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Abstract: Using the Wakimoto realization of quantum affine algebras we define
new Poisson algebras, which are g-deformations of the classical # -algebras. We
also define their free field realizations, i.e. homomorphisms into some Heisenberg—
Poisson algebras. The formulas for these homomorphisms coincide with formulas for
spectra of transfer-matrices in the corresponding quantum integrable models derived
by the Bethe—Ansatz method.

1. Introduction

1.1. In this paper we generalize some results concerning affine Kac—Moody algebras
at the critical level to the corresponding quantized universal enveloping algebras.
Here is a short description of these results for the affine algebras.

(i) Let U(g)r be a completion of the universal enveloping algebra of an
affine algebra g at the critical level —4" (the precise definition is given in Sect. 2).
This algebra possesses a large center Z(g), which has a natural Poisson structure.
B. Feigin and E. Frenkel have shown that Z(g) is isomorphic to the classical
W -algebra W (g") associated to the simple Lie algebra g’, which is Langlands
dual to g [1].

(ii) The # -algebra ¥ (g") consists of functionals on a certain Poisson man-
ifold %(g") obtained by the Drinfeld-Sokolov hamiltonian reduction [2] from a

hyperplane in the dual space to the affine algebra g’ . Elements of %(g*), called
g-opers in [3], can be considered as connections on a certain G/-bundle over the
circle with some extra structure. To a g--oper one can attach a g-module, on which
the center acts according to the corresponding character. These g-modules can be
considered as analogues of admissible representations of a simple group over a local
non-archimedian field. They can be used in carrying out the geometric Langlands
correspondence proposed by A. Beilinson and V. Drinfeld [3].
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(ili) The Wakimoto realization of g [4,5,1,6] provides a map from U(Q)c
to the tensor product of a certain Heisenberg algebra and a commutative algebra
H#(g). The restriction of this map to Z(g) gives us a homomorphism Z(g) — #(g),
which is an analogue of the Harish—-Chandra homomorphism. The corresponding
map ¥ (g') — H#(g) is nothing but the Miura transformation, which has been de-
fined for an arbitrary g by V. Drinfeld and V. Sokolov [2].

(iv) The algebra #°(g) consists of functionals on a hyperplane % in the dual
space to the homogeneous Heisenberg sEbalgebra h of g. The algebra #(g) is
the classical limit of a completion of U(), and hence it is a Heisenberg—Poisson
algebra. The Miura transformation #(gt) — #(g) is a homomorphism of Poisson
algebras.

For example the center of U(sl,). is generated by the Sugawara operators,
and %(sl,) is isomorphic to a hyperplane % in the dual space to the Virasoro
algebra. Thus, the center of U(slz)cr is isomorphic to the Poisson algebra #7(sl,)
of functionals on .#. The Poisson structure on .# is often called the second Gelfand—
Dickey structure. We call #7(sl,) the classical Virasoro algebra.

Elements of % can be considered as projective connections on the circle, i.e.
differential operators of the form 07 — g(¢); these are the sly-opers. On the other
hand, elements of % can be considered as connections on a rank one bundle over
the circle, i.e. differential operators of the form J; — % x(¢). The Miura transformation

sends a connection 0; — % x(t) to the projective connection

&~ )= (6~ 310) (a+ 30 (an

This gives us a homomorphism of Poisson algebras #7(sl,) — H#(sly).

In [7,8] these results were used to give a new interpretation of the Bethe
ansatz in the Gaudin models of statistical mechanics. This allowed us to gain new
insights into completeness of Bethe ansatz, and to relate Bethe ansatz to the geo-
metric Langlands correspondence.

1.2. There are many indications that these results can be generalized to the center
of a completion ﬁh(ﬁ)cr of the quantum affine algebra U,(g) at the critical level. An
explicit construction of central elements of a quantum affine algebra at the critical
level has been given by N. Reshetikhin and M. Semenov—Tian—Shansky [9]. Later,
J. Ding and P. Etingof [10] showed that those elements generate all singular vectors
of imaginary weight in Verma modules over U,(g).;. This makes us believe that the
center of U,(§)cr is generated, in an appropriate sense, by the elements constructed
in [9].

The center Z,(g) of Uy(g)e possesses a natural Poisson structure, which is a
g-deformation of the Poisson structure on Z(g). A natural question is to describe
Z,(g) and its spectrum.

In this paper we do thlS explicitly for U;,(sIz)cr by using its Wakimoto realiza-

tion. Our results for U;,(slz)cr can be summarized as follows.

(i) The center Zh(slg) of U;,(slz)cr contains the Fourier coefficients of a
power series Z(z) given in [9] in terms of the Reshetikhin—Semenov—Tian—Shansky

(RS) realization of U(sly)e. We rewrite £(z) in terms of the Drinfeld realization
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[11], using the explicit isomorphism between the two realizations established by
J. Ding and I. Frenkel [12]. This gives us a g-analogue of the Sugawara formula.

(i) Wakimoto realizations of U,(sl,) have been given in [13] in terms of
the Drinfeld realization; we use the presentation due to H. Awata, S. Odake, and

J. Shiraishi [14]. It gives us a homomorphism from (’:/;,(’g\)cr to the tensor product
of a certain Heisenberg algebra and a Heisenberg—Poisson algebra #,(sly). Its

restriction to Z,(sl,) is a homomorphism of Poisson algebras Z,(sl,) — #5(sl,),
which is a g-deformation of the Miura transformation.
(iii) We find the image of Z(z) in #(sly):

£(z) = s(2) = Azq) + Azg~") 7", (12)

where A(z) is a generating function of elements of J#,(sl;). Using the Poisson
structure on #(sly) we compute the Poisson structure on Z;(sl):

2

@ty =2mg - g S (%) T sayrw)

mezZ [2m]q
w\" wq2>m
2h — | —2h — . 1.3
* m;l (2‘12> m%:Z( z (13)

This gives us a g-deformation of the classical Virasoro algebra.

Formula (1.2) shows that if we attach to A(z) a first order g-difference operator
D4 — A(zq), where [D, - f1(z) = f (zg%), then to s(z) we can attach in a natural
way a second order g-difference operator of the form 2, —l—gq_l — 5(z). Indeed,
let O(z) be a solution of the difference equation Q(zg) = A(z)Q(zg~"). Then from
formula (1.2) we obtain

(24 + 27" —5(2))0() = 0.
The latter equation written as

0(z¢*) | O(zg%)
s(z) = —+ (14)
0(z) 0(z)
was used by R. Baxter [15] in his study of the eight vertex model. Similar formulas
appeared in [16] as the result of computation of the spectrum of the transfer-matrix
of the six vertex model, an integrable model of statistical mechanics associated to

Uq(g:\lz). In this context, the function Q(z) is a product of a “vacuum value” and a
polynomial, whose zeroes are solutions of Bethe ansatz equations.

1.3. Thus, we have interpreted formulas (1.2) and (1.4) as a hamiltonian map,
which can be considered as a g-analogue of the Miura transformation. In fact, the
Miura transformation plays the same role as Baxter’s formula (1.4) in the Gaudin
models, cf. [17,7,8].

The Miura transformation (1.1) is the classical limit of the free field realization
of the Virasoro algebra. Free field realizations play an important role in conformal
field theory, cf. [6]. It is quite remarkable that a g-analogue of free field realization
appears in the context of Bethe ansatz in statistical mechanics.

Analogues of formula (1.2) for transfer-matrices of integrable models associated

to other quantum affine algebras are known, cf. e.g. [18,21] for Uq(aN ), [19,20,22]
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for other U,(g). Motivated by our computation in the case of Uq(;lz) we expect

that the formulas for the g-deformation of the Miura transformation of the center of

(~Jh(§)cr coincide with the formulas for the transfer-matrices corresponding to U,(g).
In particular, for g = sly we obtain the following picture:

(i) In [9] the generating functions of central elements /;(z),...,/n_1(z) of
ﬁh(sﬁ ~N)er corresponding to the fundamental representations have been constructed.
The Fourier coefficients of /;(z)’s generate a central subalgebra Z,(sly ) of 17;,(;1 Ners
which is closed with respect to the Poisson structure.

(i1) The Wakimoto rAealization of Up(sly)er [14] gives rise to a homomorphism
of Poisson algebras Z,(sly) — H#(sly), where #(sly) is a Heisenberg—Poisson
algebra. This is a g-deformation of the Miura transformation. We find a formula
for the image s;(z) of each generating function ¢;(z) in #(sly). These formulas
match formulas for the spectra of the corresponding transfer-matrices in integrable
models associated to U,(sly) [18,21].

(iii) We explicitly compute the Poisson brackets between s;(z)’s in #,(sly) gen-
eralizing formula (1.3). Thus, we obtain an interesting Poisson subalgebra #7,(sly)
of the Heisenberg—Poisson algebra 5 (sly ), which is a g-deformation of the clas-
sical # -algebra # (sly).

(iv) Recall that elements of the spectrum of #(sly) can be considered as N
order differential operators. We show that elements of the spectrum of #/(sly) can
be considered as N order g-difference operators of the form

DY —sn1(2)D) " +snv2(2)Z) T = = (—1)si1(2)Z4 + (D).

We generalize (i) and (ii) to all quantum affine algebras of classical types.
The computation of Poisson brackets is straightforward. We plan to study them
in our next paper [23] along with results regarding quantum affine algebras of
exceptional types.

Using our results in the same way as in [7] we can give a new interpretation of
the Bethe ansatz in integrable models associated to quantum affine algebras. This
and other applications will be discussed in [23].

The paper is organized as follows. In Sect.2 we recall results concerning the
center of U (;Iz )er and Miura transformation. In Sects. 3—5 we consider the Drinfeld
and the RS realizations of Uh(sAIZ)k and the isomorphism between them. In Sect. 6
we rewrite the RS formula for the generating function /(z) of central elements in
f]h(;\lz )er in terms of the Drinfeld realization. In Sects. 7-9 we recall the Wakimoto
realization of Uh(sAlz)k, and use it to find an explicit formula for the image of #(z)
in J#(sl,) and to compute the Poisson bracket on Zh(glz ). In Sects. 10 and 11 we
generalize these results to Uh(;I ~N)er and other quantum affine algebras of classical

types.

2. The Center of U (sAIz) at the Critical Level

2.1. The structure of the center. Let g be a finite-dimensional simple Lie algebra.
The affine algebra g is the extension of g ® C[t,¢~!] by a one-dimensional center
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CK. For A € g, n € Z, denote A[n] = A4 ®¢" and put
A(z) = S A[n)z—" ",

neZ
Introduce a completion U () of U(g), the universal enveloping algebra of g:
U(g) = limU@)/U@Ng @ "Cle]), n > 0.

This is an associative algebra. It acts on g-modules M which satisfy the following
property: for any x € M there exists N € Z, such that A[n] - x =0 forany 4 € g
if n > N. For k€ € put U@} = U(Q)/(K — k), and let U(g)er be U(g)_pv.

The algebra U(g); contains the local completion U(gQ), introduced in [1].
The center of U(Q);, has been described in [1]. It consists of the constants when
k+ —h", but becomes “large” when k = —h". Let us recall its description in the
case § = sly; in this case AV = 2.

Let {e,h, f} be the standard basis of sl,. Introduce the generating function of
the Sugawara operators S, by formula

Sz)= 3 Sz 2 = 4—1‘ Ch(z)? +% ce(2)f(2): +% L f(@e(z) : .
nezZ

It is well-known that
[Sn, A[m]] = —(k + 2)mA[n 4+ m]

for any 4 € g, and
k
(S Sn] = (k +2) | (1 = m)Syim + 7(n = m)pm | - @1

Therefore, if £+ — 2, the operators L, = S,/(k + 2) generate the Virasoro algebra.
If k = —2, the operators S,, n € Z, are central elements of U (glz)_hv’mc.

There is a natural Poisson structure on the center Z(3) of U(§)e: for any
A,B € Z(g), let A',B’" be their liftings to ﬁ(glz). Then we have [4/,B']=
(K +hV)C" + (K +hV)%(---). Let C be the projection of C’ € U(sl,) to U(3)er.
Then the formula {4,B} = C defines a Poisson bracket on Z(g), which does not
depend on the liftings.

We obtain from formula (2.1):

1SS = (0= M)Syem — 20° — )50 22)

Consider the hyperplane ¥ in the dual space to the Virasoro algebra, which
consists of those linear functionals on the Virasoro algebra which take value —6
on the central element (this corresponds to the factor —1/2 = —6/12 in the second
term of formula (2.2)). This hyperplane is isomorphic to the space of projective
connections on the formal punctured disc 6% — g(z), where g(z) € €((z)), in the
sense that the natural action of vector fields on it coincides with the coadjoint
action of the Virasoro algebra on .#. Let # (sl,) be the Poisson algebra of local
functionals on . It is the classical limit of the local completion of the universal
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enveloping algebra of the Virasoro algebra. Therefore we call #'(sl,) the classical
Virasoro algebra. ~

In the case g = sl, the result of [1] is that the center Z(sly) of U(sla)—2, 10
is isomorphic to #7(sly). This isomorphism sends S, to the local functional
02 — g(z) — [q(z)z""'dz. According to formula (2.2), this is an isomorphism of
Poisson algebras.

2.2. Wakimoto modules and Miura transformation. Consider the Heisenberg alge-
bra I with generators a,,a;, n € Z, and relations
[ana am] = [a;’ a;;] =0, [ana a,";,] = 5n,—m 5

and the Heisenberg algebra #”(sl,) with generators y,, n € Z, and 1 and relations

[Xna Xm] = Znén,—mla [Xna 1] = O *

Introduce the generating functions

a@) =Y ez, @@= "y =3 6"

n€z n€Z n€Z
We define an embedding ¢ of sl, into a completion of I' ® #”(sl,) by the formulas:
Ple(z)] = a(z) ,
Plh(z)] = =2 a(z)a™(z) : +x(2) ,
PLf(2)] =~ :a(z)a*(z)a*(z) : +(1 — 2)0:a"(z) + x(2)a*(z) ,
PK)y=1-2.

The algebra I' has a standard Fock representation M generated by a vector v,
such that
a,v=0, n=0; a,v=0, n>0.

The algebra #'(sl,) has a family of Fock representations 7, ., 1 € C, k € C,
Kk +0, generated by a vector v, ,, such that

AnVp e = HOn0Vpr, 1 = 0; 1oy e = KUy -

It also has an infinite-dimensional family of one-dimensional representations
C,(;), where x(z) = Enezx,,z_"‘1 € €((z)), on which y, acts by multiplication
by Xns and 1 acts by 0. Using the homomorphism ¢ we obtain representations
of sl, of non-critical level in M ® m,,, and representations of critical level in
M ® C,(;). These are called Wakimoto modules.

The algebra #'(sl,) can be considered as a deformation of the commutative
algebra #(sly) = #'(sl2)/(1). It induces a Poisson structure on #(sl,), which is
called the Heisenberg—Poisson structure. It is determined by the following Poisson
brackets of the generators:

{dns Ym} = 210y — . (2.3)

The homomorphism ¢ defines a homomorphism ¢_, from ;[2 to a completion
of I' ® #(sl,), which maps K to —2. One can check that under ¢_,, the Sugawara
series S(z) is mapped to

1, 1
ZX(Z) —3 2x(2) - (24)
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Therefore ¢_, defines an embedding of Z(;\Iz) into a completion of s#(sl;), which
we call the Miura transformation. N
The Poisson structure between central elements A4, B € Z(sl,) has been defined

via the commutator of their liftings to U(sl,). The result does not depend on
the choice of a lifting. Moreover, we will obtain the same result if we take the
commutator between the liftings of :[\he images 4',B’ of 4,B in the completion of
I' ® #(sly). Since the image of Z(sly) actually lies in the completion of #(sl5),
we can take liftings lying in the corllpletion of #'(sl,). But then the image of the
Poisson bracket between 4,B € Z(sly) in #(sly) will coincide wigl the Poisson
bracket between 4’, B’ € #(sl,). Hence the Miura transformation Z(sl,) — #(sl,)
is @ homomorphism of Poisson algebras.

Therefore we can compute the Poisson structure on Z(sAlz) using formulas (2.4)
and (2.3). This gives us the Poisson bracket between the Sugawara operators, which
coincides with formula (2.2).

3. The Drinfeld Realization

Let Uq(az) be the associative algebra over the ring €[q,g '], with generators e;, fis
and Ki,Ki—l, i = 0,1, which satisfy the following relations [24,25]:

KK; = KK; ,
Kie; = q*e;K;, Kif; =q " fiK;

lein /i1 = 0y(q — 4~ (K = K1),
eiej —(q+1+q ')etee — eiejeiz) ~ eje? =0,
L=+ 1+ Y Sifi = i) = i =0,
where A;;, i,j =0,1, are the entries of the Cartan matrix of ;12: Aoy = A =
—Ador = —410 = 2. N R

For any h,k € € consider the quotient Uu(sly)r of Uy(sly) by the relations
g =€, KoK; = e*. This is the Drinfeld-Jimbo realization of Uj(sl; ).

There exist two other realizations of Uj(sly): Drinfeld’s realization [11], and
Reshetikhin—Semenov—-Tian—Shansky (RS) realization. The equivalence between the
Drinfeld—Jimbo and the Drinfeld realizations has been established by V. Drinfeld
[11], cf. also [26—28]. The equivalence between the Drinfeld and the RS realizations
has been established by J. Ding and I. Frenkel [12]. The equivalence between the
Drinfeld—Jimbo and the RS realization follows from these two equivalences, but it
can also be established directly along the lines of [12].

First we consider the Drinfeld realization. It is important for us because the

Wakimoto realization is defined in terms of this realization.
Introduce formal power series in x

L AN AL 4
o = AT o
where -
(@b)=[1(1 —ab").
n=0
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Remark 1. Each coefficient of f(x) is itself a series in ¢, which converges for
|g] < 1 and can be analytically continued to the whole complex plane except for
some roots of unity. Thus, we can extend f(x) as formal power series in x to all ¢
except for the roots of unity. In what follows we will exclude roots of unity from
consideration. [

Let k€ C\{27iQ}, k€ C; put g = ¢". We define an associative algebra Uh(gAIZ)k
over € with generators E[n],F[n], n € Z, and kl.i[n], i=1,2; n € FZ,. Introduce
the generating functions

E@) = Y Elnz™",  FG)= Y Flnlz™", k@) =3 k*[Fnlz*"
n€Z neZ n=0

The defining relations in Uh(é\lz)k are
K100k [0) = k(01K [0] = 1,
k@ (W) = k(W) (2)

k(@)K (w) = %%kﬁ(w)k;(z) :
k(2 () = %kﬂmkr(z) :
ky (2)kF(w) = %ﬁ%kﬂmk{ (2),
-
KE(2)E(w) = Z‘i—q;—,%_'—:qﬂw)kﬁ(z),
kE@F(w) = Zq—zf;ﬁnw)kﬂz),
K @)E(w) = Z"Z;‘,ﬁ, “_Vf_l Ew)ki () .
K @)F(w) = Zq—jgf—f:——;]_]F(w)kf(Z),
EeEm) = - ot EOEE),
FEF0) =~ 5 " F ).

[E@.Fo = (g =) (3 (F") b (g Ough) ™

=5 (Za7*) i owg Dkt wg ™))
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where
ox)y= > x".
meZ
These relations are understood as relations between formal powers series
(cf. Remark 1).

Lemma 1. The Fourier coefficients of the power series kli(z)kf(zq‘z) — 1 are
central elements of Uy(gl, k.

Consider the quotient of Uy(gl,), by the ideal generated by these elements. It
has E[n],F [n],kli[n], n € Z, as generators. There is a one-to-one correspondence
between them and Drinfeld’s generators which preserves relations: Drinfeld’s y/(z)
(W (2) of [14]) s ki (zg") "'k ()7, $(2) (Ye(z) of [14]) is ki (zg?) 'k (2) ",
E(2) is E(z) and £ (2) is h(q — g~ ")F(z). The following proposition then follows
from [11], cf. also [26-28].

Proposition 1. The quotient of U;,(é\lz)k by the ideal generated by the Fourier
coefficients of the power series kli(z)kzi(zq_z) — 1 is isomorphic to Uy(sly)-

4. The RS Realization

Now we turn to the RS realization [9]. This realization originated from the Quan-
tum Inverse Scattering Method, cf. [29,30]. It is important for us because in this
realization we can write explicit formulas for central elements [9].

Introduce the R-matrix

1 0 0 0
0 _L=* x(g—q")
_ —1 _ —1
R =fxy| 1M 1M : 4.1)
q—q 1—x 0
qg-xq7!  q—xq7!
0 0 0 1

where f(x) is given by formula (3.1).

The matrix (4.1) is the result of computation of the universal R-matrix of U,(sl,)
on the tensor product of two two-dimensional evaluation representations, cf. e.g.
[31]. It satisfies the crossing-symmetry property:

-1 0 0
(RE)™y1) ™ = (("0 q) @12> RGxq*) ((g q_l) ®12) ,

which follows from the existence of an isomorphism between the two-dimensional
evaluation module and its double dual [31]. This is related to the fact that f(x)
satisfies the g-difference equation

(1 —xg*)?
-0~z *-

Remark 2. Our R-matrix differs from that of [12] by the factor f(x) and by
replacement of ¢ by ¢~!. It also differs from the R-matrix used in [32] by the
factor which is a product of theta-functions. [

fxg*) =
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Let again h € C\{2niQ}, k € €, ¢ =" We define an associative algebra
Uj(al,)x over € with generators /3 . [n], where 4,j = 1,2, and n € FZ,\0, and /;7[0],
I;10], 1 = j =i = 2. Introduce the generating functions

+
li;(z) = Z lU Fnlz

where we put /}; ;[01=1;[0]=0for 1 =i < ;=2 Let L*(z) be the 2 x 2 matrix
(lij ()i, j=1,2-

The defining relations in U;f(é\lz)k are:

[O]I [01=1; [O]Z [0]=1, i=12,
R(Z) E@LEm = FoEer (2) 42)

R (%q"k) LE @)Ly (w) = Ly (w)LF (2)R (iqk) . (43)

Here LE(z) and LE(w) are elements of End(C?) ® End(C?) ® Uh(glz)k, ie. 4 x

4 matrices with entries from Uh(glz)k, such that Li(w) =LF*FwW)® Db, L (z) =
L @ (L*(2)).

The relations (4.2) and (4.3) are understood as relations between formal power

series in %, cf. Remark 1.

5. The Isomorphism of Two Realizations

Following [12] one can construct an explicit isomorphism between the algebras

Un(gly ) and Uj(al, ).
Consider the following decomposition:

A O><kf‘(z) 0 ><1 fi(z)>
L (Z)— (ezl:(z) 1 0 k2:|:(z) 0 1

B ( ki(2) ki (2)f*(2) )
S\ @) K@)+ @ @@
In particular, we see that /3;[0] is the constant term of e*(z) = > mzoel—mlz"
and /,[0] is the constant term of f~(z) = ngof[—m]z’", while e (z) =
Y om<oel—mlz" and f*(z) =3 _,f[—m]z" have no constant terms.

(5.1)

Proposition 2 ([12]). The map W' : Ul(gly)x — Un(aly )k defined on generators by
VK@l = kG, VIE@l=k(@),
Y'let(zq?) — e (2g~ )] = E2)
VI a8~ (0] = F)

is an isomorphism.
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Lemma 2. The Fourier coefficients of the power series
Hizg)13@) — @07 15@) ~ 1 (52)

are central elements of U,f(é\lz)k.

The image of the power series (5.2) under the map  is the series kli(zq2 )kzi(z)
— 1, whose coefficients are central elements of U;,(gAI2 )k. According to Proposition 1,
the quotient of Uh(gﬁz)k by the ideal generated by these central elements is isomor-
phic to Uh(glz)k. Hence we obtain

Corollary 1. ¥/’ induces an isomorphism \ between the quotient of U,{(gAIZ)k by the
Fourier coefficients of the power series I5(2q*)(15(2) — I3 (2)I5(2) ' 15 (2)) — 1
and Uh(Slz)k.

6. The g-Analogues of the Sugawara Operators

We define a completion Up(g)x of Uy(8) as follows:

Un(@% = lim Un(@)/Jn, n >0,

where J, is the left ideal of U,(g); generated by Li;lm], m = n.
Let
L(z) = L*(zg )L™ (zg%)7".

It is easy to see that all Fourier coefficients of the power series
£(z) = ¢ 'Li1(2) + qLn(2) , (6.1)

lie in I?h(sAIz )i. It follows from [9] that when k£ = —2 the coefficients of £(z) are

central elements of Uj(sl;)cr.
We will now express 7(z) in terms of the Drinfeld realization using the isomor-
phism . Let us put £ = —2. Using formula (5.1) we obtain:

Li(z) = K (z9)ky (zq~ )" — & (zq)

X (f*2q) — [~ (g Wy (zg7") e (zg7 ), (6.2)
Los(2) = ky (2q)k; (zq~") ™" + e (zq)k{" (z9)
X (f*(zq) = f(zq~ Dy (zg~ )7 (6.3)

Applying formula (4.45) from [12] (in which the sign of the second summand
in the right-hand side has to be reversed) we obtain

k(277 le(2q7") = ge” (2)hy (2¢7 )7, (64)
and applying formula (4.25) from [12] we obtain

e (zq)ki (zq) = q7 ki (zq)e™ (zq7") . (6.5)
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Substituting (6.4) into (6.2) we obtain
Lui(z) = ki zq)k; (27 ") ™" — kit (2q)(f " (z9)
— [ (g7 e (zg)k; (z¢7 )7, (6.6)
and substituting (6.5) into (6.3) we obtain
Lo(z) = K (zq)k; (zq7") " + g7 'k (z2q)e™ (zg7)
X (f(zq) = [~z Dk (277" (6.7)
Combining formula (6.1) with (6.6) and (6.7) we obtain
02) = q 'k ki (247" + gk (z2)k; (z7') 7" (68)
+h(zq)  EQF () kg (z7')7", (69)
where
LE()F(z) = e (zq™ WM eq) — /7 (2g7) = (fH@q) — f~(2g7"))e (29) -

Now we apply the isomorphism . We see that Y(: E(z)F(z) :) is a normally
ordered product of the power series E(z) and F(z):

: EG)F(2) i= E_(2)F(2) + F()E+(2) ,

where

E_(z)= ) E[nlz™", E (z)= > E[nlz™".

n=<0 n>0
Thus, we obtain

Proposition 3. The Fourier coefficients of the power series
0(z) = q 'k ek (2q7") " + gk (24°) Ky (29) (6.10)
+ k' (29) : E(2)F(2) : ky (29) (6.11)

are central elements of l?h(glz)cr.

These are the g-analogues of the Sugawara operators.

7. The Wakimoto Realization of U,,(g\lz)k

Now we will describe a homomorphism ¢, ; from Uj(sl;), to a completion of a
quantum Heisenberg algebra. The map ¢ is a g-analogue of the map ¢ defined
in Sect. 2. Such homomorphisms have been constructed in [13]. We will use the
Awata—Odake—Shiraishi construction [14] with some modifications.

Introduce the quantum Heisenberg algebra 2, (sl2). The generators are A,, by, cx,
n€Z, n%0, exp(io/2), exp((g — g~ bo/2), exp((g — g )co), and py, pe.
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The relations are

G2y
[Ans Am] = p T( Y Ou—m >
by bl = — ]2 bo. py] = 1=
[ N m] - _;[n]q n,—ms [ 05 Pb] - 2h )
1 _ 1
[cnsCn] = ;l-[n]?,ﬁn,—m, [eo, e = 151— 7.1)

Q

_q . The generators b, and c, coincide with the
[14 ] The generators 4, are related to the generators

where ¢ =€ and [n], =

“ha

corresponding generators o
a, of [14] by the formula
_9-q"
n — qn + q_n n
(recall that we have assumed that ¢ is not a root of unity).
We form the generating functions:

A+(z) = exp (iiz + Z Atz T > ,

n=1

bi(z)=+(g—q") ( >t Z b:i:nZ:Fn) ,

by ., q4—q"
b(z) = — L L bologz + py ,
@)= h, 2
— —1 Co S Fn
cx(z)==+(q—q ) 3+200inz ,
s
-1
Cn g q9—4q
c(z) = — z "+ cologz + p. .
(z) g;o [n]q 2 0108 Pec

The series A4 (z) is related to the series a4 (z) from [14] by the formula
As(2)As(zg*?) = )

The other series are the same as in [14].
The relations between these series, in the sense of a formal power series
(cf. Remark 1), are the following (cf. [14]):

G|
A @A) = oy A- (DAL,
br@ ; ghw) s = 2T W b bea) (7.2)

zq —w
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b . Gho(0) Z= WG b (w) . Ghio) — qz_—W_‘I bR . (7.3)
zq —w q—w
2
@b () z—w) EEORNON (7.4)

(z —wg*)(z —wg?)

2 -2
cr@ e ) _ E=WENZ=WaTT) o ) ci)
e e = ( )2 e e .
zZ— W

We define the completion ;{h,k(slz) of 7, x(sl,) as follows:
.&h,k(slz) = lim &{h,k/]n, n > 0,

where I, is the left ideal of 7, x(sl,) generated by all polynomials in A, by, Cm,
m > 0, of degrees greater than or equal to n (we put deg A,, = deg b,, = degc, = m).
The next proposition follows from [14].

Proposition 4. There is a homomorphism ¢y from Uh(;iz)k to ;{h,k(slz), which
is defined on generators as follows:

@)=+ . . b () —(bre)zg )
OnilE(2)] 1e 4 e :,

DirlF(2)] = Ay (2q%) A4 (2g772) : P+ed rraEd™h

- A—(Zq_%( )A_(Zq—§—2) : eb—(zq_k_2)+(b+c)(zq_k_l) .

L

¢h’k[ki+(z)] = A_(Zq_z)—le—-b_(zq—%—?.) ’
th’k[kl—(z)] = A+(Z)_Ie—b+(qufc) )

Remark 3. Under the homomorphism ¢ defined in Sect. 2.2, the affine algebra sl,
embeds into a completion of the Heisenberg algebra I' ® #”'(sl;) generated by
ay,a; and y,. The power series a(z) and a*(z) form the so-called fy-system while
the power series y(z) is called a free scalar field. The Sy-system can be represented
via exponentials of a pair of free scalar fields. The homomorphism ¢ then gives

rise to a homomorphism ¢’ from sl to a completion of the Heisenberg algebra
generated by the Fourier coefficients of these two scalar fields and y(z).

The power series b(z) and c(z) are g-analogues of the scalar bosonic fields
representing the Sy system when g = 1. Thus, the homomorphism ¢, is a
g-deformation of ¢’ rather than ¢. O

When k= — 2, the homomorphism ¢, ; provides representations of Uj(sl; ), in
the Fock representation of the Heisenberg algebra &y, cf. [14]. These represen-
tations have one parameter — the action of Ay on the highest weight vector, cf.
[14]. When k& = —2, the generators 4, commute among themselves and generate a
commutative algebra #(sl,). Therefore representations of Uj(sl; ). can be realized
via ¢y in a smaller space: the tensor product of the Fock representation of the
subalgebra of o7, _, generated by b,,c,, n € Z, and a one-dimensional representa-

tion of J#(sly). For the action of (7;,(932)“ to be well-defined on this space, the
action of A(z) should be given by a Laurent power series A(z) (for example, this
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is the case if 4,, n > 0, act by 0). The corresponding representations ¥, are the
g-analogues of the Wakimoto modules over U(sl,), from Sect. 2.2.

8. Deformation of the Miura Transformation

In this section we will apply ¢§ = ¢, _» to the generating function of central
elements 7(z) given by (6 10) For brevity, in what follows we will use the same
notation for elements of U;,(islz)cr and their images in &/h x(sl2).

The normally ordered product : E(z)F(z) : can be written as

g F@Ew) &)

& w—z

CEQ@)F(z):= [ g%dw

Cr

where Cp and C, are circles around the origin or radii R > |w| and » < |w|,
respectively.

Using the Wakimoto realization of Uj(sl;). and formulas (7.2)—(7.4), we find
in the region |w| > |z|, |w| > ¢*z|, |w| > ¢ 2|z|:

w—2z —1
EW)F(z) = — W A (zg7 ) A4 (2q)e P+ )= (bHe)wa) b (2)+b+(w)
_ "= b_(2)+b_(w) ,(b+c)zg)—(b+c)(wg ™)
—— A (zqg~ )A (zq)e e

+ q_lA_(zq_l )A_(zq)eb—(Z)e(b+0)(2q)—(b+0)(Wq)eb+(W)
-1 -1
+ qA+(Zq_1 )A+(zq)eb—(w)e(b+c)(zq )=(b+e)wg ™) b (2)

We obtain the same formula for F(z)E(w) in the region |w| < |z|, |w| < ¢?|z|,
|w| < g72|z|. We can therefore rewrite (8.1) as the mtegral of this expression over
the contour on the w plane surrounding the points z,zq?,zq 2.

Evaluating the residues, we find that

L EQ)F(2) = — g7 Ay (2g™ ) As (2g)eb 0 H04E) (8.2)
— gA_(z2g™ ) A_(zq)e"~ T IO-C) (8.3)
+q7 ' (zg7 )4 _(29)e" D@ (84)
+ A (27" ) A (zq)e"~ P+ . (8.5)

Using this formula we obtain
K (2q) 1 EQF @) ki (2g) = — ¢ A_(zq™") " Ay (zg ™ e PPt
- qA_(zq)A+(zq)—1eb—(zq2)e—b+(z)
+ 4 " A_(zg) A (zg) !
+qA-(zg7" ) Ai(zg7").
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On the other hand, we have
ki Gk (247 = A_(zg71 ) A (zg e P Db
and
2
k(2" ky (29) = A-(29) A4 (2q) " e~ CT ™0+,

Substituting these formulas into (6.10) we obtain a formula expressing the image
of £(z) in 4 (sl;) in terms of AL(z).

Theorem 1. Under the homomorphism 5/,
£(z) = 5(z) = A(zq) + A(zg~") 7", (8.6)

where
A@) = ¢ A @A) (8.7)

This is a g-deformation of the Miura transformation (2.4).

Remark 4. There is a simpler way to obtain formula (8.6). Consider the action of
s(z) = ¢;7[£(z)] on the module W, introduced at the end of Sect. 7. In the limit

q — 1 this module becomes a Wakimoto module over ;IZ. Wakimoto modules are
irreducible for generic values of parameters. Therefore the same is true for the

modules ;). Hence any central element of U,(sl2)e acts on W,y by a constant.
In particular, Z(z) acts by multiplication by a Laurent power series s(z). We can
compute s(z) by taking the matrix element of 7(z) between the generating vector
of W) and its dual using formulas (6.1),(5.1) and the maps ¥, ¢;. Explicit com-
putation shows that this matrix element is equal to A(zq) + A(zg~!)~!. This implies
that s(z) lies in #4(sly) and gives us formula (8.6) for s(z). O

Remark 5. In [9] a generating function of central elements of l?h(ﬁ)cr has been as-
sociated to an arbitrary finite-dimensional representation of U,(g). Thus, in the case

of (7;,(;\12 )er We have a generating function /(z) of central elements associated

to the representation of Uq(;lz) of dimension n + 1 for each positive integer n. In
particular, /(z) = /)(z). These generating functions satisfy the following relation:

(D (zg?)"(z) = ("D (z)+ " D(z), n>0.
Using this relation and formula (8.6) it is easy to find recursively:
t"(z) = Azq)Azq’)A(zg’) - - Azg™" ")

+Azg™ )" Azg))Azg’) - Alzg™ ™)

+Azg™ ") Azq) T AG) - Azg™ )

+ A(zg~ ) Ag) T Azg) - AGzg )

4.

+A(zg™") T Azg) T A7) - Azg )T
(compare with [33]). O
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9. Poisson Bracket

We can now compute the Poisson bracket between Fourler coefficients of s(z).
They generate a central subalgebra of Uh(slz)cr Let Zh(slz) be its completion in

Uh(SIZ)cr
Consider the algebra s x(sl,) with generators 4,, n € Z, exp(+4o) and rela-

tions (7.1). Let £ x(sl2) be its completion defined as follows:
Hip(sly) = lim A (sL)/L, n >0,

where I, is the left ideal of # x(sl,) generated by all polynomials in 4,, m > 0,
of degrees greater than or equal to n.
The family %’i, x(sl2) induces a Poisson structure on #,(sly) = ;%’7( 2(sl,), such
that 5
[n)2

On—m 9.1
[2n], & o

{/In’ im} = Zh(q - f]_l)

(recall that ¢ = " and that & ¢ 27miQ).

We define a Poisson bracket on the center of U,(sly). in the same way as
in Sect. 2.1, as the leading term in the commutator of liftings of central elements.
Formula (8.6) shows that the images of the Fourier coefficients of /(z) under the
homomorphism ¢§' lie in #(sl,). As was explained in Sect. 2.2, we can take lift-

ings of the images of central elements inside the deformation 4 x(sl,) of H#(sly).
This shows that the homomorphism from the center to J#,(sl,) is a homomorphism
of Poisson algebras. We can use this fact to compute the Poisson brackets between
Fourier coefficients of s(z).

From formulas (9.1) and (8.7) we obtain

m [m;
[2m],

(4@, A} =2 -a7H T (2)" S La@am).  ©92)
meZ N2

According to formula (8.6), we have:
{s(2).s(W)} = {A(z9), Awq)} + {A(zg), A(wg ™) ™'}

+{Ag™" )L AW} + {Azg™) 7 Awg ™)'}
Substituting (9.2) into this formula, we obtain:

@5} =2 =g T (3) [2m ]q

A(zq)A(wq)

m 2
~2mg-qH % () [—['31]—qq—2'"A<zq)A(wq-')—'

mezZ 2m]q

—2h(g—q )Y (K) L 7" A(zg~ ")~ A(wq)
meZ \Z [2m]
m [m]?

—1y—1 —1y—1
o AT 407

+24g-qH T (%)

meZ
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=2h(qg—q") ZZ (g)m [[2 ]]

~ay (B ) — ¢ ) A(zq) A(wg ")~

meZ

s(z)s(w)

~21 % (2) (@ = DAGE)  Aowg).

meZ
The last two terms give us

—2hs (g) A(zq)A(wg™" )" + 248 ( ) A(zg) A(wg™")™!

— 2K <qu> Az~ A(wq) + 2h5 (Y) Alzg=" Y~ A(wg)
z Z

= 2hs (%) — 216 <Wq ) ,
zq z

where
ox)= > x".
meL
Finally, we obtain
Theorem 2. w [m]
_ -1 w
G@usont =2 =0 S (7)ot )
+ 205 <12> —2hé <Wq ) (9.3)
zq z

This implies that the Poisson bracket between /(z) and /(w) is given by
formula (1.3).

Formula (9.3) gives us the following formula for the Poisson bracket between
the Fourier coefficients of s(z):

——l

{smosm} =205 2 S 1St — 2h(G" = G Von—m (9.4)
ez 4
where we put
s(z)= > suz7".
n€Z

The elements s, generate a Poisson algebra #}(sly), which is a g-deformation
of the classical Virasoro algebra #(sl;). This Poisson algebra is embedded into
Hu(sly) via the g-deformation of the Miura transformation (8.6). The Poisson

algebra Z;(sl,) is isomorphic to #;(sl2).

Remark 6. In the limit ~ — 0 we have:
1
£(z) =2 + 4h? (ZZS(Z) + Z) + 1)

(cf. [10]). On the other hand
A(z) =1 — h(zy(z) + 1) + K*(-- ).
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Substituting these formulas into formula (8.6) and expanding in powers of 4 up
to 4%, we obtain:

2+ 4228 (z) + B = 2+ P (zy(z) + 1)* — 2K%20,(zx(2)) ,

which coincides with the Miura transformation (2.4).

Now let us consider formula (9.4). The leading term in the expansion of the
left-hand side is 16A*{S,,S,}. Expanding the right-hand side of (9.4) in powers
of h up to 4*, we obtain for the first term

1
812Ny, + 16h*(n — m) (S,,+m + Z‘S”"’”> - h4§n35n,_m ,

and for the second term 16
—8h2n5n,_m — h4?n35n,_m .

Taking the sum, we see that the leading term in the right-hand side is 16A* times
the right-hand side of formula (2.2).

Note that we can obtain a different Poisson algebra by placing an arbitrary
overall factor in the right-hand side of formula (9.3). In particular, if we put the
overall factor —¢/6 in the right-hand side of the formula, then in the limit 2z — 0 we
will recover the classical Virasoro algebra with central charge c.

We can also replace the overall factor 2/ in the right-hand side by (¢ — g~ !)
without changing the asymptotics # — 0. After that we can consider #;(sly) as a
Poisson algebra over the ring of rational functions in g. []

Remark 7. Formula (9.3) gives another asymptotics as 2 — 0, if we postulate that
s(z) does not depend on A. If we divide the right-hand side of the formula by
2h(q — ¢~ '), we obtain for & = 0:

1

{s(z),s(w)} = =&’ (K> s(z)s(w) — 26’ (K) .
2 z z

The corresponding limiting Poisson algebra a (sly) has a nice interpretation in

terms of the algebra «7(SL,) of functions on the Poisson-Lie group SL, dual

to SL, (this algebra is the classical limit of U,(sly)k, cf. [9]). Namely, the limits

of the coefficients of /(z) generate a central Poisson subalgebra of .MO(S’Z;) [9].
Deforming the level £ we obtain a new Poisson structure on this subalgebra, which

coincides with %~ (sly). We will discuss this in more detail in [23]. [

10. Generalization to Uq(s:i N)

10.1. A g-deformation of the Heisenberg—Poisson algebra. For a simple Lie algebra

,,,,,

that B;; = (o;, ;). Let 7 (g) be the Heisenberg algebra with generators a;[n],
i=1,...,1; n € Z, and relations

1
[a,[n], ai{m]] = —[(k + Y ynly[Bijnlgdn,—m -
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The algebra #}, 1(g) appears in [14] in the construction of the Wakimoto realization

of Up(sly)i.
The family 5 4(g) induces a Poisson structure on the commutative algebra
. —pv(g). The Poisson brackets between the generators of J#), _,v(g) are

2h
{ai[n],a;[m]} = W[B,jn]qén,_m . (10.1)

Let #(g) be the completion of 5, _,v(g) defined in the same way as #,(sl,).
Consider the case g = sly. Introduce new generators A;[n], i=1,...,N; n € Z,
of #(sly), which are related to the generators a;[n] by the formulas

Miln] = Aipilnl = ¢"(q — ¢ Nailn], i=1,...N-1;nelZ, (10.2)

and which satisfy the linear relation

éqm—”"z,.[n] =0. (10.3)
We find from formulas (10.2) and (10.3) the inverse change of variables:
Min = (g - g™ jgll &N[—N—’])—l"—a,[n] ,
~0"g =g el + =47 ; %aﬂn],
inln]=—¢"(g—q7") Zl Lin ]]‘; nl.

From these formulas and the brackets (10.1) we find

[(N — Dn)y[n],

Ul A1} = 2h(g = )= = 00 (104)
{2iln). 2;lm]} = ~2h(q ~ q—l)[—f\,’%q—”én,_m, i<j. (105
Introduce the generating functions
Aiz) =gV exp (-mzejz A,-[m]z_’") ) (10.6)
From (10.4) and (10.5) we find:
(@At =20 -4 3 (¥) Em s @ a0, 07)

" [m]3
Ai(2), A; = —2h -1 —4 4. <. )
{Ai(2), A;(W)} = —2h(q — q )mXGSZ (Zq) ], (2)A4;(z), i<j. (10.8)
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10.2. A g-deformation of the W -algebra. Let us define generating functions s;(z),
i=0,...,N, whose coefficients lie in H#}1y): so = 1, and

si(z) = > A (2)A,(2q%) - - - A (264,247, (10.9)

IS/ <-<jisN
i=1,...,N. In particular,
N
s1(z) = Zl A(z),
Jj=

n@)= Y A5@)A5zd),

1Sj1<j2EN

etc. Formula (10.3) implies that
sw(z) = M(@)Aa(zg’) - An(zg™ ) = 1.

These formulas coincide with formulas for spectra of transfer-matrices in inte-
grable models associated to U,(sly) [18,21]. Note that for sl, we have si(z) =
s(zg~"), where s(z) is given by formula (8.6).

The coefficients of the series s;(z), i = 1,...,N — 1, generate a Poisson sub-
algebra #}(sly) of #y.1y). The relations between them can be computed directly
from formulas (10.7) and (10.8). Introduce the functions

Cy(x)= ¥ C"x", i,j=1,...,N—1, (10.10)
meZ
where [V — max{i,j}ymlyfmin{i, j}m]
(m) — max{i, j} )m],[min{i, j}m],
ij = . 10.11
Cl} [Nm]q ( O )

The relations are:

wq’/ ™!

{5:(2).5,(0)} = 2h(q — 4~)C, ( ) 51(2)s;(w)

i

+ 2h Zl Y (Z—(;;;) Si—p(W)sj+p(2)
p:

i w 2(j—i+p)
—2h ) (iz——> si—p(2)8j1 p(W) ,

p=1

ifi £jandi+j < N; and

(5@} = 24q - 471Gy (“L= ) s@y0)
N—j w
+2h Z] 0 (zq_21’> Si—p(W)sjy p(2)
p:

N_j qu(j—i+[7)
—2h Zl 0 <T) Si— p(2)8j4p(W)
p=

ifi <jandi+j> N.
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For example, in the case of sl; we have the following relations:

@) =2mg — g7 3 (2)" B o, )

meZ [3 ]q
+2h5< 7 >sz(z)—2h5< 2>sz(w)
@m0} =2mg -4 H S ()" caT—
1 2 =<mg —q [3m]q1 2

+ 2 (%) — 2hs <Wq ) :
zq z

s 5200} =2h(g — g™ & ()" e o 00)

meZ [3 ]q

+2h(5( = )Sl(w) 240 <wq2>s1(z)

The Poisson algebra #}(sly) is a g-deformation of the classical # -algebra
W (sly). The asymptotic expansion of s;(z) around 4 = 0 has the form

si(z) = ( ) + W2 CiWa(z) + -

where C; is some coefficient, and W,(z) is the quadratic (Virasoro) generating
series of the classical # -algebra # (sly). For each n =2,...,N — 1, one can find
a combination of s,(z)’s having expansion of the form M + A"W,(z) + - - -, where
M is a constant and W,(z) is a multiple of an n'* order generating series of % (sly).
The Poisson structure on # (sly) can be recovered from that on #;(sly).

Remark 8. If we replace 2k by (g —g~") in the formulas above, we will obtain
a Poisson algebra over the ring of rational functions in ¢g. [

Remark 9. As in the case of sl, (cf. Remark 7), the Poisson algebra #}(sly) has
another limit as 2 — 0, which can be interpreted in terms of the central subalgebra
of the algebra of functions on the Poisson-Lie group dual to SLy [23]. [

10.3. The center of ﬁh(s:\IN) at the critical level. Following [9], cf. also [31, 10],
for any finite-dimensional representation W of Uq@) one can construct matri-

,,,,,

Uh(gl N )cr. It is shown in [9] that the Fourier coefficients of the power series
(" (2) = trw g L} (2)Lip(zqg™" )~ (10.12)

are central elements of Uh(sIN er-

In particular, for g 8= sl n, let Zi(z) = £"i(z) be the generating function of cen-
tral elements of Uh(s[ Ner correspondmg to the i fundamental representation W, of
q(sIN) Note that for g= s[z we have Z1(z)=/(zq~"), where /(z) is given by (6 1).

The next to Ieadmg term in the A-expansion of 7;(z) is a multlple of the

Sugawara series of U (sIN )er» cf. [10]. Higher Sugawara elements of U (sIN)cr can
be obtained from higher order terms of the expansions of /;(z)’s.
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Let Zy(sly) be the completion of the central subalgebra of l~];,(sIN)Cr gen-
erated by the coefficients of the series 71(z),...,£y—1(z). Using the Wakimoto
realization of Up(sly) [14], we obtain a homomorphism of Poisson algebras
Zy(sly) — Hye1y), which we call the g-deformation of the Miura transformation.

Using the method of Remark 4 we can find the image of /i(z) in #,) by
computing the ma/t\rix element of /;(z) between the generating vector of a Wakimoto
module over Uy(sly)e and its dual. But for that we only need the diagonal part of
the “Gauss decomposition” of L*(z) [12] and a formula expressing the correspond-
ing diagonal elements kl-i(z), i=1,...,N, in terms of A;(z), i=1,...,N — 1. This
formula can be obtained from [14] and (10.6). Explicit computation shows that the
image of 71(z) in Sy 1S equal to s1(z).

The generating functions ¢;(z), i = 2,...,N — 1, corresponding to other funda-
mental representations can be expressed in terms of /;(z) by the fusion procedure,
cf. [34, 35] and references therein. Using this procedure, we can show that the image
of £(z) in Hyq,,) is equal to s;(z) given by formula (10.9) foralli =1,...,N — 1.
Thus, we obtain that Z,(sly) is isomorphic to #;(sly) as a Poisson algebra. We
will discuss this isomorphism in more detail in [23].

In conclusion of this section, recall that elements of the spectrum of # (sly)
can be considered as N™ order differential operators, cf.[2]. The classical Miura
transformation corresponds to splitting of such an operator into a product of first
order operators. R

The spectrum of #},(sly) and the g-deformation of the Miura transformation can
be interpreted in a similar fashion. Namely, elements of the spectrum of H#,) can
be considered as first order g-difference operators, and elements of the spectrum of
Zh(sAIN) can be considered as N™ order g-difference operators. The g-deformation
of the Miura transformation corresponds to the splitting of the N™ order operator
into a product of first order operators.

Indeed, we can write:

DY — sy 1 (DD sy2@DY T~ = (1) s1(2)Z, + (—1)

= (1P = NP, — D) (A2, — 1),

where (2, f1(z) = f(z¢*).
Let Qi(z), i =1,...,N — 1, be solutions of the g-difference equations

(@q“Ai(z))'—%@— =0, i=1,...,N,

Oii(zg72)
where we put Qg(z) = On(z) = 1. Then Qn_1(z) satisfies the g-difference equation
(24 —sv-1@25 ' = = (=1)"51(2)Zg + (=1)")Qn-1(zg7*) = 0.

Thus, elements of the spectrum of #,(sly) can be considered as g-difference op-
erators of the form

2 —sn1@)2) = = (=DVs1(2)Z, + (DY .

11. Generalization to Other Quantum Affine Algebras

Let us first adopt notation we used in the case of QN to the general case.
We pass to another set of generators of #,(sly), yin], i=1,...,.N—1;, neZ,
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such that ' '

Aln] = """yl = ¢"yialnl, i=1,...N,
and yg[n] = yy[n] = 0. Using formulas (10.4) and (10.5) we find the following
Poisson brackets:

(), y;tml} = 2h(q = ¢~ ) én—m (11.1)
where C,.(;") is given by (10.11),
{yiln), a;[m]} = 2h[n]40n,—mJi; - (11.2)

Thus, the generators y;[n] are “dual” to the generators g;[n]. In fact, it is easy to

see that
B™MC™ = [m2 Iy_y (11.3)

..........

the Cartan matrix of sly.
Introduce generating functions

Yi(z) = ¢ M Dexp <— > yi[m]z_'") '
meZ
We have:

Ai(2) = Yi(zg TYYio1(zg™)Y, i=1,...,N,

where we put Yy(z)=Yy(z)=1. Note that Y;(z) can be written as Q;(z¢g"*!)/Qi(z¢"~")
in terms of Q;(z) introduced at the end of last section.
From formula (11.1) we find the Poisson brackets between Y;(z) and Y;(w):

{Yi@), Y,w)} = 2h(q — 47 Cy (2 ) Hi@)Yy(w)
Z

where C;;(x) is given by formula (10.10).

We now define analogous generating functions Y;(z), i = 1,..., [, for an arbitrary
simple Lie algebra g. Namely, let y;[n], i=1,...,/; n € Z, be the elements of
#,(g) uniquely defined by the Poisson bracket (11.2). We put

Yi(z) = g 27D exp (— > yi[m]z‘”’) ,

meL

where w; is the i fundamental weight of g. Then we have:
_ w
{12, Y0} = 2 =g~ Gy (2) B@Y,00), (114)

where
Cy(x) = Y Cxm,
mel

and the matrix (C};"));, j=1,.,/ is defined by formula (11.3) (with N —1 replaced

,,,,,

by ) with respect to the symmetrized Cartan matrix B of g.

Remark 10. It is interesting that the functions C;;(x) appear in the Thermodynamic
Bethe Ansatz equations [36,21]. O

For each dominant integral highest weight A of g there exists an irreducible
finite-dimensional representation W, of U,(g) which satisfies the following pro-
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perty. Its restriction to the subalgebra U,(g) is completely reducible, the irreducible
representation of U,(g) with highest weight A has multiplicity one, and all other
irreducible components of #,; have highest weights p < A.

Let Z:(z), i = 1,...,1, be the generating functions of central elements of l~];,(§)cr
corresponding to ,,. Let Z,(3) be the central subalgebra of Uy(g).r generated by
the coefficients of £;(z), i = 1,...,1. Recall from Sects. 1,2 that the Miura transfor-
mation is the homomorphism of Poisson algebras from the center of U (9) to the
Heisenberg—Poisson algebra #(g).

Conjecture 1. (a) Zi(8) is closed with respect to the Poisson structure on the

center of Up(Q)er-

(b) There exists a homomorphism of Poisson algebras Z,(g) — #(g), which
is a deformation of the Miura transformation.

(c) The formulas for the images si(z) of the generating functions £;(z) from
Zi(Q) in Hu(g) coincide with the formulas for spectra of the corresponding
transfer-matrices in integrable models associated to U,(g).

Formulas for spectra of transfer-matrices in integrable models associated to
U,(3g) have been given in [19-22] (although in different normalizations). We will
now describe s;(z)’s for all quantum affine algebras of classical types via the series
Yi(z), i=1,...,1 (we put Yp(z) = 1). The Poisson brackets between Y;(z)’s given
by (11.4) uniquely determine the Poisson brackets between s;(z)’s.

11.1. The series § = A". Introduce
Ai(2) = Yi(zg7"YY1(zg™)7Y, i=1,...n+1.
Let
si(z) = > A; (@) A (2q*) -+ Ajy @@ N2, i=1,...n.
1)< <jiSn+l
11.2. The series § = BV, Introduce
Ai(2) = Yizg Y imi(zg™) T, i=1n -1,
A,,(Z) — Yn(zq—n+3/2)Yn(zq—n+1/2)Yn_l(zq—n)—l ,
Ani1(2) = Yalzg ") o(zg™ 1)1,
Ani2(2) = Yor(2g ")z ) T Y a(zg )T
Aon—is2(2) = Yimi(zg~ " YYi(zg ) i=1,..,n—1.
Let

si@) = X A,@4,E) A7), i=1.n—1,
{jl ’’’’’ j,}GS
where S is the set of {ji,...,ji}, such that j, < ju41 oOr jy=jup1=n+1,
a=1,...,i—1.
The formula for s,(z), which corresponds to the spinor representation of BY,
is more complicated:

sn(z) = Z b<71 (Z|n)b02(zq1_gl n—1)-- 'ban(zqn_l_al_m_a"_] 1),
+1
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where

bi(z|1) = Yu(zg "),
bizlk)y=1, k=2,...,n;
boa(21) = Yar(zg™") " Yulzg™™'?),
boi(zlk) = Yuoi(zg ") Wosk(zg™"F), k=2,....n.

11.3. The series § = CS". Introduce

Ai(z) = Yizg Yy (zg7 )Y, i=1,...,n,
Aon-is1(z) = Yimi(zg @) Yi(zq=F IR =1, n.

Let

siz)= 5 Au@)A(zq) - Ay (zg Y, i=1,...,n,
{j1Ji}ES

where § is the set of {ji,..., i}, such that 1 < j; < --- < j; < 2n and if j, =1,

jg=2n+1—1forsome I =1,...,n then ] < n+4o—p.

11.4. The series § = Di". Introduce

Aiz) = Yizg " )Yii(zg ™), i=1,..,n-2,
An-1(2) = Ylzg ") Y1 (2 a(2g ")
An(z) = Yu1(zg ") (g™ 7"
Ani1(2) = Yolzg ") i(2g7") 7,
Ani2(2) = Yua(zqg " )Y 1(2g7") Yalzg™") 7,

Mou—isi(z) = Yio1(zg 2" ) Yi(zg 2T

Let

siz)= S A (2)A,(zq*) - Ay (zg7 ), i=1,...,n—2,
{jl :::: j,}GS

where S is the set of {ji,...,/i}, such that j, < ju41 OF jy = juy1 +1=n+1,
a=1,...,i — 1.

The formulas for s,_;(z) and s,(z), which correspond to the spinor represen-
tations of Dﬁ,l), are more complicated. In these formulas the subscript ¢ means #,
if e=+, and n— 1, if ¢ = —. Thus, 5.(2) = s,(2), s_(2) = sy—1(z). Now let

@)= X by (b (g n = 1) b g T T2 2,

OlsesOp—1=
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where
Hz]2) = Yu(zg™™) 7",
fzlk)=1, k=3,...,n;
b 1(2[2) = Yaoa(zg ") Ya(zg ™),
B (zk) = Yoo i(zg ") Y k(zg ), k=3,...,n.
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