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Abstract: We obtain the exact classical algebra obeyed by the conserved non-local
charges in bosonic non-linear sigma models. Part of the computation is specialized
for a symmetry group O(N). As it turns out the algebra corresponds to a cubic
deformation of the Kac-Moody algebra. We generalize the results for the presence
of a Wess-Zumino term. The algebra is very similar to the previous one, now
containing a calculable correction of order one unit lower. The relation with
Yangians and the role of the results in the context of Lie-Poisson algebras are also
discussed.

1. Introduction

In general, quantum field theoretic models where non-perturbative computations
are known, contain an infinite number of conservation laws [1, 2]. In fact, the
solvability of several exact S-matrices in two-dimensional models can be traced
back to the Yang-Baxter relations [3, 4], which in turn are a direct consequence of
the conservation of higher powers of the momentum. Alternatively, there is an
infinite number of non-local conservation laws in most of these models as well
[2, 5]. Both sets of conserved quantities can be related to the existence of a Lax pair
in the theory: demanding compatibility of the Lax pair, one arrives at conserved
charges as functions of the so-called spectral parameter implying, after Taylor
expansion, an infinite number of conservation laws.

Another set of models containing an infinite number of conserved quantities are
the two-dimensional conformally invariant theories [6, 7]. The Virasoro gener-
ators are a generalization of the energy-momentum-conserved charges. Defining
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a realization of the symmetry in terms of the null vectors implies a number of
differential equations to be obeyed by the correlation functions, which can be
integrated. In other words, a further knowledge of the underlying algebra obeyed
by the conserved quantities, namely the Virasoro algebra, together with the
differential representation of the conserved charges, permitted one to go one step
further, i.e. to the complete computation of the correlators.

Our aim here is to obtain the algebra of conserved quantities for integrable
theories. The algebra of local conservation laws is Abelian and therefore too
simple. Massive perturbations of the conformal generators are also a possibility,
since they also form a non-commuting algebra, and it would be worthwhile to
understand the algebra, as well as the role played by the conservation laws
surviving the mass perturbation [8]. For free fermions (k = 1 WZW models) the
results conform to our expectation [9].

Non-local conserved charges, on the other hand, are very powerful objects. The
first non-trivial one alone fixes almost completely the on-shell dynamics [5, 10].

Infinite algebras connected with non-trivial conserved quantities could thus be
the key ingredient for the complete solvability of integrable models, and for the
knowledge of their correlation functions. It is thus no wonder that the problem
evaded solution in spite of several attempts. Indeed, it has been claimed long ago
[11] that non-local charges might build up a Kac-Moody algebra, but the
appearance of cubic terms found by several authors showed that the algebraic
problem was much more involved [12-14]. For non-linear sigma models with
a simple gauge group, the quantum non-local charges present no anomaly [15],
and the monodromy matrix can be computed. Therefore the non-local charge
algebra should be manageable; however, as it turns out, the complete algebra was
not known, and there were hints that a possible break of the Jacobi identity might
occur [12].

We show that there is a natural recombination of the standard non-local
charges, whose algebra has an approachable structure, being composed of a linear
part of the Kac-Moody form, and a calculable cubic term. Later we add a Wess—
Zumino (WZ) term to the action, and show that both linear and cubic pieces of the
algebra acquire a further contribution.

In order to find these results we adopt the following strategy. We explicitly
compute the first few conserved charges generated by the procedure of Brézin et al.
[16]: the Dirac brackets of those charges are rather obscure, as we verify (there are
also examples in the literature [12—14]). Therefore we subsequently define an
improved set of charges in order to simplify the algebra. By inspection, we propose
an Ansatz for the general algebra of the improved charges. At this point we could
argue, based on the Jacobi identity proved in the subsequent section, that once we
have verified the algebra up to some order, there must be a set of charges whose
algebra agrees with the Ansatz.

In order to verify the Jacobi identity, we introduce a set of (non-conserved)
charges whose algebra is isomorphic to the Ansatz. In that case it is useful to start
from the analysis of a kind of chain algebra, in the sense that we commute elements
defined by chains of local currents tied by a non-local function in space. In terms of
these objects we define a linear algebra, albeit with a much larger set of terms.
Finally, by a sort of trace projection, we recover the original algebra in terms of the
saturated charges, proving the Jacobi identity in an indirect way.

This paper is divided as follows: in Sect. 2 we review the algebra obeyed by
Noether local currents based on Refs. [17, 18]. In Sect. 3 we consider the canonical
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construction of higher non-local conservation laws. We introduce the improved
charges and write the Ansatz for their complete algebra. We also define the algebra
of saturated charges, which turns out to be isomorphic to the algebra of conserved
charges. We derive the chain algebra structure, the corresponding Jacobi identity,
and relate the results to the case of non-local charges. In Sect. 4 we review some
results on Yangian algebras and verify that the first pair of charges provides
a concrete realization of that structure. In Sect. 5 we introduce the WZ interaction
to derive the corresponding algebra. We leave Sect. 6 for conclusions.

2. Current Algebra of Non-Linear Sigma Models

The current algebra of classical non-linear sigma models on arbitrary Riemannian
manifolds (M) is known [17]. Indeed, consider a non-linear sigma model on M,
with metric g;;(¢), and the maps ¢'(x) from two-dimensional Minkowski space £ to
M. The sigma model action is given by

2 o
S=573 i d*xn** 4i1(9) 0,00, ¢’ . (1)

The phase space consists of pairs (¢(x), m;(x)), where 7 is a section of the pull-back
@*(T *M) of the cotangent bundle of M to the Minkowski space via ¢, and the
canonical equal-time Poisson brackets read

{0'(x), ’(y)} = {m(x), 7;(»)} =0,
{o'(x), m;(y)} = 6;6(x — y) . (2

From the action (1) we find the canonically conjugated momenta, given by the
expression

1 L
n = ngﬂp’ . (3)

We suppose that there is a connected Lie group G acting on M by isometries, such
that a generator of the Lie algebra g of G is represented by a fundamental vector
field
X (m)=£e‘x-m[_ (4
M dt t=0
on M; the Noether current may be defined as
. 1 ivi
U X) = — <ng,-(<p)6u¢ X&((ﬁ)) - Q)
We define also the symmetric scalar field j as
. 1 i vi
U X ®Y)=—50i(9) Xu Yis . (6)
In terms of basis t° of g, such that [t% t*] = f“**t°, we have
Ju=Jut"
j=j"rer, ()
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and we find the current algebra
{7600, jo(n)} = —f™j5(x)(x — y),
{60,710} = =i (x)d(x = y) + (1) (x =),
{11} =0,
{760, ()} = — (f*j(x) + £ j*(x))d(x — y)
{71 j*(n} =0,
{i*(),j“(»}=0. ®)

In order to give explicit examples although without loss of generality, we specialize
to the O(N) case, with Lagrangian

1 N
g =5 aﬂ(piaﬂ(pis ._Zl (Puz = 1 > (9)
and Hamiltonian density
A =2 + 0l?) (10)
€ - 2 i @; s

where 7; = ;. We have to impose the constraints
9} —1=0 and ¢m;=0. (11)
Dirac brackets can be easily calculated and read
{@i(x), 0;(»)} =0,
{0i(x), m(y)} = (6:; — @i9)(0)8(x — y) ,
{ri(x), 1;(»)} = — (imj — @;m)(x)0(x — y) . (12)

In terms of phase space variables the conserved current components may be
written as

(jo)ij =Qin; — @Q;7;, (13a)
(J1)ij= 0i0; — 0;0; . (13b)

Notice that j, is an antisymmetric matrix-valued field. On the other hand the
intertwiner field given in (7) is symmetric,

(1)ij = @ip; - (13¢)
We observe that the Hamiltonian (10) can be written in the Sugawara form,

1, . .
H = —Ztr(Jé +ji) . (14)

It is convenient to present the current algebra in terms of matrix components,
which follows from the elementary brackets (12):

{(Jo)ij(x), o) ()} = (8°jo)ijua(X)0(x — y) ,
{(jl)ij(x), (Jodu(»)} = (o °j1)ija(X)0(x — ¥) + (8 °j)ijur(x)6'(x — y) ,
{(jl)ij(x), (jl)kl(y)} =0,
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{(j)ij(x)9 (j)kl(.V)} =0,
1), G} =0,

{(DNii () oW} = —(0%))ij (x)0(x — ), (15)

where
(5°A)ij,kl = 5ikAjt - 5:1Ajk + 5,‘1Aik - 5jkAn 5 (16)
(5*/4):1',“ = 5ikAj1 - 5i1Ajk - 5j1Aik - 5jkAiz . 17

Further useful properties of the product defined in (16) are listed in Appendix A.
The algebra of components (8) can be easily re-derived from (15) using the property
(A8).

3. Improved Non-local Charges and Their Algebra
Non-local charges may be generated by a very simple algorithm [16], starting out
of a current j, obeying
"ju=0,
aujv - avju + 2(j;ujv] = O . (18)

Given a conserved current J{”, one defines the associated non-local potential 5
through the equation

I =1,,0" 1™, (19)
and build the (n + 1) order non-local current
TV = D™ = 0,1 + 20 2] - (20)

Such a current is also conserved as a consequence of Eq. (18). Here we have to
mention that for the first non-local current J{" the coefficient in front of the
cummutator in (20) must be taken as 1 instead of 2. We call the corresponding
conserved integrals,

0" =[dxJP(x), (1)

the standard charges, since they constitute the usual set found in the literature. We
use the “hat” notation to distinguish these charges from a new set to be defined
later on. It is worth writing the explicit formulae of the first pair,

0© = {dxjo,, (22)
O = [dx (j, +2j00 'jo), (23)

where the operator 0! is defined by Eq. (B.1) in Appendix B.

However, it turns out that the algebra satisfied by this standard set of charges is
not transparent enough [12-14]. In the search for a more suitable basis of charges
we find out an algebraic algorithm, where the charge Q" plays a fundamental role,
generating an improved set of conserved charges {Q™}, n=0,1,. ... Indeed the
first pair coincides with the standard one,

0@ =0©, Qo =9m, (24)
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The remaining charges are defined iteratively by means of the Dirac brackets with
Q™ we verify that the bracket {Q", 0™} always produces a term of the form
(60 A) for some A, which we call the linear piece; and other essentially different
terms as (B C), with B and C different from the identity matrix (6), coming from
surface contributions, which we refer to as the non-linear piece (n.l.p.). Therefore we
can take A as a definition of the charge Q"* !,

©°0""V)={0", 0"} —(nlp). (25)

While the standard charges are defined through an integro-differential algorithm
the improved ones are generated by an algebraic procedure (where Q") plays the
role of a “step” generator). The reader may find in Appendix B the expression of the
first six improved charges. We remark though that the new set can actually be
related to the standard one. Nevertheless the following examples

2 . 4 . 1
Q(Z) E__Q(Z) +_Q(0) __(Q(O))3 ,
3 3 3

Q(B) = % Q(S) + g Q(l) _ % Q(l)(Q(O))Z _ ‘_; Q‘O’Q‘I’Q‘O’ _g(Q‘(O))z Qm (26)

show that we have a non-linear transformation of basis, with wide consequences for
the algebraic structure. Indeed from the above definitions and the current algebra
given in (15) we obtain, after a rather tedious calculation, the following Ansatz:

m—1n-1
{07, 00} = (620" )y u— ¥ T (QUQWeQmn=r=a=D),; 4y, (27)
p=04=0
which is the first main result of this paper. It consists of a cubic deformation of
a Kac-Moody algebra. Such simplicity opposes the standard algebra available in
the literature. In fact, taking the results from [13] for instance, one learns that the
non-linear part of the algebra of standard charges is not so simple as a cubic term:
quadratic, as well as cubic and even higher powers of charges come out, so that in
general one has a polynomial whose order increases with the order of the charges
involved. One can easily verify this behavior by substituting the transformations
(26) into the Ansatz (27).
After defining the algebra (27) we can make the definition (25) of the improved
charges more precise,

n—1
(n+1) _ (1) (n) (n—1-p)
=207 "={0, 0} + Zo tr (Q(O)Q(p))Qij "
p=

_'Y ([e@Qw, Q"1 n1,),, . (28)
p=0

The algebra (27) has been introduced as an Ansatz. This guess-work was based
on preliminary and rather tedious calculations (in fact we have checked the validity
of (27) up to the 5'" order). In proposing the cubic form of the Ansatz to all orders
we should also verify that the Jacobi identity is indeed satisfied. This aim is
achieved observing that the saturated piece of the charges gives rise, on its own, to
an isomorphic algebra.

Consider the improved basis: from the examples listed in Appendix B we see
that each one of them has a higher-order piece, containing the maximum number of
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current components (the component jy) in the integrand. Inspired also by the
saturated character of the algebra (27) we propose the definition of the saturated
charges

Q_(n) — _5‘") 19 , (29)
_ 1 n
e St o) [ [ dog® (o x),  G0)
i=0

where the non-local densities

FU M (Xoy. ooy Xn) = o’ (X0)e(Xo — X1) o' (X1) T &(Xum1 — Xu)jo'(xn) (31)

can be seen as linear chains of current components jg(x;) in a given basis {t*} for the
O(N) algebra, connected by non-local ¢ functions. We emphasize that the saturated
charges Q™ are not conserved quantities. Nevertheless we can prove that they
realize the algebra (27) and use this fact to verify that the Ansatz satisfies the Jacobi
identity.

We first define the space of all possible chains and derive their algebra from
Eq. (8). Then, from the definition (30) we project the results into an algebra of
saturated charges. After some arid computations and with the help of the identity
(A.16) we obtain the following result:

m—1n—1
{ _‘:m), Q_l-(,") — tr(tatbQ-(m+n)) _ Z Z tr (taQ_(i)Q_(j)tbQ_(m+n—i-‘j‘2)) . (32)
i=0 j=0
By means of formula (A.8) one recognizes that it is isomorphic to the Ansatz (27).
Although this algebra has been derived for the O(N) model, one can rewrite the
traces appearing on the r.h.s. of (32) in terms of the structure constants of the group
and therefore generalize that algebra for other groups.

Concerning the Jacobi identity, we begin by stressing that the above realization
of the Ansatz was built up from the elementary current component j,: as the Dirac
brackets { j§(x), jo( y)}, given in Eq. (8), obey the Jacobi identity by hypothesis, and
since the chains are defined in Eq. (31) as products of j,-components, it follows that
the algebra of chains also satisfies the Jacobi identity. On the other hand, the
saturated charges are constructed by simple integrations and linear combinations
of chains, therefore implying that the algebra (32) obeys the Jacobi identity as well.

If we had considered the algebra of all chains, including those having the
component j;, the corresponding integrations and trace-projections would lead us
to the algebra of improved charges. The Jacobi identity of the algebra obtained in
this way would follow from the algebraic properties of (8) as well. The role of the
intertwiner field is marginal due to its character as a projector.

From the relation between chains and saturated charges, we also understand
how the linear and cubic parts of the algebra (27) are constrained: both are
constructed from the same chains, with the same number of current components.

4. Yangian Algebra
Here we comment on the connection between the algebra (27) and Yangian

structures. As was discussed by Drinfeld in Ref. [19], Hopf algebras play a very
important role in the framework of the quantum inverse problem [20]. There are
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two classes of Hopf algebras that can be specially recognized as central issues in
conformal field theories and integrable models, namely affine Lie algebras [20, 21]
and Yangians [21,22]. In the last case, it has been shown that the problem of
finding rational r-matrices boils down to the determination of irreducible repres-
entations of Yangians.

The Yangian Y (A) is defined in terms of a Lie algebra A by a linear mapping

J:iA > Y(A).

Taking J (I,) = J,, I, € A, we have the following commutation relations:

Lo, 1,] = fune 1. , (33a)

Uas Ib] = fave e (33b)

[Jas Wby 11T = Uy [, I 1] = Gaveser {1as Les I} (330)
[[Vadsds [1rs 1T + L0Yrs Is)s Uas Jo] = (Qabcter Srse + Qrseaer fave) Uas Les I} s

(33d)

where f.; are the structure constants of the algebra A, dupcser = 27 fadi foei feru fiji
and {X;, X;, X3} =Y X,;X;X, corresponds to a total symmetrization.

It follows from Eq. (27) that the charges Q@ and Q") generate, via Dirac
brackets, the Yangian of the O(N) algebra. This classical manifestation of the
Yangian structure was studied in Ref. [23] and the algebra of non-local charges
identified as a Poisson-Hopf algebra.

We therefore conclude that the general properties of Hopf algebras underlie the
Ansatz (27). Indeed non-local conserved currents in two dimensions and their
algebraic structure have been studied in [24] and the fact that Yangians are
realised in quantum field theories by the non-local currents was proved in [25] and
further analyzed in [26]. Consequences for lattice models have been discussed
recently [27].

However we notice that the algebraic relations (33) do not define uniquely the
remaining charges {Q®; n = 2}. In Sect. 3 we have compared the standard and
improved sets and verified that they are related by (non-linear) combinations. They
do obey different algebras, although sharing the generators Q@ Q).

The algebra of standard charges is usually summarized by the algebra of their
generating functional, the monodromy matrix T(A). The problem can be for-
mulated in terms of a Lax formalism: one defines the Lax pair

2 .
L, (x4) = ﬁ (/1’7;“ - SuV)] > (34

and the transfer matrix T'(x, y; 4) via the equations
(0, +L)T(x,y;)=0, u=0,1, (35

for which the integrability condition [0y + Ly, d; + L] =0 is equivalent to
Egs. (35). The solution [28] of Eq. (35) is then given by a path-ordered exponential,

T(x, ;1) = Pexp [ L(& 1)-d (36)
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and the monodromy matrix T'(4) = T(c0, — o0; 4) generates the standard non-
local charges Q™ through

T(A)=exp Y A"*1Q™. (37)

n=0

Its Poisson bracket relations are given in terms of a classical r-matrix:
{TA.TW} =AW TOH®TW]I,

1.®1,
r(4, p) = r‘u_l . (38)

In principle one can extract the algebra {Q""’, Q"”} from Eq. (38); for instance, the
brackets involving Q‘© and Q" follow easily.

Finding the complete algebra is cumbersome, though. However, as concerns
the on-shell dynamics, this is not a real problem because conservation of the first
pair of charges is sufficient. Indeed, one can prove that there is no particle
production [10] and only the 2 — 2 scattering has to be computed, since in that
case the S-matrix factorizes [29]. Moreover, Poincaré transformation properties of
the fields and non-local charges can be used to obtain the action of the latter on
asymptotic states. Indeed, for the commutation relation of the charge Q! with the
generator 7 of Lorentz transformations, one generally finds

[£,0’1=70Y, (39)

where y is a normalization constant, which depends on the group <for the O(N)
N —

2
). One finds [5] for the action of Qi‘!) on asymptotic one-

case y = — 5

particle states
Q10K = iy0{8;4100> — 8410j>} , (40a)

while for a two-particle state, it is computed from [30]

16210V 912> = lim  [dxdye(x — y)<1ljolt, X)| $1)<21jo(t, ¥)|$2>

t—> +

+<$:110V1¢1> + (210162, (40b)

almost completely fixing the on shell dynamics.

The above procedure gives results equivalent to the solution of Yang-Baxter
equations. Following [31] one can consider the particle multiplets as fundamental
representations of the Yangian Y (A). In particular, the well-known fusion proced-
ure is equivalent to the decomposition of a product state into Y (A4) irreducible
components [32]. For theories with purely elastic scattering a closed bootstrap
program may be fulfilled [32, 33].

Concerning symmetry transformations, it is also known [35] that Yangians
correspond to (quantum group) symmetries of many integrable models. These
symmetry transformations are generated by the non-local charges through a Lie-
Poisson action [35] (as opposed to the more familiar Hamiltonian action). Here we



388 E. Abdalla, M.C.B. Abdalla, J C. Brunelli, A. Zadra

exemplify the transformations generated by the first few improved charges of the
O(N) sigma model,
(0) (©)
30 = {09, o},

lj’

50 =10, 0} + (287 - Q

ij ia aj

3P0 = (0P, o} + {005 — 005P) 0

ij > ai

+(Qi0, = Q0P + 0090, (@)

ia Vaj

(0)5(0))(1)

ja Yai

for which we have verified the following commutation relations
[67, 601 =(6°0)i

lj’

[, 641 = (626 s

ijo

[5“) 5(1)] (5"5(2))[;',“ > (42)

ij?
agreeing with the result [5,‘;"’, o] = (6°6™*™),, . found in [11]. Notice that one
cannot find a “Hamiltonian” generator G such that 6V @ = {G™, #}, which is
at present understood as the root of preliminary misunderstandings about the
algebra of charges.

It is also worth mentioning that a number of technical difficulties may arise
when the theory does not possess the ultra-locality property, that is when the
algebra of the space component of the Lax pair — in our case the time component of
the current jo(x) — contains terms other than §(x) distributions. The appearance of
0'(x) terms (as in the WZNW model of Sect. 5) means that one should also modify
the 6(z) part with s-terms in order that the Jacobi identity be satisfied. This
problem has been discussed at length by Maillet [34] (see also [28]).

On the other hand, the purely algebraic construction that we have used
circumvents the non-ultralocality problems and provides a concrete classical
realization of the Yangian algebra, obeyed by the generators Q@, Q™ and the
remaining charges.

From the studies of the quantum case, it is known that the standard non-local
charges satisfy commutation relations of Yangians and one would expect the same
algebra at the classical level. In this sense one could interpret the algebra (27) as
another presentation of the Yangian, in terms of a particular set of conserved
charges whose immediate virtue is to provide a concise, transparent and explicit
form for the complete algebra.

However we do expect that the improved charges will surpass this initial
advantage and become an useful tool in off-shell scattering calculations. Indeed it is
not clear that the simple outcome of the on-shell picture will persist and one would
need charges of higher genera in order to obtain constraints strong enough to
determine the correlation functions. This more difficult problem is currently under
investigation by the authors.

5. Algebra of Non-Local Charges in WZNW Model

We first re-analyze the current algebra for the principal chiral model with a Wess—
Zumino term. This model [36] contains a free coupling constant 1 and, for special
values of 4, is equivalent to the conformally invariant WZNW model, while the
ordinary chiral model is taken from the limit A — 0. Therefore, the current algebra
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derived below is a generalization of the current algebras for these two special cases.
For the WZNW model, at the critical point the current algebra is known to consist
of two commuting Kac-Moody algebras, while for the ordinary chiral model, it has
been presented previously.

We begin by fixing our conventions. The target space for the chiral models to be
considered here will be a simple Lie group G (which is usually, although not
necessarily, assumed to be compact) with Lie algebra g, and we use the trace in
some irreducible representation to define the invariant scalar product (-,+) on g,

normalized so that the long roots have length \/5, as well as the invariant closed
three-form w on g giving rise to the Wess-Zumino term. Explicitly, for X, Y, Z e g,
we have,

(X,Y)= —tr(XY), 43)
while
O(X, Y, 2) = t(X[Y,Z]) (@4

Obviously, (-,*) and w extend to a bi-invariant metric (+,*) on G and to a bi-
invariant three-form w on G, respectively: the latter can alternatively be repre-
sented in terms of the left-invariant Maurer—Cartan form g~ ! dg or right-invariant
Maurer—Cartan form dgg~' on G, as follows:

_ 1 N -1\3
w-lzntr(g dg) —lzntr(dgg ). (45)

[Due to the Maurer—Cartan structure equation, this representation implies that
w is indeed a closed three-form on G, and the normalization in Egs. (44) and (45) is
chosen so that w/2n generates the third de Rham cohomology group H3(G, Z) of
G over the integers, at least when G is simply connected; cf. Ref. [37].]

In part of what follows, we work in terms of (arbitrary) local coordinates u'
on G, representing the metric (+,*) by its components g;; and the three-form w
by its components w;;. Then the total action of the so-called Wess—Zumino—
Novikov—Witten (WZNW) theory is the sum

S=S8cu+nSwz, 46)

where the action for the ordinary chiral model, Scy is given by (1), and the
Wess—Zumino term is

Swz = jdsXCK“wijk(‘ﬁ)ax(ﬁiaA(ﬁjau ¢~’k = .f o*w . 47
B B

Here, ¢ and ¢ are the basic field and the extended field of the theory, respectively,

i.e. ¢ is a (smooth) map from a fixed two-dimensional Lorentz manifold X to G and

¢ is a (smooth) map from an appropriate three-dimensional manifold B to G,

chosen such that X is the boundary of B and ¢ is the restriction of ¢ to that

boundary. The conformally invariant WZNW model is obtained at 1 = \/4n/|n|,
while the ordinary chiral model can be recovered in the limit A — 0.

Before proceeding further, we find it convenient to pass to a more standard
notation, writing g and g, rather than ¢ and @, for the basic field and the extended
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field of the theory, respectively, and using the explicit definitions (43) of the metric
(+,*) on G and (44) of the three-form w on G. Then
1 _ _
Sen = =5 [d*xn*"tr(9” 0,997 " 0,9) (48)
while

1
SWZ=Zléfdrjdzxs“"tr(g"_la,gg—‘6#57(7_16vg) . (49)
0

(Here, the extended field § is assumed to be constant outside a tubular neighbour-
hood X x [0, 1] of the boundary X of B, and r is the coordinate normal to the
boundary.) Next, we decompose the currents j, and J,,, both of which take values in
gL®gR, into left and right currents, all of which take values in g: j, = (]u,ju)
Jy= (Ju J") Explicitly,

_ 1 o 1
W= —720997" =+ 597 s (50)

and, by definition,

. 1 .
J,fl = (’7;4»' + asuv)]Lv = - F(r’uv + (18‘“.)6 99 ! 5

J RV 1 - v
J;}l{ = (rluv - asuv)JR = + p (nuv - asyv)g 15 g, (51)
ni? ) . . .
where a = e The scalar field j, when viewed as taking values in the space of
endomorphisms of g; @ gg, is given by the (2 x 2)-block matrix
.1 1 —Ad(9)

In other words, for X = (X, Xg) in g, @ gg,
. 1 -
J(X) =3 (XL — Ad(g) Xz, Xz — Ad(g) 'X1). (53)

It can be shown that the covariant currents J, defined by Egs. (51) differ from the
Noether currents j, for the chiral model with a Wess—Zumino term by a total curl,
and that current conservation (which for both types of currents has the same
physical content, because a total curl is automatically conserved) is equivalent to
the equations of motion.

Now in terms of an arbitrary basis {z,} of g, with structure constants f**
defined by [1% t*] =f“*t°, the various currents are represented by their com-
ponents

= (ju 1) = — tr(jE ), JR = (j, tR) = —tr(jR1),
JH = (U, ) = —tr(JLee), JR = (U, %) = —tr(JR1Y),  (54)



Algebra of Non-local Charges in Non-linear Sigma Models 391

and the scalar field j by its components

1
Nap = (j, 1" @ ") = (j, t** @ t**) = — = tr(t’t®) , (55)
. . 1 s
J = (j, 1t @ t’) = Ptr (g~ "t"gt?), (56)
where
the = (4,0), tR*=(0,t). (57)

With this notation, we see that the current Dirac brackets imply the following
brackets relations for the components of the currents j;:

{Jo" (Xio" (M} = =F™js (x)8(x — y) + af ¥ (x)8(x — y)
{Jo" (i} = =S¥ (X)d(x — y) + 18 (x — ¥) ,

Ll ety =0,

{o"®hia (M} = —f™jg (X)d(x — y) — af *®jf()5(x —y),
{is" nj(w}=—fmh(max—w+nwﬂx—w,
('@, =0,

{“un "N} =" (x)5(x — ),

(o @)W} ="' x — ),
{jo (X), ")} "J"b(J’)5 x-»,
{]1,,‘(3‘),]1,1)(}’)} =V. (58)

They must be supplemented by the commutation relations between the compo-
nents of the currents j, and those of the field j:

(" (7" ()} = —f™j*()(x — y),

{Jo"(X),j" ()} = =" (x)d(x — y),
()" ()} =0,

(R, ()} =0. (59)

Finally, the components of the field j commute among themselves:

{9, j(9)} = 0.

Using the explicit representation of the theory in terms of group-valued fields, it
is very simple to check the results using the decomposition of the momentum in
terms of a local and a non-local piece as was done in Ref. [5].

We are now in a position to generalize the previous results for the WZNW
model. Classically, the equations of motion are given by the conservation laws

0u(j™ — ae®j¥) =0
0,(j* + ac™jl)=0. (60)
The currents j,*'* satisfy the zero-curvature condition
Quit = 0ujut + 2L 5] = 0. (61)
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Concerning the covariant currents J f"‘, the above equations imply
rIRt =0,
Gt —o gkt w22 I =0, (62)

so that one coud follow the algorithm described by Egs. (18)—(21) to build up new
conserved non-local charges. In particular, the first one reads

QD = [dx(JT + A2J§a~ 1 JE —ad§). (63)

On the other hand, the algebraic construction of improved charges described in
Sect. 3 can also be performed for the WZ case with few modifications. The chain
algebra construction is extended as well as definition of saturated charges. In this
case we need to use the following Dirac bracket for the current J§ (written in
matrix components)

{(Jé)ij(x)9(Jé)kl(y)} = (5"-](’;)1'1',“()‘)5()‘ -y + a(éoa)ij.klar(x -y, (64

and we are led to the following Dirac brackets (we suppose m = n with no loss of
generality):

m—1n—1

Q7 Q0 = 020" )y — X X (QVQWe Q= rmam),,,

p=04=0

m—=2n-1

+ 4o <(5°Q("+m—”)ij,kl -y > (Q(p)Q(q)OQ(m+"_p—q_3))ij.kl> (65)
p=04=0

or equivalently, denoting by {, }w; the bracket for the Wess—Zumino model and

{,}cn for previous brackets of the chiral model, we summarize the results by

(nzm)

{Q™, 0"} wz ={Q™, Q" }cn + 42{Q™ ™V, Q}cnr . (66)

Some remarks are in order now. First, concerning the chain algebra, it clearly
goes through the Wess—Zumino case. Therefore, the Jacobi identities are valid here
as well. The algebra for the right sector follows directly from (66) througha — — a.
Also the mixed brackets {Q%™, QR™} vanish since {(J§);;(x), (Ju(y)} = 0. We
observe that, due to the non-ultra-local contribution in the bracket (64) the
Yangian generated by Q®-L© QR-L() acquires an extra term as compared with
Eq. (33b). Such extension is parametrized by the coupling a and the complete
dependence on a can be summarized by the result (66).

6. Conclusions

We have computed the classical algebra of conserved non-local charges of the
so-called improved basis. The result is characterized by the order n of the non-local
charges Q, which in fact can be defined in terms of its genus [30], as computed
from scattering theory. Therefore, classifying the genus, one verifies that in the
right-hand side of the Dirac algebra, only the possible highest genus contributes
with a non-vanishing coefficient. The algebra obtained is a saturated cubic defor-
mation of a Kac-Moody algebra and consistent with the Yangian algebraic
structure found in the literature by alternative methods.
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This result permits us to try to obtain constraints on the correlation functions
of the theory, similarly to the massive perturbation of the k = 1 WZW model [9].
This problem evaded solution for several years, but with this approach, one should
be able to accomplish such desired constraints, once one knows a realization of
charges in terms of integro-differential operators. Indeed, for the asymptotic
charges one finds such representations [5, 10].

Further problems related to the role of monodromy matrices are at present
under investigation; in particular, it would be interesting to find and interpret
a generating functional for the improved non-local charges. Concerning the quan-
tum theory, we recall that, for sigma models with a simple gauge group the
quantum non-local charge algebra must be the same as we have computed
substituting Dirac brackets by ( — i) times commutators [15].

Finally, we remark that the WZNW theory presents an algebra that is analog-
ous to the chiral case. In fact, the WZNW theory has been treated using the Bethe
Ansatz [38], with results analogous in some sense to the sigma model case, and one
expects many similarities between them. The usefulness of such interpolating cases
has been stressed in [39].

Acknowledgements. We would like to thank Prof. A. Salam for the hospitality at the International
Centre for Theoretical Physics, Trieste, Italy, where part of this work was done.

Appendix A

We list here some useful formulae concerning the special O(N) product A ° B and
the constraints involving the currents j and j,.
The product A< B is defined as follows:

(A°B)ij .= AuBji — AyBj + AyBy — ApBu (A.1)
and possesses the properties
(A B)iju=(BoA)ju=(A"B ) ij » (A.2)
(A°B)ijkaCat — (k> 1) = (A°BC)ij 0 + (AC° B)ij i » (A.3)
(A° Bia,uCaj — (i>j) = (A° C'B)yju + (C'A° B)iju (A4)
Cia(A° B)aj — (ij) = (CA°B)ju + (A°CB)ijui (A.5)
Aia(B° C)ap,iuDpj — (i) = (AB°D'C)ij 0 + (D'B° AC);j 1y (A.6)
Aa(B° C)yj ap Dy — (k1) = (BA'© CD);j 1y + (BD° CA")ijua s (A.7)
L a1t (A0 BYy 0 = (e ALBY (A8)

4
Now we list the constraints among the currents:
G odvdij = GG + G0 G » (A9)
Uuodiju =0, (A.10)



394 E. Abdalla, M.C.B. Abdalla, J.C. Brunelli, A. Zadra

(Je)iju=0,
Uwil+ =Ju>
Liil+ =2,
Ljw j1 = uj,

R O .
(i) = 511 3 6] .
The O(N) t-matrices, contracted by a factor /%, merge as follows

- % tr(t%e .- pompago... t“i)f“-l’jc tl‘(tbj conbnpbpbo ... tbi-l)

%tr(tcx(tll‘+l .. llmt tllo ll,-| +(_)mta,-_1._‘ta(,tatam‘__ta,-“)

N AR LT A LU LA Ry G L S R L LR LA )

Appendix B

We choose the antiderivative operator as

(A.11)
(A.12)
(A.13)
(A.14)

(A.15)

(A.16)

(B.1)

(B.2)

-1, x<0
6"A(x)=%fdyc(x—y)A(y), e(x) = 0, x=0.
+1, x>0
“(/l)th this definition we have antisymmetric boundary conditions for the potentials
hant
1™(+ 0)= fdx JP(x) = %QA

The first six improved non-local charges read

Q‘0)=jdxj0,

oW = fdx (1 + 200 Yjo)

QP = [dx(2o + 2j10™ 'jo — 207 'joj1 — 40 jojod ™ o) »

Q® =Idx[3j1 + 8jo 07 jo + 2107 ' jis
— 407 joj1 07" jo + 0 jojo 01 + 07 Yj1jo @™ o)
+807'(07 jojo)jo 0™ " ol »

QW = [dx {6j, + 10j, 07" jo — 100~ " joj; — 2407 jojo 0~ jo
=407 j1jod T jy + 07 joj1 07 ji + 07 j1j1 07 Vo)
+8[071(07 " jojo)(jo 0™ j1 + 107 jo)

— (07 joj1 + 07 j1jo) 07 (jod ' jo)]
+ 1607 (07" jojo)jo0 ' (jod™ ' jo)} »
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0 = [dx{10j; +32jo0™ " jo + 12,07 j,
—28(07 ' joj1 0™ jo + 07 jojo 0 j1 + 07 j1jod™ o)
— 407" j1j107 ')y + 64071 (07 ojo)jo 0 Yo
+8[07 (07 j1jo)jo 0 i1 + 07107 jojo)j1 0™ L
+ 0707 oj1)jod 1 4+ 0710 1 jo)j1 07 o
+ 07107 Yjoj1)i1 07 o + 07107 j1j1)Jod o]
+16[07' (07" jojo)jod™ ' (jod™ ' j1)
+ 07107 joJo)jo 0™ (j107  jo) + 071 (07 j1jo)io ™ (o @ o)
+ 07107 jo1)jo 0 (jod o) + 071 (07 joJo)i1 0™ (jod " jo)]
— 320710797 " joJo)Jo)iyd™ '(jod ' jo)} - (B.3)
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