag—1)T_, 0 , (2.12)
(k—s)t (k—s)t
24G* j+1/2 0 0 29T
(k—s)t—2q (k—s)t—2q
TH(s) = (k—s)TGs). (2.13)

In the following sections we will use these vectors to obtain product formulae for
the si fular vectors ¥, in terms of analytically continued expressions for ¥, ,
and ¥

3. The Analytically Extended sc(2) Algebra

In the manner of Malikov, Feigin, Fuchs [13] and Kent [4] we extend the algebra
sc(2) to include operators of the form® L | for a € €. This extension corresponds
to an underlying pseudoil\i_f/ferential structure [4] for the even sector but not for the
odd sector. We define sc(2) to be the vector space’ which contains the generators
{L..G}, G, T,,L* |,C;n € Z,r € Z%,a € C} and on which the supercommutator is

6 Instead of introducing operators of the form L% ; we could have equally well chosen 7%, However
L? | turns out to be more appropriate as we shall see later on

7 The supercommutator of two elements of sc(2) can not always be written as a linear combination
of generators, therefore sc(2) does not define a superalgebra The term “non-linear” algebra is sometimes

used by physicists
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defined and satisfies the (anti-)commutation relations (2.1) and in addition®:

[Lw, L2] = ij( )(m+1)L“ Imeiy, m=0, meZ,

(L%, L] = i:; 1)’( )(m—l—l)’Lm LY, m<0, meZ,
[Ty, 1%,] = ij(‘f)( ML Ty, m 20, meZ,

(L%, T,] = § < )(m) Tu LS, m<0, mel,
[G},L‘L,]:f(‘j)( -) L5GE, r>0,rez,,
[L%,,GF] = Z( 1)’( )(r+ > GE L7, r<0,rei,

[L%,,C] =
LYy = Loy, LY, =1%P abeC. (3.1)

We point out that these commutation relations are not completely arbitrarily chosen.
For integral a they have to coincide with Eqgs. (2.1) and for a € C we use’

[4°,B] = f;( “ ) [4,B]; 4,
i=1

(4,8 = f:( “ )B“-" 4.1, (32)
i=1

to obtain Egs. (3.1).

It is easy to see that L% | has the conformal weight a and the U(1)-charge 0 for
a € € with respect to the adjoint representation.

The triangular decomposition of sz\(é) is sai) = sE(vZ)_ @ HH ® sc(2);, where
s/c\(i)_ is sc(2)— extended by the additional operators L?,. Exactly as above
we define vectors |h,q,c) which are simultaneously Lo, 7, and C eigenvectors
with eigenvalues %, ¢ and ¢ respectively and sc(2); |h,q,c¢) = 0. Despite the
fact that L~! lowers the weight ' we still want to call these vectors highest

weight vectors. It is straightforward to define the extended Verma module %,,q,c as
Vhge = U(sc(2)) @xesc), |1, g, ).

8 The falling product (x)2 is defined as x(x — 1) (x —n+1)

914,Bl; = [4,[4,Bli_1], [4,Blo = B and ;[4,B] = [;_1[4,B],B] , o[4,B] = 4

10 There is the usual historical confusion: what physicists call highest weight vector is actually a vector
of lowest weight in the Verma module
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The vectors in ¥}, . are formal power series in L_; for which we can give a
basis:

Bhge =1Ly L_iyTge - TG - GLLGT - GT LY |hg,c) s,
Jt 1 J J]

-

. . . . 1 . . 1
P2 20 éZ,J}+>-~->JTz§, Jm > >0 25,

For vectors with a = 0 the set of basis elements é‘ﬁoc decomposes in integer and

half-integer Ly grade spaces. Their operators shall be denoted by P

. A t et G -
P =Ly LT Ty R N
. . - .+ 1 — -— 1
Pz 2 22> >0 2500 > >0 25

i1+~--+i1+jj++-~+j1++j;_+---+j1‘+k1<+---+k1=n}.

We can define products of such series using the usual Cauchy product of
series. However, without a norm, we cannot define the convergence of series
to zero. Instead we define a slightly generalised notion of singular vectors
in ¥

A general element at grade a in ¥}, is of the form:

00
Y, = j'OLa—l |haq’c> + Z Z /‘LXkaLa——Ik |h’qac> . (33)
keg:§ XePt

NI~

We say ¥, is of order b — N and we write ¥, = O(b — N) if the leading term of
the series contains Lb__lN :

qlb = Z /,{'XkaLb__lk |h9q9c> . (34)

reNoN, XeELF
Finally, we define the sequence of cut off vectors ¥ corresponding to ¥,:

M
PM = QoL hgc)+ Y. Y Xl Flhgc), MeN. (3.5)

-1 P

k=3 Xkefﬂ
kENUN |
2
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Using this notation, we say the vector ¥, , € "7/;,,%6 is singular!! if
Lo¥sp = (h+a)¥sp, acC,
To¥ap = (@+ P)¥ap, PELZL,
sc(2)+ Tﬁ{p = Ola—M) YMeN. (3.6)

This is a generalisation of the definition we gave for singular vectors in ¥ 4., as
the following two theorems show.

Theorem 3.A. If ¥, , € ¥} g4 is singular in ¥}, 4 . at grade n with charge p then
it is also singular in ¥} 4.

Proof. Obviously Lo¥,,, = (h+n)¥,, and To¥,, = (9 + p)¥, . Let us write
¥, in the basis % 4

n
Yop = L0 g+ > X AnXl" |hg,c),
k=1 xee Pk
KENGUN |
2
M M —k
q’n,p = )'OLn_] 'h,q;0>+ Z Z ),/\'kaLn_l Ih,q,c).
k=3 xegk
KENGUN

Let X be taken from sc(2). Since ¥}, — Pnp = O(n — M — 1) we find:
XV =XO0n—-M-1)=0n-M). O
Theorem 3.B. If'¥,, € %,,q,c is singular and finite then sc(2). ¥, , = 0.

Proof. ¥, finite = ImcN:¥, ,= Yo, Vn>m éVXGs?(E)P neN, n>m:
XVop=X¥;,=0@—-n) =X¥,,=0. O

For our further discussions we need to determine the coefficients > A;: -
—129 12

and Ar_, of ¥,,. We use the notation:
Ax(r,2) = Ath/zG:I/z , 3.7)

A3(r,2) = Ar, . (3.8)

Theorem 3.C. For ¥,, we normalise Ay = 1, then the coefficients A are:

1| g+l —(G—n+ix
A(2) = = —1l, 3.9
2(7' ) 2 nl;llq—l'f—(%—n-F%)t ( )
1
/13(r,2)=q_:: ,. (3.10)

11 Again, ¥ € “17;,,%0 implies C¥Y = c¥
12 Note that we normalised Jo, the coefficient of L% |, to 1
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Proof. Only the longest partition of the expression (2.4) will contribute towards
Ay(r,2) and As(r,2):

(1,0,0,0)E{(r)T r—l Ei(r—-1)---E/(1)T ! (1,0,0,0)" .
2 2

If we replace L_; by 3(G¥,,G~,,+GZ,,G*,,) and use (GZ,,)* =0, then
Ay(r,2) is very easily verified by multiplying the components (1,1) of the prod-
uct Ey(n)T1(n — %). Also, those matrix components are the only ones contributing
towards A3(r,2). U

To identify later the correct singular vector ¥, ; we need its coefficient A,(7,s).
Equation (3.9), calculations for ¥, ; and computer calculations at higher grades lead
to the conjecture:

1lr sty g 1y,
AZ(r’s):_ 2t_ : :
2 ”I’_—‘Ilﬁsztrt*'%"‘_%_n

-1]. (3.11)

4. Singular Vectors in “/7;,,‘”

The determinant formula [4] tells us about the singular vectors in ¥} .. In this
section we investigate the generalised modules 7 4 .. Using results of the following

section we find that at all grades the modules “/7;,,%0 contain two linearly independent
neutral singular vectors as well as one +1 and one —1 charged singular vector. We
can show that there are no singular vectors of charge greater than 1 or smaller than

—1. In particular the module %tr,s(t,q),q,c(t) contains two linearly independent neutral
singular vectors at grade 5 and thi
at grade k.

() ac(t) contains one *1 charged singular vector

4.1. Uniqueness of singular vectors We take the most general uncharged vector in
Vhqc at grade a € C:

o0
'I’Z = AOL(—J—I |ha q, C> + Z Z /{XkaLa__]k |h9 9, C'> ’ (4’1)
=
[T X¢1=0

and the most general =1 charged vectors also at grade a € C:

YE=Y 2 EXLf|hgc) . (4.2)

-1
k=3 xest
KEN) [To, X ]=+X;

2

For convenience we want to use the following notation:
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Definition 4.A. Let 1,J and K* denote the ordered sequences

I = (ypipg=ts--0) 22 22, heN,n=1,..,|T],

= UppJl=ts--d1)s gy Z2--2h 21, peN,n=1..,J],

1
= (kg ki) Ky > - > ki > 5 ki € Ny,n=1..,[|K* |,
4.3)
where we denote the length of these sequences by || I | , || J || and | K* || and
the sum by |I| =W i, 171 =S G and (K| = Z”K Vk=. The sets of all

these sequences shall be called S, ¢ and A'* respectively. Furthermore we denote
products of sc(2) operators by

Loy = Loy Leiyyyy Ly
Ty = Ty Tjypymr - T s
Grys = G50 GoL - GE L. (44)
jkE ) Ikt -1 !

Finally, we take the sequences together:

r r
M=(LJ.K* K™ rtr Yy = LT Gty Gy (G+%) (G‘%) o,

M*=(LJK* K™ )t~ = LT ;G* .G (G:l) Gt.G- 1%,

2 2 2
M=K KL = LT G Ghy (GF,) 62,618,

2 2 2
with r,r¥€{0,1} . (4.5)

Here length, sum, grade & and charge € are defined as

IMA = T+ 0T I+ IE A+ K 4T+,
IME = 1L+ 0TI+ IKT I+ 1K [+,
+ I A T
M| = |[I|+ |+ |KT|+ K |+7+7,
v
IME] = 1+ ]+ K+ KT+ 5

LM) = M| +a,

PLME) = ME|+a+1,
M) = [ KT — 1K™ | +rF =1,
CMF) = | K|~ K™ || Fr.



Singular Vectors of the N = 2 Superconformal Algebra 205

Using these definitions, we can rewrite the basis %), 4. as

Bhge = {LLK K™ ,rt r Yalhg,c);
IesgJe g, KEex®rr €{0,1},ac C}.

In fact, it seems rather unnatural to prefer the order th /2G:1 P to G_, /2Gi1 Py And
in the following it will turn out that we should preferably choose a more symmetric
basis involving M*:

Ghge = {(LLK K™, 1) |hg,c),(LLK ™K+, r);" |hg.c);
IesJe g KFex* re{01},acC}.

a

The subset of %h,q,c containing the vectors at fixed grade a is denoted by %h, o

This basis naturally decomposes into two parts:

?é,,f;c = {(LLK K=, 1) |haq,c);1ed,Je KX ex* re{0,1},acC},

Gt = {LILKK* 1)V hgc)1€s,J€ £ KEex* re{0,1},acC},

and hence the Verma module decomposes as follows:

7 Y o —+
%I,q,c - /yflx,q,c@n///‘z

,g,¢ °

Vhge = span{€i .},

—+

~_ . ~
Vh,q,c Span{(gh,q,c

In this basis the vectors ¥ and ¥F can be written:

0
'PZ _ Z E /1M+M+ lh,q,c>
k=0 p+—qsk+ k=t
a—|Mt|—1
|M+ | =k G(M+)=0
00 —
_I_Z Z /1M—M Ih, q, C) ’ (46)
k=0 y— = sk— k+,n~"
a—|M—|—1
|M~ |=k, (M~ )=0
O +
‘I’;t = > > '1M+M+ |h,q,c)
|MT |=k¢(MT)=+1
=) + —
+5 E Jag-M" |h,g,c) . (4.7)
k=1 M—=(I,J,K—,K+.r)__+|M_|_]

M~ |=k €M~ )=%1
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We can easily work out the commutation relations of G, for r € N 1 with
G!,G7 L%, and G_,GT L
2 2 2 2

1
e _ a—r—l-g_g a lv
[Gr,G_%G_%L_l ]lhaq7c> - <h+ r_’_% 2+1>(r—% )(r+2 ’

—p—1
xG~,G,G7 LT |hg.c), (4.8)
1
+ — -+ a __ a—r—’_i g a l 1
[Gr aG_%G_%L—l ]lhaq’c> - <h+ r+% +2+1> < r_% )<r+2 !
1
xGJ_”%G:%Gf%La_I 2 |h,q,c). (4.9)

These commutation relations imply the following theorem:
Theorem 4.B.

G Y €Vt GIV €V reN;. (4.10)

’q’c, ’q’c’

This enables us to give the main theorem of this subsection:

Theorem 4.C. Let ¥S and Y be singular in "/7;,,,],0 at grade a € C. For V7 we
find.:

A000007-, = ~op000r =0=> ¥ =0. (4.11)
And for ¥F:
l(@,@,(b,@,l)*”l =0=9,=0, (4.12)
a2
Aopopny—+, = 0= Yo =0. (4.13)
a3

Theorem 4.C tells us that at given grade a there can be at most two linearly
independent neutral singular vectors, one +1 and one —1 charged singular vector.

In order to prepare the proof of this theorem we will introduce a partial ordering
on the basis € 4 .. This is analogous to the Virasoro case [11] but turns out to be
far more complicated. We first define the difference of two sequences to be the
componentwise difference: 0(1;,5) = (il,min(||11||,l|12||) = D min(|[ A L)) -+ - 51,1 — 2,1 ).
Similarly we construct the action of & on the sequences J and K*.

Definition 4.D. We say I} < I, if the first non-trivial element of 6(I1,1,), read
from the right to the left, is negative. If 6(11,1,) is trivial we define I, < I, if
| 11 | >l L ||. The same shall be defined for the sequences J and K*.

We also define the ordering indicator function on the partitions 7, J and K*:
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Definition 4.E. The function ¢ is defined as

+1 L >0
8(11,]2) = 0 I] = [2 . (414)
—1 L <D

and similarly for J and K*. For the numbers r we define:

+1 r < nr
&ri,r) =4 0 r=rn (4.15)
—1 ry>nr.

For the following two definitions we keep a € € fixed.

Definition 4.F. For the basis elements M™ we introduce a total ordering: M;" <
M,Fif (M| < M. In the case |Mt| = |My'| we say M;" < M, if the first non-
trivial element in the sequence S(M;",M, )= (e(J1,J2),e(l, ), oK, K5 ), e(K,
Ky ),&(r1,12)), read from the right to the left, is negative'®. The basis elements
M~ can be ordered in exactly the same way, where we always have to exchange
the réle of + and —

In other words, Defintion 4.F first orders M,;" and M, according to their sums
|M[f| and |M,|. If |M["| = |M, | we say M;* < M, if r; > rp, unless | = r,. Then
we define M" < M;" if K[ < K; . If even this does not come to a decision due
to K; =K, , we do the same with K*: M;" < M;" if K" < K;}. For K{" =K'
we take M;" < My if I} < L,. And finally, if [; = L: Mj" < My if J; < J,.

On the set of basis elements M of the form

Mt = (LK O, r) gy »

~

M~ = (LK), s

we extend the ordering 4.F by:

Definition 4.G. We define My < M, if |My| < |My|. Again, in the case that |M;| =
|A712| we say M, < Mz if the first non-trivial element in the sequence 5(1\7!1,1@2) =
(e(J1,.hr), e(I1, 1), &(K1,K3), &(ry,72)), read from the rzght 1o the left, is negative.
If thzs has not given a deczszon yet, we define M, < M, if M, is of the form M+
and M, is of the form M~

The ordering 4.G is consistent with 4.F, so that taking the transitive closure of
the two orderings, we obtain a partial ordering on % . with two totally ordered

chains consisting of elements of the form M+t and M~. We can now start the proof
of Theorem 4.C:

Proof. We first consider the uncharged case. The vector ¥; has to have a smallest
element in each of the two totally ordered chains: let M, be the smallest element
with non-trivial coefficient in the chain of terms of the form M™ and

13A crucial point for our later proof is that the operators T, are ordered last
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accordingly M, in the chain of terms of the form M~:

+ gt 7+ bt e by
My = (U J¢ KK

a—|Mf|-1 >
- (] T Kkt ket
My = Uy ,Jy Ky 7Ky, M1
We consider first M. If K"~ #0 we take the smallest element in K™, k"7,

_, on the cut off vector 5", where m is sufficiently big. We

generate a term (1", Jg, Ko ™", Ko" " \{k"" }, r{), vy |- This term cannot be created

by any term which is according to ordering 4.F bigger. Furthermore, due to Theo-
rem 4.B, terms of the form M~ which cannot be compared with M, using the
partial ordering, cannot create such a term either. Hence K;"~ = 0, or otherwise we
would have a contradiction to the non-triviality of the coefficient of M. In exactly
the same way, we can show that for M, the sequence K," has to be trivial. Thus,
the smallest elements with non-trivial coefficients in the chains of M* and M~
terms have to have the form:

and act with G;;_
1

S o e +y+—
MO - (I() 5'] sK() ,(0,7’ a—|M+|—1 s

My Iy . Jy Ky, 0,r )_

My -1

We now continue in the same manner using the ordering 4.G. We first assume
that My is the smaller term of My and M, . If KJ +0 then it contains exactly
one element k™ and r* = 1. We act with G,,_, on ¥YJ™. This creates the term
a*,J+,0,0,1); 7 et In order to create a term of this type, terms of the form M ™

have to create another L_; which is not possible for a term bigger than M, . A term
of the form M~ contributing towards (I*,J*,0,0,1)* ) has to have K~ = () and

hence » = 0. Such a term would have a sum strictly smaller than |M{|, hence it is
smaller than M, which contradicts the minimality assumptions. Hence, Kt = () and
because ¥ is neutral we find in addition 14 p+ = 0. Let us assume now I(;r +0. In
this case we look at the smallest element i} of the sequence I;7. We act now with
Ly on Yg". Again we create a term (I;"\{i{ },J;",0,0, 0):7, | by generating
an additional L_;. As before we see that any other term contributing towards this
term would violate the minimality of either M, or M, . This implies that [ = 0.
Finally, we assume J; #{. Again, we take the smallest element in this sequence:
Ji - However, since the operators 7,, cannot create L_; terms, we have to alter the
method slightly. We act with T}+ on ¥g™. This creates a term, where the T_;, has

been annihilated: (0,J;"\{/{}, (Z) 0,0)!~ M- . Since 7_j+ is the only operator of
the form 7, which does not commute w1th T~1+ we find again that the only terms

which could contribute would violate the minimality conditions.'® Hence: J;" = 0.
If we had assumed that M; was the smaller term, we could have gone through

4In the charged case we obtain values for r* according to the charge
15 Note that this works as well for jI" = 1 which is a strong argument for choosing analytic continuation

of L_; rather than T_;
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similar implications for M; . This result can be summarised:

M <My = My = (0,0,0,0,0)" ,

My > M = M; =(0,0,0,0,0), 7, . (4.16)

If we take the assumptions of Theorem 4.C, then Egs. (4.16) lead to a contradiction,
since My and M, are totally ordered.

A 51m11ar argument applies for ¥, where we have to take into account that
due to the charge of the vectors, (IO,JO,Q) 0,r)t~ does not exist for ¥, and neither
does (I, Jo,®,0,7)~* for ¥, . This completes the proof of Theorem 4.C. [

4.2. Existence of smgular vectors. If we act with sc(2), on the cut off vectors
poM wEM and require the result to be of order a — M then we obtain linear homo-
geneous systems which we denote by Sy(a,h,g,c) and 3’ (a, h,q,c) respectively.
Obviously the system #y;(a,h,q,c) is a subsystem of &5, +1(a h,q,c) and likewise
yfj(a, h,q,c) is a subsystem of Sﬂﬁil +1(a,h,q,c). We use the parametrisation (2.2)
for Sy (a,h,q,c) and (2.3) for yfj(a, h,q,c), where r,s and k are chosen to be in
€. We expect to find singular vectors at grade a = 5 for the neutral case and a = &
for the charged cases, hence we replace a accordingly. The systems yM(r 5,9,1)
and yM (k,q,t) can be written such that all the entries are polynomials in their
variables.

A matrix has exactly rank j if all subdeterminants of size > j vanish and there
exists at least one subdeterminant of size j which is non-trivial. Let #75, and W
denote the set of unknowns of the systems %y (#,s,q,¢) and yi(k, g,t) respec-
tively. The system #)(r,s,¢,t) has according to Theorem 3.A non-trivial solutions
for all pairs (7,s), where r,s € N and s is even. Hence all the subdeterminants of
Sy(r,5,q,t) of size greater or equal to the number of elements in #7;, have to
vanish for (7,5) € N x 2N and since these subdeterminants are polynomials they
are trivial for all »,s € C. We find that &5, (7,s, g ,t) has a non-trivial solution space
IT3(r,s,q,t). The same arguments apply for #;,(k,q,t); we call the non-trivial so-
lution space Hf,(k, q,t). Let P¥ be the projectlon operators into %5,. We obviously
have PYPy{*" = P for n € No. Since £5(r,5,q,t) C 3, (r,5,q,1) for n € Ny it
is easy to see that P (13, ,(7,s,9,t)) € II3(r,s,q,t). Moreover, we can show that
Py (I3 ,,(7,5,9,1)) is non-trivial: assume Pi{(ITy,,(r,5,9,1)) = {0}, then ¥z €
Iy ,(r,s,9,t), ¥ +0 would have P%(‘Pg) =0 and hence ¥y = O(5 — M —1).
The action of sc(2); on ¥z has to be of order 7 — M — n. However the proof of
Theorem 4.C can be apphed here in exactly the same way and we obtain ¥z = 0.
Hence we find the following inclusion chain:

HM(r9S’q’t) 2 PI];[(HM-H(F’S’q’t)) 2 P%(ijf-yz(’”,s,%f))' 2 @ . (417)

Therefore the limit of the sequence P¥(IIy,,(r,s,q,t)) for n tending to infin-
ity exists for each M € Ny. We denote this non-trivial set by lim IT5(7,s,q,?).
Since the dimensions of the spaces P¥(II5,,,(r,s,q,t)) are integers this sequence
has to be constant for sufficiently big n. We say the sequence stabilises. This
allows us to prove that the projection operator P¥ is in fact continuous: choos-
ing n sufficiently big in Py PM*™(IT3,, ,(r,s,q9,t)) = P¥ (115, ,(7,5,9,1)) we obtain
PM(lim IT3, (7, s,9,1)) = lim ITy,(r, s, q,t) for m € N,. Hence the sequence lim IT$,
defines the cut off sequence of a space of singular vectors which we shall denote
by II7 ;. We can obtain the same important result for y (k,q,1):
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Theorem 4.H. The sequences of homogeneous linear systems S5 (r,s,q,t) and
yﬁ(k, q,t) define non-trivial solution spaces Iy (r,s,q,t) and Hj;(k, gq,t) respec-
tively. These spaces converge to non-trivial spaces of singular vectors. According
to Theorem 4.C the dimensions of the limit spaces II} . and Hki are bounded by

2 for 11 and by 1 for Hki.

In particular we have found that yﬂf(k, q,t) defines at grade k£ uniquely the
. + - — -~
charged singular vectors ¥ € Vh;(t, Ny and ¥ € th_ a)g.cr) Tor k € €. These
vectors coincide for £ € N 1 with the known singular vectors in Vht (6q)a,ct) and
= (4.9).9,

for k € C they are analytic continuations of them.
Computer calculations solving &; and Vﬁf show that already for small M the
unknowns at low grades become stable.

4.3. Theorems about singular vectors in ¥ hg,c- An immediate consequence of The-
orem 4.C is:

Theorem 4.1. Assume that W' and ¥? are two neutral singular vectors both at
grade a in Vi g If

’1(10,0,0,0,0)2_‘1 = )“(2(0,0,@,0,0 -
and

’l(lm,m,o,w,o);_ﬁ - '1?0,0,0,0,0),,'_*.
then P! = P2,

Proof.  We look at the vector ¥4 = ¥! — ¥2, This vector is singular and 14

(©.,0,0,00): ",
=4 _, =0. Theorem 4.C implies that ¥4 =0. O
(©0,0.0.00), p

This enables us to identify the elements in I17  using the two coefficients
1(0,1070,0,0)2‘_1 and /1(@’0,@,0’0); - We shall therefore give the following definition.
2 2

Definition 4.J. A vector W € II7; is denoted by giving the two coefficients
/1(0),0,@,@,0);‘_1 and ’1((0,@,0,@,0);*_ 1 in the notation
2 2

—1

Y= AM((Z),Q),(Z),(Z),O)“;Z;_I’)‘((?J,(Z),Q),V),O)é* ). (4.18)
This automatically implies the following theorem.

Theorem 4.K. A neutral singular vector Wo which satisfies Wo = A(%,1) at grade
0 in Vj4. is identical to the highest weight vector: ¥y = h,q,c).

Proof. Using the standard parametrisation (2.2) we can find s € € such that
hos = h, Wo € V3y,.q,c and hence ¥, € ITg . Since 1{G*,,G~,}L7] =1 we find
g -3 =3

for A(%, %) at grade O that A(%, %) = |h,q,c). Application of Theorem 4.1 completes
the proof. O



Singular Vectors of the N = 2 Superconformal Algebra 211

The vectors in H,i‘ are uniquely defined up to scalar multiples. The notation

'I’kﬂE shall indicate the normalisation /1((2,’@’(1,’@,1)k-+3 =1 for ¥{ and 1(0,0,(0,@,1)/( - = 1
2 2
for ¥ .

We have not yet shown that IT7 is indeed always two dimensional. However
we will in the following section explicitly construct a basis for this two dimensional
space. Beyond the purpose of this paper but of independent interest would be the
question whether we have found herewith all singular vectors in the modules 77 4 ..
We can in fact say that due to the two parameters » and s for the uncharged case
not only ¢ and ¢ are free parameters but so is also the grade a. We can hence
for each h,q and ¢ guarantee to find a solution space at each grade a which is
non-trivial but at most two dimensional. Therefore we may denote II7; by giving
the grade a = 7 only 16: I1°. Similar thoughts solve in the Virasoro case the related
problem completely as discussed by Fuchs [9], although the charged singular vectors
in the sc(2) case only depend on one parameter which complicates the problem.
Furthermore, we have not yet looked at higher charged singular vectors which may
appear in the generalised module. At the end of the following section we will be
able to give a solution to both problems.

4.4. Products of singular vector operators. In this subsection we define products
of singular vector operators. We start off giving their definition:

Definition 4.L. A singular vector ¥, ), € “/7;,,(],5 at grade a with charge p defines
uniquely an operator @, ), € sg(i)_ such that ¥, , = O, ,|h,q,c). We call this
operator a singular vector operator with weight vector o = (h,q,c)’ and grade
vector & = (a, p,0)’.

Theorem 4.M. Let us take two singular vector operators @) and ©, with corre-
sponding weight vectors w; = (h;,qi,c)T at grade & = (a;, pi,0), (i = 1,2). If

h1 a hz
9 +| m =1 ¢ , (4.19)
c 0 c

then the formal Cauchy product ©,0 is a singular vector operator with weight
(h1,q1,¢)" at grade (ay + aa, p1 + p2,0)7. Hence, ©,01|h1,q1,¢) is a singular
vector.

Proof. We take the cut off vectors (@20 ) |hy,q1,c). The definition of the Cauchy
product implies:

(02,0 |hy,q1,¢) = @Y 2O by, q1,¢) + O(ar +ay — M — 1) .

Let us take "X € sc(2),. Since @|h1,q1,c) is singular, there exists a module homo-
morphism ¢ from 73, 4, . into ¥}, 4,.c such that ¢(|h2,q2,¢)) = O1|h1,q1,¢). Hence

16 The spaces IT certainly depend on 4, g and ¢, however we shall omit this dependence in the notation
in the same way as for the singular vectors
17X acting on O(a — N') may create an additional L_;, thus X0O(a — N) = O(a — N + 1)
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we have @]1”“|h1,q1,c) = ¢(|h, q2,¢)) + O(a; — M —2):
X(@z@])M|h1,q1,C> = X@§4+2@j}4+1fh1,q1,6> +0(a1 +a — M)
= PXOY | hy, qa,¢)) + O(ay + a — M)
¢(O(ay — M — 1))+ O(ay +a, — M)
= 0(ay+ay—M).

The statement about the grade of the vector is trivial. [

In the following section, Theorem 4.M which is on products of singular vector
operators will be fundamental to construct singular vectors as product expressions of
known singular vectors. The key question will be to find out when we are allowed
to take the product, i.e. when the relation (4.19) is true. For this purpose we want
to introduce a relation on the weight space:

Definition 4.N. Let Q denote the set of complex weights: Q = C x C x C, and let
E be the space of grades: = = C x Zx{0}. The set T is defined to be the set of
pairs (0, &) € Q x E for which there exists a singular vector operator with weight
w at grade & We say (w1,&1) € T is related to (wy,&6) € T if

o +& = .
In symbols we write: (wy, &) ~ (w2, &) .

This relation is neither an equivalence nor an ordering relation. It does not even
satisfy any of the standard axioms. Nevertheless, it relates those weights for which
we can take products of singular vector operators to obtain another singular vector
operator. We find the following multiplicative structure:

Theorem 4.0. Let 0;(a;,b;) be the singular vector operator of the singular vector
Ai(ai, b)) with weight w; and grade &;, where i € {1,2}. @,f denotes the charged
singular vector operator of WiE with weight o* = (hf,q%,c) at grade &*. If
(@1,&1) ~ (@2, &2) then:

62(az,b2)01(a1,b1) = 20(aiaz,b1b7) .
Similarly, we find.
(0 &) ~ (0. 6) = 0,6} = 0(0.1)
(0, &) ~ (0, 8L) = 0L,6, =6(1,0) .

Finally we can write the vector ¥, for (r,s) € N x 2N in the new notation. From
Eq. (3.9) and after normalising suitably '® we derive

r 1 i r (g1 i
W,J:A,,Z(H(—“ ———r; +n),H<~——q +rJ2r —n)) (4.20)

n=1 t n=1 t

Similarly we identify the more general vectors ¥, , using the conjecture (3.11):

ro(s—rt 1 r s —rt 1
Tr,s=A,’s(H( % +%—§+n>,l—[ (— 2 +%+§—n)) . (4.21)

n=1 n=1

18 Note that we have changed the normalisation of ¥,,; From now on we always use this normalisation
unless stated otherwise
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5. Product Expressions for Singular Vectors

We use the operators @f which are the singular vector operators of ‘I’,f It is trivial
to verify the relations:

hr,S(ta q) = h-‘_—%,_,_?(l, q) > (51)
hys(t,q) = h:g_;_ﬂ_l_g(t,q)a r,seC. (5.2)

This implics that @, _,(1,0)/h-u(t:q).4.(1)) and O _, , (. )lhs(,9). 4, (1)

are singular vectors in %7, (4),q.c)- Furthermore, we can verify weight relations
linking @ (¢,q) and O, (,9):

hi(tg)+k = hk_+2,,+1(t,q+ 1), (5.3)
hk”(t,q)+k=h;:_2g(t,q— 1), (54)

According to the product theorem 4.M we find the neutral singular vectors:
07 n s (LG DO Ly (19)lhnsltg). (1) (5:5)
O, (tg—1O" s o (Dhrs(1,9),9,¢(0)) (5.6)

We can now multiply these vectors again alternating with operators of the form @+
and ©®~, where we have to choose the correct grade for the operators according
to1° Egs. (5.3) and (5.4):

H @_: rl 2+2,,, (t q + 1)@+s rt 1 2m (t q) |hr S(t q) q’ C(t)) (5‘7)
m=0 + +==
(0% = DO s o)) b)) (58

These singular vectors are at grade —u*7" 4 - 2“2 . For u= 35 they turn out to be
at grade Z. This allows us to construct for all tq € € two linearly independent

vectors in the space I1; . which proves that I} is always two dimensional:

Theorem 5.A. For the space I} of uncharged singular vectors in %,,’s(,,q),q,c(,) at
grade %5 we can give the two basis vectors (r,s € C)

le

Ar,s(O’ 1) = g H s n +2+2m (t q + l)@+s rt 1+2m(t q)'hrs,q, > K (59)

N

o
—_

1__

Nl

4r5(1,0) =

>@+s rt +2+2m(t q I)O_s r!+ +2m(t q)lhr,saqy(:) . (510)

23
22 m=0

b
19 Since the order in the product is significant, we define H> fm)y=fB)f(b—-1) fla+1)f(a)
m=0
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We can now very easily identify the singular vector ¥, s € ¥}, (1,4),q.cc) Where
(r,s) € N x 2IN. We construct the linear combination of the vectors (5.9) and (5.10)
which leads us to the coefficient (4.21):

rfs—rt gq 1 r s — q 1

P, = A - - .-
(131( TR 2+">’,,I=11( 2z tita ))
1
2

r(s—rt q 1 q
,,Izll( 7 i 2T ) ’S(10)+H< 2t T —n>
x4rs(0,1) . (5.11)

The uncharged vector (5.11) is singular in ¥}, (.4).q.c¢) at grade 7 and it is the
only one, up to scalar multiples, with the required coefficient A,(r,s) [Eq. (3.11)].
Hence, for ¥ € N and s € 2IN it has to be the singular vector ¥, € ¥}, (.q).4,c()»
based on our conjecture (3.11).

The methods used to obtain the product expression (5.11) were quite different
from the methods used in the Virasoro case [11]. This was mainly due to the
coefficients of ¥, , not being polynomials in the grade . We could not tell if the
analytic continuation exists and if it does, in terms of what functions it does exist.
The expression (5.11) can now give us an answer to this problem. The singular
vector ¥, is a linear combination of two infinite vectors, both having polynomial
coeficients. The linear combination coefficients are products which we can continue
analytically using I'-functions. This proves as well that we can continue ¥, in

the usual sense, by writing it in terms of the basis %hr‘z(,,q),q,c(,). The coefficients

will be linear functions of the products in (5.11). The analytic continuation of
9+ r+l

[ (2 — =1 4 n) is given by # and for [T,_, (£ + = — n) we find

F(L+ & )
(4
vectors (5 9) and (5.10) and choosing a suitable normalisation:

Definition 5.B. For r € C we define

. This enables us to deﬁne the analytlc continuation of ¥,, using the

It + 5 res - 54
— L2 A,(1,0) + —5—224,2(0,1)
re +5h™ I -5

t
NG D)
F\rEE D reT -5

ér,z is defined to be the singular vector operator of ‘17,,2. For r €N, ‘f’,,z is
proportional to ¥, ;.

Tr,2 =

Similarly to the Virasoro case we will now derive a product expression for ¥, ¢
using operators of the form @, only. We find %, (t,q) = h_s=n +;,2(t,q), and hence

O . +2.0l5(5,9),g,¢(?)) is a singular vector. We verify the relation 4, 1(t,q) +
r=h, 14 4 5(%,9). It allows us to construct products of the operators @, 2. If we apply

this relation successively, we obtain a neutral singular vector at grade 5':

éﬁ,,_%,zém,_%,z...@_s_t,, ,6_ sy 2o hns(,.9),q,c(0) €I, (5.12)
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To identify the vector (5.12) for » € N and s € 2N in II7 we have to know as

usual the first two coefficients. We use Definition 5.B and the multiplication rules 2’
of Theorem 4.0:

2@s4;_n_ 2. @_s—l_u+?,2é_S_—I'_'I_I_%’z’hr,s(t,q)aqac(t))

_gi-g,, [ LGA 5+ 5) TG+ 5 +3) 5.13
= S F(q g__r{ ) F(__S+rt+%) . ( )
2t

O sin _
t

~IN
~lon

Thus, this identifies the vector (5.12) to be ¥, s for » € N and s € 2N. As a matter
of fact we just grouped the linear combination of products in the expression (5.11)
in a product of llnear combinations. This was easily done due to the antisymmetric
character of @

1 I - SE;” +3) 4

25—1 F(g+s _|_2) st _ 29

~

"@__S—’_"+g,2@_x;1’!+%,2|hr,s(t,q)’q»c(t» . (514)

Wr,s =

By extending the algebra sc(2) to saf) we have introduced inverse operators
of L_;. Does the extended algebra contain in addition other inverse operators of
elements in sc(2)? We will find that sE(E) does contain inverse operators for @,,2.
As the weight relation ,,(t,q) + r = h_,2(t,q) suggests, @ _,.20,.1|h.2(t, ), q, (1))
is singular at grade 0. Again, we need to classify this singular vector in I1j:

—r, rn2 — U—r 1 —
et - ‘)r(‘f %)

+1 r+1 +1 r—1
<0s ((q +5h I —T)>

(q— + r+1) I-'(__ _ _2_1

4F(qt_+r_j2tl_)r(gt__r_~2_l)90 <l 1)
FEF + 5D IeF -5 " \2

Provided ©,., does not vanish identically?', we can apply Theorem 4.K which leads
us to:

<1 I +shret -5 o
6,2= 372 2 o 226_,,. (5.15)
(—+5) T —-5)

For the uncharged operators @i we will be less successful. We find relations
hi(t,q)+k=h",(t,g+1) and k. (t,q)+k = k" (t,g — 1) which imply that the
two operators ©_,(t,q + 1)O (t,q) and OF,(t,q — 1)O, (t,q) are singular vector

20 Let us recall that 6, 5(a,b) is the singular vector operator of 4, s(a,b)
21 The roots of @,,, will be considered in a later section
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operators at grade 0. However, identifying them in I1j gives:

@:k(t’q + 1)@]:'-0‘: q) = 00(09 1) >
0T, (t,g — 1O (t,9) = 00(1,0).

These equations cannot be inverted. Nevertheless, we can construct a combination
of them which is according to Theorem 4.K equal to the identity:

1 1 _
E@_k(taq + 1)@]‘:05 4) + E@tk(t’q - 1)@k (t’ ‘1) =1.

In fact having no inverse operators for the charged singular vectors is not surprising
at all. The reason for this is that we extended the algebra by uncharged operators
only. In order to include inverse operators for the charged singular vectors we would
have had to extend the algebra further, introducing charged extended operators.
The result of this section enables us to name all singular vectors in the gener-
alised module ¥7, ., As mentioned earlier for the uncharged vectors we can use
the two parameters of 4., to fix & and the grade a = 5 independently for suit-

ably chosen r, s € C. Hence the space Hﬁ‘fs defines a two dimensional space of
uncharged singular vectors in ¥ 4, at grade a. Let us then assume that ¥ € ¥,
is singular at grade k& with charge different from 0 or 1. The proof of Theo-
rem 4.C can be applied in exactly the same way except that in this case the small-
est terms (0,0,0,0,7)*~ and (0,0,0,0,7)~" both cannot exist due to the charge
of the vector. Hence there are no singular vectors in ¥7, ,, with charge different
from 0 or 1. Finally in the module ¥7 ,, we find a +1 charged singular vector
V). =0} |h g, c) at grade kT = —2 + L\ /> + 8th + 4¢* and a —1 charged sin-
gular vector ¥, = O,_ |h,q,c) at grade k~ = % + Zit\/t2 + 8th + 442 since in both
cases k¥ was chosen such that & = h,:cti. For given grade k we look at the mod-
ule ¥71k+ 441, and take its uncharged singular vector operator ;_,.(1,0) at grade
k — k™. Then the veActor 9,3_,‘4,(1,0)@,; |h,q,c) is singular in ¥7 4, with charge +1
at the given grade k. It is important to note that we could not have taken the oper-
ator 0;_,.(0,1) since 6;_,.(0,1)0}; |h,q,c) = 0. Similarly we can construct a —1
charged singular vector at grade k. This gives us all singular vectors in the Verma
module ¥7, 4 ;.

Theorem 5.C. In the Verma module ¥ g, we find at each grade a € C exactly a
two dimensional space II; of uncharged singular vectors, a one dimensional space
IT} of +1 charged singular vectors and a one dimensional space I1; of —1 charged

singular vectors. This is a complete list of all singular vectors in V7, 4 ;.

6. Relations Among the Uncharged Singular Vector Operators

So far, we considered one class of BSA analogue operators only. These were the
operators O, , for which we can give the rather simple expressions (2.4) for » € N.
We extended these operators analytically in the previous section. Using the fusion
procedure described in our earlier paper [6] we can also find expressions for the
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second class of BSA singular vectors ¥; ;. But since we have to Start the procedure
using a grade 2 singular vector, the vectors ¥ turn out to be more complicated.
The explicit formulae for ¥, are given in App. A for the fusion parameter # = 0.
We now want to repeat briefly the results to continue @ ; analytically. Analogously
to Egs. (3.9) and (3.10) we find if ¢y is normalised to 1:

1[g+3 3
A(l,s) = —[ : —1] - A (6.1)
21lg-3 9-3
1
Ax(l,s) = LE25 (6.2)
t 2
This identifies ¥ ; uniquely in 17 ; and we obtain after rescaling:
+ ES _ s
v, =, (TELI2)). (63)
t t
Thus, the analytic continuation turns out to be rather simple. We define for s € C:
- + 3 — 5
o= 24,0000+ 240,00, (64)

and we let él,s denote the singular vector operator of ‘f’m- We proceed exactly as
for ¥, ,. The key points are the weight relations

hrs(t,q) = his—rmi(t,9) (6.5)
@)+ 5 = hsadig). (6.6)
Hence, the neutral vector
O 511r—1)O1 sr1r—1)—2 * Ot 5171112001 5101y [P 5(8, @), g, (1)) (6.7)
is singular at grade 5. Again, by comparing the two first coefficients with (4.21),

for » € N and s € 2N, we can identify (6.7) to be ¥, ;:

1 « - -
Frs = 57 O1ss0-1)Otstir—1)-20* Ots—ir-11420O1,5—17-1) A5, q,¢). (6.8)

Finally, we construct the inverse operator of (:)1,3 based on the weight relation:
hys(t,q) + 5 = h1—s(t,q). We obtain:

~ ~ q_ﬁ q.'_ﬁ q+§ q_g
01,0, = 291,—s( tz}___z) 015 (-—2,-—1

t t t

2 s
9 —7 11
=4 0o ( =, =
2 0(2’2)

~—1 1 £ &
= @1’3 = ZqT__S_z@L_S . (69)
4

In the following we investigate relations among the two types of BSA analogue
operators ©@,, and @) ,. The key observations are the following identities among
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the conformal weights, which can be checked easily:

hr,2(ta Q) + r = hl,rt+t+2(t; q) s (610)

hr,Z(t, q) +r = hl,—rH—t—Z(ta ‘]) s (611)
N

hl,s(t,Q) + 5 = h#-H,Z(t,Q) s (612)
S

hs(t,q) + 7 = h_ sy 5(69) - (6.13)

In the usual manner, Egs. (6.10)—(6.13) lead us to an identity among the operators
0, and O, ;. For r,s € C we have:

O1.11:142(69)0,2(t,9) = 0r122(t,9) Ot i i-2(1,q) - (6.14)

This relation is equivalent to:

~—1 ~ ~ ~—1
@l,rt—t+2(taq) @r,Z(t>q) = @r—2,2(t»q)@1,rt—t—2(t’Q) ) (615)
O1,544(6,9) Oz 5(,9) = Oz 5(1,9)O1,5(1,9) , (6.16)
~—1 ~ ~ ~—1
01— a(t.0) O 2 5(1,9) = O =2 5(1,9) 0, _(1,) - (6.17)

We can summarise these equations using a diagram which visualises the commuting
products of the operators @, , and @ :

Lri+1+6

Fig. 1. Commuting products of operators of the form (:)r,z and @1, s

As we will see in the next section, the operators @,,2 and @1,3 may vanish for
certain points (4,q,c). Besides Fig. 1 suggests for the uncharged singular vectors a
structure similar to the Virasoro case [11].

22 Note that this diagram contains operators of the type (:),, 2 and (:)1, s only but does not consider the
remaining vectors in II;, and II7
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Exactly as for (5),,2 and (:)1,s we can find inverse operators for the analytic
continuation of 0, ;. We define the analytic continuation of (5.11):

N B F(s+rt_|_ + )
T (54 14)

r(-% 3)
A,.5(1,0) + T S+,,+ﬂ+ 5 4,5(1,0). (6.18)

As usual, we denote the singular vector operator of ‘I’” by @” In order to find
the inverse operator of @, ; we need to multiply it by an operator @,y such that

hes(t,q) + 5 = hy o(t,q), and in addition % + ’Zs = 0. These weight conditions
have four solutions for (#',s"): (=7, s), (r,—s), ({,—rt) and (—3,rt). These solutions
do not define four different inverse operators, in fact the operators corresponding to
these solutions are_mutually proportional. Again, the inverse operator exists only at
the points where ¥, ; does not vanish identically. Identifying the vectors in IT§ as
usual leads to:

_ 1-
6, =701 (6.19)

7. Roots of the Product Expression for ¥,

From now on we consider again » € IN and s € 2N. We obtained for ¥, the
product expression (5.11):

ro(s—rt 1 1
Tr,s:r[l< 2t +%_§ ) rs(l O)+H< q 2_ ) r,s(Oal)-
n=
s:@n ar,:(:,q)

If we follow a curve in the (¢,¢) plane on which &, (#,q) = 0 we find that 4, 4(1,0)
is singular in %75, (1¢),q.c()- Similarly for & (¢,q) = 0, 4,4(0,1) is a singular vector
in %, (4q),9,c0)- The linear system which determines the coefficients of a singular
vector can be written with polynomial entries, hence, at an intersection point of the
curves s;fs(t,q) =0 and ¢,_(t,q) = 0 we observe that both, 4, (1,0) and 4,(0,1)
are singular vectors in ¥7, (,q).4.c() at the same grade 7. At these intersection
points the product expression (5.11) vanishes identically and we have 4,4(1,0) and
4,4(0,1) spanning its tangent space. In this section we investigate further to find
out, where these intersection points are. In the following section we look closer at
the tangent space at an intersection point and we give an explicit example.

Definition 7.A. We define:

r s—rt 1
e(tq) = [1 (i = +%$Ein) . (7.1)

n=1

If we assume & (f,9) = 0 this implies that there exists a k € Nl,% <k =

r— 3, such that 5% 4+ 4 — 2 = —(k+ 3 1). A simple calculation shows that we then
obtam hs(t,q) = h+(t q) Slmllar cons1derat10ns for ¢ (¢, q) lead to:

23 Note that by definition ¥,., and ¥, , are proportional only and not identical
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Theorem 7.B.
g (t,q) =0 3k e ]N%,

— % . hr’s(t,q) = h;{"(t’q) s
&.5(1,q) =0<:>E|k€]N%, %

hys(t,q) = hi (4,9) .

The curves with vanishing functions & (¢,q) or & (f,q) turn out to be the
representations, where in addition to the uncharged singular vector in ¥%, (,q),q,c()
we have at least one charged singular vector. To investigate these representations
further, we parametrise the conformal weight 4 by a,7 and q. Feigin and Fuchs
treated the Virasoro case in exactly the same way [8]:

Nl M=
A 1IA

2 2 _ 72

a—q —t -
h=——8>— atqeC. 7.2
r q (7.2)
Here 7 is the rescaled ¢: 7 = % If we assume % = A, ; we find that the point (7,5) is
an integer pair solution of the linear equation § = #r — a, where § = 5. Also, h = hf
has two roots: k™ = —5 + £ and k= = £ + £. We assume that k+ =g+ 5 is
in N] These are exactly the representations we want to look at, if only k+ is in

the range § < k* < r — 3; then ¢ (#,9) = 0. Hence, besides the neutral singular
vector Tr,s at grade r§ there is a pos1tive—charged singular vector ‘I’,‘Q at grade k.
Starting from the vector 5”,‘;, as highest weight vector embedded in ¥7, (1¢),4,c() W€
find that its weight is parametrised by a’ =a + 1 and ¢’ = g + 1. Hence we obtain
a neutral singular vector ¥, ¢ in this embedded module, by solving the equation
for integer 7' and §':

o1

—§=0r—r)—1. (7.3)

Equation (7.3) has at least one solution: rj =r and §;=3§— 1. Only for 7 € Q
U

we can find more solutions. In this case with 7 = * and u,v coprime, we find the
additional solutions: 7, = r{ + nv and §, = §) + nu, where n € Z. If 7,5, > 0 then
we call the correspondmg singular vector ¥, . Again, we take ¥,/ v as our new
highest weight vector, embedded in the orlgmal module. The embedded module
has the parameters @’ =a+25,+1 and ¢’ =g+ 1. We try to find out if this
embedded module contains a negative- charged singular vector. For this purpose we

construct the combination &, = L + a+2s 1 For (rg,55) we find ky = —k* +7,
which is even valid for 7 ¢ @, and if 7 6 @ we obtain the addltxonal solutions:
ky ==kt +r+nv. If kt e]N% and % <kt < r—% we have k; G]N%. If we
were dealing with the Virasoro case, we would believe that the product of the three
operators @__ 0, 5 and O}, leads to a neutral singular vector in ¥, (,q).q.c(0):

6, 0, '@k+ |hr,s(t,9),q,c(t)) which is at grade kT + k; + r}5; = r5. However, as

a consequence of Theorem (7.B), the operator O, 5 is of the form Ay 5:(0,1)

since % kt < ry— % except for the case that both conditions of Theorem (7.B)

hold. Therefore in the case §;+0 we may find @,rs/@ |2r,5(8,q),q,c(t))y = 0 and
otherwise we obtain ¥, . In Fig. ii we shall 1nd1cate this by dotted lines meaning
that the shown connexions may be trivial. And conversely, if we assume we have
the singular vector ¥, ; and ¥4+ and we want to write ¥, ; as a product of singular

24For §; = 0 we only take e_ [Ch
0
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vector operators in ¥, (1,4),q.c()- W€ want this product from the left to the right to
consist of a negative-charged operator, an optional product of uncharged operators
and a positive-charged operator @F,. For 7 ¢ @ there is no other possibility than
the one described above and hence necessarily % <kt Zr- % If f € @, we can
in addition find ©,, 5, or a product @,/ 0,  where r,, , =ry+ (m+n)v and
§y, = —8,+ (m—n)u. An analysis of both cases shows that we find necessarily
1 S kT < r— . However, in the same way as before Theorem 7.B implies that
the product may vanish. The same arguments can be applied for ¢, ((z,q). We can

summarise this important result in the following theorem:

Theorem 7.C. The representations with &} (t,q) =0 or &, (t,q) =0 are exactly
the ones which can be summarised in the diagrams:

q: 0 +1

0 +1
|hwq,c) 0 +1
Ih,‘:,q,(,’)

Ik, q.)

Fig. 2. Representations with aﬂ,'s(t,q) =0.

Similarly for the case ¢_(t,q) = 0.

At the intersection points of the curves s;fs(t,q) =0 and ¢, (#,q) = 0 we have
representations containing the uncharged singular vector and both one +1 charged
and one —1 charged singular vector. In the embedding diagram starting at the highest
weight vector and following either of the fermionic lines, we may for both fermionic
singular vectors reach the grade 7. However these two vectors are not the same
according to the expression (5.11) for ¥, ;. We want to call the representations at
the intersection points of &} (z,q) = 0 and &, (z,q) = 0 degenerate representations
and the intersection points themselves shall be called points of degeneration. We
have herewith classified all representations for which (5.11) identically vanishes
and produces two linearly independent singular vectors. The feature of having two
linearly independent neutral singular vectors at the same grade is so far unique
in the case of conformal algebras considered in the literature. The implications
that the degenerate representations are exactly the ones given in Fig. 2 rely on the
conjecture of the coefficient A,(#, s) [Eq. (3.11)]. This conjecture is based on the
proven expressions for ¥, , and ¥;,, on computer evidence for different values of
r and s and as well on consistency calculations of the product expressions for ¥,
using known singular vectors. Hence we can find plenty of cases for which A,(r, s)
and the degeneration is proven. Among them we will give one explicit example
in the following section. As this example shows, the N = 2 embedding diagrams
conjectured independently by Kiritsis [12], Dobrev [S] and Matsuo [14] are wrong.
Moreover, it is an immediate consequence of the results of this paper to find out
which products of embedding homomorphisms are trivial. We discuss the embedding
diagrams for the sc(2) algebra in a forthcoming paper [7].
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8. Degenerate Singular Vectors

In the previous section we have found that for some particular cases both vectors
in II7 ; happen to be finite and we obtain two linearly independent neutral singular
vectors in ¥, (1.4).4,c() at the same grade Z. On the other hand, we gave in ref. [6]
explicit expressions for ¥, ;. Using the tangent space of ¥, , and without using the
knowledge of the previous section, we can understand the fact that ¥, , is a linear
combination of two generalised singular vectors which both happen to be finite at
a point of degeneration. We may assume that the expression of ¥, is given with
polynomial coefficients. If it vanishes identically for a particular pair (¢,¢g), we then
divide the singular vector components, which are polynomials in # and g, by the
common root. It is easy to see that we obtain at most two linearly independent
vectors at such a point.

Let us consider a polynomial vector field ¥(¢,q) over a two dimensional dif-
ferentiable manifold parametrised by (¢,¢). Suppose there exists a point (#,qo) at
which the vector field vanishes. Following an arbitrary linear path through this point,
ot + Bgq = aty + fqo, we find that we can factorise this root from the vector field
in order to obtain the derivative v, p(f0,q0): Vo = (& + Bg — ato — Pgo)va,p. It
corresponds to the partial derivative oc% +B %:

- ((aZ + B) + (at + Pq — aty — Pqo)

(4§ 85) Pt

(t0,90)
X (a% + ﬂ%)) Uo(,ﬂ(t’ q)l(to,qo)

= (O(2 + ﬂz)va,ﬂ(th q0) -

Here (o« 4 %) does not vanish. The tangent space is two dimensional and hence
Uy, p(f0,qo) lies in a two dimensional vector space.

Consequently in the case where the polynomial expression for ¥, vanishes, it
can describe at most two linearly independent singular vectors at the same grade
with exactly the same charge. We now give an explicit example for this new feature
which does not appear in the Virasoro case or the N = 1 superconformal case, where
the underlying manifold is just one dimensional.

As an example we choose ¥; > as given by Eq. (B1) in App. B using the standard
basis. We calculate the singular vectors at the point?® (¢y,qo) = (1,0) where (B1)
obviously vanishes.

£5(0.1) = 63 ,00(6g+1)0)_e1(t,9) 326, gre()) . (8.1)
432(1,0) = 63, 120(t.g ~ 1)0;_ra(t,q) [haa(t.g)q.e(0)) . (82)

251n the case where the root afy + fgo is contained more than once the same argument can be applied
successively

26 Let us remark that this point belongs to the unitary series; in fact it is the trivial one-dimensional
representation
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These expressions make it clear that the vectors 43 »(1,0) and 43 2(0, 1) are products
of the operators @ﬂf and @f on the lines g —¢t+1=0and g+t —-1=0,
2 2

1
232(0,1) |ymey = OF (1L,1OT (1,1 — 1) ”Tt 13— 3t> . 83)
2 2

A32(1,0) |g=1— @J%r(t,—t)@%_(t,l —1)

t—1
o1 -3-3t). (84
s 113 3t> (8.4)

We use Egs.(B2)—(B5) given in ref. [6] to determine 435(0,1) |4——1 and
A35(1,0) |g=1—;. After normalising suitably we find:

432(0,1) [y = {4L3 | + 1207, T_, —2L2_IGJ:%G_ — 8tL_,L_,

1
2

+8L_ T2, —6L 1 T_1G* G, —4(2t +5)L_T_,
2 2

+2(t — l)L_thlG: —8tL_,T_;

N

+2(t+ DL,G* G, + 41t — 1)L
2

[N

—4T2,GT G, — 4t — T T, + 4T G, G~
2 2

—3
2

=

+Bt+5)T2GL, 67, + 4+ 1) +4)T-

—1
—2(t—1)(t+1)G',G ™} tT,t— 1,3 —3t> )
2 2

(8.5)
A32(1,0) |gmi—; = {2L2_1Gf%G_ —6L_1T_1Gt%G:%

-1
2

—2(t = DL1GT,G7, = 2(t+ DL 2GF, G~
2 2

1 1
3 2

+4T2,GY G~ + 4T G ,G—, + (3t +5)T%GF, G
2 2 2

—1 1 1
2 2 2

1
2t — 1)t + DG ,G,) %,1—:,3—3z> . (86)
2 2

If we evaluate (B1) on the two lines ¢ — ¢+ 1 =0 and ¢ + ¢ — 1 = 0 we verify the
proportionality:

W32 lg=t—1 = —(t —2)432(0,1) |g=r—1 , (8.7)
P32 g=1—r = —(t —2)432(1,0) [g=1— - (8.8)
Finally, considering the point (#,q¢) = (1,0) at which ¥; , vanishes leads us to two

linearly independent singular vectors. Following the line ¢ — ¢ + 1 = 0 into (1,0) we
find as singular vector 43 2(0,1) |~ 4—0 Which corresponds to the partial derivative
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of ¥5,2(t,q) with o =1 and f = —1 in (1,0):

A32(0,1) |i=1,g=0 = {4L>, + 1202, T_, —2L2_1Gi%G: —8L oL +8L_T?

1
2

—6L_T_1G* ,G~, —28L_\T_, —8L_,T_,
2

1
2

+4L Gt GT, — 4T} G" G| + 12T _,T_,
2 2

L 1
2 2

+4T_1G*,G~, +8T_,G*,G~, +40T_3}0,0,0) .
2 2 2

1
2

(8.9)

Similarly, we can follow the line ¢ +¢— 1 =0 into (1,0) for which we end up
with the singular vector 43 5(1,0) |,=1,4—0, corresponding to the partial derivative of
Y 45(t,q) with o =1 and =1 in (1,0):

—4L_,G* G~ +4T?
2 2

A35(1,0) 1,60 = {2L2,G*,G7) — 6L, T-1G*, G,

X GT,G~, +4T_1G*,G_, +8T%,G*,G~,}10,0,0) .
2 2 2 2

-1 -1
2 2

(8.10)

These two vectors are linearly independent and span the whole tangent space of
Y, at (t =1, 9 = 0). Following any other direction does not give any further in-
formation but linear combinations of these two singular vectors.

9. Conclusions

We defined analytic extensions of the N = 2 (untwisted) Verma modules for which
we showed that they contain at each grade two linearly independent uncharged
singular vectors and one +1 and one —1 charged singular vector. We constructed
these singular vectors explicitly using analytic continuations of the BSA analogue
vectors and the charged singular vectors known from ref. [6]. This extended structure
which is apparently shared at least by superconformal algebras and Kac—Moody
algebras has in our opinion not obtained enough attention by the literature and should
be studied in more detail. Our conjecture of the coefficient A,(7, s) for the singular
vectors ¥, allowed us to give product expressions for all singular vectors of the
algebra sc(2). This leads generically to a Virasoro like structure for the uncharged
singular vectors. However there are points at which the whole two dimensional
uncharged space of singular vectors of the generalised module lies in the original
Verma module and leads to two linearly independent uncharged singular vectors at
the same grade. For this important implication of the conjecture we gave an explicit
example for confirmation. This disproves the existing literature about the N =2
embedding diagrams [12, 5, 14] and shows a feature of superconformal algebras
which had not been discovered so far. We made clear where we disagree with the
existing literature about N = 2 superconformal embedding diagrams which we will
clarify in a forthcoming publication [7].
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Appendix
A. The Singular Vectors ¥ ,

We can also write the vectors ¥; ; for s € 2IN (s=2) as a sum over partitions using
the fusion method with # = 0:

S S S
Vi, = QL(-2g00% ¥ E ., (5) T, 11 (E =)
J=2 my+ =3
J even neEN|
2

XE, ,ii(mA e tng)es Tyri(m+m+m)E, .1 (m + n2)
2t
(t—2)q
XTn1+%(nl) 0 ‘hl,s(taq)5 q, C(t)) .
0

The four-by-four matrices Ex(n), Ti(r) and Ej(n) are given by:

elkl(n) elkz(n) e{‘3(n) e{‘4(n)

ezkl(”) ezkz(”) ezk3(”) e2k4(”)

E'(n) = , ke{l,2},
g 0 0 )y 0 1.2
0 0 0 y(n)ék,l
Ej(n) =0, k=3,
1
Er(n) —FE(n), keN,

")
Ok 0 0 0
0 6 0 0

thi(r) th(r) th() o) |

tfl(r) tfz(r) tf3(r) tf4(r)

Tk(r):()’ kg:;a

=4l w25 )] v w25 )] b3
yE(r) = Qq:2rt Tst s+ 1)2g+2rt £sF 1),

Ti(r) = ke {1,2},

—1
el (n) = ;{[{4[0 —2)s + 2t +4lg — (2 + 412 + 121 — 16)s — (> — 8t + 4)s?

—8(t+2)q> —2t> — 4t* — 8t — 16}t
+2[3( —2)s —4q — 12 + 4t + 12]n% P 4 A(st —s —t +2)(s — 1 — 2)g
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+2(st — 25+ 2+ 4)t +2)q% + (2 +4)(t +2)st
—(t—2)s3t — 8nt> — 843t — 8s31]L_,
+ g[(t% + 61 4+ 4)(t — 2)s — (t — 2)s3t + 4% + 16t
+ 16 — [(£2 +4)(t — 2)s + 263 + 12¢% + 8 + 16]n + 2(t* 4 4)n’t
+2(t* — g NT-1 — 4q[[(t — 2)s + 2t + 4]t
(st —s—t+2)(s—t—2)—2n%? - 2q2t]Gf%G:%} ,

4
el,(n) = ;{[(t —2)s+ 12+ 4t +4 —4nt — 4qlgL_; — [(t — 2)sn + 2nt
+dn — (q* + )t +2) —2n*t + 52T +4¢*GT, G, },
2 2
-2
el (n) = W[(azz —3t—2)s — (t — 1) 4+ 2t2 + 4t)g + 2[(¢ — 2)s + 3¢ + 2]q°
—(4q + st — 2542t +4)2q +t — Dnt +2(2q + t — 1)n’t?
+(t+2)(t - 1)st —(t — 1)s*t +4¢°1G*, ,
2
2
el (n) = E[G’z —3t—2)s — (t — 1)s> +2t* + 4t)g — 2[(t — 2)s + 3t + 2]¢°
+(4g — st +25 — 2t —4)(2q — t + )nt +2(2g — t + 1)n’t?

—(t+2)(t—1)st+(t— 1)s’t +4¢°1G~

>

[

ey (n) = 2—;7[4{2q[3s(z —2)—t? 4+ 12] —4g* — 5% +ds +1? — 4}n?t?
+[(s =t —2)st —2(t +2)g%)(st — 25 + t* + 4)(t — 2)q + 2(4¢°t
+ 8¢° + 4%5 — 8¢°t — 8¢ — 4gs’t + 4qs? + 2gst? + 4gst — 16gs
+2qt® + 4qt? + 8qt + 16q + s> — 65% — 5t? + 125 + 2t% — 8)(t — 2)nt
—A(st —s—t+2)(s —t = 2)(t — 2)q* + 8(t — 2)q*t — 32n3qt>1L_,
+ 2’117[2[(%2 +16)(r — 2)s + (3t — 4)(t — 2)s” +2(t — 2)’¢* — 21°
+ 812 + 8t + 32]n%t — 8[2(¢ — 2)s + t2 + 8]n3t? — (29 %s(t — 2)?
—4q%1%(t +3) — 16¢° + 531> — 2531 + 5213 — 4s%4(t — 1) + 125t% + 8st
— 413 — 16t(t + D]t — 2)n[st(t — 2) — st>(t + 4) + 8s(t + 1)
— 4t +2)21(t — 2)g% — 2(¢ + 2)(t — 2)*q* + 16n*t3]T_,

1
- —5l(4g%s - 8¢t — 8g2 + 53 — 652 — st> + 125+ 2t2 — 8)
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X (t —2)nt — 2(4q* + 5% —4s — t* + 4)n*?
—2(st —s —t+2)(s —t — 2)(t — 2)q* + 4(t — 2)¢*t]GT,G*, ,
2 2

. [2n2¢2 +nt(2 —s)(t —2) —2q*(t —2))[4nt +4q — st + 25 — (t — 2)*]
ep(n)= pw L_;
g [[2(t+2—s)f;+st2+4s— 2t2—8(t+1)](t—2)n—2(t2+4)n2t+2(t2—4)q2] r

—1
nt

—2)(t = 2)nt + 2(t — 2)q% — 2n%t?
+4q(S Xt —2)n +nt( )q n

thG_ ’
2

-1
2

2

els(n) = m[2{2[3.(t—z)s— 12+ 2t +8lg+ (3t2 — 13t + 2)s + (¢ + 1)s?
—4(t — 3)q% — 212 + 16t — 8}n?t? —2(t +2 — s)(t — 1)(t — 2)gst
+[16¢° + 4g°s(t — 3) + 16¢*(t + 1) — 2gs*(t — 2)
+2gst? — 8qs(t — 1)+ 4qt(t +4) — s(t + 1) — s%t(t — 9)
+4s(s — 1) — 18st + 41(t + 2))(t — 2)nt — 8(2q +t — 1)n’t?
+2[s2(t — 1) — 3st(t — 1) + 25 — 2t(t + 2)](¢ — 2)q*
—4(st — 25 + 3t +2)(t — 2)g° — 8(t — 2)¢*1G", ,

2

2
ely(n) = ;t—2[2{2[3(t —2)s —t2+2t+8]g — (3t2 — 13t +2)s — (t + 1)s?

+4(t — 3)g? + 2t — 16t + 8}n?t? — 2(t +2 — s)(t — 1)(t — 2)gst
+ 1693 — 4g°s(t — 3) — 16q%(t + 1) — 2qs*(t — 2) + 2gst>
—8gs(t — 1)+ 4qt(t +4) +s(t + 1) + 521t —9) —4s(s — 1)

+ 18st — 4t(t + 2))(t — 2)nt — 8(2qg — t + )nt3

—2[s%(t — 1) = 3st(t — 1) + 25 — 2(t + 2))(t — 2)q>

— 4(st — 25+ 3t +2)(t — 2)q° + 8(t — 2)g*1G~

>

NI

2n%t% — nst? + 2nst — 2nt? — dnt + 2%t + 4q* — 5%t + st? + 2st
nt?

x[41(t —1)(G*,G~, = GT,G~ )+ 8(GF ,G=, T —L_1T_y)
2 2 2 2 2

—1
2

e%l(") =

—412L% | F 2030 5+ (12 — T2, + 41t + 1)T_,],

2 _ _ _
eh(n) = n—‘f[4t(t— 1)(Gf%G —Gf%G_%)—StT.IGf%G_ —(t* -1,

—3
2

(ST

—4t(t + )T + 42L% | + 8tL_ Ty — 2t°L_5],
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2
e%3(n) = E[ant2 — 4ngt — nst* + 2nst — 2nt* — 4nt + 2q°t + 4q* + gst
—2gs + qt? + 4qt + 4q — 5%t + st? + 2st]
x[(t = DGE, +2TG7 1,
2 2
el(n) = %[antz + 4ngt — nst? + 2nst — 2nt? — 4nt + 2q*t + 4q° — gst

+2gs — qt* — 4qt — 4q — st + st + 2st]

x[(t-=1)G_; —2T1G_,],
2 2
q4n(2n—s)t2 + 8nst +4nt(t? —4)—2q%(t* — 4)+s2t(t —2) —st(t? — 4)

e%l(”) = - i’
x {4t[(t — 1)(G‘_“%G:% - Gi%G:%)-i-ZT_IGJ_’%G:% — 2,
— 2L \T_ ]+ 283L_5 + (12 = )T?, +4t(t + 1)T_,},
&,n) = n(2n — s)t? + 2nst + 2nt(t —2) — 2q%(t — 2)

2nt?
x{4t[(t - 1)(GJ:%G:% - GJ_r%G:%)
+ 2T_lGi%G:% — L} = 2L T ]+ 2L,
+ (2 = DT + 4t + )Ty},
es(n) = %[8n3t3 — 16n2qt? — 6n’st*(t — 2) — 20212 (12 + 12)

— 8nq*t* 4 16nq°t + 8ngst? — 16ngst — 8nqt* + 32nqt + ns*t?

— 4ns?t? + 4ns’t + nst* + 4nst? — 16nst — 2nt3(t + 2) + 8nt(t + 2)
+4q°(t* — 4) +2¢°st(t — 4) + 8¢%s + 2¢°t%(t + 2) — 8¢%(t + 2)
—2gs*t(t — 2) + 2gst(t* — )][(t - 1)Gj% + 2T_1Gf%] ,

-2
e%4(n) = F[8n3t3 + 16n%qt? — 6n2st%(t — 2) — 2n2t2(t? +12) — 8ng?t?

+ 16ng*t — 8ngst? + 16ngst + 8nqt> — 32ngt + ns*t> — 4ns’s?
+dns?t 4 nst* + dnst? — 16nst — 2nt3(t +2) + 8nt(t +2) — 4¢° (12 — 4)
+2q%st(t — 4) + 8q%s + 2¢*t*(t 4+ 2) — 8¢*(t +2)

+2gs2t(t — 2) — 2gst(t* — D[t — )G, —2T_1G_,],

3
2
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t;l(r) =
 2[(t—2)s—A4rt—t* + 4]gH(4q* —s* )1 —1)— (1> =51+ 2)s+-4(t + 1 )rt 6t o
y=(r) -
2q—t—1
t32(r) = 4t q’}) ( ) G_% ’
(t—2)s—4q—4rt +t>4+2t+8 1 _
th(ry = =2t L_ —8t—G+ G
s () RO R
_2qt2—4q+4rt—st+25—2t(t+ 1)
y=(r) -
d](”)
20(t—2)s—4rt —t? + 41g—(4q> —s>)(t—1) +(t> =5t + 2)s—4(t+ 1)rt + 6¢ .
yH(r) -3’
2q+t+1
1 _
142(1’) - 4t—’))T(r—)_ _% 5
(t—2)s—4q—4rt+t2+2t g+1 _
) = -2t +
ulr) o) )
qt? —4q — drt + st — 25 +2t(t + 1)
-2 -~ T i,
yH(r)
Art —st+2s —t? —2t —4
2 — _
= t—1)G™, —2T_
331(”) () [( ) -3 2T IG_%],
£5(r) = T)W - 1GZ, —2TG7,],
—1 1
B(r) = —= {4 |(t-1)(G'—5G, - G*,G~, | -2T1G{G~,
( r) 2 3 -3 ~3 2 2
— (=42, — 4t + IT_y +41°L% | + 8L T — 2t3L_2} ,
4rt — st +2s —t?2 — 2t — 4
2 _ + +
th(r) = ) [(t = DG, +2T.G1,],
—4¢
2 _ -+
1‘42(7') - y_,_(r) _% +2T—1G_%] 5
2 + - + +
t4(r) = —E ){41 [(t—l)(G —EG , G_%G_%) ~ 271G G_%}

—(t2 —4)T?, — 4t + T + 412 L% | + 8tL_1T_; — 2t3L_2} )
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B. The Singular Vector ¥;

¥; , given in the standard basis can be obtained from ref. [6]:

¥y = 2+ 0@ -0(@+e-1)
x{(g—t—1)g— DL, + 1%t — DL_3 +3t* (g + DL, T_,
—2t3(q+ 1)L_,T_; +t(3g> +6q — t> +3)L_, T*, — t*(2qt + 3¢

+4t+3)L_ 1Ty — 2*L_oL_; +t3(qt +2q + 3t + 2)(t + 1)T_3 — t(29%¢

+3g2 +6qt 4+ 6q — > — 2+ 4t + 30, T_|] + [t2(3g* — 2qt* — 3qt

42+ 13+t —t— DL 1GT, G, +1t(3¢>— 2¢°t* — 3¢*t
2 2
+3¢% + gt + qt* —2qt—3q—t*+ 52+ t—3)T_,G , G~
2

3
2

+ig =1 =2+ 1) (g — 1"+ (g - 1)GT, G, 1}

+(qg—t+ D{—t*Bq* +2qt> +3qt —2q + > +t* —t — )L_,G*,G~
2

—t(3¢°+2¢%t? + 3¢t — 3q* +qt>+ qt* — 2qt— 3q+ t*

N

=58 —t+ TG, G +ig+t2 42t =1)(g + 17 = 1) (g + )G, G}
2 2 2

H(g—t+1)g+t—1D{~12q* —t* — 1 + 24> —2)G* ,G~
2

+(g+t+1)g—t—1)g+ 1)(g— DT}

+6t%q(q +1)(g — DL, T_1G*,G~, +t3(3¢* — > + DI2 G+, G~
2 2

1
2

=212t = 1)t + 1)(g+ 1)(gq — l)L_zGi%G‘

1
2

+1(3¢* — 6q% + t* — 4> +3)1%,GF G
2

=

3 q—1

—t2q(2q%t +3¢* + 13 — 6t — 3)T_zGi%G_ ) ‘—— +t—1—4q,

1

2 2t

D=

(BI)

c(t)> .

In the same way we can give the operators into which %5 5(1,0) factorises as shown

in Sec. 8:
O1(tq) = (g +1)G', ,
@;(t,q) = 19(q — I)GZ% ,

@J%r(t,q) = 2%°¢°2q+t+2)2q+t)g+t+1)g+t)g+1)

X (2(2q2 + gt + 62— 1)GT, — G, G, G-
2 2 2

1
2

—2(2q 43t — 1)L_,G*, +4(2q + 3)T_,G*,
2 2

(B2)

(B3)
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+2L% G, —6L_T_1GT, +4T*,G*,
2 2 2
~2(q+2+ DLaG*, + (g + 60+ 5)T2GY ), (B4)
2 2

0;(tq) = 2P¢°(2q —t —2)(2q — t)(g —t — 1)(g — t)(g — 1)’

x (220 - 3009 — 2067, - G*,G7,G7,

2 2 2 2

+2(2q —30)L_1G~, +4(2q — 3)T_1G"
2

3
2

+21%,G7, +6L_, T.1G™, + 47%,G~,
2

=

42(q — 20)L_,G~, + (3q — 6t — 4)T_2G‘l> . (B5)
2 2
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