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Abstract: Representations of Quantum Groups U,(g,), g, any semi-simple Lie
algebra of rank n, are constructed from arbitrary representations of rank n—1
quantum groups for ¢ a root of unity. Representations which have the maximal
dimension and number of free parameters for irreducible representations arise as
special cases.

1. Introduction

Deformations of semi-simple Lie algebras [18, 19] appear as a common algebraic
structure in the field of low dimensional integrable systems. In many cases the
deformation parameter is an N-th root of unity, where N can correspond, e.g. to the
number of states per site or to the lattice size in a two dimensional model. We will
denote the deformation parameter by ¢, if the parameter is an N-th root of unity
(N the smallest integer such that ¢é¥=1) and by ¢ in the general case.

The theories of chiral Potts [4, 5] type models, which saw dramatic develop-
ments in recent years [6—8, 12, 247, are closely tied to the representation theory of
the quantum group U, (sl(n, C)) in the case of ¢ being an N-th root of unity. The
progress in the theories of chiral Potts models was partly stimulated by the better
understanding of its deep connection to the representation theory of quantum
groups.

The representation theory in the case of ¢ an N-th root of unity is much richer
than for generic g, and several deep results by De Concini, Kac, Procesi [15, 17, 16]
and Lusztig [20-23] exist, laying the foundations of the general representation
theory in the roots of unity case. Also considerable progress has been made in
directly constructing representations of quantum groups U,(g,). Accelerated by the
development of chiral Potts type models, much interest was devoted to find
non-highest weight representations of U,(g,) [25, 1-3,9-11]. Finite dimensional
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non-highest weight representations, which do not exist in the representations
theory of U,(g,), are a new interesting feature of the representation theory in the
roots of unity case. Non-highest representations of minimal dimension play a role
similar to that played by fundamental representations of Lie algebras [ 10]. The free
parameters which are characteristic of non-highest weight representations appear
in the form of spectral parameters in chiral Potts type models.

In this article we will show, that starting from an arbitrary representation of
U,(g.-1) one can construct a representation of U,(g,). The Lie algebras g, and
gn—1 Will usually, but not always lie in the same series of Lie algebras.

De Concini, Kac [15] showed that the maximal dimension and number of
parameters for representations of U,(g,) for odd N is given by N4' ) and dim g,,,
respectively. In this expression 4% (g,) (= 1/2(dim g, —n)) is the number of positive
roots of the Lie algebra g,. We use here and in the following the term dimension of
a representation to denote the dimension of its representation space. The repres-
entations which will be constructed in this article, are of dimension greater than or
equal to

N4 (@) =47(gn-1)

For ¢-deformations in the case of the 4,, B,, C, and D, series such representations
will be given in Sect. 3. The exceptional E¢, E;, Eg, F4 and G, cases of quantum
groups are discussed in Sect. 4. The number of free parameters in all constructed
representations is greater than or equal to 2(4* (¢,)— 4" (g.-1)). Representations
of maximal dimension and number of free parameters arise as special cases for odd
N and are discussed in Sect. 5. These representations coincide with the maximal
cyclic representations of Date et al. [13] in the A4, case, and with the representa-
tions of [26] in the B,, C, and D, cases. Conclusions are given in Sect. 6, and in the
appendix two relations which are important for the construction of representations
in the case of U,(Eg) and U,(F,) are written down explicitly.

2. Definition of U,(g,)

In this article we will use the definition of quantum groups given by the relations
among its Chevalley generators. The quantized universal enveloping algebra
U,(g,) of a semi-simple Lie algebra g, of rank n is generated by 4n Chevalley
generators {e;, f;, ;"' } which satisfy the commutation relations

tit=t;t;, tit; ‘=t 't;=1

-1 " -1 —d.a;;
tie;t; =qd‘a"ej’ tifiti =q d‘””fj (1)
[eiafi]=5ij{ti}qd.

and the Serre relations

l—ay 1—a:.
> (—1)"[ ”} ej 9 "e;el =0
o= G

(i+j) - 2

l—a,

z(_l)v[l—au} f%*airvfj'f;::()
=0 v !
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The matrix a;; is the Cartan matrix of the Lie algebra g,, d; non-zero integers
satisfying d;a;;=d;a;;. The g-Gaussian is given as

m|  [m]! 4 —a’
I:n ]q [m—n],! [n]q’ ! 11;11 q—q!
and the curly bracket is defined by {x},=(x—x"1)/(g—g~'). Further, we extend
the algebra by adding the elements t{’*, keZ. In case we specialize g to be
a primitive N-th root of unity the letter ¢ is used instead (¢¥ = 1). We will not make
use of the Hopf algebra structure of U,(g,).
Some of the results in this article are most conveniently given in terms of Weyl

algebra generators. The Weyl algebra W is defined by the commutation relation
among its two generators Xx, z,

Xz=qzXx . 3)

We denote by W a copy of this algebra with generators X, 2.
In the roots of unity case one can define a N dimensional representation
o4 W—End (CV) of W, depending on the two parameters g, h, by

o 1 0 - 0 1 0 0 - 0
o 0o 1 - 0 0 ¢ 0 - 0
op(x)=g | : | em@=h|0 0 &2 0
0 ... 0 1 .
0 0 CN_l

We will retain the notation ¢, also for representations of tensor products of Weyl
algebras W. In this cases the letters g, h denote the set of parameters
g=1{9g1,...,q} and h:={hy,..., h}, with | the number of W algebras in

1=l

3. The 4, B,, C, and D, Series

In this section we want to demonstrate how one can construct, starting from an
arbitrary representation of a quantum group U,(g,-1) a representation of U,(g,),
in the cases of the 4,, B,, C, and D, series of quantum groups. The next section will
be devoted to the more complicated case of exceptional quantum groups. As a first
step we investigate the algebra U,(g,-) which is deﬁned as the algebra given by
U,(g,) generators #;, (1= <1<n— 1) and &;, T (1 <i<n) which satisfy the
deﬁnmg relations (1,2). Representa‘uons of algebras U,(gn-1) arise immediately
from representations of U,(g,- 1), and in turn representations of U,(g,) itself will be
defined in terms of U,(g, - 1) representations. This will be discussed in the following.
The Cartan matrices in the B, and C, correspond to Dynkin diagrams with the
first root being the shortest or longest root, respectively. For the D, case we fix the
notation in a way such that the Dynkin diagram nodes 1 and 2 are both connected
with node 3. The integers d;=1for2<i<ninallcasesand d, =1,1/2,2, 1 in the 4,,
B,, C, and D, series, respectively.

Lemma 3.1. Let {fl,el, ti,t; '} (i=1,...,n—1) be the generators of Uy(gn-1) and
(6,70, T ¢ Noi=1,. Ln), {Fy) (i=1,...,n—1) the generators of U,(g,-1)
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Then one obtains an algebra homomorphlsm p from U, (Gn-1) to Uy(gn—1) by taking
o(F) =1, p(E)=e;, p(T )=t (i=1,...,n—1) and p(&,)=0. "The action of the
algebra homomorphism p on the generators “ depends on the complex parameters
A, and is defined by

-~~~
x
|
-

e

qr ti-. fOV (7q(An—1)

()
-

RS

< q)'" H ti—1 fOV Uq(Bn—l)
i=1

n—1
gt [t for Gy(Cyoy)
i=2

n—1
w%ﬁﬁﬂiﬁlﬁr@wrd
i=3

The above algebra homomorphism p can be extended to define representations
of the quantum group U,(g,). The above lemma, together with the theorem below
shows how any representation of U,(g,— 1) gives rise to a representation of U,(g,) in
the A,, B,, C, and D, series.

Theorem 3.2. The following formulas define algebra homomorphisms p from the
quantum groups Uy(g,) t0 (Q; W ) ® Uy(gn-1) , for g, the A,, B,, C, and D, series of
semi simple Lie algebras. The composition n = (0,,® id):p defines an algebra
homomorphism in the roots of unity case.

a) p: Up(An) > (@7, W) ® Uy(Ay-1)

p(f)={zi-12i }xi+xi~ Ty, ple)={zizi 1 Ti)xi T+ &

-1 . 2 -1
pt)=z—12izi+17;

b) p:Uy(B) (R W)@ (R W) ® Uy(B,-1)
P(fi)z{ziﬂzi_l}Xi+{5i5;+11}xi—+11xi3?i+1+xi_+11xi3€i+1£i—1«7”i, (i>1)
p(f)={z220 "2} paxy +{23 121} paxy Tx K x0T K0 Ty
ple)= {Zizi_—ll Y Zizfi:-ll%}xi— Y+ {z: EANTNE + L (1)
ple))={z1?2; ' T} prxi '+ &,
p(ti)=zi—+1121 Zl 121 12 Zl+1‘/l7 (l>1)5 p(tl):Z;lzlfgl'%
) p: U (C) > (R, W) (R W) ® Uy(Cp-1)

o(f), p(e;), p(t;) as in the B, case (i>1)
p(f1)={2123 %} pxa 2185+ {2225 '} x5 Py Ka + {2321 7} oy + %2 PR3
ple))={212, 2T} px1 '+ &1, plty)=25 212, 2T
d) p:Uy(D,)~>(®F=, W) ®(®?=_12 W) ® Uy(D,-1)

p(fi), ple;), p(t;) as in the B, case (i>2)
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p(f1)={zsz1 " }x1+ {2225 '} Rax3 Txy 4 x5 1xy x5 (X3
p(fo)=1{z325 '} X2+ {2125 1} Rax3 Ty + x5 Lxyx1 K
ple))={z:25 '\ Ti}xi '+ 61, plea)={z255 ' T }x; ' + 6,
p(t))=z23 2123 ' Ty, plta)=25'23%5 ', .

In these formulas expressions of type x; @ F; were abbreviated writing x;%;. Fur-
ther, we set F,=0 and x;1=%71=0, zl—z,——l if the index i is out of range.

Taking U.(g,-,) in an arbltrary representation p’, then the algebra homomor-
phisms . becomes a representation 1’ of dimension N " (9n)=47(9u-1) times the dimen-
sion of p’. The number of free parameters in n' becomes 2(4* (g,)— A1 (g,—1)) plus
the number of free parameters in p'.

This theorem can be proven by directly verifying the defining relations of the
algebras. We omit the details of these calculations.

Remark 3.3. Representations with dimensions equal to N4'@)-4"@-) apd
2(4%(gs)—A47(gn-1)+3) free parameters are obtained by taking the trivial repres-
entation po of U,(gu-1)(pole:)=0, po(fi)=0, po(t;)=1, Isi=n—1) to define p
in Lemma 3.1. In the case of U,(A,) the resulting representations ' are minimal
cyclic representatlons [1,2,9,10,12]. Further representatlons of dimension
N4"9)=47(9:-1) were discussed in the quantum SO(5) case in [2] and for quantum
SO(8) in [11].

Remark 3.4. The algebra homomorphism = defined above for the A4, series is cyclic
in the sense that the Chevalley operators in the algebra homomorphism 7 to the
power of N are non-vanishing scalars for generic values of parameters. The explicit
expressions are given in the following formulas:

W ch M= 0OV RN

n(fi)Nz - ! (q_qzl)N : g +gl ngiv i—1>
W hiNT Y +h N T

n(ei)Nz - - ((q_)q l)N as |+1+(g{v >

TE([ ) hl thNhH-Nl FN

These formulas also show that restricted representations (n'( ;)Y =0, n'(e;)¥ =0,
7' (k;)N =1), as well as semi-cyclic representations (either 7'( f;)¥ =0 or 7'(e;)" =0)
can be derived from the cyclic representation by specializing some or all of the free
parameters. Cyclic and semi-cyclic representations of U,(A4,) in dimensions higher
than the minimal dimensions were discussed in [1, 14].

Theorem 3.2 allows to construct a representation of U,(g,) from representa-
tions of smaller rank quantum groups U,(g,- ;) with g, and g, ; being Lie algebras
of the same series. To show that they need not to be necessarily from the same series
we present as an example how a representation of U,(C;) follows from a repres-
entation of U,(4,). We define U,(4,) to be the algebra given by the generators &;,
T (i=1,2, 3) and &,, #; of a U,(C;) algebra. Similarly to 3.1 one can give an
algebra homomorphism p from Uy (4;) to UyA,) by setting p(&;)=0,

p(T1)=q"t3 **t;*? and the other generators equal to U,(A,) generators.



298 W.A. Schnizer

Example 3.5. The map p: U,(C3)—( 1_1 W;)® U,(A;) given below, defines an
algebra homomorphism. The composition 7 := (ag,, ®id).p gives an algebra
homomorphism in the roots of unity case. Taking U,(4,) in an arbitrary repres-
entation ' one obtains a representation 7’ of U,(C5) with dimension N times the
dimension of p’. Twelve free parameters arise from taking representatlon Ogn Of
(®l . W;) and further free parameters can arise in the representation p’,

p(f1) ={Z1_ }q2X1 5

p(fa)={z225 2} x7 'xaxa+ {2325 1} X7 "xaxs +{zi25 P} xo+ X1 1x3 Ixaxs Fs

p(f3)={zs26 >} x3 "x3x4 'Xsx6+{z325 '} x5 'Xaxs+ {2225 ' } X3
+x2_lx3x21x6972 >

plen)={z3zy 2425 2247} pxi {2325 228 b oxd {28 T ks '+ 61

plea)={2225 '23 72325 T} x3 ' 4 {2526 o} x5 + 62

ples)={z3z5 ' T3}x3 '+ &3,

plty)=z3z; 2525 %287 ,

plt2)=zy *z325 ‘24 22526 T,

pts)=z; 2325 ' T

4. The Exceptional Eq, E,, Eg, F, and G, Quantum Groups

So far we did not describe the actual construction method which leads to the
algebra homomorphisms which were given in the previous section. The procedure
will be outlined in the following in the case of the exceptional quantum Lie algebras
and the A, case will appear as an example.

The construction method is based on a set of relations in U,(g,). The relations
needed to derive algebra homomorphisms of quantum Lie algebras in the Eg, E-,
Eg and F, cases are given in the following. We denote divided powers of

f; generators fi/[j]! by fi7.
Relations 4.6. In U,(g,) we have the commutation relations (compare [13, 26])
@) £/ =0+ 11,4070,
@) ff 0 fP=f0 P =g+ + b +£0
if ap=a,;=—1,
(i) P = P a1
LA A e S PR PRV B A A Rl R P PR U
+f¥1_2ygjzyg3+2)fis if a=—2,a5=—1,
(iv) e fV=fVe; +f(ij¥”{qdi(l—])ti}qdi,

() tfy' =g 4,
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(i) fof '=f Y and [0 £ =f 0 i au=0,
ef=fe, il i%k,
(vii) Relation in Lemma 7.14, Appendix (used only in the Eg case),
(viii) Relation in Lemma 7.15, Appendix (used only in the F, case).

We will use the above relations to commute single generators f;, e; and

t; through monomials of I factors of type

JARRRRY AT, (4
(I=4%(g,)—A4"(g,-1)). We say a generator f;, e; or t; commutes with such
a monomial if the multiplication of the generator on the monomial from the left
gives a sum over monomials of the same type multiplied by a single or no generator
from the right. In this sense we say that f; commutes with the monomial f§"f{?
according to relation (iii) in 4.6, if ag=a;;= — 1. One can find monomials with
I factors for all quantum Lie algebras U,(g,) which commute with all of its
generators. Moreover, the relations 4.6 will be sufficient to commute the generators
of U,(Es), U,(E;), Uy(Eg) and U,(F,) with monomials in the corresponding al-
gebras. The U,(G,) case will be treated separately.

Commuting a generator se{ f;, e;, t;} with a monomial of type (4) using exclu-
sively the relations 4.6 we denote by rel(sf/V” - - - /). To apply relations 4.6 in this
way will be the first step in a construction procedure which leads to representations
of U,(gx) in the exceptional cases.

The second step introduces the Weyl algebra generators. We shall give a rule
Q which applies on expressions of the following type:

q’1j1+ +r1]1f(11+0‘1 f(]l+7l (5)

wherein the integer quantities j;, .. ., j; are regarded as “free variables” and 7y,
oxeN, 1=<k=I. The factor s is either 1 or a single U,(g,) generator f,, e, el
(1=m<n).1fa, b are two expressions of type (5) and f a rational function in ¢ which
does not depend on the j’s, then Q satisfies Q(a-+b)=Q(a)+ Q2(b) and
Q(pa)=pR2(a). The rule 2 applies on expressions (5) according to the following
assignment:

Q: qu]l+ '+V1]1f' ]|+°‘1) f(]l+°‘1)s }__)xilz"‘l L xalz‘rls . (6)

Ifs=1, f,,ents thenS=1,%,,&,, 7 ', respectively. Capital &;, 7, and 7 'are
generators of a second U, (g, ) algebra, and will generate in the coming examples the
algebras U,(g,- ).

To illustrate the working of the above two steps in the construction procedure
of an algebra homomorphism we consider the A, case of Sect. 3.

Example 4.7. The expresswns for the algebra homomorphism p from U,(4,) to
W® - QW,®0, (A,— 1) in Theorem 3.2 can be constructed in a unique way
using relations 4.6 and Q. If one defines y to be

yzf(ljx)f(zjz) . .f(j") ,
then the formula for p(f;) in Theorem 3.2, a) is given by Q(rel( f;y)), using relations

(vi,ii) in 4.6 and (6). Similarly, one obtains p(e;) = Q(rel(e; y)) and p(t;) = Q(rel(t;y)),
using the relations (iv,v,vi) in 4.6 and (6). The monomial y which is used to
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construct the algebra homomorphism p in the U,(B,) and U,(C,) case (Theorem
3.2,b),c)) is

Y=, g
and a similar monomial
y f(]l)f'(]z) X 'f(zjn-x‘)f(ljn)f'gjnn) . 'f(nhn—z) ,

is used to derive the algebra homomorphism in the U, (D,) case.
We start the investigation of the exceptional quantum Lie algebras with the
U,(Es), U,(E4), U,(Eg) cases and define the following numbering of the nodes in the
correspondmg Dynkm diagrams

The integers d; are equal to 1 for all i. Let us introduce the algebra U,(Ds) being
generated by Z,,,, &, 7 ey, (E6) Similarly, one can define U,(E) as #.;, &,
T 'eU,E;) and U,(E,) as given by the generators 7., é”,, T e U,(Ey).
Algebra homomorphlsm g in case of these algebras arise analogously as in Lemma
3.1 by taking

p(T)=qrtids s gt
p(T)=qhti s hs i usisd
p(T8)=q 145 5 s hs gt

respectively.
Let us abbreviate monomials of generators in U,(g,) of type

f(]u)f(]kn .. ff]i:iw;;i)ff{:r

by f ‘,,’f_ﬂ .- Using this notation we define the following monomials in U,(Es), U,(E~)
and U,(Eg),

Vo=
o= T 1 P
N T A AN TAC UL
f(7j§0)f(]46)f(.’5\]f(]52) (7N

Similar to Example 4.7 one can obtain the expressions for algebra homomor-
phisms in the case of U,(E¢), U,(E;) and U,(Eg) by using relations 4.6 and €.

Theorem 4.8. The following expressions define an algebra homomorphism p in the
case of the quantum groups Uy(Es), U,(E;) and U,(Eg). The composition .=
(0,4 ®1d)- p defines an algebra homomorphisms in the roots of unity case. The
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mappings p are defined by

16

e6) p:U, E6)4<k_1Wk> Uy(Ds) ,
27

e?) p: Uy E,) —»< Wk>®U(Es),
k=1
57

e8) p: U (Eg) —+( Wk>®U(E7)
k=1

p(fi)=8(rel(fiyn)), ple)=Q(rel(e;yn)) ,
p(t;))=Q(rel(t;y,)), Viand n=6,7,8 .

Taking U(Ds), UEs), U,(E;) in an arbitrary representation p’, one obtains repres-
entations m' which dimensions are given respectively by N*®, N and N°7 times the
dimensions of p'. The number of free parameters of the representations 7' is 32, 54
and 114, respectively plus the number of free parameters in a representation p'.

The remaining two cases of exceptional Lie algebras are discussed in the
following theorems. We fix the numbering of nodes in the Dynkin diagram for the
F, case as

O—0=0—"0
1 2 3 4
The integers d; are defined as d; =d,=2, dy=d,=1. We write U,(Bs) for the
algebra generated by .4, &, 7 '€ U,(F,). Similarly to Lemma 3. 1 one can give
an algebra homomorphism § in the case of Uj(Bs) starting from U,(B;) and
defining p(74)=q"t; '/*t; 't5 **. Using of the relations 4.6 and the operatlon Qin
the U,(F,) case, one can agam define the algebra homomorphism in a short way.
\/Let y, denote the monomial y, =1 fY F9rYf Y21y,

Theorem 4.9. The following expressions define an algebra homomorphism p from
Uy(Fo)to W ® -+ - W15 ® Uy(Bs) in a unique way and by composition with 64, an
algebra homomorphism in the roots of unity case,

15
f) p: Uq(F‘;)-*(.(?1 Wi) ® Uy(Bs) ,

p(f)=Q(rel(fiys)), ple))=Q(rel(e;ys)), p(t;)=Q(rel(t;ys)), Vi.

Taking Uy(Bs) in an arbitrary representation p' one obtains a representation n' of
dimension N *> times the dimension in p'. The number of free parameters in ' is 30
plus the number of free parameters in p'.

Let G, be defined by the Cartan matrix with a;;=2, a;,=—3, a,;= —1 and
a,,=2. The integers d; are given asd; =1 dz =3.In the following U/(A4,) is defined
by the U,(G,) generators 7, &1, &, T 7+ In analogy to Lemma 3.1 one can
easily give a corresponding algebra homomorphlsm p, starting from U,(A;) and
taking p(7,)=q’*t; >

Theorem 4.10. The following formulas define an algebra homomorphism p from
U)(G,) to Wi ® - @ Ws®Uy(A,) and by composition with ¢, an algebra
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homomorphism n := (0,, ® id)- p in the roots of unity case.
5
g p: Uq(GZ)_)<‘_®1 Wi)@ Uy(41) ,

p(f1)={z3z24 2} x1 'x5 "xaxd+{zazs pxy xy Ixdxs+ {x3x3 P xi xoxs
+{z2za " {q?) x1 "xaxa+ {2122 P xa X1 g Txgxs
p(fl)z{zl_3}q3xl ’

P(el):{2225325'3229~1}x51+{Z425_3«71}X51+(9¢1 )

ples)={2123282; 2 T, }poxy '+ (232824 ° T} yoxs '+ {230} x5 ' 4+ 62

-3.-3_-3.2. 2,
p(ty)=2zy 72325 "2524.T ,
. 6.6.6.,-3_—3 g
p(t2)=2123252,"24°F; .

Taking U(A,) in an arbitrary representation p’ one obtains a representation n’ which
dimension (number of free parameters) is N> (10) times (plus) the dimension (number
of free parameters) of p’, respectively.

5. Representations of Maximal Dimensions

The representations constructed in Sects. 3 and 4 depend on the arbitrary repres-
entation p’ of the corresponding U, (g, - ,) algebras. In this section we want to show
how a natural choice of this representation of U,(g,_) leads to representations of
U,(g,), which have maximal dimensions and number of parameters for odd N.

Irreducible representations of quantum groups U,(g,) in the roots of unity case
exist only in dimensions smaller than or equal to N4 @ and the number of free
parameters is maximally dim(g,), for odd N [15]. The simplest representation of
this type is the non-highest weight representation n’ = g,,- p of U,(4,) which is
defined in terms of Weyl algebra generators by

p(N={z"x pO={z}x"", p)=¢"2>.

Representation n' has dimension N and the map o, together with the complex
parameter A, gives rise to the 3 free parameters of the representation. Starting from
this representation one can step by step construct representations of higher rank
Lie algebras, using inductively representations p of of U,(g,_ ;) and representations
n’ of U,(g,). A representation of U,(g,) obtained in this way will have 24" (g,)
number of free parameters induced by the free parameters of the mappings o, and
in addition n parameters A4; coming from the definition of p (see e.g. Lemma 3.1).
Also, the dimension of such a representation is induced by the map o, and adds up
to N4'@) This gives rise to the following theorem.

Theorem 5.11. Using inductively the representations of Theorems 3.2-4.10 to define
representations of Uy (A1), ..., Ulgu-2), Ulgn-1) one obtains representations of
U,(g,) which have maximal dimensions and number of free parameters for odd N, in

all cases of semi-simple Lie algebras g,.
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Remark 5.12. In the case of U,(A4,) one obtains the maximal cyclic representations
of [13]. In [13] it is also proven, that this representation is generically irreducible.
In the case of quantum SO(5) irreducible representations of maximal dimension
were obtained in [3]. For the general B,, C, and D, series the representations of
maximal dimension of Theorem 5.11 coincide with those in [26], for which the
irreducibility for odd N was established in the simplest examples.

Remark 5.13. The construction of algebra homomorphisms and representations
for U,(g,) was based on the action of the generators e;,f;, t' on monomials of
length 4% (g,)— 47 (g, 1). Such monomials were defined e.g. in Example 4.7 and in
(7). Adjoining these monomials according to the inductive procedure of Theorem
5.11 gives monomials fV) - - - £ of length [=4"(g,). In all cases of quantum Lie
algebras discussed above the ordering in these monomials corresponds to the
ordering of simple reflexions in a longest element in the Weyl group of g,.

6. Conclusions

Starting from an arbitrary representation of U,(4,) one can construct representa-
tions for all higher rank semi-simple Lie algebras by “adding” the additional
generators which arise with the adding of a new node to the Dynkin diagram. The
dependence of the constructed representations of U,(g,) on the algebra U,(g,-)
results in representations of quantum groups in dimensions greater than or equal
to N4(#)=476.-0)_Only comparably very few representations in such dimensions
were previously known. Even more representations, especially highest weight
representations of U,(g,) can be found by specializing some or all of the free
parameters. Although, the constructed representations do not yet lead to repres-
entations of quantum groups at ¢ an N-th root of unity in all possible dimensions
for irreducible representations, one could hope that this problem might be settled
in the future.

The minimal and maximal cyclic representations of U,(4,), which are both
special cases of the above described representations are basic algebraic structures
related to the generalizations of the chiral Potts model in [7, 13, 24]. The next step
is to find statistical models related to representations of the other ¢-deformed Lie
algebras g, discussed above. In analogy to the U,(sl,) case one would expect that
starting from the affine extension of an e-deformation of an arbitrary semi-simple
Lie algebra g, one could find algebraic varieties which determine relations among
the spectral parameters to allow the existence and the construction of the intertwin-
ing R-matrix of two representations. This article is meant to be a small contribu-
tion to the research going in this direction.

But applications of roots of unity representations are not restricted to chiral
Potts type models. Many further applications are found to lie in the development of
other integrable models, conformal field theory (e.g. fusion rules), and areas in
mathematics such as the representation theory of affine Lie algebras or the theory
of semi-simple groups over fields of positive characteristic.

Acknowledgement. 1 am greatly indebted to M. Jimbo and T. Miwa for many discussions and
their steady interest in this work, and to the Research Institute of Mathematical Sciences, Kyoto
University for its kind hospitality.
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7. Appendix

In the case of applying the construction procedure of Sect. 4 to derive algebra
homomorphisms for U,(Es), U,(E;) quantum Lie algebras only U,(A4,) type rela-
tions in 4.6 were necessary. For the construction of representations in the case of
Eg and F, it is necessary to use two further relations in U,(Eg) and U,(F,).

Lemma 7.14. Let f,, ..., fs be generators in U,(Eg). Then the generator f; com-
mutes with the monomial f{ f§2 £ fUs) fUs) gUe) g £ Ul £U) g5 following:
SIS SO S PP
= P e g e

ST e L e+ 1]
FY T T o+ 1]
T PG Iy 1]
T e f O 1]
PO G O L 1]
LTI f O P o +iact e 1]
LSO YO Pt 1]
LTSS~ —ji+is 1],

The proof of this lemma is solely based on the A,-type Serre relations which define
the commutation relations among the f; generators.

Lemma 7.15. Let fi, ..., fy be generators of U,(F4). Then the action of f; on the
monomial f 1 144 PPV LLC SO ¢ s given by
R R
= G e,
e gt g
x[Jji1+jo+1—js]
S e ey e e
X [Zjio+1—jr—Js]
PP e e Dt
x[ju+1—j;]
I DG e
x [=2s+jr+jo+1]
S Y et g
x [—Jjs+jo+1]
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R P O g
x[—js—jr+js+1]

G S A L
x[—ji+i+1].

The identity of this lemma was obtained using the commutation relations among
f; generators with terms f’ in the cases of U,(4,), Uy(B,) and U,(C,).

With the help of the above lemmas it is possible to construct the representation

of U,(Eg) and U,(F,) in Sect. 4.
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