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Abstract: Starting from a chiral conformal Haag—Kastler net on 2 dimensional
Minkowski space we construct associated pointlike localized fields. This amounts
to a proof of the existence of operator product expansions.

We derive the result in two ways. One is based on the geometrical identification
of the modular structure, the other depends on a “conformal cluster theorem” of the
conformal two-point-functions in algebraic quantum field theory.

The existence of the fields then implies important structural properties of the
theory, as PCT-invariance, the Bisognano—Wichmann identification of modular op-
erators, Haag duality and additivity.

1. Introduction

The formulation of quantum field theory in terms of Haag Kastler nets of local
observable algebras (“local quantum physics” [Haag]) has turned out to be well
suited for the investigation of general structures. Discussion of concrete models,
however, is mostly done in terms of pointlike localized fields.

In order to be in a precise mathematical framework, these fields might be as-
sumed to obey the Wightman axioms [StW]. Even then, the interrelation between
both concepts is not yet completely understood (see [BaW, BoY] for the present
stage).

In the Wightman framework, the postulated existence of operator product ex-
pansions [Wil] has turned out to be very fruitful, especially in 2d conformal field
theory. The existence of a convergent expansion of the product of two fields on
the vacuum could be derived from conformal covariance, but the existence of the
associated local fields had to be postulated [Liis, Mac, SSV].

In the Haag—Kastler framework, the existence of an operator product expansion
might be formulated as the existence of sufficiently many Wightman fields such that
their linear span applied to the vacuum is dense in the Hilbert space. Actually, we
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are able to derive a stronger result. We give an expansion of a local observable
into fields with local coefficients and show that this expansion converges *-strongly
on a dense domain in Hilbert space.

Heuristically, Wightman fields are constructed out of Haag—Kastler nets by some
scaling limit which, however, is difficult to formulate in an intrinsic way [Buc]. In
a dilation invariant theory scaling is well defined, and in the presence of massless
particles the construction of a pointlike field was performed in [BuF].

In this paper, we study the possibly simplest situation: Haag—Kastler nets in 2
dimensional Minkowski space with trivial translations in one light cone direction
(“chirality”) and covariant under the real Mdbius group which acts on the other
lightlike direction. We show that in the vacuum representation pointlike localized
fields can be constructed. Their smeared linear combinations are affiliated to the
original net and generate it. We do not know at the moment whether they satisfy
all Wightman axioms, since we have not yet found an invariant domain of definition.

Our method consists of an explicit use of the representation theory of SL(2,R)
combined with recent results on the modular structure of conformally covariant
nets, obtained by Frohlich and Gabbiani [FroG] and by Brunetti, Guido and Longo
[BGL] and based on Borchers’ theorem [Borl]. We review these results in Sect. 3
and show that they directly imply additivity of the net.

Additionally, we give an alternative argument which does not use Borchers’
theorem. It relies essentially on a conformal cluster theorem which we prove in
Sect. 3. The existence of conformal fields can then be derived directly, and the
Bisognano—Wichmann property, Haag duality, PCT-covariance and additivity are
consequences.

Part of this work is based on one of the authors’ diploma thesis [Jorl]. The
results have been announced in [Frel] and [Jor2].

2. Assumptions and Results

Let o/ = (/(I))iex, be a family of von Neumann algebras on some separable
Hilbert space H. 4 denotes the set of nonempty bounded open intervals on R. .o/
is assumed to satisfy the following conditions.

1) Isotony:
A C A(L) for Iy ChL, L1, € Ay . (1)

i1) Locality:
(L) C AL for LNhL={}, I, € 4 (2)

(e/(L) is the commutant of .7(15)).
ii1) There exists a strongly continuous unitary representation U of G = SL(2,R)
in H with U(—1) =1 and

U(g)/(U(g)~" = (gl), 1yl € Ay (3)

(SL(2,R) 3¢ = (‘Cz 2) acts on RU {0} by x — gﬁg with the appropriate inter-
pretation for x, gx = ).
iv) The conformal Hamiltonian H, which generates the restriction of U to SO(2),

has non-negative spectrum.
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v) There is a unique (up to a phase) U-invariant unit vector Q@ € H.

vi) H is the smallest closed subspace containing the vacuum € which is invariant
under U(g), g € SL(2,R), and 4 € /(I), I € Ay (“cyclicity”).!

In [FroG] and [BGL] it was proven that under these conditions there is always
an antiunitary involution ® (the PCT-operator) which acts on ./ by

OL(1)O = (1) 4)

and on U(SL(2,R)) by
OU(9)0 = U(gy) - (5)

Here gy for g = (‘C’ 3) means (_"C _db).

In Sect. 3, we show as a further consequence of the results of [FroG, BGL]
that the net is automatically additive (cf. Sect.3), i.e. if [ = Ul I, with 1,1, € XA,
then

A1) =\ A1), (6)

where \/ denotes the generated von Neumann algebra.

Due to the positivity condition iv) the representation U is completely reducible
into the elements of the “discrete series” [Lang], and the irreducible components t
are up to equivalence uniquely characterized by the conformal dimension n, € Ny
(n, is the lower bound of the spectrum of the conformal Hamiltonian H in the
representation 7).

Associated with each irreducible subrepresentation t of U we find for each
I € Ay a densely defined operator valued distribution ¢! on the space 2(/) of
Schwartz functions with support in / such that the following statements hold for all
fea).

i) The domain of definition of @!( /) is given by .oZ(1)'Q.

i)
PR € H, . (7)
iii)
U(g)pt(x)U(g)~" = (ex +d) ™ ¢ (gx) (8)
with g = (¢ %) € SLQ.R). Lol € %
1v)
L) D U f) 9)

with 7(-) = @1(-)® and f the complex conjugate of f; in particular, ol(f) is
closable.

v) The closure of ¢!( f) is affiliated to .oZ(]).

vi) /(1) is the smallest von Neumann algebra to which all operators ¢@’( f)
are affiliated.

! This assumption is seemingly weaker than cyclicity of Q w.r.t. the algebra of local observables
on R. The proof of the Reeh—Schlieder-theorem in Sect. 3 is therefore nontrivial.
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3. Generalities on Chiral Nets

It is convenient to extend the net to intervals / on the circle S' = RU {oc} by

setting
A1) =U(g) (g~ DHU(9)"", ¢ ' €A, g€ SL2,R). (10)

The covariance property guarantees that .«7(/) is well defined for all intervals /
of the form I = gly, Iy € #y, g € SL(2,R), i.e. for all nonempty nondense open
intervals on S' (we denote the set of these intervals by .%").

First we remark that Q is cyclic and separating for all «/(/), I € # (Reeh—
Schlieder theorem [ReS, Bor2]; cf. [FroG] for a similar argument). Namely, let us
look at / = R, (without restriction of generality). R.. is mapped into itself by trans-
lations x — x +a, a > 0, and special conformal transformations x — ——, ¢ < 0.
Both 1-parameter groups have a positive generator under U, hence by the usual
Reeh—Schlieder argument

Hy = AR )Q = URU(gr)&/(R+)Q (1)
te

for both 1-parameter groups (g;). So Hy is invariant under .«/(/) for all / € #; and
under translations and special conformal transformations, thus under U(SL(2,R)).
By assumption vi) we conclude Hy = H, i.e. Q is cyclic for .&Z(R,), and, by
locality, separating for 2/(R_).

In the following paragraph, we review results of [FroG] and [BGL]. We start
with the modular structure. The modular involution J; and the modular operator
A; are obtained by polar decomposition of the closure S; of the operator AQ +—
A*Q, A€ A1),

1
Sy =JiA}, lex . (12)
J; implements an antiisomorphism between .<Z(/) and /(/) and A%, ¢ € R, au-
tomorphisms of .«/(/) [Tak]. Borchers has shown [Borl] that every unitary 1-

parameter group (U(?)),ep with positive generator and Q as a fixed point which
induces endomorphisms of .«/(/) for ¢ > 0 satisfies the commutation relations

AMU(a)A; ™ = U(e *™a), (13)

J1U(a)J; = U(—a). (14)
Applying this to / = R, and to the 1-parameter groups considered before we find
that the operators

Z(s):A;gU(eo eo,m), seR, (15)

commute with U(g) for all g € SL(2,R) (in particular, s — Z(s) is a 1-parameter
group). Moreover,

Jr, U(g)Jr,.= Ulgy) . (16)

o é) € SL(2,R) we have R_ = JR,. Hence,

With @ := ( 0
JR_=UW@)R UMW) . (17)

So, inserting g = ¥ in (16) we obtain that Jg_ coincides with Jg, . Thus, by locality
and by the properties of modular involutions, we obtain

AR_)C AR, =Jp, AR )Jr. CJp_ AR_YJg_ =AR_). (18)
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This shows Haag duality for half lines .«/(R_) = .«/(R,)" and, by conformal co-
variance, Haag duality for every I € 4.

A1y =A(). (19)

Now we compute

. s 0
20 =40 (g )

. 0 1 is er 0 0 1
(G o)ae (S et )
s e ™ 0 s e 0
=4Rr_ U ( 0 ens) = AR_,_ U < 0 ens) =Z(-s). (20)

Here we used essential duality and the fact that the modular operator of /(R )
is Aﬁ,:‘ Since Z is a l-parameter group it must be trivial. Therefore, we obtain

N e ()
R+:U< 0 ens) . (21)

Moreover, we show that Jg, = @. The commutation relations of Jg, with U(SL(2,R))
have already been determined; now let / € ¥ and g € SL(2,R) with g/ =R,.
Thus,

Jr, (IR, =Jr, U@ R)U(9) R, = U(gs)Jr, /(R )Jr, Ulgy)™'
= U(gs) 4/ (R-)U(gy)"'r = (1) (22)

Note that gyR_ = —I follows from g/ = R,.

We now use the results of [FroG] and [BGL], presented above, to prove that
the net is automatically additive. Let / = (J, 1, 1,1, € A, and let Iy € 4" be such
that 7o C /. Then there is a finite number of intervals ILy,,...,1,, which already
cover Iy. According to the result above, AZ) implements the 1-parameter subgroup
(g1)rer of SL(2,R) which has the boundary points of Iy as fixed points. There is a
sufficiently small interval I} € A", I} C Iy, such that for all # € R the interval g,(1;)

is contained in one of the intervals /,, i = 1,...,n. The algebra
A1 (Io) =\ oy (L (1)) C o/ (Ip) (23)
1€R

is invariant under the modular automorphism Ad A’,; = oy, of &/(ly) and has Q as
a cyclic vector, hence coincides with .o/(lp) [Tak]. Thus, .«/(ly) is contained in
V, (1) for all I, C I. But a conformally covariant net is continuous from below
(cf. e.g. [Jorl]),
A1) =\ (), (24)
fhcl
which implies additivity.

Finally, we derive a bound on conformal two-point-functions in algebraic quan-
tum field theory. This bound specifies the decrease properties of conformal two-
point-functions in the algebraic framework to be exactly those known from theories
with pointlike localization.
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Conformal cluster theorem. Let (/(1));cx, be a conformally covariant local net
on R. Let a,b,c,d €R and a < b <c <d. Let A€ .4((a,b)), Be 4((c,d)),
n € N and PrAQ = PyA*Q = 0, k < n. Py here denotes the projection on the sub-
representation of G with conformal dimension k. We then have

(b—a)d —c)

|(2,BAQ)| = (m

n

) 1nis. (5)
Proof. Choose R > 0. We consider the following l-parameter subgroup of G =
SL(2,R)

xcos 5 + Rsin 5

gr X — (26)

—%sinf +cost
Its generator Hy is within each subrepresentation of G unitarily equivalent to the
conformal Hamiltonian H. Therefore, the spectrum of 4Q and 4*Q w.r.t. Hy is
bounded below by n. Let 0 < # < #; < 27 be such that g, (b) = ¢ and g, (a) = d.
We now define

(2,Bz7Hr4Q) |z > 1

F(z)={ (2,42"*BQ)  |z| < 1 (27)
(2, 404,(B)Q) z=¢e", t §[to,t1],
a function analytic in its domain of definition, and then
G(z)=(z—z20)"(z"" =2y ' V'F(2), zo=e2t0™). (28)

(Consult the idea in [Fre2].) At z =0 and z = oo the function G(-) is bounded
because of the bound on the spectrum of Hp and can therefore be analytically
continued. As an analytic function it reaches its maximum at the boundary of its
domain of definition, which is the interval [¢0,e"1] on the unit circle:

2n
suplGa)| = [l 8] [ - e300 = ] ] (250 231 ) @)
This leads to

—2n
(Q.B4Q)] = |[F(1)] = |G| [1 = &5 = |G(1) (2 n n)

—2n : h—1 2n
. L+t sin 4L
< suplG1 (25 1) < 15 (— ) G
sin X+
Determining ¢y, and #; we obtain
lim Rty =2(c—»b) and Ilim Rty =2(d —a). 31)
R— oo R— o0

We now assume a — b = ¢ — d and find (;%5:71)2 = %—; =: x. Since the bound
on |[(£,BAQ)| can only depend on the conformal cross ratio x, we can drop the
assumption and the theorem is proven.

The conformal cluster theorem now allows to derive further properties of con-

formal two-point-functions of local observables:
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It has been shown (cf. e.g. [Jorl]) that a two-point-function (2, BU(x)4Q) of a
chiral local net with translation covariance is of Lebesgue class L? for any p > 1.
The Fourier transform of this two-point-function is a measure concentrated on the
positive half line. Therefore, it is — with the possible exception of a trivial delta
function at zero — fully determined by the Fourier transform of the commutator
function (©,[B, U(x)AU(x)~']Q). Since 4 and B are local observables, the com-
mutator function has compact support and an analytic Fourier transform G(p). The
restriction @( p)G(p) of this analytic function to the positive half line is then the
Fourier transform of (£, BU(x)AQ).

In the conformally covariant case with P,AQ = P,A*Q2 =0, k < n, the con-
formal cluster theorem implies that the two-point-function (Q,BU(x)AL) decreases
as x 2", Thercfore, its Fourier transform is 2n — 2 times continuously differentiable
and can be written as O(p)p?"~'H( p) with an appropriate analytic function H( p).

4. Construction of Local Fields

The idea for the definition of conformal fields is the following: Let 4 be a local

observable,
Ae U ), (32)
rexy

and P, the projection onto an irreducible subrepresentation t of U. The vector P,AQ
may then be thought of as ¢.(h)Q, where ¢, is a conformal field of dimension
n. =:n and h is an appropriate function on R. The relation between 4 and 4,
however, is unknown at the moment, up to the known transformation properties
under G,

U(g)PAQ = 0. (H)Q (33)

with A (x) = (ex — a)*2h(L=b)), g = (f’ Z) € G. We may now scale the vec-

—cx+a’?
/ﬂp) and find

5172

tor P.AQ by dilations D(Z) = U (*0

D(APAQ = 2" (h;)Q, (34)
where 4;(x) = }t‘lh(§). Hence, we obtain formally for 2 | 0,
AT"D(A)PAQ — [ dx h(x)p.(0)Q . (35)
In order to obtain a Hilbert space vector in the limit, we smear over the group of
translations 7(a) = U (1 “) with some test function f and obtain formally

0 1

lim i7" [ da f(a)T(a)D(2)P.AQ = [ dx h(x)p(f)Q . (36)

We now interpret the left-hand side as a definition of a conformal field ¢; on the
vacuum, and try to obtain densely defined operators with the correct localization by
defining

PHNHAQ =49 (Q, fecal), A cal),lecH. 37)
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In the following, we want to make this formal construction meaningful. There are
two problems to overcome.

The first one is the fact that the limit on the left-hand side of (36) does not
exist in general if AQ is replaced by an arbitrary vector in A. This corresponds to
the possibility that the function 4 on the right-hand side might not be integrable.
We will show that after smearing the operator 4 with a smooth function on G the
limit is well defined. Such operators will be called regularized.

The second problem is to show that the smeared field operators ¢!(f) are clos-
able, in spite of the nonlocal nature of the projections P,. This problem is solved by
the fact that the modular operators coincide with conformal transformations [Borl],
as explained in Sect. 3. An independent argument without recourse to Borchers’ the-
orem is based on the conformal cluster theorem (see Sect. 3) and will be outlined,
together with its consequences, in Sect. 5.

In order to investigate the limit in (36), we use the fact that P.H can be
identified with Z2(Ry, p*"~'dp), where G acts according to

a b o1 B o
(0] = lim — 1p(x+ie)+iqy™ " (x+ie)
<Un (C’ d> > (p) ;P(;l 2nl{dxkf+ dqe

X (a — c(x +ie)) "2 d(q) . (38)

Now let @ € P.H be smeared out with a test function on G such that @ is °°,
ie. g — Uy(g)P is €°°. We will show below that such @( - ) are continuous and
bounded in p. Then straightforward calculation leads to

(Jda f(@)T(@)D(2)2™"®) (p) = [(p)®(ip) (39)

and N
[dp P 7' f(p))*|@(Ap) — &(0))* — 0 (40)

for A | 0, showing the convergence of (36).

It remains to be shown that @( - ) is continuous and bounded. From the above
assumption it follows that @ is in the domain of definition of all powers of the
conformal Hamiltonian H. Hence, in an expansion of @ into eigenvectors of H,

D=3 ad, Ho, =k, || O =1, (41)

k=n

the sequence ¢, is strongly decreasing. The normalized eigenfunctions are of the
form
o (p) =L} L,2p) 77 (42)

with the normalized associated Laguerre polynomials Lﬁ’jr;l_l. In the appendix we
show
sup |8 (p)| < Ck" + D (43)
p

with appropriate constants C and D. This directly implies continuity and bounded-
ness of @( - ).

We thus obtained for each t and each @ € P.H N ¥ with the complex num-
ber #(0)+0 a multiple of a unitary map V, ¢ : L> (R, p*"~'dp) — P.H, which is
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defined on the dense set {f|r, |f € Z(R)} by

Vew: f~|R“ — <I>(0)|(f~|R+ )) = 1)1?3 27" [daf(a)T(a)D(1)® (44)

and intertwines the irreducible representations of G.

We now turn to the definition of pointlike localized fields. Take a regularized
local observable 4 € .2/(ly), Iy € #p, such that g ay(4) is ¥°° in the strong
operator topology. Let T be an irreducible subrepresentation of U. Then the vector
P.AQ is ¥°°. Hence, we may define densely defined operator valued distributions
goi’A on (1), I € A by

0L (/)BQ=BV.paoflr,, f€2U) B €. (45)
It is easy to see that the fields transform covariantly,
U@)eh (U@ = o (/) (46)

The main problem consists in proving closability of the operators (pi, 4(f). This
is equivalent to the existence of densely defined adjoint operators. We show that
the natural candidates ¢’ ,.(f) are indeed restrictions of the adjoint operators. This
amounts to the relation

(B'Q, ¢! (f)C'Q) = (oL «(/HB'Q,C'Q), B.C' €AY . 47)
Since for all local observables 4, f € Z(I) and sufficiently small 4 > 0,
[ dxf(x)U(x)D(2)AD(A)* U(x)* € (I, (48)
R

it is sufficient to show that
(B'Q,P.AQ) = (P:A"Q,B*Q), A€ J(),B € A1) . (49)
But this follows from the established relation between modular operators and con-
formal transformations,
(P:A*Q,B™*Q) = (PT—JIA,%AQ,J]A,_%B’Q)
= (AI‘%B’Q,J,P,—JIAI%AQ) = (B'Q,P.AQ) . (50)

1
Moreover, ¢! ,(f)Q € D(4}). Hence, ¢! (/) is affiliated to /(1) (cf. [DSW]
and Proposition 2.5.9 in [BrR]).

It remains to be shown that for each 7 there is a nonzero field ¢, 4 obtained by

this construction. Let g, = (y;l ?) € SL(2,R), y=#0. Using the representation
of P.H as L*(R, p*~'dp) we find

(P (4)2)(0) = [ dp e’ p> = (PAQ) (p) . (51
0

The left-hand side is in y the boundary value of an analytic function in the upper
half plane. Therefore, it cannot vanish on an open set if P,.4Q2=0. Hence, an
accidental vanishing of P.4€2(0) can be avoided by a small conformal transformation
of 4.
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We conclude that the spaces @!(f)Q, t irreducible and f € Z(/), are dense in
H. But the algebra generated by polar and spectral decomposition of all ¢f(f)**,
7 irreducible and f € 9(/), is invariant under the modular automorphisms Ad A/,
hence coincides with .o7(I) [Tak].

The existence of sufficiently many fields such that their linear span applied to the
vacuum is dense in the Hilbert space is a formulation of the existence of an operator
product expansion in the Haag—Kastler framework. Actually, we derive a stronger
result with local coefficients and covariance w.r.t. the modular *-operation S:

Theorem. Let [ € 4" and A € </(1). Then for each irreducible t the two simulta-
neous conditions

PAQ = @ a(fe)Q and PA™Q = @ 4(f:4)"Q2, (52)

together fully determine the testfunction f; 4:

X Y1 Yon--2
foax)==""1 [ dyi [ dya- [ dyan—1(Q[0(y2u—1)4]1Q)
Lo e e (o) A19)
=5 dpe” e : (53)
In particular,

supp fr.a C 1. (54)

Therefore, we obtain a local expansion
A= 0Ufon), (55)

T

which converges on /(1) Q x-strongly (cf. the definition in [BrR]).

Proof. The formula for f; 4 in (53) follows from straightforward calculation since
the two conditions determine the positive and negative energy content of f; 4
respectively. The conformal cluster theorem applied to the commutator function
(2, [@.(x)*,A4]82) specifies the Fourier transform G(p) of the commutator function
to be of the form p**~'H(p), with an appropriate analytic function H(p). There-
fore, using the Paley—Wiener theorem ([Tre], Theorem 29.2) we see that the support
of f. 4(x) = H(x) is included in the support of the commutator function. Hence, it
is included in /.

The local expansion (55) then follows directly from supp f; 4+ C I and the defi-
nition of the field operators.

5. A Proof Independent of Borchers’ Theorem

In this section, we sketch an alternative proof of the results on the existence of
conformal fields and on the structure of conformal Haag—Kastler nets both in this
work and in [FroG, BGL] without making use of Borchers’ theorem [Borl].

In this proof, the basic input will be the conformal cluster theorem (cf. Sect. 3).
This new result gives a bound for conformal two-point-functions of local observ-
ables. We need the conformal cluster theorem as a substitute for Borchers’ theorem
in the proof of the closability of the field operators. Deviating from the formulation
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in Chapter 4, we now use P, instead of P, in the definition of the conformal fields.
In analogy to (45) and with a regularized local observable 4, we obtain conformal
fields

Pua(/IB'RQ=BVupao flr., [ €21, B €d1) . (56)

The next theorem proves the closability of the field operators.
Theorem. Let n e N, [ € A, f € 9(I), B',C' € o/(I) and let A be a regularized

local observable. We then have
(B'Q, 0}, 4(/)C'Q) = (), 4«(/)B'Q.C'Q), (57)

oh (O =0 () Ly = @b (). (58)

(pf,’ 4(f) is closable because qof,’ A(f)* has a dense domain.

Proof. The Casimir operator Cg belonging to the Lie group SL(2,R)/Z, and its
representation U( - ) is known to have the following spectral decomposition [Lang]:

o0

Co =S i(i — 1P, . (59)
i=1

Let By,B, be regularized observables localized in disjoint intervals. As Cg is a
second order differential operator in G and since B, B, commute, we obtain

(B1Q,CsB2Q) = (CB3Q,B1Q) . (60)

A priori, this is not known to be true for the individual projections P,, which are
not local.
Some algebra leads to

(B'Q, ¢} ,(/)C'Q) = ljﬂ)l [ dx f(x)(C"B'Q,U(x)D(4)2~"P,AQ)
O R

o ) s (S Co —i(i—1)
{;fgi{dxf(x) <c B'Q,U(x)D(2). <1:[l pr 1)) P,,AQ) ,

llil(;l fdxf(x) <C/*B/Q, U(x)D(/I)/”Lfn (nl—_ll CG — i(i _ 1) )
~U R

—inn—1)—i(i—1)
< (1 —"fpi) AQ) |
i=1

(Because of Eq. (59) the polynomial in Cg has the property to act as the identity
operator on P, and as the zero operator on all P, i < n. By the conformal clus-
ter theorem the contribution of conformal energies = n + 1 vanishes in the limit
2 —0.)

s 1%t y—n o Co—ii—1)
= 1/1113 ﬁfdxf(x) <C B'Q,U(x)D(2)/. (II:[I nn— 1) i~ 1)>AQ>

= lim [dx f(x) (U(x)D(/t);i" <1:[l Co—ili=1)
+O0 R

A*Q B/* /Q
i—ln(n—l)—i(i—1)> Be )

= (¢h ++(/)B*2,C'Q). (61)
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Since in this approach arbitrary multiplicities of irreducible representations in
P,H might appear, we have to ensure the existence of a sufficient number of
orthogonal fields with conformal dimension n € N. Because of the cyclicity of
the vacuum vector £ w.r.t. the set of regularized local observables, appropri-
ate operators A;, i € M C N, can be found to construct a dense set of vectors
{¢£1,Ai(f)9|[ € Ay, f € 2(I),(A;)icm appropriate} in P,H. Since the conformal
two-point-function is determined up to a complex constant, we know

(@not, (2 9t (1)) = €y —x + ie) > (62)

with suitable ¢;; € C. According to Schmidt’s orthogonalization system the matrix
(cij)i; can then be transformed into a diagonal matrix (Cj;); ;. Applying this system
to the observables 4;, i € M, we obtain new regularized local observables A ieM,
giving rise to a set of conformal fields ((pi 7.0+ Dien orthogonal on the vacuum
vector. o

All other properties of the field operators can be proven the same way as in
Chapter 4.

Once having shown the existence of conformal fields, one can use them to
derive important structures of the original conformal Haag—Kastler net, again and
in contrast to [FroG, BGL] without making use of Borchers’ theorem. The mere
existence of conformal fields will be enough to establish the Bisognano—Wichmann
identification of modular structures, Haag duality, the possibility to reconstruct the
algebras from the fields, PCT-covariance and additivity.

The Bisognano—Wichmann result can be derived in the same way as in [BS-
M]. The proof of Haag duality cannot yet use PCT-covariance, it has to rely on
the identification of Jr, and Jr_ (cf. [Borl]). Haag duality indicates maximality
and helps to prove that the original algebras can be reconstructed from the field
operators. Now, this result naturally implies PCT-covariance of the net of algebras.
Finally, additivity follows easily from the fact that we did not use products of fields
in the reconstruction of the algebras.

More details of the argumentation can be found in [Jorl, Jor2].

Acknowledgement. We would like to thank K.-H. Rehren for important discussions and some
helpful hints and B. Kuckert for critical comments on the manuscript.

Note added in proof. The authors would like to present a further development and generalization
of the results of this paper to the reader. Having finished the present article, we managed to transfer
the construction and results from the neutral vacuum sector to the full theory with arbitrary charge
and finite statistics: We construct pointlike localized fields carrying arbitrary charge with finite
statistics and therefore intertwining between the different superselection sectors of the theory. (In
Conformal Field Theory these objects are known as “Vertex Operators”.) We obtain the unbounded
field operators as limits of elements of the reduced field bundle [FRSI, FRS2] associated to the
net of observables of the theory. Their smeared linear combinations are affiliated to the reduced
field bundle and generate it. We prove an expansion of local operators (arbitrary local clements
of the reduced field bundle [FRS1, FRS2] associated to the net of observables) into charged fields
with local coeflicients and show that this expansion converges x-strongly on a dense domain in
the physical Hilbert space. Our method consists of an explicit use of the representation theory of
the universal covering group of SL(2,R) combined with a generalization of the conformal cluster
theorem proven in the present paper for the vacuum sector. As a consequence of the existence
of charged pointlike localized fields we can finally prove the PCT theorem for the full theory, a
generalized version of the Bisognano—Wichmann property, additivity of the net of local algebras
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and the Spin—Statistics theorem. The interested reader might find this further development and
generalization in detail in the DESY-preprint 95-105 “The Construction of Pointlike Localized
Charged Fields from Conformal Haag-Kastler Nets” by the second author. This article has been
submitted to Letters in Mathematical Physics.

After the completion of this second paper we received a preprint by Guido and Longo [GLo]
that gives an independent proof of the conformal Spin—Statistics theorem.

Appendix. A Bound for sup, |B"(p)|

The eigenfunction of the conformal Hamiltonian for the eigenvalue & = »n in x-space
is

F00) = (1 i)y E N = Rt (63)

Its Fourier transform may be computed by the theorem of residues and turns out
to be

~(n) i - _
[y = [dxe? f00) = NP @p)e ™, p >0, (64)
R
with the normalized associated Laguerre polynomials Lﬁi;l_l and constants
1
_ k+n—1)\2
N — on—l ( )t 65
; ( G ) O (65)

For a bound on its modulus we choose as integration path a circle with center iR
and radius R = 1. We obtain

2n i . . 1

F(p) = [dpiRe(1 — R+ iRe'® Y™ =1(1 + R — iRe'® yr+h=1o=PRHPRE? (66
0

and find

7 < 2nRsup(1 + 2R(R — 1)(1 +sin @))(1 + 2R(R + 1)(1 + sin o)

<1+2R(R+1)(1+sin<p)>'% 67)
o \1+2R(R —1)(1 +sing)

k
< 27R(1 4 4R*y"! (if—f%) ) (68)

We insert R = k + 1, and find

(p)| < 2m(k + 1)(5 + 8k + 4k>)"! (1 + %)2 < ge(5+4k)2"_' . (69)

~(n)
[

As a bound on the normalized eigenfunctions we obtain

(n)

[fi (p) _ Ck"+D
16 (p)| = ];v,f”) s —0 <CK"+D, (70)

with appropriate constants C and D.
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