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Abstract: We define and study Ulam—von Neumann transformations which are cer-
tain interval mappings and conjugate to g(x) = 1 — 2x? on [—1,1]. We use a singu-
lar metric on [—1,1] to study a Ulam—von Neumann transformation. This singular
metric is universal in the sense that it does not depend on any particular mapping
but only on the exponent of this mapping at its unique critical point. We give the
smooth classification of Ulam-von Neumann transformations by their eigenvalues
at periodic points and exponents and asymmetries.
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1. Introduction

Ulam and von Neumann studied the chaotic behavior of the nonlinear self map-
ping g(x) =1—2x? of the interval [—1,1] in 1947. They observed that p, =
1/(nv/1 — x?) is the density function of a unique absolutely continuous g-invariant
measure (we only consider probability measures). In modern language, this obser-
vation shows that g is a chaotic dynamical system and follows from making the
singular change of metric dy = (2/n)(dx/v/1 — x%). If we let y = h(x) be the corre-
sponding change of coordinate and § = h o g o h~!, then g becomes §(y) = 1 — 2|y,
a piecewise linear mapping with expansion rate 2 on [—1,1]. The dynamics of g is
more easily understood.

Now consider a general self mapping f of [—1,1] whose graph looks like
those in Fig. 1. Then f is topologically conjugate to g under a certain smoothness
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Fig. 1.

condition, and furthermore, any two such mappings f and g are topologically con-
jugate, that is, there is a homeomorphism 4 of [—1,1] such that foh=hog. In
[3] (see[4]), we proved that % is a quasisymmetric homeomorphism [1] provided f
and g are both Ulam—von Neumann transformations which we will define in Sect. 3.
Thus it is a Holder continuous homeomorphism [1]. Usually % is not smooth be-
cause f and g have a lot of smooth invariants, for example, all eigenvalues of
f at periodic points. For f and g are expanding circle endomorphisms, Shub and
Sullivan [8] proved that if A is absolutely continuous, then it is smooth. Similar
work has been done by Herman [2] for circle diffeomorphisms and by de Llave
and R. Moriyén in [7] for Anosov diffeomorphisms of a torus. All these are results
for mappings without critical points. An important problem is to smoothly classify
mappings with critical points. In this paper, we will smoothly classify Ulam—von
Neumann transformations which are certain smooth self mappings f of [—1, 1] with
a unique power law singular point 0 and whose graph looks like those in Fig. 1.
Suppose f is a Ulam—von Neumann transformation. The exponent of f is a
unique number 7 = 1 such that f’(x)/|x|’~' tends to non-zero numbers B_ and
B, as x goes to 0 from the left and right, respectively. The asymmetry of f is
A = B_/B, which is the limit of f'(—x)/f’(x) as x decreases to 0. The eigenvalue
of f at a periodic point of p of period n is E, = (f°")'(p). We will prove that
any two Ulam—von Neumann transformations are topologically conjugate (Theorem
1) in Sect. 3. And moreover, we will prove the following main result in Sect. 4.

Theorem 2. Suppose f and g are two Ulam—von Neumann transformations and
H is the conjugacy from f to g. Then H is a C'**-diffeomorphism for some
0 < & = 1 if and only if the eigenvalues at all corresponding periodic points and
the exponents and asymmetries of f and g are the same.

In order to study a Ulam—von-Neumann transformation f, we will use a change
of metric similar to the one used by Ulam and von Neumann. The change of
metric has singularities of the same type at the two boundary points —1 and 1
of the interval [—1,1]. It is universal in the sense that it does not depend on any
particular mapping f, but only on the power law |x|". Suppose y = h,(x) is the
corresponding change of coordinate on the interval [—1,1]. After this change of
coordinate, / becomes f’ =hyo foh; ! which is smooth except at the point 0.
The mapping f~ has nonzero derivative at every point except for a unique non-
differentiable point 0. At zero, the left and right derivatives of f exist and are
positive and negative, respectively. A nice feature of the mapping g(x) = 1 — 2x?
is that § is expanding with Holder continuous derivative, which implies that a certain
binary tree of intervals associated with the dynamics of § has bounded geometry
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(see [3,4]). The expanding property does not carry over to our more general setting
but the bounded geometry does. This is our main idea to study Ulam—von Neumann
transformations.

2. Singular Change of Metric on an Interval

Suppose f is a piecewise C! self mapping of an interval /. A singular point f
is either a non-differentiable point or a differentiable point with zero derivative.
There is a linear fractional transformation H(x) = (ax + b)/(cx + d) maps I onto
the interval [—1,1] homeomorphically such that H o f o H~! is a self mapping of
[—1,1]. So we only need to consider a piecewise C! self mapping f of the interval
[—1,1]. A singular point s is said to be power law if there is a real number y = 1
such that the limits

im L9 _pand tim L)

=B
xos— Jx — 8|71 xost |x — s{71 *

exist and are nonzero. Here 7y is called an exponent of f and 4 = B_/B, is called
an asymmetry of f. For example, f has power law |x|” at 0 if f(x) =1—B_|x|
for negative x close to zero and f(x) = 1 — B, |x|” for positive x close to zero. We
will always make the following assumptions:

(1) f is a piecewise C! self mapping of [—1,1] with a unique power law singular
point 0,
(2) f|[—1,0] is C! and increasing, and f][0,1] is C' and decreasing, and
(3) f maps 0 to 1, and maps —1 and 1 to —1 (see Fig. 1).
Suppose f is a self mapping satisfying (1), (2), and (3) and y > 1 is the expo-
nent of f. Then f is C! on [—1,1] and 0 is a critical point, i.e., f/(0) = 0. We
define the singular metric associated to f to be

dx
dy=———F7
(1-x2)7
on [—1,1]. The corresponding change of coordinate on [—1,1] is y = A,(x), where

X dx
h(x)=-14+b] -
-1 (1 — xz)T
and b is a number such that 4,(1) = 1. The representation of f under the singular
metric associated to f is

f=hofont.

Lemma 1. The mapping f is continuous on [—1,1], and f| [[-1,0] and f [[0,1] are
C'-embeddings.

Proof. If y is not one of 0,1, and —1, then f is differentiable at y. Suppose x is
the preimage of y under 4,. By the chain rule,

y—1
_ S0 -2

' —
A—=feNH ™
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Using this equation, we can get that f/(0—) and f7(0+) exist and equal nonzero
~ 1 ~

numbers and that f'(—1) = (f'(—1))? and f'(1) = —|f’(1)|%. O

Remark 1. The inverse of h, is C'. If the restrictions of r; = f'(x)/|x|""! to

[—1,0) and to (0, 1], and the restrictions of f to [—1,0] and to [0, 1] are a-Holder

continuous for some 0 < a < 1, then the restrictions of f to [—1,0] and to [0, 1]

are at least C1*%,

Lemma 2. Suppose [ is a continuous self mapping of [—1,1]. Assume O is its

unique turning point, f maps 0 to 1 and maps —1 and 1 to —1 and the restrictions

of f to [—1,0] and to [0,1] are C'-embeddings. Then for every y > 1, f = hito
f oh, is a C' mapping and has a unique power law |x|" singular point 0.

Proof. If x is not one of 0, 1 and —1, then f is differentiable at x. Suppose

¥y = hy(x). By the chain rule,

F1 =k o f)'T
(1= G T

Using this equation, f'(—1) = (f(—1))" and f’(1) = —|f"(1)|’, and the limits of
rr(x) = f'(x)/|x|""! as x increases to zero and as x decreases to zero exist and
equal nonzero numbers. [

fie) =

Remark 2. The map A, is (1/y)-Holder continuous. If the restrictions of f to [—1,0]
and to [0,1] are C'** embeddings for some 0 < a < 1, then f is C'**’ and
the restrictions of r7(x) = f”(x)/|x|"~! to [~1,0) and to (0, 1] are o/y-Holder con-
tinuous.

Remark 3. For y =1, let f(x) = f(x) and h;(x) = x.

3. Ulam-von Neumann Transformations

Suppose f is a piecewise C! self mapping of the interval [—1, 1] satisfying (1), (2),
and (3). Let f and f be the restrictions of f to [—1,0] and to [0, 1], respectively.
Then fo and f| are both embeddings. Let go and g; be the inverse of f and f.
For a finite string w, =iy---i,—1 of zeros and ones, let g,, be the composition
Gwn = YGig© - °Gi,_, of giy to g;,_, and I,, be the image of [—1,1] under g,,.
Suppose 7,5 is the set of intervals /,,, for all finite strings w, of zeros and ones of
length n. We call 7, s the n'-partition of [—1,1] by f. We use A, to denote the
maximum length of the intervals in #, s. The n'-partition flos of [—1,1] by f and

the maximum length 7, s of the intervals in 7, , are defined similarly. (We will
suppress f if there is no confusion.)

Suppose ¥ = []2,{0,1} is the set of infinite sequences w = igi; - - - of zeros
and ones with product topology and ag(w) =1i; - -- is the shift map of X.

Lemma 3. If A, tends to zero as n goes to infinity, then there is a continuous
mapping h from X onto [—1,1] such that f oh=hoao on X. Moreover, h is
one-to-one except on a countable subset I' of X, and on T, h is two-to-one.

Proof. For every w = igiy - - - ip—1 - -+ in 2 and an integer n = 0, there is an interval
L, in n, where w, = io---i,_. The interval 1,, ., = gu,  ([—1,1]) is contained in

n n+1
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Ly, = gw,([-1,1]). So 1,, = ﬂ:iolw,, is a non-empty set. Since A, tends to zero as
n goes to infinity, ,, contains only one point x,,. Let A(w) = x,,. It is a mapping
from X to [—1,1].

Two points w and w’ are n-closed if their first n digits are the same. Suppose
w=---w, and w = ---w, are n-closed. Then x, and x, are in [,,. This implies
that A(w') tends to A(w) as w' goes to w. So h is continuous.

The mapping % is onto because UW endwn = [—1,1] for all n = 0. Let I' be
the set of points w which are preimages of endpoints p= + 1 of intervals of #,
under % for all » = 0. Then I' is a countable subset. The mapping % is one-to-one
on X\I' and two-to-one on I'. I

Definition 1. We say that the sequence of nested partitions {n,}s2, (or {7i,}52,) by
S (or f) decreases exponentially if there are two constants C > 0 and 0 < p <'1
such that 2, < Cu" (or 4, < Cu") for all integers n = 0.

Lemma 4. The sequence of nested partitions by f decreases exponentially if and
only if the sequence of nested partitions of f decreases exponentially.

Proof. Because h, is (1/y)-Holder continuous and the inverse of 4, is C!, one can
easily see this lemma. [

Definition 2. 4 self mapping f of the interval [—1,1] is said to be a Ulam-von
Neumann transformation if it satisfy (1), (2), (3) in Sect. 2, and

(4) the restrictions of f to [—1,0] and to [0,1] are C'** embeddings for some
O0<ac=s1,
(5) the sequence of nested partitions {#j,}2, by / decreases exponentially.

Next lemma follows from Remark 1, Remark 2 and Lemma 4.

Lemma 5. A self mapping f of the interval [—1,1] satisfying (1), (2), and (3) in
Sect. 2 is a Ulam—von Neumann transformation if and only if it also satisfies
@) f|[-1,0] and f£|[0,1] are C'** for some 0 < a < 1 and the restrictions of
rr(x) = f(x)/|x|""! to [-1,0) and to (0,1] are B- Holder continuous for some
0<p=1and
(5) the sequence {n,}52, of nested partitions by [ decreases exponentially.
Remark 4. The condition (4)’ in Lemma 5 and 4 = 1 are equivalent to the state-
ment: f(x)=F(— ley), where F is a C'** diffeomorphism from [—1,0] to [—1,1]
for some 0 < o < 1 (see [5]).

We give two examples of Ulam—von Neumann transformations.

Example 1. A self mapping f of the interval [—1,1] satisfying (1), (2), and (3)
and the conditions (a) f|[—1,0] and f|[0,1] are C*> mappings whose Schwarzian
derivatives are non-positive and (b) | f'(—1)] > 1 and |f'(1)| > 1.

Remark 5. The Schwarzian derivative S(f) of a function f is, by definition,
11 1
=53 (5)

The function f is said to have non-positive Schwarzian derivative if S(f)(x) £ 0
for all x in the domain of f.
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Example 2. A self mapping f of the intervals [—1, 1] satisfying (1), (2), and (3)
and the conditions (i) f|[—1,0] and £][0,1] are C'*! embeddings and (ii) all the
periodic points of f are expanding, that is, the absolute values of the eigenvalues
of f at all periodic points are greater than one.

The eigenvalue of f at a periodic point p of period n of f is Es(p)=
(f"Y(p).

Remark 6. A function g of an interval is said to be C'*! if its derivative ¢’ is
Lipschitz continuous, that is, there is a constant C > 0 such that

lg'(x) —g'(»)| £ Clx — |

for all x and y in the domain of g.

To prove that Examples 1 and 2 are Ulam—von Neumann transformations, one
needs to check (5) in Definition 2 or (5) in Lemma 5. This can be implied if / or
f has bounded geometry [3,4]. In [3], we proved that f has bounded geometry if
it is a mapping in Example 1 and that / has bounded geometry if it is a mapping
in Example 2. Hence Examples 1 and 2 are Ulam—von Neumann transformations.
Since it is not a main topic in this paper, we will not write down the proofs in
detail. The reader may refer to [3] for the proofs.

Theorem 1. Any two Ulam—von Neumann transformations f and g are topologi-
cally comnjugate.

Proof. From Lemma 3, there are two continuous mappings #; and A, from X
onto [—1,1] such that f ok =h o f and go hy = hy o g. Here hy and hy on X\I
are one-to-one. Thus H = hj o hy is defined on [—1,1]\hy(I") and is uniformly
continuous. It can be extended to a one-to-one continuous mapping from [—1,1]
onto itself. Similar argument can be applied to H~! = A o hl_l. So H is a homeo-
morphism of [-1,1]and foH=Hog. O

Remark 7. Furthermore, H is a quasisymmetric homeomorphism [3, 4]. This implies
that H is Holder continuous [1].

4. Complete Smooth Invariants

A Cl-invariant of a Ulam-von Neumann transformation f is an object associated
to f which is the same for f and for H o f o H~! whenever H is an orientation
preserving C!-diffeomorphism. The conjugacy H between two Ulam-von Neumann
transformations f and g is usually not a diffeomorphism because f has a lot of C!-
invariants, for example, the eigenvalue of f at a periodic point, the exponent and
asymmetry of f. An important question is that are these C! invariants complete?
We give an affirmative answer to this question.

Theorem 2. Suppose f and g are two Ulam—von Neumann transformations and
H is the conjugacy from f to g. Then H is a C'**-diffeomorphism for some
0 < ¢ £ 1 if and only if the eigenvalues at all corresponding periodic points and
the exponents and asymmetries of f and g are the same.

Before to prove Theorem 2, we will prove some very useful lemmas. The first
one is the well-known naive distortion lemma.
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Lemma 6. Suppose g from an interval I into the interval [—1,1] is a C'** map-
ping for some 0 < o < 1 and ag = infxes|g'(x)] > 0. Let by = sup, , ,;(|9'(x) —
g/ |lx — »*) < oo. Then for any two sequences {x;}"_, and {y;}}_, in I,

(lil ): lez yil*.

ap j=
Proof. The proof of this lemma is easy for

(lj g'(xi)

g i)

g’ (x;)
g ()

) < 3~ toglg'(x)] ~ log g ()

n

5l )~ g 0] S 3 i

A
-

Lemma 7. A Ulam—von Neumann transformation f is ergodic.

Proof. Let m( - ) denote the Lebesgue measure. Suppose the exponent of f is
y = 1. Let f be the representation of f under the singular metric d,y. Suppose
X is a f-invariant subset of [—1,1] and m(X) > 0. Let X = hy(X). Then it is a

f -invariant subset of [—1,1] and m(X) > 0.
Suppose p is a Lebesgue density point of X. There is a nested sequence of
intervals 7, in 7, containing p such that
. m(l,NX)
lim ———= =1.
e m(l,)

From Lemma 6, the chain rule, and (5) of Definition 2, there is a constant C > 0

such that .
cl< w
Y )
for all x and y in [, and n = 1. Thus

fIA

C

lim m(f" U X))
n=oo i fo(1,))

But f°"(1,) =[-1,1] and f°*(I,NX)C X. So m(X) = m([—1,1]). This implies
that m(X) = m([—1,1]), i.e., X has full measure. Hence f is ergodic. [J

Suppose f and g are two Ulam-von Neumann transformations and H is the
conjugacy from f to g, i.e., foH =H og. Suppose yy = 1 and y, = 1 are the
exponents of f and g. Then H = hy, oH oh},"g ! is the conjugacy from f to g,
ie, foH =Hogj. We say H is absolutely continuous if it is non-singular with
respect to the Lebesgue measure m, that is, m(X) = 0 if and only if m(H(X)) =
0. For example, if H and A" are both Lipschitz continuous, then A and H~!
are absolutely continuous. Suppose p is a periodic point of g of period n. Then
H(p) is a periodic point of f of period n too. The points p and H(p) are called
corresponding periodic points.

Lemma 8. Suppose the eigenvalues of f and g at all corresponding periodic points
are the same and yr =y, Then H is bi-Lipschitz.
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Proof. From the proof of Lemma 1 and the fact that &,/(—1,1) is C!, the eigen-

values of f and § at all corresponding periodic points are the same too.
From Lemma 6, the chain rule, and (5) of Definition 2, there is a constant

C > 0 so that .
o1 < Y@
Y )

for any n > 0 and any x and y in / € 7], ;, and

IIA

C

-1 < [(Gon) (x)] <
= (geryI T

for any n > 0 and any x and y in [ €7, .
Now for any interval [ in 7, ,, the ratio

D] _ @Y (@)
ey
for some ¢ in I and 7 in A(I) because both images of / and H(I) under the §or

and f °" are [—1,1]. But gor has a fixed point p in [ and, from the condition in
the lemma,

@Y (p) = (f"Y(H(p)).
Therefore,

Cc2 < M < c?.
7]

For any x and y in [—1,1], the interval bounded by x and y can be written
as a union of some intervals {/;} of {#f,,}2y, where {/;} have pairwise disjoint
interiors. Thus we have

c? < |Ax) — H(y)| _ TAT) <,
b — yl il

which means that A is bi-Lipschitz. [

Proof of Theorem 2. The “only if” part can be proved from direct calculation.
We will make an effort to prove the “if” part. From the previous lemma, H is
bi-Lipschitz. So it is absolutely continuous and orientation-preserving. Therefore
H'(x) > 0 exists for ae. x in [—1,1]. Let v =1logH’ ae. on [—1,1] and ¢; =
log|f’ o H| and ¢, =log|§’| on Iy and I;. By the chain rule,

$p1—pr=vog—v (1)

a.e. on [—1,1]. Our goal is to prove that v can be extended to be a continuous
function on [—1,1]. '

Suppose % is the semi-conjugacy from (g,2) to (4,[—1,1]) (see Sect.3). Then
h~'(1) = 100- - -. There is a point @ in X such that & = {¢°*(a)|n = 0} is dense
in X. Define

n—1 . .
#(0%"(a)) = ;)(qﬁl(h(am(a))) — ¢2(h(c%(a))))
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for n 2 0. Then # is a function defined on @ and

on @.
For any two different points e; = ¢°*(a) = bob, - - - and e; = ¢°™(a) = cpcy - - -
in @. Assume m > n. There is an integer £ > 0 such that by---by_; =co---Cp—1

and by Fci. Let wy = by ---by_1 and
Ay, ={w=idp-iy--lig-ip_y =w}.

Since e, = ag(m_")(el), ¢°™=" has a fixed point e; in A,, . From the condition in
the theorem and Eq. (1),

m—n—1 . .
;) ($1(h(c%(e3))) — 2(h(c'(e3)))) = 0.

Applying Lemma 6, the chain rule, and (5) of Definition 2, there are constants
C > 0and 0 < p < 1 such that

m—1 X .
lii(er) — i(er)| = Z (91(h(c%(a))) — ¢2(h(6°'(a))))'

m—n—1 . )
= 20 (¢1(h(6°(”+’)(a)))~¢1(h(6°‘(e3))))l
m—n—1 . )
- § <¢z(h<a°'<es)))—¢2(h(o°<"+'>(a))))! < ot

This says that # is uniformly continuous on @. Thus it can be extended to a con-
tinuous function u# on X and

uoo—u=¢ioh—¢yoh 2)

on 2.
Suppose A7!'(0) = {a_,a.}, where a_ =0100--- and a; =1100---. Then
o(ay+)=100--- and, from Eq. (2),

u(100---) — Lim u(w) = $1(0-) — ¢2(0-),
u(100--+) — lim u(w) = ¢1(0+) — $2(0+).

By the condition 4, = 4,4, we have

$1(0—) — $2(0—) = ¢1(0+) — ¢2(0+).

So limy—.,_u(w) = lim,_,, u(w). This implies that for any endpoint p+ £ 1 of
an interval / in 7, , let h=Y(p) = {w_,w.,}, then

lim w(w)= lim u(w)
w—w__ w—wy
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because p is a preimage of 0 under some iterate of §. Hence y(x) = u(h~!(x)) is
a well-defined and continuous function on [—1, 1], and, from Eq. (2),

xeg—x=¢1— ¢ (3)

on [—1,1]. Now, using Eq. (1), we can get that
yod—vod=y—v

a.e. on [—1,1]. Since § is ergodic, y(x) — v(x) equals a constant function C a.e. on
[—1,1]. Thus v(x) can be extended to be a continuous function v; =y — C.
Because H is absolutely continuous,

Hx)= -1+ [e1©d¢.
—1

So H is Cl. _ .

Suppose f and § restricted to [—1,0] and to [0, 1] are C!** for some 0 < o < 1.
For any two points x = xg and y = yq in [—1, 1], let x, and y, in [—1,0] be defined
inductively so that they are the preimages of x,_; and y,_; under §. Then gon
restricted to the interval bounded by x, and y, is a C'**-diffeomorphism. Applying
Lemma 6, the chain rule, and (5) of Definition 2, we have a constant C > 0 such
that

< ClA®) - H(»)”

n—1
;)(4’1 0 goi(xn) — ¢1 0 §oi(yn))

and

< Clx—yf*

n—1
;}(d& 0 goi(xx) — ¢2 0 goi(yn))

for any x and y in [—1,1]. From Eq. (3), we have

viod—v=¢1 — P 4

on [—1,1]. Equation (4) implies that

n—1
v1(x) = v1(xy) = ;‘)(% 0 goi(x,) — 2 0 goi(x,))
and
n—1
v1(y) —vi(yn) = ;}(cbn 0 goi(yn) — ¢2 0 goi(yn)) -
Hence
[01(x) = vi(¥) + vi(Pn) — V1(xn)]

n—1 . n—1
< §(¢1 0 goi(xs) — ¢1 0 goi(yn))| + ;)(sz 0 goi(xn) — ¢2 0 goi(yn))

< adl _ o
< (€ max 100 +C) el
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Because y, — x, — 0 as n — oo and v; = log A’ is uniformly continuous on [—1, 1],
v1(¥n) — v1(x,) — 0 as n — oo. Thus

1) — 0 ()] £ C'x = yI*,

where C' = C(max,c(—1,1j|H'(x)| + 1). So H is C'+*.
Now using H = h, 'oHo hy for y =y, = y,, one can calculate directly that H

is C'*¢ for ¢ = a/y. Similarly, one can prove that H~! is C!*%. It completes the
proof of the “if” part. O

Remark 8. From Theorem 2, the set of eigenvalues of f at all periodic points, the
exponent, and the asymmetry of f are complete C! invariants. Moreover, from the
proof of Theorem 2 and Eq. (4), for any x in [—1,1],

0 = oi(~1) + i(qbl(xi) — o)),

that is,
log A'(x) = log A'(~1) + i(mg (@ )] — log [dx)]) 5)

where xo = x and x; € [—1,0] is the preimage of x; _; under §. This equation gives a
relation between H and its derivative H’. We can use it to study higher smoothness

of A if f and § are both C¥** for some integer k > 1 and some real number
0ol
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