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Abstract: The rigorous treatment of period-doubling cascades, developed by Lanford
for analytic families, is extended to cover C>** families for any « > 0. This
requires spectral analysis of the linearised doubling operator on spaces of differ-
entiable mappings, and a version of stable manifold theory which takes account of
the non-differentiability of the doubling operator on these spaces.

1. Introduction

The theory of cascades of period-doubling bifurcations for one-parameter families of
one-dimensional mappings has been developed by Feigenbaum [1,2] and rigorously
justified by Lanford [4] for analytic families. The purpose of the present paper is
to extend this theory to cover C*** families for any o > 0.

The Feigenbaum—Lanford theory is based on the study of a non-linear “doubling
operator” 7 on a suitable space of analytic functions (see Sect.2 for more de-
tails). The main ingredients of the theory are the existence of a fixed point g
of T, analysis of the spectrum of the Fréchet derivative of 7 at g, and the
use of stable manifold theory to deduce information about the behaviour of T
near g. We study the behaviour of 7" on a larger function space consisting of
C? functions, where y =2 4 a. The two main problems are to extend the spec-
tral theory of the derivative DT (g) to this larger space, and to extend the stable
manifold theory.

The analysis of the spectrum of DT(g) on the larger space, given the ana-
lytic theory, can be reduced to the determination of its essential spectrum (i.e. the
spectrum modulo compact operators). In some ways this is the most natural ap-
proach. However we have chosen a different method, involving the introduction of
localised norms, which, although not any simpler, is somewhat more elementary in
that it avoids the theory of compact perturbations, and may be more suitable for
extending the results to other renormalisation problems. The details are given in
Sects. 3 and 4.

The study of the nonlinear map 7 and the existence of the stable mani-
fold are complicated by the fact that 7 is not differentiable on the larger
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space — even the derivative DT'(g) at the fixed point is not a Fréchet derivative
(although it is a Gateau derivative). The resulting technical problems are dealt with
in Sects. 5 and 6.

It seems reasonable to expect that the C>** theory could be developed directly,
rather than via the analytic theory as in the present work. Indeed, recent develop-
ments due to Sullivan (of which an account can be found in [5]; see also [3]) may
well achieve this. However, the methods developed here are fairly general and it is
hoped that they may be applicable to other renormalisation problems for which a
direct approach might not be available.

While this work was being written up, the author became aware work on
the same problem by Lanford, who also considered period n-tupling. The author
is grateful to Prof. Lanford for providing details of his work and for valuable
discussions.

2. Analytic Theory

Lanford [4] established the following result: consider the Banach space Ay of
functions of the form

F&) =33 (n + Bx) = 1Y, S| +Ba] < 00,

and let 4; be the set of functions of the form 1+ f, f € 4y. Then there is an even
function g € 4; such that g is monotone on [0, 1], g”(0) < 0 and

g(x) = A7'g(g(Ax)) , ey

where A is a constant (A= —0.3995..). The operator T given by Tf(x)=
S LA(F(f(1)x)) is defined and infinitely differentiable (in the Fréchet sense)
in a neighbourhood U of ¢ in 4;, and T maps U into 4;. By (1), g(1)=A and g
is a fixed point of 7.

If f € U then the Fréchet derivative DT(f') is a bounded linear operator on A,
given by

DT(f)¢(x) = f(1)™H(S (S (D) + f(f (LD (1)x)}
+dW{=S) L)) +x/ )™ S FF S S}

The Fréchet derivative at the fixed point DT(g) has a simple eigenvalue
0 =4.669..., with corresponding eigenvector s, and the rest of its spectrum is
contained in the unit disc {A: |A| < 1}. The spectral projection P corresponding to
the eigenvalue A can be written P¢p = a(¢)h, where o is a bounded linear functional
on Ay.

From stable manifold theory there is a local one-dimensional unstable manifold
at g for 7, which can be parametrised by a real-analytic mapping ¢ — 4, € 4,
defined for ¢ € R, |¢| small, such that 4y = g and Th, = h;, for |¢| small. The fam-
ily A, undergoes a cascade of period-doubling bifurcations. We can suppose the
parametrisation is chosen so that the first period-doubling occurs at # = 1; then the
n™ bifurcation occurs at t = 7",
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3. Holder Spaces

Let I = [a,b] be a closed interval in R. We denote by C°(/) the Banach space of
real-valued continuous functions on / with the supremum norm || f'|jo = sup; | /(x)|.
If 0 < a < 1, then we denote by C*(/) the space of real-valued continuous func-
tions on [ satisfying a Holder condition with exponent o; C*(/) is a Banach space

with norm
1/l = max { 171 s LJ:(I?:_yfl(yn}

for o > 0, where || f||o denotes the supremum norm. We also define, for § > 0, an
associated semi-norm

s = sup O/

0<|x—y|<d ]x—y[“

Now suppose 0 < o« < f < 1 and let ¢; € C¥(I) and Y, € C'(I) for i =1,...,n
and suppose ;(I) C I. Define a bounded linear operator S on C*(/) by

Sf(x) = ; bi(x) f (Yi(x)) . )
Let .

M = sup 2 i)W i) -

Then we have: :
Lemma 1. (i) Let ¢ > 0. Then we can find 6 > 0 such that
[1Sf a5 < (M + )| 1l

for all f € CXI).

(ii) Let ¢ > 0. Then we can find y > 0 such that if q~5i e CP(I) and ); €
C\(1) with Wi —illi < n, i — dillp < n and (1) C 1 for i =1,...,n, then
the corresponding operator S on C*(I) satisfies ||S — S|| < 2(M + ¢).

Proof. If x,y € I with |x — y| < 4, then
S1(0) = () = 3 9/ Wi) = [N+ L1~ L))
The second term is bounded by

/ol = 217 2 gills < 1./ 106P~ b = »I*52 litillg

and, using the mean-value theorem, the first term is bounded by

GO COIf Nlalx = yI*

where x < x; <y for i=1,...,n. Hence it suffices to choose § so that
P37 ||¢illp < €/2 and so that |x; — x| < & implies 3 |di(x)||Wi(x)| < M +¢/2.

(ii) From the last sentence of the proof of (i) it follows that if # is small enough
then the conclusion (i) applies to S with the same choice of J. Hence

ISf =8 fllus < 2(M + &)|| £l -
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Moreover, if # is small enough we have [|Sf — Sf]lo < ¢/ f]|. and applying the
inequality
lg(x) — 9(»)l -1
A N Y —y =
lx_ yla = 0 ”gHOa |x yl = o
with g = Sf — Sf, the desired result follows. [

If k is a positive integer and 0 < o < 1, we let C*™* denote the Banach space
of real functions on / having & derivative in C*, with norm

1 o = max{[1£flo, 1/ llo} -

Lemma 2. Let y =k + a, where k and o are as above. Suppose ¢; € C"'(I) and
Vi e C2(I) for i=1,...,n, where y1,y2 > 7 and y, = 1. Let

M = sup 32 GOV
Then for any ¢ > 0 one can find 6 > 0 such that

16/ Pllus = M + o)Ay -
Proof. We can write

(SHE =i fOW () + RS,

where Rf involves derivatives of f of order less than k. The result then follows
readily from Lemma 1(i). O

Lemma 3. Let S be as in Lemma 2. Define an operator S, on C(I) by
n
S f(x) = ; [ Wi f (x) -

Suppose p > 0 and that the spectral radius of S, is less than p. Then for any
¢ > 0 we can find a positive integer m and 6 > 0 so that

18" fllns = 0™l f1l;, S €CU).

Proof. Choose m so that the norm of S as an operator on C(/) (with the

supremum norm) is less than ¢p™/3. We can write S in the form S”f(x) =
S, 0:(x) f(0i(x)), where r =n", 0;,6; € CF(I) for some f >y and a;(I) C I.
Applying Lemma 2 to S and noting that

§7160) = 3 10.@)lojeo)r

gives the desired result. O
The following lemma relates the C? norm to the associated semi-norm.

Lemma 4. Let y > 0. Then for all f € C? we have

1l < 4maX{||f||y,m %nfno}.
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Proof. Suppose the RH.S. < 4. Then we claim that || f®||; < 2#*. To prove this,
suppose the contrary. Let J be any subinterval of length 5. Then since || f|,,, < I,
we see that |f®)| > n* on J. Then we have sup, |f| > 5”/(2k!), which contradicts
the assumed bound on || flo. It then follows that || f|, < 4 as required. O

We conclude this section with an elementary interpolation result which will be
needed later.

Lemma 5. Let I = [—1,1] and let f € C'**(I) where 0 < a < 1. Then
1/ llo = 4G5

Proof. Let M = || f]||i1« and define n > 0 by n'™ = 2| f|lo/M. Then n > 2.
Suppose there is x € I such that |f/(x)| > 2Mn*. Then we can find an interval J C I
containing x and with length #. By the definition of M we must then have | f'(y)| >
Mn* for y € J and so | [, f| > My'**. This implies that | flo > Mn'**/2, con-
tradicting the definition of #. Hence | f'|jo < 2Mn*, and the result follows using
the definitions of M and . O

4. Spectral Estimates for the Linearised Doubling Operator

We now extend to C>™*, where 0 < « < 1, the Feigenbaum-Lanford results on the
spectrum of the derivative at the fixed point g of the doubling operator 7. This
is done by using Lemma 3 to reduce the problem to the analytic case considered
in Sect. 1.

Let / = [—1,1]. For y = 2, let C} be the set of functions f in C"(I) satisfying
f(0)= f"(0) =0, and let C] be the set of functions of the form 1+ f, where
f € CJ. Then if f is close to g in C}, it follows that f maps I into itself and we
can define Tf € C] by Tf(x) = f(1)~' f(f(f(1)x)). Let S be the formal derivative
of T at g:

Sp(x) = 27 [¢(g(Ax)) + ¢ (9(Ax))P(Ax) + (1){~g(x) +xg'(x)}] .

Then S is a bounded linear operator on C). We also define, for y > 0, a bounded
linear operator S, on C() by

S,0(x) = [A'[|g'(Ax)[*p(g(Ax)) + |g' (9(Ax))|p(Ax)] -

To apply Lemma 3 we require an estimate for the spectral radius of S,, which is
given by the following lemma.

Lemma 6. If y > 1 then p(S,) < |72

Proof. We use the following facts about g which follow, for example, from
Lanford’s polynomial approximation: g"’(x) < 0 for x € I and ¢’(g(1)) < —1. Then
differentiating the functional equation (1) and letting x — 0 gives ¢g’(1) = A~!. Since
g is monotone we deduce that 1 < |g'(g(Ax))| < |A|7.

Now choose # > 0 so that 2 +# < [4|~! and let M(x) = n + |¢'(x)|". We shall
show that

lpx)| £ M(x), x€l=[S,¢p(x)| < |A°M(x), x€1. 3)
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Assuming (3) we have, for any ¢ € C(I), |¢p(x)| < n7!||p|loM(x) which by (3)
implies
ISy pllo < =" 2"~ ¢llo sup M(x)

s0 [|S7[lo < const A=) for any positive integer m, whence p(S,) < 4772
It remains to prove (3). Suppose |p(x)| < M(x), x € I. Then

1S,0(x)| < S,M(x) = A7 [|g'®)" + g (g(Ax))|'|g' (x)|”
+1llg'Ax)" + |9’ (9(Ax))D)]
S AP+ Mg EF + 071 < A72M(x)

as required; the second last inequality used the estimate 1 < |¢'(g(Ax))| < |A|7!. O

An alternative proof of Lemma 6, which applies more generally to n-tupling
operators, has been found by O. Lanford (personal communication).

The next lemma gives the spectral estimates which we require. The proof is
based on Lemmas 3 and 6.

Lemma 7. Suppose y > 0 and p(S,) < p, where 1 < p < 6. Then the linear
Sunctional ¢ on Ay extends continuously to C). Moreover, given ¢ > 0, one can
find a positive integer m such that, for all f € C),

187 f = 6"a(Nhlly = ep™ (1 -

Proof. By Lemma 3 we can find a positive integer » and # > 0 so that ||S” f]|,, <
o I 71l,/16 for all f € C}. We may also suppose that Q" has spectral radius < 1/2,
regarded as an operator on 4o. Now, using the compactness of the unit ball of C}
in C(I) and the density of 4 in C}, we can find a finite set f1,..., fn of functions
in 4o, with ||fi|l, < 1, such that, for any f € C} with ||f|, < 1, there is an i
such that ||/ — fillo < 11V/(16Mk') where M is the norm of S” as an operator on
C(I ). It then follows, using Lemma 4, that ||S"(f — f;)|l, < p”/2. In other words,
given f € CJ with || f]|, < 1 we can write S"f = S" f; + p"{/2, where € C} with
v, = 1. We can then apply S” again and treat S"y in the same way. After ﬁnitely
many steps we obtain

S f =S¥ fi + (T 12)SET fy 4 (72T S+ (072
where |[Yx|l, = 1. We can rewrite this as
S¥ f =6 {a(fi, + (01280 (f3,) + -+ (p"/28" Y a(fi) }
+ 0% fir + (/2O T Sy o+ (07T S + (07 /2)

Now ||Q¥ fill, £ C27*, i=1,...,N, since f; € Ay. Then we see that, as k — oo,
57%S¥ f tends to a limit which we can write as o(f)h, thereby defining o as
a bounded linear functional on C}. The required estimate then follows by taking
m = kr for k large enough. [J

The conclusion of Lemma 7 implies that, apart from the simple eigenvalue 9,
the spectrum of S as an operator on C} lies strictly inside the disc with centre 0
and radius p. Lemma 6 shows that, if y > 2, we can take p = 1.
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5. Behaviour of T Near g

We now apply the preceding linearised theory to study the non-linear mapping T
on C], where y =2+0a, 0 < o < 1.

Lemma 8. We can find a positive integer m and y > 0 so that if t € R and
¢ € C) with |t| < n and ||$|l, < n, then

1
177G+ )~ hly < 519l
where s = 0"™(t + a(¢)).

Proof. Using Lemmas 6 and 7 we can choose m so that Q™ has norm < 1/8 as
an operator on Cj and S} has norm < 1/16 as an operator on C°. Then for f

near g in C] we can define a bounded linear operator 4(f) on C* by

r r—1 k=2
A(fW(x) = f'(())kX_:1 { l:[k S O0)x)) l:[o f’(fs(f’(O)X))z} W O)),
where » = 2". If also f € C;™ and ¢ € C} we have

(DT™(N)$)" = A(f)¢" +B()¢' +D(f)¢

where B(f) and D(f) are linear operators of the form (2) (with coefficients
depending nonlinearly on f and its first 3 derivatives). We then find, taking f = #4,,
that

(T"(he + &) — T"h)" = A(he + $)¢" + B(h)§' + D(h)p + E(he, §) ,

where the last term E(h,, ¢) is of second order in ¢, and for ¢ and ||¢||, small has
C* norm bounded by C||¢||2. Moreover, provided [¢| is small enough, |(B(h;)—

B(9))¢'|lx and ||(D(h;) — D(g))¢|l« will both be less than §|@]l,. Next, we apply
Lemma 1(ii) to 4(g); the corresponding M is ||S}"|| < 1/16. We conclude that
if |¢| and ||¢||, are small enough then A(k, + ¢) — A(g) has norm less than 1/8 as
an operator on C%.

Putting everything together, and noting that

(S"$)' = A(9)¢" + B(9)¢' + D(9)¢ ,
we see that .
177G+ ) — T = 5"ll, < 51,

provided || and ||¢||, are small enough. Since also
m m m 1
Is"g — "ol < 1279l < glol

we deduce that

3
177 Che + @) = T"h, — 8" a()hll, < 2l ll; -
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Now let 7 = "¢ and with s = 0"(¢ + g(¢)) as in the statement of the theorem we
see that, for |¢| and |||, small enough,

s = he = 8"o(@Yhl, < Cot6) < g1l

and since 7”h, = h,, the desired inequality follows. [J

Lemma 8 implies that the action of 7™ moves points in C] closer to the unstable
manifold, as long as they are close enough to the fixed point g.

We observe that the proof of Lemma 8, applied with m = 1, will show that
there is a positive constant B such that whenever |¢| < # and ||@||, < # we have

HTk(h,—(—(f))—thy < B||¢ll;, k=0,1,....m, 4)

where s = 5*(¢ + a(¢)).
We also note that since o(h,) =t + O(t*) we can suppose # chosen so that

lloCh) — 2l < l£ll/4  for flzf| < n. (%)

6. Stable Manifold

We next apply Lemma 8 to define the local stable manifold for 7 in C]. Choose
positive numbers ¢ and & so that ¢ max(B,0” + 1) < n and emax(l,|g|,) < ¢
Suppose ¢ € C} with ||@|l, < &. We then define recursively sequences {#} and
{¢x} for k =0,1,2,... by the relations T™*(g + ¢) = hy, + ¢ and 1 = 5"(t +
a(dr)), starting with #p = 0 and ¢y = ¢. We continue as long as |t;| < 5. Then
by Lemma 8 we have |¢|l, < 27%e. Moreover, if |f| < ¢ then #,, < 1. Hence
there are 3 mutually exclusive possibilities:

(A) for some k, & <ty < n and |t;| < ¢ for j <k
(B) for some k, ¢ < —fx < and |t;| < ¢ for j <k,
©) |tj] = ¢ forall k=0,1,2,...

Let W ={g+¢: ¢ €Cl, ||oll, < ¢}, and let W, W_ and W, denote the sub-
sets of W, where respectively (A), (B) and (C) hold. The map ¢ — ¢ is continuous
on W, so W, and W_ are open, and hence W, is a relatively closed subset of 7.

If =g+ ¢ € W, then |[¢]l, < 27%¢ and so |41 — 6™t| < 27*¢ for all &,
which implies |t¢] < 27%¢ and so || T f —g||, < C27* for all k, where C is a
constant. This justifies the interpretation of W, as the local stable manifold for T,
that it is indeed a C! manifold will follow from subsequent estimates.

We note that if ¢ < # < 5 then, using (5), we have

a(T™ (g + ¢)) = o(hy, + ¢) > o(hy) — ||o|l; || el
> 3| l/4—€/2 =2 ¢/4. (6)

We wish now to study the behaviour under the action of 7" of elements of W
close to W,. As preparation for this, the next lemma describes the behaviour of the
derivative of 7" at points of W. Note first that, by Lemmas 1(ii) and 6, we may
suppose that m in Lemma 8 and ¢ are chosen so that the norm of S” — DT™(f) as
an operator on C! is less than §™/8.
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Lemma 9. There is a continuous mapping [ — 0 from Wy to (C})*, such that

IDT"(f)¢ — & Op(p)hlly < €27,
for all f € Wy and ¢ € Cy, r =1,2,..., where C is a constant.

Proof. Fix f € Wy. Let R, = 6 ™*DT™ (f); Ry acts as a bounded linear oper-
ator on Cj. Let ¢ € C} with ||¢]l; < 1. Then Ryy1¢ = 6 "DT™(fi)Rip, where
fi =T" f. We write Ri¢p = axh+ Y, where o4 € R and ¥ € C} are defined
recursively as follows: og = 0, Y = ¢ and if o and Yy have been defined then

Rir1¢ = 67" DT (fiXoweh + i)
= ogh + o 6" (DT™(fr) — S™)h
+ 67" (DT (fi) — S" Wi + a(Yu )b + 67" O™ Y
= o1+ Yt

where a1 = o + o(Y) and
Yier1 = 00~ "(DT"(fi) = §")h + 67" (DT"(fi) — S" Wi + 6" Q" -

Since || fx —gll, = O(27%) and the mapping from C] to C] given by f —
DT™(f)h is differentiable at g, we have ||[(DT™(f;) — S™)h||; = O(27%) as k — oo.
Since also the norms of the two operators DT™(f;) — S™ and O™ on C} are each
less than 6™/8 we deduce that

Y1l = 41_‘||l//k||1 + crfog 27

Hence |[Yx]l1 = O27%) and |og — o441| = O(27F). Thus o converges to a limit
0r(¢) and
IRed = Op($)hll1 < 27|l

for any ¢ € C}, from which the desired estimate follows.

To show that 6 is continuous, note first that, since ¢ is a bounded lin-
ear functional on C) for some y < 1, the mapping f — Vy; € (Cly*, where
Vrxk¢ = o(Rx) is continuous on W, for any k. Now for any ¢ € C} we have

10/() — Vrkdlli = l6(07(p)h — Red) i < cs27% ¢y ,

so that 7y — 0y uniformly on W, whence 0 is continuous. [J

In applying Lemma 9 we meet the usual difficulty that DT(f") is not a Fréchet
derivative. The following lemma is an adequate substitute for our purposes.

Lemma 10. There is a constant ¢y > 0 such that if f, fi € W then

ITfi = Tf = DT(N)dlli < collollf
where ¢ = fi — fand p=1+0o/(1+0a) > 1.
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Proof. If we write out (T(f + ¢) — Tf — DT(f)¢p) explicitly and use the fact that
the hypothesis f, fi € W gives bounds for || ]|, and |||, we find that

|Tfi — Tf —DT(f)$|i < const(||llo]l ]l + |DI) -

Now Lemma 5 applied to ¢’ gives ||@]2 < 4||¢||;/(1+°‘)||¢||‘;‘/(1+°‘) and the desired
result follows. [J

The next lemma gives the main technical estimate of the paper; the proof is
based on Lemmas 8,9 and 10.

Note first that 6, = o and so by the continuity of 0 we can find & with 0 < g <
& such that if f € Wy and || f — g|, < &, then |07(h) > 1/2 and ||0/]1 < 2|0];.
Let ¥, be the set of f € Wy such that || f —gl, < &.

Lemma 11. We can find positive numbers B,t and ¢ such that if v is a sufficiently
large positive integer and f € Vy, fi € W with || fi — |1 £ B6" then

IT"fy = horo - plly = €077

Proof. By Lemma 9 there is a constant ¢; such that if f € W, then the norm of
DT*(f) as an operator on C} is bounded by ¢;&* for any positive integer k. Choose
v > 0 so that v"~! = (1 — 6'7?)/(co(2¢1)?) and let ¢; = v(1 — §'~*), where p and
co are as in Lemma 10. Let § = min(v, 7).

Fix f and f; satisfying the hypotheses above and let ¥ = f; — f. Let ko be
the first positive integer value of k such that either k > r or ||T*f; — g|| = n. We
now define a sequence y; inductively by

ﬂﬁ=TW+Dﬂuw+ibﬂﬂunp
P

and by Lemma 10 we have
p

k .
DTH(f W+ 3 DT* (),

J=1

2kl = co

1

for k < ko. We now show by induction that ||3,||1 < ¢,0°U~") for j < k. Suppos-
ing this holds for j = 1,...,k we deduce that

J=1

P
k L
el = co {01V5k_r + e Z 5k_15p(]_r)}

IA

co {c1v8* " + c16,8°* /(1 - 51"”)}p = ¢o(2c1v)P8P*7) = ¢y 9Pk
as required. It now follows that, if & < ky,
k . . k .
IT /i = T5F = DT W £ X 18 ead? V™ = crep 32 607
j=1 j=1
< 5p(k—r)/(1 _ 51—p) = ¢ voP&=1)
We also have, by Lemma 9,

IDT(f ) — 8*0,(W)h||; < cr27Hmsk=r
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and, since f € W,
1T f = gll < es27%m.

We deduce that, for £ < ky, we have
IT* fi — g — 8“0, (WAL < (ca+e3)27" 4 cvo?®) (7)
Equation (7) implies in particular that, for £ < ko,
|o(T* fi = )| £ ea(d*" +275m). (®)

Now let u = plogd/(m~'log2+ plogd) and let [ be the nearest integer to
pr/m, so that 27/ is comparable to 6°"=") It follows from (8) that if » is large
enough then |o(T*f; — g)| < &'/4 for k < min(ml, ko). We now assert that Im <
ko. To prove this, suppose on the contrary that /m > ko and let j < [ be the smallest
positive integer such that jm > ko. Then by (6) we have [T f; —g|, < ¢ for
i < j, and hence by (4), |T* fi — g|l, < Be for k £ myj, contradicting the definition
of ky. So Im < ky as asserted.

We then deduce from (7) that

1T fi = g = ™0, )kl < es6— 7D, )
and by Lemma 8 we have, for some ¢,

1T fi — hy||, < const2™! < ¢g6 7= (10)
Writing s = 6™60 () we deduce from (9) and (10) that

e — g — shlly < (5 +c6)d 7™,

and so
|t —S| é c7(5——p(r—ml) +S2) é csé—p(r—ml) ,

where the last inequality uses |s| < const 5. Using (10) we then conclude that
1T™ fi — hyll, < codPCIm (11)

Now let p be the integer part of ;- — /. Using Lemma 8 we can write, for j =
0,1,..., p, T fi = g, + ¢, where 5o =5 = 8™ 0 (), sj11 = 6"(s; + 0(¢;) and

“d’j“y = 2_f||¢0|| < 2—jc95-p(r——m[) .

We have then s, ="s+ 377 0"P=/=Dg(¢;) from which we deduce that
s, — 6mUHPIO ()| < €100 =P =Hr . The desired result now follows from (4). [

We can now prove the main results.
Theorem 1. Vg is a C' submanifold of Cj.

Proof. We note first that if f* € Vp, then 0;(h) > 0, so that by Lemma 11 we see that
for ¢ small and positive f + th € W™, while for ¢ small and negative f +the W™,
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Hence if we fix fo € ¥y, then in a small neighbourhood of f there can be at
most one member of ¥, on a line {f +th: t € R}. Let E = {¢ € C): 0;,(¢) = 0}.
Then for ¢ € E with ||¢||, sufficiently small, we have that fo + ¢ + th is in W
for t = £||g||,, by Lemma 11. Hence for each such ¢ there is a unique small real
number x(¢) such that fo + ¢ + x(d)h € V.

Now let ¢; and ¢, belong to E with small norms, and let f; = fo+ ¢; +
1(¢;) for i = 1,2, so that fi, f2 € V. Then by Lemma 11 we have 0,(f2 — f1) =

Oo(llf2— fill;. So
107,(d2 — d1)| + 87 Mx(d2) — (DDl = O ([ld2 = dally + lx(¢2) — 1PN, ™)

and on letting ¢ — ¢; we conclude that y is differentiable at ¢; and that

Dy(¢1) = —07,(h)~'0, .
From the continuity of § we then deduce the continuity of Dy on a neighbourhood
of 0 in E, and hence that Vj is a C I manifold in a neighbourhood of f. (O

Now consider a one-parameter family { f,,} such that fo € ¥y and F, € W for p
near 0. We suppose also that the mapping u — f), is differentiable at 0 as a mapping
into C!. The latter statement would be true, for example, if the function f(u,x) =
Sfulx) was C? as a function of two real variables. Then we have the following:

Theorem 2. Suppose that Or (¢) = a=+0, where ¢ = [d/duf ). Let &€ > 0. Then
for n sufficiently large, f, has an attracting orbit of period 2" for

"1 +e) <au < d'(—c¢).

Proof. The hypotheses imply that 04 (f, — fo) = au + o(|u|). It then follows from
Lemma 11 that there exists k£ > 0 such that |77 f5—r, — hgull, — 0 as r — oo,
uniformly in 1 < k. Now let / be a positive integer such that 5=/ < ak and suppose
07711 4+¢) < au < 67'(1 —¢). Then h,, has a uniformly (w.r.t. ) attracting
orbit of period 2/, and hence, if 7 is large enough, so also does T" JSus—r for each u

in this range. This implies that f;--, has an attracting orbit of period 21+ which
completes the proof. []

We remark that, since we do not require f, to be C3, we cannot expect “clean”
period-doubling bifurcations at single parameter values u,; rather, the transition from
an attracting orbit of period 2" to one of period 2"*! can take place over a p-interval
whose length is 0(67") as n — o0.
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