Commun. Math. Phys. 165, 1-32 (1994) Communications in
Mathematical

Physics

© Springer-Verlag 1994

Evolution of Tagged Particles
in Non-Reversible Particle Systems

Fraydoun Rezakhanlou*
Department of Mathematics, University of California, Berkeley, California 94720, USA

Received: 24 May 1993

Abstract: We derive an ODE for the macroscopic evolution of a tagged particle in
models such as asymmetric simple exclusions and zero range processes. The
right-hand side of the ODE is discontinuous and its solutions are understood in the
Filippov sense. We establish the uniqueness of the ODE, and explore its relation-
ship with the hydrodynamic equation of the particle density.

1. Introduction

Imagine that every particle in a fluid moves with the velocity b(x, f). In other words,
if x(¢) is the path traversed by a particle in the fluid, we have

dx

—=b(x(t), t) . 1.1

- =b(x(0). 1) (1)
If no particle is destroyed or created, one derives the transport equation

0

a—’t’+div(bp)=0 (1.2)

for the macroscopic particle density p(x, t).

In general one needs to employ the other conservation laws, such as the
conservation of momentum and energy, to determine the velocity field b. If,
however, the total number of particles is the only microscopically conserved
quantity, it must be possible to express the velocity in terms of the particle density.
In this case (1.2) would look like

ap . _
E+dlv(F(p))—0 (L.3)
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for a vector valued function F and, as a result,

_F(p(x, 1))
b ==,

There is a class of particle systems for which an equation like (1.3) has been
derived and we would like to derive an equation of the form (1.1) for the evolution
of each particle in the system.

The Simple Exclusion Process (SEP) is one of the particle systems for which we
will derive Eq. (1.1) with F(p)=yp(1—p) and b(x, t)=7(1 —p(x, t)), where y is
a constant vector and p(x, t) is a solution to (1.3).

Roughly speaking, SEP is a continuous time particle system in which
particles move as random walks on a d-dimensional lattice but are excluded from
occupying the same site. The precise definition of SEP will be given in the next
section.

If the system consists of a single particle, it moves as a simple random walk with
mean y. The Law of Large Numbers for a simple random walk implies that L™?
times the position of the particle at time tL converges to x(0)+ty, as L goes to
infinity. Here x(0) is the initial macroscopic location of the particle. In particular
this suggests scaling time by a factor of order L and scaling space of order L™ .
If the system consists of a large number of particles that has, after the same space
and time scaling, a macroscopic particle density p(x,t) then, because of the
exclusion rule, the speed of a tagged particle in the system will slow down to
y(1—p(x, 7).

Zero Range Process (ZRP) is another particle system for which Eq. (1.3) has
been derived with F(p)=yh(p), where 7y is a constant vector and h is a scalar valued
function. In this model particles move on a lattice where the rate of each jump
depends on the occupation number of the site the particle is jumping from, and the
location of the site it is jumping to. See [10] and references therein.

It is well known that Eq. (1.3) does not in general possess globally defined
smooth solutions. The nonlinearity of F leads to the development of discontinuities
in the solution.

It is necessary to interpret (1.3) in the distributional sense. Since there are
infinitely many distributional solutions to (1.3) that share the same initial data,
some additional conditions to the solutions are needed to ensure uniqueness.
Kruzkov [7] proposed the following entropy criterion: for every pair (¢, q) with
¢ convex and q satisfying ¢’ F'=¢', we assume

(1.4)

0 .
5 PP +divig(p)=0 (1.5)

in distributional sense. We will say a solution p is an entropy solution if (1.5) holds
for all pairs (¢, q).

The discontinuity of b(x,t), inherited from p(x,t) poses the problem of
nonuniqueness for the initial value problem (1.1). A solution to (1.1) is understood
in the Filippov sense [3]: an absolutely continuous function x is a solution if for

X . . .
almost all ¢, :i?(t) is between the essential infimum and the essential supremum of

b at the point (x(2), t). See Sect. 2 for more details.
In Sect. 5, the precise form of b(x, t) as in (1.4) will be used to establish the
uniqueness of (1.1).
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We will assume that particles are initially located independently on the lattice.
If the macroscopic particle density is po(x), then the probability density of the
position of each particle must be ¢ py(x), where ¢ is the normalizing constant.

The main result of this article asserts that the macroscopic evolution of a tagged
particle satisfies (1.1) with the random initial condition

Prob. (x(0)e A)=c | po(x)dx .

If the particles move on a one-dimensional lattice and they are allowed to jump
to adjacent sites only, we strengthen our results by deriving (1.1) with initial
condition x(0)=a, for a tagged particle that is conditioned to start from a. For this
we also assume that the initial density po(x) is positive in a neighborhood of a.

If in any of the above systems the particles are initially distributed according to
an equilibrium measure, then p(x,t) is a constant and in the case of SEP, the
problem was treated by Kipnis [5] and Saada [13, 14]. They prove the law of large
number for the position of the tagged particle even if the particle is conditioned to
start from a fixed point.

We expect that the microscopic evolution of the tagged particle fluctuates
around the solution of the ODE (1.1) and one usually writes

dx 1

dt _‘b(xa t)"‘\/zé(t)
to model such fluctuations, where & is the time derivative of some inhomogeneous
diffusion.

If in SEP we assume that the particles jump as symmetric random walks, then
the ODE vanishes (y =0) and so simplifies the fluctuation problem. In this case the
problem was treated by Kipnis and Varadhan [6], assuming the model is in
thermal equilibrium. The nonequilibrium case was studied in Quastel [9] and
Rezakhanlou [11].

An important feature of ODE (1.1) is that for almost all ¢, a solution will avoid
the discontinuity points of the density p, providing p is positive at that point.

It is well known that if p, is in the class of functions of bounded variation, BV,
then p is also in BV and therefore the discontinuity set of p can be embedded in
a countable collection of rectifiable curves. The discontinuity set of p is called the
shock set.

It is of interest to study the microscopic structure of the shock set. In [12] we
derive an ODE of the form

(1.6)

dy _,

r=Flp(.1) (17
for the evaluation of a second class particle for some of the models discussed above.
For the definition of the second class particles and related results, see chapter 6 of
[16]. We will see in [12] that a Filippov solution to (1.7) follows either a character-
istic line or a shock of (1.3).

The organization of this paper is as follows: Sect. 2 is devoted to the statement
of our main results. In Sect. 3 and 4 an equation of the form (1.2) will be derived in
connection with the two-dimensional marginals of x(t). In Sect. 5 the uniqueness of
(1.1) will be established. In the last section the proof of our main results will be
presented.
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2. Notation and Main Results

The primary purpose of this section is the statement of the main results. We start
with the definition of the so-called processus misanthrope that includes the SEP and
ZRP.

Let (p(2): zeZ% be a probability density function of finite range. That is,

Yr(2)=1, p(z20,
p(z)=0, if |z|>r,

for some fixed r. We assume p(z)+ p(—z) is irreducible, i.e.

2 (p*"(@)+p*"(—2))>0.

n>0

Let b:IN x N—[0, o) be a bounded function with the following properties:
@i b(,=0
(i) n>b(n, m) is a nondecreasing function for each m
(ili) m>b(n, m) is a nonincreasing function for each n . (2.1

Given p and b we define (17,(u): ue Z% as the unique Feller process with state
space E=INZ" and the infinitesimal generator .#, where % acting on cylinder
functions, is defined by

Lfm)= Y po—u)bnw), n©) (f(1")—f () , 2.2)

where
nwy—1 if z=u

n*(2)={ nw)+1 if z=v
1(2) z+u,v,

provided #(u)=1 and u=v; 4’ =n otherwise.

Formula (2.2) says that at transition times of the Markov process #,, a particle
jumps from site u to v with a rate equal to b(n, m), where n is the number of particles
at site u and m is the number of particles at site v. To study the evolution of a tagged

b(n, m)
n

particle, we assume that each particle at site u jumps with the rate so that

the total rate of a jump from u to v is b(n, m).

Since the Markov process # keeps track of the occupation number of each site
and not the location of each particle, it is necessary to define a new Markov process
x that will provide us with the exact location of each particle in the system.

If the total number of particles in the configuration # is finite,

N=Yn@<w,

we label particles from 1 to N, and we write x;(t) for the location of the ith particle
at time t. Hence the state space is

E= G @) .
N=1
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We also define the transformation
Ti, Z:E—)E

by T; .(x; ... xy)=(y1 . .. yn), Where y;=x;+2z, and y;=x; for j+i.
We define the Markov process x(t) as the Feller process with the infinitesimal
generator

b(n(x; x;), n(x; x;+z))

Lf(x)= ; p(2) n(x x) (f(Ti, . x)—f(x)) , (2.3)
where
n(x; u)={#i: x;=u} (24)
for every x=(x, ... xy)eE, and ueZ’.

It is not hard to see that # defined by (2.4) is also a Markov process with the
infinitesimal generator (2.2). To be more precise, if fin (2.3) is merely a function of
the occupation numbers #, then Lf= %f.

Some restrictions on b are needed to ensure that the invariant measures of the
process # are of simple form. For example we formulate conditions that guarantee
product measures are invariant.

Let g: N—[0, c0) be a given bounded nondecreasing function with g(0)=0. For
such g, and any given 1€[0, sup, g(k)) we define a probability measure @, on IN by

! A if n£0
0,(n= Zil) g(l)...gm) | (2.5)
Z~(ﬂj if n=0,

where Z(4) is the normalizing factor. Set

@

p(h)= Z n@;(n) .

n=1

Then
¢: [0, sup g(k))—[0, o0)

is strictly increasing, and
Iim ¢@A)=+ow0.
A—supyg(k)

The inverse of ¢ is denoted by A(-) and let @° =0, ,,. The probability measure v* is
obtained by taking the product of @,

vi(dn)=[] ©"(dn(w)

ueZ’
so that v*(y(u)=k)= 0" (k). We certainly have
[ n©)v*(dn=p,
9 (©))v*(dn)=4(p) . (2.6)

For a given b as in (2.1), we assume that there exists a bounded nondecreasing
g such that
b(n, m—1)g(m)=>b(m, n—1)g(n) 2.7)
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for n, m=1. We also assume
b(n, m)—b(m, n)=b(n, 0)— b(m, 0) (2.8)

for n,m=0. The conditions (2.7) and (2.8) imply {v*: 0<p < o0} are invariant with
respect to Z.

If we choose b(n, m)=g(n) we obtain the ZRP. In this case the rate of the jump
from u to v does not depend on the occupation number 7(v). Note that if
b(n, m)=g(n) both (2.7) and (2.8) are satisfied.

If we choose
1 if n=1, m=0

0 otherwise ,

b(n, m)={

and restricting the process 7 to {0, 1}%’, we obtain the SEP. In this case there is at
most one particle per site. We also restrict the x-process to the set of configurations
X=(xy ... xy) with x; =% x; if i#j. The rate function in (2.3) can be written as

b(n(x; x;), n(x; x; +2))
n(x; x;)

For the SEP, the invariant measures are {*: pe[0, 1]}, where each v* is a product
measure with marginals ©*, where

=1—-n(x; x;+2) .

o if k=1
4 =
&7 (k) {1 —p if k=0.
We now describe the type of initial distribution that we will consider for the process

x(t).

Notation 2.1 Let u* be a sequence of probability measures on E and let
p0:IR9-[0, 0) be a bounded integrable function. We then write u*~ p, if the
following conditions hold:

(@) " is symmetric. For each N and every permutation o

pE{(xq o xm) = (X, X))

(b) u*is a product measure.
(c) There exists a sequence p,, ; such that

wEm(x; u)y=k)=0°w1(k), ueZ’, keN,
lim I |Pxr),L— Po(x)|dx=0

Lo |x|<!

Note that if p, is continuous, we may choose p, . =po
We define the constant vector y as the mean of p,

y=Y.2p(2),

for every positive I. ([xL] denotes the integer part of xL.)
<—> for all ueZ?

and the scalar valued function 4 as the average of b with respect to the invariant
measure v°;

h(p)={ b(n(w), n@)v*(dn), uxv. 2.9)
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Since v* is a translation invariant product measure, the right-hand side of (2.9) is
independent of u and v.

In the case of SEP, we have h(p)=p(1—p), and in the case of ZRP we have
h(p)=4(p).

Let p(x, t) denote the unique entropy solution of

ap
Py Vh(p)=0
g T VD=0 (2.10)

p(x,0)=po(x)

Here the initial condition is understood in the following sense: for each |/,
lim | |p(x, t)=po(x)|dx=0.

t—>0|x|=]
A bounded integrable function p is an entropy solution of (2.10) if (1.5) holds for
every entropy pair (¢, q) with F given by F(p)=7yh(p).
Let P- denote the distribution of the process x(¢) with the initial distribution u*.
In [10] we proved

Theorem 2.2. For every bounded continuous function J, and every t =0,

L“ Z J< X; (tL)>—§ J(x)p(x, t)dx

It follows from our assumptions on the initial distributions y; that (2.11) holds
initially with p(x, t) replaced with po(x). Thus Theorem 2.2 asserts that (2.11) also
holds at later macroscopic times with the density profile p(x, t) that is the unique
entropy solution of (2.10).

Note that the symmetry property of u* (part (a) in Notation 2.1) is redundant
for Theorem 2.2 because the expression

L" Z J( x(tL))

is already symmetric. The symmetry property will however play an important role
for the proof of Theorem 2.7 below, that concerns the macroscopic behavior of
a tagged particle x;(¢).

Let y(p) be defined by

lim |

L-wo

PL(dx)=0 . (2.11)

hp)
— if 0

vo={ p T @.12)
W) if p=0.

Since h is smooth, it is not hard to see that ¥ is also smooth. Define
b(x, )= (p(x, 1)) . (2.13)
Throughout this paper we assume any of the following assumptions:

Assumption 2.3. The initial density p, is of bounded variation in the direction y:

Vary(po)—supjlp" >C+r|y)l po(x)ldx
{r|>0

<0 .
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Assumption 2.4. h is uniformly convex. That is, there exists a >0 such that
h’(p)= ¢ for all p.

It is known that Assumption 2.3 implies p, as a function of (x, t), is also of
bounded y-variation. Indeed

t — t
wp  [POHTR = p(s )
[r|>0,5> —t [r|+s
If (2.14) holds, we say p is in ByV. If, for example, y=(1, 0, . . ., 0), (2.14) implies that
p, as a function of x! and t, is of bounded variation.

It is also known that under Assumption 2.3, there exists a constant C = C(d)
such that

dx<Var pg . (2.14)

p(x+ry, t)—p(x, t)§C<1 +%>r (2.15)

for every x=(x! ...x%)elR? and every r, t>0.

See Smoller [15] for (2.14) and (2.15). Let us mention that (2.14) and (2.15) are
stated in [15] under the assumption d=1. To establish (2.15) in our case, we note
that vy, the only nonscalar part of the flux, is constant. So, for example, if
y=(1,0, ..., 0), is the unit vector parallel to the x*-axis, one can solve (2.10) by
fixing x2 .. .x“ and solving it for x!.

The main object of this article is to study the asymptotic behavior of 1x;(tL) as
L goes to infinity. We claim that the limiting behavior of each particle is governed
by the evolution of (1.1) where the initial condition is random and b is given by
(2.13).

As we mentioned earlier b is discontinuous and we interpret (1.1) in the Filippov
sense. Define

(ess lim sup b)(z)=1lim inf sup b(Z'),
-0 |[M|=0 z’eB;(z)— M
where |-| denotes the Lebesgue measure, the infinum is over all sets of zero
Lebesgue measure, and Bj(z) denotes the ball of radius é an center z=(x, ?).
Similarly we define

(ess lim inf b)(z)=(ess lim sup (—b))(z) .

Definition 2.5 A Lipschitz function x:[0, T =R is a solution to (1.1) in Filippov
sense if for almost all t,

dx
dt

Under Assumption 2.3, p is in ByV, therefore b is in ByV. In particular, if d=1,
one can modify b on a set of zero Lebesgue measure such that

b*(x, )=limb(y, ), b~ (x, )=limb(y, 1)

€[(ess lim inf b) (x, t), (ess lim sup b) (x, 1)] . (2.16)

yix yix
exist for every x, t. Similarly we define p* and p~. Hence, one can replace (2.16) with
d
d—’:e[w/\b—(x,t),bﬂ/b*(x, 1, (2.17)

where b* Ab~ denotes the minimum and b* Vb~ denotes the maximum of b*
and b~
Our first theorem treats the uniqueness problem for Eq. (1.1).



Evolution of Tagged Particles in Non-Reversible Particle Systems 9

Theorem 2.6. There exists at most one solution x(t) of the initial value problem

& b

x(0,a)=a . 2.18)

Moreover for almost all t, either p*(x(¢), )=p (x(t), 1), or p*(x(t), 1)+
p~ (x(t), t) and p* (x(2), 1) p~ (x(t), t)=O0.

The proof of this theorem will be given in Sect. 5.

Since b is a product of a constant vector and a scalar function, it suffices to
prove Theorem 2.6 under the assumption d=1.

Let x(t, a) denote the unique solution of (2.18). Let 2 = 2([0, c0), R¢) denote
the space of right continuous functions with left limit that have values in IR?. 9 is
endowed with the skorohod topology, and as before P* is the distribution of the
process x(-). Let

1
Viw ()= Xi(tL) (2.19)

and let the probability Q" denote the distribution of y; ;’s. We view QY as
a probability measure defined on Z.
Let R denote the probability law of x(-, a) with a distributed according to

R(aeA)=| cpo(x)dx , (2.20)

where c is the normalizing constant

¢ t= | po(x)dx .
Rd

The main result of this paper identifies R as the asymptotic law of the
sequence QF.

Theorem 2.7. Under Assumption 2.3, we have

1 N
lim | N.;J(y,-)— { JdR| Q@ (dy)=0 (2.21)

L-
for every continuous function J: 2 —-R.

The proof of this theorem will be given in the last section.

In the language of [17], Theorem 2.7 says that the sequence Q* is R-chaotic.

Let .#(2) denote the space of probability measures on 9. One can regard
Xy=%2d,, 1 as a sequence of .#(Z)-valued random variables, and (2.21) asserts
that this sequence converges in law to a constant random variable R.

Indeed it is known that a statement like (2.21) is equivalent to the following
([17], chapter 1):if J, ... J,: 2—R are k continuous functions then

k
lim 511()’1) o Jey) QF(dy) = H jJi(J’)R(dY) .
N— o i=1

As we mentioned earlier, the symmetry of x" plays an essential role in the proof
of the previous theorem. In the case of SEP with d=1, and if only the nearest
neighbor jumps are allowed, the symmetry assumption can be relaxed.
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Assumption 2.8. d=1, and p(1)+p(—1)=1.
Let QF be as in Theorem 2.7, and let QF denote the measure QF conditioned
such that the first particle starts from the site [aL]:

05 (dx)=Q"(dx|x,(0)=[aL]) .
Theorem 2.9. In the case of SEP and under Assumptions 2.8 and 2.3, we have

lim |

L—o

x4 (10)—x (0, 0)| Q%) =0,

providing

ate

| pol0)dx+0

a

for every ¢>0.

Theorem 2.9 and a variant of Theorem 2.7 (under Asumption 2.4) will be
established in Sect. 6.

3. Hydrodynamic Equation for the two color problem

To analyze the two-dimensional density of x;, we consider

1 J 1 1
N '; Jy <in(t1 L)) J2<in(sz)) » (3.1)

where Jy, J, are two measurable functions. We may choose J; (x) =1,4(x), where A is
a measurable subset of R?, and J, a smooth function of compact support. For ease
in notation let y; ;(f)=1x;(tL), and suppose ¢, >t;. We can write (3.1) as

1

—2"J,(yi, L(t2)) »

N 2(yi, L(£2))

where the sum is now over i for which y; ;(t;)e 4. We paint the i** particle blue if
i L(t1)€A and we paint the remaining particles white. If we denote the density of
the blue particles by m(x, t), we have

m(x, ty)=p(x, t1) 1 4(x)

and p(x, t)—m(x, t) would be the macroscopic density of the white particles. Let {,,
¢, denote the occupation number of blue and white particles respectively. It is not
hard to see that ((, £) is also Markov process with state space

Q=N x N%
and the infinitesimal generator
AfEH= p(v—u)% b(n(u), n()) (f(C*", ©)—f((, &)
¢(w) uv
+ Zp(v—u)@ b(n(u), n(v)) (fC, &)1, ) -

The main object of this section is to derive a hydrodynamic equation for the
density m(x, t).



Evolution of Tagged Particles in Non-Reversible Particle Systems 1

To prepare for this, we start with some definitions. Let o (t, dx) =2 Y, inw)
5z(dx), i.e. if J is a smooth function

[ J(x)a(t, dx)—l—‘; Y J( ) G (u) -
Initially the process (#,, {;) is distributed according to the probability measure
yL(dy, d{) such that the n-marginal of y; is a product measure as in Notation 2.1
while the {-marginal is chosen such that for every smooth function J,

7 Z J ( ) L) —[ T (x)mo(x)dx

for some measurable function mg(x) < po(x). Hence my(x) represents the macro-
scopic density of the blue particles at time t=0. Let S* be the law of of; S* is
a probability measure on the Skorohod space D([0, 0); .#(R“) where .#(R?)
denotes the space of Radon measures on IR?. We will show

lim |

L—oo

y(dn, d{)=0

Theorem 3.1. (a) {S*} is tight. (b) If S is any limit point of {S*} then S is concentrated
on the set of measures o(t, dx) such that

olt, dx)<<dx
and if a(t, dx)=m(x, t)dx, m(x, t) satisfies

-;—tm(x, t)+div(b(x, t)ym(x, t))=0 (3.2)

m(x, 0)=myo(x)
where b is defined by (2.13).

The proof of this theorem will be given at the end of this section.

In the case of SEP, the Bernoulli measures are invariant. More precisely, for
every pair (pq, p,) with py, po, py + p2€[0, 1], define the product measure v*» 2
such that

VR =1)=ps
VPP (€)= 1)=ps -

Then the measure v°*-*2 is invariant for .</.
In general, for every pair (44, 4,), we define

1 2K p k!
Z(A1,42)g(1) ... g(k) kq! ks ’

where k=k, + k, and Z(4,, 4,) is the normalizing factor. @ is a probability measure

0,1, (ky, ky)=

on IN x IN.
p1= Y ki 0, ,,(ki, kz), and
ky, ka
p2= Y ka0, 4,(ks, k2) .
kh k2
First we observe
pLipLS k!
20, 22)= 2, =Z(s+ 1)

o, 9(1) .. g(k) kil ky!
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We certainly have
dz

11/1

=pZ,

dz
(44 +42) —(Pl +p2)Z .

Here Z =Z(4, 4,). Therefore

m=%mm, (3.3)

where p=p; +p,. We now define
EPv P2 = @;11, i

with 4, =% A(p) and 12=&/1(p). We also take v»#2 to be the product of @+
0

v e (L) =k, £ =ka) =077 ks, ky) .

It is not hard to see that v*»#2 are invariant with respect to .</.
The main ingredients for the proof of Theorem 3.1 are the following
lemmas.

Lemma 3.2. For every u, v with u=v, we have

()

o1 (34)
p

f——b(n(u),ﬂ(v))vp‘ P2(dl, d&)=——

Proof. Set {(w)=ny, L(u)=n,, {(v)=m,, E(V)=my, ny+ny=n, my+my=m, i;=
A1(P1, P2), A2=42(p1, p2). Then the left-hand side of (3.4) equals to

1 5 ™ b m) A g n! A e m!
Z2(As h2) Zon 7 g() - g(m) gt g(1) - g(m) mytmal

where the sum is over ny, n,, m; and m,. On the other hand

=M (A +A)y 1,

y n_Aqlllnz i
n

ny+n,=n n 1’

which follows from the identity

(A+i)'= > Apap

ny+n;=n ‘ n2

(3.5)

after differentiating with respect to A;. Therefore the left-hand side of (3.4)
equals to

1 R s m
—— Y b(n,m A
Z% (24, A2) 2b( )g(l)..-g(n) g(1) ... g(m) mylmy! ™
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Using (3.5) with n replaced with m, and using Z(14, A,)=Z(4;+ 4,), we can write
that the sum equals to
Y bn, (Ay +42)" (Ay+4)" Ay
Z*(Jy +Az) g(l) o g(n) g(1). .. gm) A+ 22

n(w), n(v))vp(dn)

_Ailp)
~ Ap)

which equals to %h(p) by (3.3). ]

h(p)

Lemma 3.3 (One block estimates). Let y~ be a sequence of probability measures
satisfying the properties mentioned in the beginning of this section. Then for every
local function f (depending on finitely many coordinates), every test function J of
compact support and every t,>0, we have

Ld z J< >Tuf(ClL> Z;:IL)'—

lim lim jj

I Lo 0

1
Ldz ( > <'Tl(“>lve;, e )’|T1<u)|ve;.(u)€(v)>

where f(p1, p2)={f( Err2(dl, dE), Ty(u) is the d-dimensional cube in Z* with
center u, side length I, and volume |Ty(u)|, and t, denotes the space-shift.

yH(de, dé)dt=0,  (3.6)

The proof of this lemma is the content of the next section.
While Lemma 3.3 establishes some type of law of large numbers for the (, &)
configurations at the microscopic level, the next lemma deals with the fluctuations

of the microscopic densities )n,L(v) on a macroscopic scale.

1
[Ty(u)] Loerit

Associated with a configuration #,;, we define the Young measure =™ ' by

[ @(x, Hn'(t, dx; d/l)—— Zcb( My (m))

The map #,.+ (7™ ') induces a probability measure 2™ ' on X, where X is the space
of measurable maps from [0, o0) into the space of Radon measures on R x R *. It
is not hard to see that the sequence {#™'} is tight as a sequence of probability
measures on X. First we let L go to infinity. Let {#'} be a sequence of limit points.
Then we let | go to infinity. Let # be any limit point. The following lemma can be
found in Sect. 5 of [10].

Lemma 3.4. For almost all n with respect to R, we have
[ ®(x, Yn(t, dx; dA)=[ D(x, p(x, t))dx ,
where p is the unique entropy solution of (2.10), and @ is any continuous function.
Symbolically this can be written as

7(t, dx; di) =6 s,y (dA)dx .
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Proof of Theorem 3.1. (a) Let J be a smooth test function. It is not hard to see

7 ZJ< )Cm(u) 7a ZJ( )Co(u)
(W), ns(v))< @%)_J(%))

f Zp(

+ M, 3.7)

where M,; is a martingale with the quadratic variation

tL 2
tL Lidj Z ( )CS( )b(ns(u) ns(v))< <u2_2>—]<%>>

1
= O(Ld+1>

By Doob’s inequality

const.
2
E sup MtLé-LdTl
0=<t=t,

for every fixed t,. This and (3.7) implies
Ld Z J( )(CtL(u) CsL(u))

lim lim PL< sup >e)
<t,s<t,

6-0 L— oo |t— sl<5

for every positive &. This implies the tightness of the sequence Q.
(b) The absolute continuity of « with respect to the Lebesgue measure follows
from { < #. Indeed the measure

1
F g”zL(s%
converges to a measure that is absolutely continuous with respect to Lebesgue
measure and its density is p(x, t). Therefore
a(t, dx) < p(t, x)dx

and this implies « is absolutely continuous.
Now let J:[0, o) x R> IR be a smooth function with compact support. Set

1
B(s, =15 ZJG, %)au).

Since J has compact support, we have

tL

MtL: j l:% B(S’ Cs)+(°'Q¢B) (Sa Cs> gs)‘J ds +B(Oa CO) (38)

0

is a Martingale for large t, and its quadratic variation is

tL
(M) = (4 B*~2Bs/B) (s, {)ds .
0
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As in part (a), we have .
lim E* sup M7% =0, (3.9)

L— oo 0511ty

for every to. On the other hand the right-hand side of (3.8) equals to
®1 oJ( u
£ 77 Z a( ) {se(w)ds

+{ 5 2002 V(5 )0 0t ) s

L" ZJ( > u)+rg (3.10)
with r, an error of order O(}). We know from Lemma 3.2 that the local function

0
10 nu2) (3.11)

in the second term can be replaced by its average with respect to the invariant
measures. Note that (3.11) in the case of SEP would look like

{w)(A—n(u+z).
In any case the average of (3.11) with respect to the invariant measure with

h ) .
densities p; and p, =p—p; equals to % p1. For simplicity we write G(p, p4) for

h
(p ) — py. Now we can write the second term in (3.11) as

e8]

de }:IJ(Z)Z VJ(S, ) G(Mr,w) (1), M1, () +71.1, (3.12)

where r7 ; goes to zero in probability if L goes to infinity and then  goes to infinity.
Our next goal is to replace T;(u) in (3.12) with T ().
First we define the Young measures n"”(t dx; dA, dA,) by

j@(x, A, Al (e, dx; dA, dAy) =7 Z¢< M,y (1), MT,(u)(O)

for every test function @. The elementary inequality

1
FI6) ok )t d; dA, din) <1 9o . (Ed 5 (1%))

implies that as L—oo, [—o0, the weak limits of the distributions of n*' are
concentrated on measures n(t, dx; d, di,) of the form

n(t, dx; dA, dA)=mn(t, x; dA, dA,)dx .

On the other hand Lemma 3.3 implies for almost all (¢, x), the measure
n(t, x; dA, dA,) is concentrated on the set {p(x,t)} x [0, c0). This immediately
implies

j@/lln(z x;dA, dd)=b(x, 1) [ Ayn(t, x; d2, dA)=b(x, ) m(x, 1) .
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This, (3.7) and (3.9) imply
lim lim sup S*{x:|v(L, & J)|>6} =0

£~»0 L-wx

for every positive o, where

oL, & J)={ fa—Jx sym(x, s)ds
o ﬁs

+f fy VJ(x, s)b(x, t)<

+{ J(x, 0)m(x, 0)dx
and this completes the proof of (b). O

1
B0 [ m(, t)dy)dx
B.(x)

4. One Block Estimates

In this section we shall prove Lemma 3.3. The idea of the proof is to show that the
distribution of ({,;, &) is close to a mixture of invariant measures for large L. This
can be done by showing that the entropy production of the process at time tL,
divided by the number of sites LY, goes to zero. In fact we will show that the entropy
production per site is of order 1. Although a bound of order  is enough to prove
Lemma 3.3, it is not good enough to prove something like Lemma 3.3 for the
process {. Fortunately our hydrodynamic equation (2.10) is linear in “m” and only
nonlinear in p, so one block estimates for ({, £), and two block estimates for  will
provide us with all the necessary estimates.

The idea of the proof is not new. In the pioneering work of Guo et al [4],
entropy techniques were used to prove results of the type Lemmas 3.2 and 3.3.

By finite speed of propagation, we only need to prove Lemma 3.3 in the periodic
case (see for example Lemma 5.7 of [10]). In other words we assume y*(dn, d{) has
a density f(dy, d{) with respect to v** P2(dy, d{) that is periodic. For simplicity we
assume that f;, and v*v?> are defined on the periodic lattice S¢=
{u=(uy . ..ueZ u;eS,}, where S, is the interval [0, L] with 0 and L identified.
We further assume that the entropy per site is bounded:

1
SupﬁjfLIngLdeéc (4.1)
L

for some constant C. Here v; denotes the periodic invariant measure.
Let f{ be the solution to the forward equation

O fi=oA*fL, (4.2)

where &7 * denotes the adjoint of .7 with respect to v;. If initially (, &) is distributed
according to the probability measure f; dv,, then at later times it is distributed
according to f} dv;. An easy computation leads to

o, [filogfidv, = log fi o/*fidv, . (4.3)
It is well known that the entropy is nonincreasing in time. Therefore
—{ logfet*fdv;, 20 (4.4)



Evolution of Tagged Particles in Non-Reversible Particle Systems 17

for every density f- Equation (4.3) and the entropy bound (4.1) imply
1 tL
—L—dgflogffﬂ*fsdegc. (4.5)

If p; (z)=min(p(z), p(—z)) is irreducible, one can prove Lemma 3.3 by standard
arguments. More precisely, let us write p(z) = p;(z) + p,(z) for some p,(z)=0. Let
o, o, denote the corresponding generators with p(z) replaced with p,(z) and p,(2)
respectively. Then (4.4) holds for «/;, and «/,. Thus (4.5) implies

tL

1
7 | [logft i frdv,<C.
0

Since p, is symmetric and irreducible, we can apply the arguments of [4] or
[16] (chapter 3) to deduce Lemma 3.3.

The general case can be treated with the help of some large deviations type
estimates.

Let I'; (I';) denote the law of the process ({, &) such that initially it is distributed
according to v.(y.). We certainly have

d
I, T D=1l o) (4.6)

where the left-hand side is the Radon—leodym derivative evaluated at ({, &), and
the right side is a function of ({,, £o) only.
Let F, denote the integrand of (3.6). Then (3.6) can be written as

lim lim Squ j Fr(sws &) dsdlL (£, 8)=0. 4.7)
-0 L-w

Now using the entropy mequahty and (4.6) we have

HFL(Cs,ﬁs)ddeL(C 9] é iz ffLIngL dvp

1 o
+77 log [ exp (ocL" § Frors &) dS) ,
0

for every positive a. Therefore, it suffices to show

lim lim sup 73 logj exp <ocL" j Fr(lsr, &) ds) ar.(,&€=0. (4.8)

>0 L-w

Let & =1(o/ +./%). In Lemma 4.1 below we show that the left-hand side of
(4.8) is bounded above by

lim lim sup sup [f ocFLfde—Lé"L(f)] , 4.9)
00 L-w S

where the supremum is over densities f such that | fdv;=1, and

&)=L vy .

Now we apply the arguments of [16], chapter 3 to conclude (4.9) is zero for
every o positive.
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Lemma 4.1. For every function F and every t>0, we have

%log | exp (J F(s, és)d5> dI' (G, &) <sup [ﬁ Ffav, ‘éDL(f):l - (4.10)
0 S

Proof. Let o/ denote the infinitesimal generator defined by
Sru=Su+Fu,

where Fu is the product of F and u.
Let T} denote the semigroup generated by .o/r. Then

(TF1) (Lo, Eo)=ECo &) efoPloto)ds @.11)

where 1 denotes the constant function and E¢-%) denotes the expectation with
respect to the distribution of ({, &), conditioned to start from ({o, &o) at time t=0.
Let u(lo, &o, t) denote the left-hand side of (4.11). By semigroup theory

5,“ = iju .
Therefore

atj u*(Co» Eo» ) dvilo, fo)=2f udude+2f Fu?
=2 uSLudv +2( Fu?

<2sup [ijde—fL(f)]- (f u? de> )
s

Let Ar denote the term with the supremum. Hence

[u?dvy e
Thus
fudvy<e** .

and this is simply (4.10). O

5. Uniqueness

This section is devoted to the uniqueness question for the ODE

%:b(x, t) for t>ty, and

5.1
x(t0) = %o G-D
and the PDE
{m,+(b(x, m),=0 for t>t,, and’ (52)
m(x, to) =mq(x)

where (5.1) is understood in Filippov sense and (5.2) is understood in the distribu-
tional sense.
As before

b(x, )=¥(p(x, 1)), (5-3)
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where p is the unique entropy solution of
{pt+(h(p))x:0
p(x,0)=po(x)’
where  is given by (2.12), i.e. if p=0,

(54

w(p="2.
p
Here, for simplicity, we have assumed y=1, and d=1. The general case can be
treated analogously.
Throughout this section, we assume that p is in the class BV, and poeL'nL®.
Our main lemma toward the uniqueness problem of both (5.1) and (5.2) asserts
that if x(¢) is a solution to (5.1), and m is a solution to (5.2), then

x(1) x(to)
§ m,0dy=[ m(y, to)dy . (5.5)
— 0 —

It is well known that for a function in BV, each point is either a point of
approximate continuity or a point of approximate jump discontinuity, with the
possible exception of a set of zero 1-dimensional Hausdorff measure.

At a point of approximate continuity, we have

limo=% [ |p(y,s)—p(x, t)ldyds=0, (5.6
-0 B;(x, t)

where B;(x, t) is a ball of radius J, centered at (x, t). At the jump point there are two
distinct values p. (x, ¢) and a unique direction v such that

imé=2 [ |p(y,s)—p.(x,0)|dyds=0, (5.7)
-0 Bs(x, ) nH *
where
HS ={z:zeR? (z—(x,t))-v=0}
and

H; ={z:zeR? (z—(x, 1))-v<0} .

See Zeimer [18] for a proof.
Let b (x, ) =y¢/(p. (x, t)). After modifying p on a set of zero Lebesgue measure,
we can assume that for almost all ¢

P (x,)=limp(y, ), and
ylx

p~(x,)=limp(y, 1)

yix

exist for all x. Note that here we used superscripts but in (5.7) we used subscripts.
We define

Ulx, )=max(y(p~ (x, ), ¥(p" (x, ),
L(x,t)=min(W(p~ (x, D) ¥ (p" (x, 1)),
u(x, )=max (o (x, ), ¥(p+(x, 1)),

I(x, ) =min (Y (p-(x, ), ¥(p+(x, 1)) .
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Filippov [3] shows that for every x,, there exists a Lipschitz function x(-) such
that x(to) =x,, and

d
E’tfe [L(x(2), 2), U(x(0), )] (5.8)

for almost all ¢.
For our purposes we need a solution such that for almost all ¢,

d
d—’;e LIGx(6), 1), u(x(e), )] . (5.9)

Note that since [ and u are well defined on the complement of a set of zero
1-dimensional Hausdorff measure, /(x(¢), t) and u(x(¢), t) are well defined for almost
all t.

The following lemma implies that (5.8) always implies (5.9).

Lemma 5.1. Suppose x: [0, T ]—1IR is any Lipschitz function. Then for almost all t,
U(x(®), ) =u(x(1), 1) ,
L(x(t), t)y=1(x(¢), t) . (5.10)
Proof. Stepl : Since b is in BV, we have
lim Lz I b, s)dyds=l(u(x, t)+1(x, t) (5.11)
520 O Bi(x, 1) 2

for every (x, t) that is either a point of approximate continuity or approximate jump
discontinuity (see [ 18]). In particular the set of points at which (5.11) does not hold
is of zero 1-dimensional Hausdorff measure. Therefore

1
lim iz f b(y, s)dyds==(u(x(t), t)+ I(x(t), t)) .
50 O Bs(x(2), 1) 2

for almost all .
By boundedness of b we have

t; ty
lim j —1—2 f b(y, s)dydsdt=lj (u(x(t), t)+ U(x(t), t))dt . (5.12)
60t no Bi(x(0), 1) 2 t
Step 2: Let A denote the left-hand side of (5.12). By Fubini’s theorem
A=lim | b(z)H;(z)dz ,

-0 R?
where

1
Hy(@)=—=3 I{te(ty, t2): 26 By(x(0), )},
where | - | denotes the Lebesgue measure.
Let I'o={(x(t),t):t; £t<t,}, and
F,;z{z:Hg(Z)#:O} .

I's is simply the set of points in the d-vicinity of the set I',. We can write I'; as the
union of x-intervals Is(t) for each te[t,(d), t,(0)], where [£1(d), £2(0)] is the projec-
tion of the set I'; on the t-axis. Since t, (9), t,(J) are close to t; and ¢, respectively,
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we have
[
A=lim | | b(x, t)H,(x, t)dxdt .
80ty I(t)
Step 3: The midpoint of each interval I;(¢) is the point x(z). For almost all ¢, b(-, )
is in BV, and the left-hand and right-hand limits exists at every point x. One of the
limit is L (x, t), and the other is U(x, t). We can write I;(t)=1; (t)ul; (t), where
I5 ()= {xeL,(:x < x(0)}, I (O =I5()—I; (©) -

Therefore

j Hs(x, 1) b(x, t)dx=U(x(t), t) Hy (x(), )+ L (x(¢), t) Hy (x(t), ) +0(1), (5.13)
(1)

where

HE(x(0), )= | Hylx, t)dx .
I3 )

Step 4: The value of Hi depend on x only. They are independent of the function b.
In particular if b is a piecewise smooth function, we have (5.10) and if lims_¢
Hi(x(t), )=t (t), we have

1
o () U(x(e), )+ o™ (£) L(x(8), B=5U(), )+L(x(1) 1)) -
Since b can be any piecewise smooth function in this equality, we conclude
at (==L
Final Step: From (5.12), (5.13) and the previous step, we learn that
Ux(1), ) + L (x(t), 1) =1(x(2), t) + u(x(2), 1) (5.14)

for almost all . But we can repeat the above argument for the function
b(x, t)=(b(x, t))* and obtain

(UCx(0), 0)* +(L(x(0), 0)* = (Ux(2), 1)* +(ux(0), 1))?
for almost all ¢. This and (5.14) imply (5.10). ]

The overall picture of the geometric structure of a BV function is the following.
Most points in the set R% are either points of approximate continuity or first order
jump discontinuity. The set of points of approximate jump discontinuity can be
embedded in a countable union of the rectifiable curves.

When p is the entropy solution of (5.4), the set of points of jump discontinuity
I is called the shock set. At almost all points of I', (unit) normal vectors v can be
defined and if v=(v!, v?), we have

vi(psr —p-)+vi(h(p)—h(p-))=0.
In particular if x(¢) in any Lipschitz function, then for almost all ¢ in the set

{t:(x(t), )el'}

dx _h(p (x(2), £))—h(p - (x(1), 1))

At py(x(0), 1) —p(x(), )

we have
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Our first theorem of this section asserts that a solution of (5.1) would avoid the
shock sets if the density p is nonzero. Recall that, by Lemma 5.1, p* and p. can be
used interchangeably.

Theorem 5.2. Suppose x is a solution to (5.1). Then for almost all t, either p* (x(¢t), t)=
p(x(t), 8) or p* (x(t), )% p~ (x(2), t) and p* (x(2), t) p (x(t), ) =0.

Proof. Since p is in BV, for almost all ¢, either p* (x(¢), t)=p~ (x(2), t), or (x(t), t)eT.
On the other hand if p*, p~ are two distinct positive constants, then

W(p") =) W(p7)—)<0,

_h(p")—h(p")
C=——F—"—_—"".
p —p

Therefore if p* (x(2), t) p~ (x(2), )0, then
h(p* (x(1), 1) —h(p™ (x(1), 1))

pr(x(8), ) —p (x(2), 1)
Thus if p~ (x(£), £) p* (x(2), 1) %0, we have p* (x(t), £)=p~ (x(t), t) and this completes
the proof. O

An easy consequence of the above theorem is the following. If
p T (x(t), )% p~ (x(t), 1), then either p* (x(t), )=0 or p~ (x(t)t, t)=0. If, for example,
we assume p~ (x(t), t)=0, then for almost all such ¢ we have

dx _h(p* (x(t), 1)) —h(p” (x(1), 1)) _
e ptx(t)t)—p (x(1), 1)

The following theorem plays a central role in the proof of our uniqueness
results. Note by Lemma 5.9 below, the left-hand side of (5.5) is continuous in t.
Theorem 5.3. Let m be a weak solution of (5.2) such that 0 <m(x, 1)< p(x, t) for
almost all (x, t). Suppose x(t) is a Filippov solution of (5.1). Then

x(1) x(to)

| my, t)dy=_5 m(y, to)dy

— o

where

¢ L10x(®), 1), u(x(@), )] .

Y(p* (x(), 1)) .

for all t.

Proof. Step 1: For every test function J that vanishes at t=0, we have
| [{Jdx, Om(x, )+ J(x, ) b(x, ym(x, 1) }dxdt =0 . (5.15)
0

By approximation (5.15) holds for every Lipschitz function J.
Let ¢ be a smooth nonnegative function of compact support with [ &(p)dp=1.

Choose k such that k'=¢. Set J(x, £)=o(0)k <X—X(t)

, where ¢ is a smooth
&

function of compact support in (0, c0). We then have

J+bJ, = (p’(t)k(x_T)c(t))_% 0(t) ¢ (X—X(t)) dx

: Ja
+200¢(*22) om0

&
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. . odx . .
for every point ¢t at which d—): exists. Therefore (5.15) and Theorem (5.2) imply

if ¢ (t)k( (t)>m(x, f)dx dt

x—x(t)

—j o) | - C( )(b(x(t), ) —b(x, t))m(x, t)dxdt

x—x(t)
€

How e[
B

=1,+11, (5.16)
where A={t:p"* (x(t), t)=p~ (x(t), 1)} and B=(0, 00)— A.

)(ll/(Pi(X(tL 1)) —b(x, t))m(x, t)dxdt

Step 2: First we show lim,_, o I,=0. For this we estimate

(00 a(

={ o) r.(1)dt
A

x —x(t)

)[b(x(t), £)—b(x, t)|m(x, t)dxdt

and by the Bounded Convergence Theorem, it suffices to show

lim r(t)=0 (5.17)
=0
for almost every teA.
If te A, the function b(x, t) is continuous as x = x(t), which implies (5.17).

Step 3. If t¢A, we have either p~(x(t), £)=0 or p*(x(t), )=0. Let us assume
p~(x(2), )=0,and p* (x(r), 1)>0. Since m(x, t) < p(x, t), we also have m~ (x(¢), £) =0,
in the sense that the limy; . m(y, ) exists and is zero. Here some care is necessary
because m is merely a bounded measurable function. For almost all ¢, m(x, t) is well
defined as a function of x and we can choose a version of m(x, t) that is pointwise
less than p(x, t) for almost all ¢.

Now for each teB, we write

x(t) + o
j £<x x(t)>(l/,(p+(x(t),t))"b(x’t))m(x’t)dx: f +f .
- x(t)

The limit of the first term is zero because limy; . m(y, £)=0. The limit of the second
term is also zero because lim, . b(x, )=y /(p* (x(?), 1)).

Final Step: From(5.16) and the previous step, we conclude that for every smooth
@ with compact support in (0, c0), we have

lim | [ ¢'(1)k ( (t)> m(x, t)dxdt =0 |

=0
On the other hand
. x(t)
lim | k <x_7x(_t)> m(x, t)ydx= | m(x, t)dx

-0 —
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because m is bounded. Thus
x(t)
| mi(x, tydx

is independent of ¢. O

Remark 5.4. If the initial density p, is positive, then the density stays positive for
all time. For example suppose there exists a continuous function f such that

Po(x)2 f(x)

and f(x)>0 for all x. Then by finite speed of propagation, it is not hard to show
that p(x, t)>0 for almost all (x, t). In this case if x(t) is a solution to (5.1), we have
p T (x(2), )=p~ (x(t), t) for almost all ¢.

The next theorem settles the uniqueness question for the initial value problem
(5.1).

If the density p is positive, then we can apply (5.5) with m= p, and deduce that
x(t) can be determined uniquely in terms of x(0).

For general p, it is necessary to use Oleinik’s criterion on the nature of the
discontinuity of p.

So for we know that the speed of the shock curve is given by (h(p+)—h(p-))/
(p+—p-)

Since p is an entropy solution, Oleinik’s criterion holds: the graph of h lies
below the chord joining (p+, h(p+)) to (p-, h(p-)) whenever p_ > p ., and above
the chord whenever p_<p..

In particular we have

if p,=0<p_ then 1//(O)=limM§M, and
p—0 p p—
h
if p_=0<p, then ¥(0)= ;‘”). (5.18)
+

This property can be utilized to prove uniqueness even if the density p vanishes
on some set of positive Lebesgue measure.

Theorem 5.5. The initial value problem

d_x = b(x, t) t> to
dt (5.19)
x(to)=xXo

has at most one solution in Filippov sense.
Proof. Suppose x, y are two solutions to (5.19). Let
I={t>t:x()F£y(®)} .

We want to show I is empty. If I is not empty, there exists an open interval
Iy=(ty, t2) such that x(t;)=y(ty), and x(¢)=*y(t) for all tel,. Without loss of
generality, we assume x(t) < y(t) for every tel,,.

On the other hand, (5.5) implies

»() y(ty)
| plxe,)dx= | p(x, t;)dx=0 (5.20)

x(t) x(t1)
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for every tel,. Here we use the fact that p solves (5.2) with the initial condition
Mo = Po-
Equation (5.20) implies p(x, t)=0 whenever (x, t)e D, where

D={(x,1): t; <t <t x() <x<y(t)} .

Pick a point (z, s) in D and let T denote the line of slope i (0) emanating from the
point (z, s). More precisely,

t={((®), 1):t<s}

for some y such that y(s)=z, and ?:
as (y(t), t) stays in the set D. t

The line 7 intersects the boundary curve of D at some point. In other words,
there exists t*e[ty, s) such that either y(t*)=x(t*) or y(t*)=y(t*). We may assume
x is differentiable at t*, if not we choose another point (z/, s')e D that is close to (z, s),
and the corresponding line T would intersect the boundary of D at a differentiable
point. We also assume y(t*)=x(t*) because the other case can be treated in the
same way.

Since the line 1 lies in the region D, and x(t) < y(t) for every te[t,, t,], we have

¥(0). Therefore y is a solution to (5.1) as long

X ey BV

5 )<, )=y
But

Q_(t*)_h(p— (x(t*), %))

dt 7 p_(x(t¥), t*)

and p , (x(t*), t*)=0 which is in contradiction with (5.18). Thus I =@ and x(f) = y(¢).
O

Remark 5.6. 1f the density p is positive almost everywhere, we also have a unique
solution to the terminal value problem

d—xzb(x(t), 1) 0<t<t,

d (5.20)
x(to)=Yo -

Indeed the positivity of p and

x(1) x(to)
| px,0dx= | p(x,to)
allow us to uniquely determine x(t) in terms of x(t).

The following example (part a) implies that (5.20) may have more than one
solution if p vanishes on a set of positive Lebesgue measure.

Example 5.7. Let h(p)=4%p?.

(a) Suppose
1 if x<t/2, and
0 otherwise .

p(x, t)={
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Then if x(0) = x, <0, the unique solution of (5.1) is x(t)= xo + 5¢. If however x,>0,
then
Xo t< ZXO, and
x(t)=
5 t t=2xg.

Therefore, solutions starting from positive x, coincide on the line x=3t for
t=2x0.
(b) Suppose

0 if x<0,
p(x, t) = % if 0<x<t, and
1 if x>t.

Then for every x,>0, the solution of (5.1) is

1
x0+§t if t<2x,, and

\/2th if t§2x0 .

We now address the uniqueness question for (5.2).

x(t)=

Theorem 5.8. There exists at most one distributional solution m to (5.2) such that
0=m(x, )< p(x,1) . (5.21)

Proof. Let x(t) be a solution to the terminal value problem (5.20). It follows from
Theorem 4 of [3] that such solution exists. By Theorem 5.3, the expression

*® m(y, t)dy is independent of t. On the other hand we show in Lemma 5.9 below
that the function G

G(x, t):= f m(y, t)dy (5.22)

is jointly continuous. Therefore for every t <t,,

Yo x()
j‘ m(ys tO)dyz j‘ m(}’, t)dy .
Since x(-) is Lipschitz, we can pass to the limit ¢t — 0,

Yo x(0)
j m(y, to)dy = ,‘ mo(y)dy .
Here we used the fact that G(x, 0)=j"_Oo mo(y)dy .

Now if my=0 then
Yo

[ m(y, to)dy=0

for every t, and y,, which in turn implies m=0. O

Lemma 5.9. The function G defined by (5.22) is Lipschitz in x and t.
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Proof. Since m is bounded, G is Lipschitz in x. Formally we have

oG H
E(xa [): I mt(y, t)dy

= (om.

=—b(x, t)m(x,t) .

It is not hard to show that in fact G is weakly differentiable in ¢ with a derivative
equal to —bm. Since both b and m are bounded, G is also Lipschitz in t. O

We end this section by giving a recipe for constructing the solutions of the PDE
(5.2) in terms of the solution of the ODE (5.1).
Let x(t, xo) = x(t, xo; to) denote the unique solution of (5.1).

Theorem 5.10. Let m(x, t) be a weak solution of (5.2) satisfying
0=m(x, )= p(x, 1)
for almost all t=t,. Then for every measurable f
[ f(x(t, a; to))mo(a)da= | f(x)m(x, t)dx (5.23)
holds for almost all t.

Proof. It is shown in Fillipov [3] that for each point (xo, o) there exist two
solutions

y_(t):-‘y_(t, X0, tO) 5
y+(t):y+(ts X0, tO) 5

such that y*(to)=x,, and every other solution passing through (x,, t,) is between
y~ and y™*. In other words if y is any solution of (5.1), then

¥ (t xo; t) SY(B) Sy (t, xo; to) -
Now if x, is greater than x,, we have

xo=x(t,a)<x; ifand onlyif y~(to, x1;t)Sa=<y* (to, X2; 1)

and
x(t, ¥ (tg, X153 1)) = X0, X(t, y* (Lo, X153 1)) =X .
Thus
X3 x(t, y* (to, 15 1))
f m@y,ndy=" | m(y, t)dy
Xo x(t, ™ (to, X1 1))
y*(to, x5 1)
= [ mg(a)da by (5.5)
V7 (to, X150

which implies (5.23) for f=1, .. O
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6. Proof of Main Theorems
Proof of Theorem 2.7. Step 1: In this step we established the tightness of the

sequence Q.
Let ¢ be a fixed vector in R?. Let f(x)=1% x; - ¢ where x=(x; . . . xy). Then

1 1 tL
L—xl(tL)-C=ZX1(0)-C+§ Zf(x(s)ds+ M., (6.1)
0
where M is a martingale with quadratic variation
tL
E'Mi = [ (Zf*=2f£f)(x(s))ds .
0

Here E* denotes the expectation with respect to P~.
A straightforward computation reveals

b(n(x; x1), n(x; x1 +2))

Zfx)= Y (z-)p(2)

z n(x; xq)
7 -~ 1 b x ), 1% x4
(=2 Z))0=] Tle-o o) (rx; xnzx?ixl)x )
Therefore
FLM2 < const.
tL =

and by Doob’s inequality we even have

const.

ELY sup M%<

0<t<ty L
for every to,. Now this and (6.1) imply
lim lim sup Q* ( sup |y (t)—y1(s)| >a>:0
-0 L-w lt—s|<d

for every positive ¢. Recall that Q% is a probability measure on the space of
configurations y=(y, . . . , yn), where each y; e 2([0, T ]; R%).

It is well known that the tightness of y, (f)=1x(tL) is equivalent to the
tightness of

- 1 X
Xp=—) 6.2
L Nizléyx',l_ ( )

as a sequence of ./ (9)-valued random variables. See for example Sznitman [17].

Step 2. By tightness we only need to identify the finite-dimensional distribution of
the limit points. This can be done by establishing (2.21) for functions J of the form

JW) =I5 ) J2(¥(22)) - - . J(y(t0) (6.3)
where 05t <t,< - <t and J; ... J.:R*>R. Let

- 1 X
Xpdyi=5 ¥ I0i)
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for a J of the form (6.3). If k=1, (X, J)> converges in measure to
[ J1(0)p(x, tr)dx .

This follows from Theorem 2.2. Suppose k=2, J, is any continuous and J(x)=
14 (y) for some measurable set A;. Then (X, J) converges to

f Ja(x)my(x, tr)dx ,
where m,(x, -) is the unique weak solution of
{6,m2 +(bmy),=0 for t>t,
my(x, t1)=p(x, t1) 1 4,(x) .
This follows from Theorem 3.1, Theorem 5.8, and the first paragraph of Sect. 3.
Step 3: General k can be treated inductively. Take
Ji=1,, i=1,...,k—1,

where A, ... A, are measurable subsets of R%. Suppose J, is any measurable
function.

Let m;(x, ), for t>t;_,, denote the density of particles that are in the set 4; at
time t; fori=1, ..., j—1. Suppose that we have already determined m,_(x, t) for
t>t,_ 1. Then Theorem 3.1 can be applied to show that <X, J) converges to

| my(x, 1) Jp(x)dx ,
where my, is the unique weak solution of
{6,mk +(bm),=0 for t>t,_; .
M(X, - 1) =my—1 (X, t—1) g, (X) .

Final Step: We need to identify the limit points as R. Recall that R is the law of
x(t, a; 0) where a is distributed according to the probability measure cpy(a)da. Also
by uniqueness, we have the semigroup property

x(t3, a; t1)=x(t3, X(t2, a; t1); t5) ,

for ty §t2§t3
We start with k=1. By Theorem 5.10 we have

§ J1(x(t1, a;0)po(a)da= J1(x) p(x, t,)dx

because p solves (5.1) with t, =0 and my = p,. This implies that the one-dimensional
distribution of x(t) with respect to R has density cp(x, t).
Now we consider the case k=2. We apply Theorem 5.10 and 6.3 to write

[ JT1(x(t1, @ 0) T2 (x(t2, @ 0))po(a)da
=5 J1(x(ty, a; 0)) Jo(x(t2, x(ty, a; 0); t1)) pol(a)da
= [ J100) Ja(x(t2, y; 1)) (v, t1)dy -
Now suppose J;(y)=14,(y) and apply Theorem 5.10 once more
={ J2(2) my(z, t,)dz .
The general k can be treated inductively. O
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Proof of Theorem 2.9. Step 1: We paint all the particles in the interval ([aL]—
¢eL, [aL] +¢L) blue, and the remaining particles white. If m,(x, t) denotes the density
of the blue particles, then by Theorem 3.1

{at m,+ (bms)x =0

me(x, 0) = p()(x) n[a—e, a+e] (x) .
Let

A,={(x, t):my(x, t)£0}
B,={(x,1):x(t,a—& 0)Sx=Zx(t,a+¢0)} .

First we claim B,— A, has zero Lebesgue measure. Indeed, by Theorem 5.10,
m,(x, t) satisfies

o= 8

ar f(x(t, z; 0), t)po(2)dzdt =}o f f(x, m,(x, t)dxdt (6.4)
a—¢ 0

for every measurable function f. On the other hand if ze[a—e¢, a+¢] then
x(t,a—g0)=x(t, z;0) < x(t, a+¢0) .
This implies that the left-hand side of (6.4) is zero is f=1p. . Therefore
{ gc m,(x, t)dxdt=0 .

This in turn implies A, < B, (almost everywhere) because m,=0.

Step 2: Under Assumption 2.8 particles do not cross each other. On the other hand
the particle densities on the left and right side of the tagged particle are positive.
This implies that the macroscopic location of the tagged particle is always in the set
A,. Thus it suffices to show

() B.={(x(t, a; 0),¢:: 20} .

>0

Final Step: It suffices to show that for every t,,

sup x(ty, a—e)=inf x(to, a+¢) (6.5)

e>0 £>0

because x(to, a—&) < x(to, a) < x(to, a+e¢). Suppose to the contrary there is some
z such that zx(t, a), and

x(tg, a—&)<z<Xx(to, a+e)

for all &. Let y be a solution to the terminal value problem

d
Ef—=b(y, ) 0st<ty
y(to)=z.

But y(0)=#a because x =+ x(t, a). Therefore y(0)<a—g, or y(0)>a+ ¢, for some
& >0. If, for example, y(0)<a—¢go, then

x(t, y(0)) =z = x(t, a—&o)
contradiction. Thus (6.5) holds. O
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We now discuss that how under Assumption 2.4, a variant of Theorem 2.7
holds. A review of the proof of Theorem 2.7 reveals that we can still repeat steps one
to three. In order to complete the proof, what we really need is to uniquely identify
the finite dimensional distribution of the process X ;. For this it suffices to establish
the uniqueness of the PDE (5.2) under the bound (2.15). In fact, this bound also
holds for the function b.

Lemma 6.1. There exists a constant C such that
1
b(x+ry, t)—b(x, t)§C<1+;>r (6.6)

for almost all t and r.

Proof. Since ¥ is smooth, 1t suffices to show y is nondecreasing on the interval
[0, o0). First we write

1
0=h(0)= h(p)+(—ﬂ)h’(p)+§(*p)2 h"(6)

for some 6€[0, p]. Therefore

h(p)—ph'(p) =0 .
On the other hand

W (p)—h
vip)=" (pl))2 (p)

for all p>0. O

v

0

The following lemma will allow us to identify the limit points of the sequence
X providing h is uniformly convex.

Lemma 6.2. Suppose (6.6) holds. Then there is at most one solution to the PDE (3.2).

The proof of this lemma follows Theorem 16.11 of Smoller [15]. Note that
Theorem 16.11 in [15] only asserts that there is at most one solution to the one
conservation law (5.4) if h is uniformly convex. However one can easily check that
the proof of this theorem implies Lemma 6.2.

Acknowledgements. 1 wish to thank L.C. Evans for pointing out the relevance of Lemma 6.2 to
this work. T am also grateful to S.R.S. Varadham from whom I learnt the proof of Lemma 4.1.
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