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Abstract. Orbits of the quantum dressing transformation for SU,(N) acting on its
solvable dual are introduced. The case is considered when the corresponding classical
orbits coincide with Grassmann manifolds. Quantization of the Poisson bracket on a
Zariski open subset of the Grassmann manifold yields a *-algebra generated by the
quantum coordinate functions. The commutation relations are written in a compact
form with the help of the R-matrix. Finite-dimensional irreducible representations of
7, (sI(N, C)) are derived from the *-algebra structure.

1. Introduction

A method of orbits (geometric quantization) due to Kirillov-Kostant-Souriau revealed
a remarkable relationship between the geometry and the representation theory for
classical groups. Important sources of this method are induced representations and
the Borel-Weil theory. It is of interest to establish an analogous approach also for
quantum groups [1]. One of the most interesting among expected results would be a
production of examples of quantum manifolds. In this direction a serious progress has
been made. This is true first of all for the representation theory of quantum groups
[2-4]. Moreover, the method of induced representations is well developed [5] and
a deformation of Schubert cells has been described [6, 7]. To complete this picture
one has to recall an important notion of quantum dressing transformation. No doubt
that its role is crucial as it substitutes the classical coadjoint action. The dressing
transformation is of importance already for classical groups [8], has interesting
applications in physics [9] and is closely related to the notions of the generalized
Pontryagin dual and the Iwasawa decomposition [10]. A quantum generalization
was discussed in [11]. The quantum dual was also derived in the paper [12] where
knowledge of the representation theory for quantum compact groups was the starting
point. This is in some sense the opposite direction to that we are going to stress in
this paper. The geometry of the dressing orbit should be the primary object and a
construction of representations is expected to result from it.
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The presented paper follows the Faddeev-Reshetikhin-Takhtajan approach to
quantum groups [13]. It prolongs some ideas from the paper [14] where the quantum
dressing transformation was described for a solvable group acting on its compact dual.
Here the opposite case is considered when the group SU, (/) acts on its solvable dual.
The leading idea is that all the rich structure presented in the classical case is now
concentrated in the non-commutative multiplication law. A special type of orbits
corresponding to integer multiples of fundamental weights are Grassmann manifolds.
Their quantization is done here by introducing quantum local coordinates. This
assumes a construction of a quantum “restriction” homomorphism from the solvable
group onto a “subset” of the dressing orbit (classically this is a Zariski open subset
of the Grassmann manifold). Its existence allows a straightforward construction of
the finite-dimensional irreducible 74, (s[(V, C)) module. The general case of arbitrary
weight is also available for the corresponding irreducible module is a submodule in a
tensor product of N — 1 modules of the above special type. The obtained examples of
quantized Grassmann manifolds generalize the quantum sphere due to Podles’ [15].
It should be pointed out that recently there were published also some other papers on
quantum flag manifolds, though based on different approaches. Namely, they insist
on quantization of the flag algebra and the Pliicker relations [16, 17]. In the present
paper, the interpretation of elements of the obtained finite-dimensional module as
holomorphic sections in some quantum line bundle continues to be open. The special
case of quantum sphere S? has been treated in [18].

The paper is organized as follows. Section 2 has a preliminary character. Some
basic notions are recalled, particularly those related to the quantum dressing trans-
formation of SU, (N) on its quantum dual AN,. The quantum dressing orbit is
defined as a factor algebra of .Z (AN). The factorization means that generators
of the centre of .Z (AN) are replaced by some constant parameters specifying
the orbit. The main results are presented in the following two sections. Section 3
starts with the Poisson bracket on the classical Grassmann manifold explicitly ex-
pressed in conveniently chosen local holomorphic coordinates z,,. Quantization of

this bracket yields a x-algebra % generated by z,,,2). The defining commuta-

y st
tion relations are written in a compact form with utlfle shelp of the R-matrix. The
quantum “local coordinates” are constructed in terms of a x-algebra morphism
Y:4,(AN) — & The parameters characterizing the quantum dressing orbit are
calculated explicitly. Besides, a commutation relation is investigated between poly-

nomials quadratic in the generators of the algebra .7, (AN). It is shown to be
equivalent to the original defining relations for .Z (AN). Section4 is devoted to
a construction of finite-dimensional irreducible representations of %, (sI(IV, C)). Ow-
ing to the morphism 1, the algebra & is a %,(sl(V,C)) module. We note that
Jéq(AN) and %, (sI(N,C)) are isomorphic as x-algebras. Afterwards the gener-
ators z,, are factorized off and only the quantum “antiholomorphic” coordinate
functions 2}, are retained. In this way we get a reduced module. This factoriza-
tion should be imagined as a quantum analogue to furnishing the classical or-
bit with a polarization which happens to be a complex structure. The cyclic sub-
module generated by the unit is investigated in detail. It is shown to be finite-
dimensional for a proper choice of the parameters characterizing the quantum dress-
ing orbit. The proof is based on some identity valid for the R-matrix. The invari-

ant scalar product is introduced with the help of the vacuum-value functional on
z.
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2. Quantum Dressing Transformation

Let us first recall some basic definitions and notations (it coincides with that
having been used in [14]). In what follows we assume that the quantum parameter
g = e~ € (0, 1). The quantum integers are defined by [k] = (¢7* —¢*)/(g"! —q). As
already mentioned in the introduction we are going to restrict ourselves to the case of
the quantum group SU, (V). The corresponding fundamental (vector) representation
is denoted by U = (u;,). The x-algebra of quantum functions ng(S U(N)) is defined
by the relations [13]

RUU,=U,U\R, U*=U"", det,U=1.
The underlying N? x N? R-matrix fulfilling the Yang-Baxter equation is given by
lec,st = 6]56kt + (q - qsgn(k_]>)6jt6ks . (1)

The indices on the LHS should not be confused with the leg indices; R = R,,. The
leg notation surely requires no clarification. Concerning the usual indices, throughout
the paper we assume the lexicographical ordering. With this assumption, R is lower-
triangular. Replacing ¢ by ¢~! on the RHS of (1) we get R~!. Furthermore,

R;kz =Ry .

Whenever a specification of the dimension is reasonable we shall write RV! instead
of R; R = q. The symbol P stands for a flip morphism permuting two factors
in a tensor product. Provided the product C¥ ® C¥ is concerned, Pst = 0105
Another very useful relation valid for the R-matrix is

(' —@P=Ry' - R, =Ry - Ry. 2

The generalized Pontryagin dual to SU(XV) is the solvable group AN. Classically,
AN is formed by unimodular upper-triangular matrices with positive elements on
the diagonal. The fundamental representation of AN, is an upper-triangular matrix
A= (o) with entries from ,(AN) fulfilling [14]

RA Ay = AR, AFR™'A, = A,RTIAT; 3)
[Tey, =1 @

An additional requirement «,; > 0 means that the elements a; are supposed to be
represented by positive matrices or, in a weakened and more preferable formulation,
by diagonalisable matrices with positive eigenvalues. Both J@Q(S U(N)) and Jéq(AN )
can be turned into *-Hopf algebras in a standard manner.

The Chevalley generators of the deformed enveloping algebra 77, (sl(IV,C))
(sU(N,C)) = complexification of su(N)) are denoted traditionally by H ; and X ];t’
7 =12,..., N — 1. They obey the deformed commutation relations including the
Serre relations [1, 2]. An involution on %, (sl(N,C)) is defined by H J* = H i
(X ;E)* =X J:F . %, (sU(N,C)) and ./?gq(SU (IN)) are dual *-Hopf algebras provided
a pairing between them is chosen as

<Hj I U> = EJ] - Ej+1,j+1 ) <X]+ I U> = Ej,j+1 ) <X]— | U> = Ej+1,j' 5)
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Moreover, 7, (si(N, C)) and Jéq(AN ) are isomorphic *-algebras. The isomorphism
isgivenby (j =1,2,..., N—-1)
exp(hHy) = oy o

@ =X =gy 05, 50070l ©®)

-1 - ~1/2 —1/2
@ =0 X7 =g o500, 5,07 20y 0
This is why one can concentrate on representations of the algebra ng(AN ) instead

of %,,(sl(N, C)).
The classical dressing transformation is a Poisson action

T AN x SUN) — AN
induced by the Iwasawa decomposition
SL(N,C)y= SU(N) x AN .

F2,(A,U) is the upper-triangular part A of the matrix AU = UA. 1t is a useful fact
that every unimodular positive matrix X can be decomposed as X = A*A, A € AN,
and this relation is one-to-one. The dressing transformation of positive matrices then
reads

Ry NN — U A*AU . (7

The quantum case is formally similar. The quantum dressing transformation is a
coaction
I8 A4 (AN) — A4,(AN) ® 2, (SU(N))

defined by [14]
Ax) = o(x ® 1) 0",

where ¢ € Z,(AN) ® 4, (SU(N)) is the canonical element, 0o* = p~!. This
definition is possible since Jéq(AN ) and .J'Zq(SU (N)) are dual as vector spaces.
Let us simplify the notation by writing « instead of z ® 1 and a instead of 1 ® a.

Then decomposing the matrix AU into the unitary and upper-triangular parts [14],
AU = U A, where entries of both U and A belong to .7 (AN) ® .2, (SU(N)), we

get 72(A) = A. It follows that
PN N) = U A" AU . ®)
It is also important to note that if the right coaction .72 is combined with the pairing
(5) the algebra Jéq(AN ) becomes a left %, (s{(V, C)) module. For £ € %, (sI(IV, C)),
fe Jéq(AN), we define
§- f=@d(&, NAf) € 2, (AN). ()]

It holds
1‘f=f, (5152)'f:€1'(€2‘f)>

and
£ F=> & NE&G 9 (10)
%
where AE =)&) ® €2, A is the comultiplication.
k

The following proposition characterizes the centre of Jéq(AN ).
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Proposition 2.1. An element ¢ belongs to the centre of %,(AN) if and only if
) =cR 1.

Proof. The condition .72(c) = ¢® 1 means that ¢ commutes with ¢® 1. This is clearly
true whenever ¢ belongs to the centre. On the other hand, writing ¢ = )z, ® a,

S
with {a,} and {z,} being mutually dual bases, one observes that the equality
Y x,c®a, =Y cx, @ a, implies that z,c = cz, for all s. O
It was proven in [13] that
SHugy) = ¢ 7wy,
where S designates the antipode on Jéq(SU (N)). As U is unitary and S(U) = U™,

it follows that
* N—=2k+1 _ N~-2j+1
Zulkujkq =q 7oy

k
Consequently,
R D (A* D) = (@ N DY @1,
where & = diag(gV~1,¢V 3, ..., ¢~ N*!). But it is even known [13] that the

elements tr(Z(A*A)¥), k = 1,2, ..., N — 1, generate the centre of ﬁéq(AN). This
means that the coaction .78 admits factorization. It is natural to define the quantum
dressing orbit as the *-algebra .Z (AN) factorized by the relations

t(Z(A Ay —~, =0, k=12,...,N—1, (11)

with «y,.’s being some positive constants.

3. Quantized Grassmann Manifold

We start our discussion from the classical dressing orbit which is a Poisson manifold.
According to (7), it is determined unambiguously by the set of eigenvalues (unordered
but including the multiplicities) of the matrix A* A. We are going to consider a special
case when A* A has exactly two different eigenvalues: A; with the multiplicity n and
A, with the multiplicity m,n + m = N. The orbit is then the Grassmann manifold
G,, whose points are m-dimensional subspaces in C%, dim, G,, = mn. One can
write

A A=NI+(\ —A)Q, (12)

where () is a projector of rank m and I stands for a unit matrix. A parameterization
of the orbit is given by the parameterization of the projector

Q= (ZI*> A+22%7'4,2), (13)

where Z = (z;;,) € C™™.
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Proposition 3.1. The Poisson bracket on G,, is expressed in the above introduced
coordinates z;, as follows:
—i{ 2y, 2, } = (380(V — t) — sgN(U — 8)) 2, %4, 5 (14)

_i()‘l - )‘2) {Zst’ zuv} = 2)‘26su6tv + 2)‘1 Z u] Zsj Z 2kt %y
J

+6,, Z(/\, + X, +sgn(s — k) (A, — \)) 2 2,
k

+ 8, D O+ Ay —sgnlt — DO — Az, . (15)
J
Proof. 1t is worth recalling that both SU(N) and AN are Poisson subgroups of
SL(N,C) and the Poisson bracket on SL(N,C) is given by

{tjks tuw} = i(sgn(u — j) + sgn(v — k)t L,

(e tun} = 165, Z(l — sgn(j — N tiit 6

. 2(1 + sgn(k — V)t th,
where T' = (t ) is the vector representation of SL(IV, C).

Let us ﬁrst evaluate the Poisson bracket on G, at the point Z = 0. Expressing A
from (12), (13) as a power series in the entries of Z and retaining the terms up to the

first order,
Ao AN Q-0 /D)2
0 A

and substituting A into (16) instead of T we get

) +0Z%,

{Zst’ Zuv}Z=O = 07
{z:t’ ZUU}Z=0 = 27’)‘2()‘1 - ’\2)_165u6tv :

To get the complete bracket one can employ the fact that .72 is a Poisson action

and so
{#4f, Fhg} = Z5{ .9} an
Regard the fundamental representation U as a matrix of functions living on SU(N)
and split it into the blocks
A B

where A = (ajx) is an m X m matrix, B = (bjk) is an m X m matrix, etc. It holds
*Z=(A+ZC)y'(B+2ZD)
=A'B+A7'ZD - A"'ZCAT'B+0(Z%).

Substitute z,,, for g and z, respectively z¥, for f in (17) and evaluate both sides at
the point (ZO, Uy, Zy =0 and
oo AHZZH7 Z(+ 27 2) 7
- _Z*(I+ Zz*)—l/Z (I+ Z*Z)-I/Z
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Straightforward calculations then lead to (14), (15). Let us note only that if A~! =
(&j ) then

{ast’ uv} - Zas] {ajk’buv}akt O

To quantize the Poisson bracket means to introduce a x-algebra & generated by
the elements z,,, 2, in such a way that the obligatory correspondence rule

[f, 91 = ih{f,g} + Oh?)
is obeyed. Let us define # by the relations

(Zat Zupd = (@7 = )22, (19)

(/\1 — )\2) [Z;kt, Zuv] = (q - q_l)/\Zasuétv

+ (q - q_l)Al Z Zu] s Z Zkt?ko
J

+ 83, Y (@FCTF = gTHA + (@ = TN 22,
k

+ 6, 3 (g = TN+ (@A), 2k (20)
J

To support this definition we note that, first, the correspondence rule is actually
fulfilled. Second, it is not the most important though useful fact that the commutation
relations (19), (20) can be rewritten in a compact form with the help of the R-matrix,

R Z,Z, = 7,2, R}, 1)
1

M+ MNZ,25 757, + Z*P()\ RIM=Y — X\, R 7,

_l_qZIP(Alel” MROhZE=0. (22

But the third reason is decisive, especially in view of expected applications to
the representation theory. The commutation relations (21), (22) allow to introduce
quantum local coordinates on the dressing orbit in terms of a x-algebra morphism 1.

Observe that the relations (3) imply that the matrix 4,R;,' commutes with A¥4,

and hence the same is true for the matrix R;,'A¥ A, R;;'. Thus

AT ARG AS AR = Ry AS ARG AT A, (23)
An equivalent equation is obtained provided the legs 1 and 2 are interchanged,

AT ARG AS AR, = R, AS AR AT A, (24)

It is desirable to reverse this procedure. This is actually the case provided one can
assume that the following implication holds in the *-algebra generated by the entries
of the matrix A:

f>0, fla=d"gf*= fog=qgf, 25

where o € R is arbitrary. Clearly, (25) is fulfilled for finite-dimensional representa-
tives.
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Proposition 3.2. Let A = (o) be an upper-triangular matrix with entries from some
x-algebra and with positive elements on the diagonal. Assume that the condition (25) is
fulfilled in the x-subalgebra generated by the entries of the matrix A. Then the relations
(3) and (24) are equivalent.

Proof. Let us begin the proof with a remark concerning the notation. To avoid indices
in the exponent we shall write, if necessary, 6(j, k) instead of 6, We have to prove
the implication only in one direction: (24) = (3). Decompose

ARy A = XY, (26)

where the matrix X is lower-triangular and Y is upper-triangular with units on the
diagonal. Since

(AIRZ_IIA;()jk,st = —6(k:,s)ajsa;kk + (q_l - q)éks Z CJCJO_()[Z; )

o<k
and A is upper-triangular, it holds
(MR A =0 for j>s,
(AlRilA;k)gk,jt = q_é(j’k)ajga::kk .
Consequently,
X =06 a0}, 27
ik gt = Ot - (28)

After the substitution of (26) and its adjoint into (24) we get
N XV ARy, = Ry A3V*X*A, .

Comparing the decomposition of both sides into a product of the lower-triangular and
upper-triangular parts we conclude that there exists an invertible diagonal matrix (2,
2,55t = w0505, such that

ANfX =R,A57*2, VAR, =07'X%4A,.

Comparing these equations with their adjoints one finds that {2 is self-adjoint, 2* = 2
and hence w;“k = w,y. S0 it is enough to consider only one equation written in the
form

X*N Ry =0V 4,. (29)

According to (27), (28) it holds

ok -1 _ . —26(3,k 2 % =
(XA Ry, ik =4 v )akka]j ) (YAZ)jk,jk = Oy, -

It follows that w;,, = q_z‘sfj”“)akka?ja,;kl. As Wy, = w,y,, we have o303, = af,05;
and owing to the assumption (25), o ;0 = oy, Consequently there exists the

square root

12 68
r.u],/c =gq 60”“)04].]. 30)

Set ~
X=X0"'2  y=0"VY. (31)
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Then (26) and (29) mean that
AMRGAY =XY, X*AR)' =YA,. (32)
Further it holds
(X*AIR;ll)jk,yt = q*w(%t)akta?j ) (?A2)jk,jt = Oy -
Employing once more the assumption (25) one gets
4P oy, = a0,

As an immediate consequence we have X = A;‘ [cf. (27)]. Use now the substitution
Y = KA,. K is again upper-triangular. The Egs. (31) then read

ARAY = A5K A, (33)
MLAR = KA A,. (34)

Adjoint Eq. (33), interchange the legs 1 and 2 and compare with the original equation.
It follows that K = PK*P, ie., K;; ., = K, ;. Consequently,

Ko =0 for (j,k)>(s,0) or (k,j)<(s). (35)
Besides, owing to (28), (30) and (31) it holds
Kjk =4 —6(j, k)é (36)
As a final step we shall show that
Ko =@ = 0)8,6,, for j<s k>t. 37

We proceed by induction in (s, t). Equation (34) means that

—1 —
Z jk,ov Ay = aktajs + (q - qsgn(s t))aksa]t . (38)

Suppose we are given a double index (s,?) such that K, =(q '~ 9)6,,0, for
all couples (o,v), 0 < s, v <t and (o,v) # (s,t) and whenever j<o,k > v. This
assumption should be regarded as being fulfilled even if no such couple (o, v) exists.
Suppose further that j < s, k > t. Owing to (35) and (36), K, ,,, is nonzero only if
j=o0,k=vorj<o,k>v.Bearing in mind that A is upper—trlangular we get

LHS of (38) = K 000y 007 ~ @) Y 8,050,400,
o>g,v<k

1
— Qo 0y,

]k,stassatt + 1‘5‘((1w
where ¢ = 0 if (k, j) = (s,t) and ¥ = 1 otherwise,
RHS of (38) = (¢ — @)y 0, -

Comparing both expressions we conclude that Kjk,st = 0 if (k,j) # (s,t) and
Kts,st = q—l —4q.

The equalities (35), (36) and (37) altogether mean that K = R;ll. But then (33)
and (34) immediately give (3). O
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Let 1(A) be the upper-triangular matrix with entries from the algebra £ such that
PA*A) = PN p(A)
=N+, - A)( )(I+ZZ (L, 2). (39)

The inversion (I + ZZ*)~! should be considered as a formal power series.
Proposition 3.3. The matrix 1)(A) obeys the relation (23).

Proof. Let us retain the notation (13) also in the quantum case. It holds again Q> = Q,
Q* = Q. Rewrite Eq. (23) as

Ry (AT Ay) Ry h(AF Ay) = (A A) R (AT AD Ry, (40)
and substitute (39) to get
MRy Qi Ry + (N = M) Ry Q Ry Q,
= NRL'Q R, + (A — A\ QR Q Ry . (41
Set
Sp=@ "= "Ry, — MRy 42)
The relation (2) combined with (42) yields
AL =M Ry =@ =9 (S +NP),
( /\2)R21 —-(q_1 “Q)(Slz‘f'/\lp)'

Using this substitution in (41) we get after some straightforward manipulations an
equivalent form of (40),

521Q1512Q2 = Q2521Q1512 .

VA,2), W= (_Z> )

Set

I

In view of the form of the matrix @) (13) one easily finds that it is enough to verify
the equality
V25,1@Q15,W, = 0.

This equation if expressed in terms of the matrix Z and provided the relation (21) is
employed amounts to two equations:

m 1 AL — A _
—(S5 = N PZ 20 U+ Z2,20) 7 Ry, Z, + qll _;Zz(l"'ZlZ;k) =

>‘1
q-

But again after some straightforward manipulations both of these two equations can
be shown to follow from (22). [

Denote by ng(AN ) the x-algebra determined by the relations (3) but with the
conditon (4) being temporarily abandoned. Propositions 3.2 and 3.3 guarantee the
existence of a x-algebra morphism

V1A (AN) —

A2 Z*(I + 2,257 'Ry 2, + (2,80 Zf — \PYU+ 2, Z) ! =
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It plays the role of the desired quantum local coordinates on the dressing orbit. It
remains to determine the constants «y, in (11) in order to specify the orbit.

Proposition 3.4. It holds
A1 = AT DR = I — g™ + [mINE(@™ A — ¢7™Ay) . (43)
Proof. First note that
PATHE =M+ (O - 2D Q.
Let a,b € R be some parameters. Then
al+(b—-0a)Q
_ (b(I+ZZ*)_1+a(I+ZZ*)_IZZ* ) * ) )
* bA+Z*2) ' Z*Z +a(d+2*2)7!
The expression tr(Z(al 4+ (b — a)@)) is linear in a and b. The coefficient standing at
a is
iqurn—zHl(Z(I_{_ Z*Z)_lZ*)]j + iq—m+n—2k+l((l+ 752N, (44)
=1 k=1

Next we are going to simplify this expression. Equation (22) can be rewritten with
the help of (2) as

A = ADP — q /\2 Zlezlz*
)\] /\2 * * *
+ 1 —g ZIRLZ, + \NA+Z7Z)PA+Z,Z7)=0.

Further manipulations based on the relations (21) and (2) yield
A+ 27z)'ZFR,Z,

=Z,R, A+ ZfZ) 'z} — T+ MNZ52)A+ 25 2)"'P.

/\1 - >‘2
Comparing the matrix elements of both sides with the indices (st, {s) we get

WA+ 227" 732, — (¢ - ) _(A+2*2)7'2"),,Z

o>t
=42, A+ 227 2% (@™ =) Z, A+ Z*2)' 2%,
v>s
@ = = NI+ NZF A+ ZF ), (45)

Regard s as being fixed, ¢ as varying from 1 to m and (I+ Z*2)~!12*)_,Z,, as an
unknown which is to be obtained from (45). More precisely, we are interested only
in the sum Y (A + Z2)"'Z2%),,Z,,. As

¢

g (@-q¢" (@—q"

_ a1
(]71a~"al) 0 4 (q q ) — (g1 473 q—2m+1)’

0 0 0
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we get

q—Zm -1

* -1 *Z - _
@+ 22724, = = S

(NI+NZ*2) A+ Z2*2)7 Y.,

m
+ qzq—2]+lzjs((l + Z*Z)—lz*)s]
7=1

@' => )Y Nz, A+ 2 27" 2,

v>s g=1
Now we consider the element z, = 5 q_zj“ZjV((I-%— z*7)~'Z*),, as an unknown
J

and are again interested only in the sum _ z,. The result is

Zq_ZJH(Z(I'Jf'Z*Z)‘IZ*)JJ
j=1
n —-2m _1
_ zq—2k+1 ((Z*Z+ g = (>\21+)\1Z*Z)) I+ Z*Z)"')
A=A kk
k=1

With this identity one easily finds that (44) is equal to
1@ = " A) Oy = M)

The coefficient standing at b can be obtained similarly. [

4. Construction of Representations

In the classical case, the vector space of functions living on the orbit of the coadjoint
action becomes naturally an SU(/N) module. But this structure is too rough to
construct irreducible representations. One has to employ the symplectic structure or
the descent Poisson structure, impose the quantization condition and pass to the vector
space of holomorphic (or antiholomorphic) sections in a line-bundle based on the orbit.
In the quantum case, the Poisson bracket is already concealed in the non-commutative
multiplication law. As we shall see, the relations (21), (22) allow a straightforward
construction of irreducible representations. Nevertheless, it is of interest to express
in local coordinates also the quantum dressing transformation which replaces the
classical coadjoint action.

Denote by %, the subalgebra of £ generated by the “antiholomorphic” quantum
coordinate functions z),. Hence the defining relation for %, is

R 2175 = 2} 2T Ry (46)
The quantum dressing transformation .72 (8) if expressed in the local coordinates reads
I(Z*Y=(B* + D*Z*y(A* +C*Zz*)7!, 47)

where we assume that the fundamental representation U of SU_ (/) splits into blocks
as in (18). According to the property (10) it is enough to specify the action only
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on the generators z;,. Recalling the pairing (5) we arrive after some straightforward
calculations at the formulas

Hj -z = b5 — 64 1) 2 for j=1,...,m—1,

= (611 + Opm) 201 j=m,

= (=65 m + 0, i) 2 j=m+1,...,N—-1,
X}z =612 for j=1,...,m—1,

=q oz, T=1-8+ 6, j=m, (48)

= ¢ 61 % mi1 j=m+1,...,N—1,
Xj‘-zzlzék]z;;u for j=1,...,m—1,

= —q'28,,6,, J=m,

= —001 ) i1 %k g—m j=m+1,...,N—1.

Let us now proceed to the construction of irreducible representations. Denote by
7 the left ideal in ¥ generated by the elements z,,. Then £7/.7 is a left (//fq(AN )
module. The factor morphism ¢ — /.7 if restricted to the subalgebra 7, becomes
a linear isomorphism and so one can identify Z°/.7 with %, . Denote by .7 the cyclic
submodule in #°/.7 with the cyclic vector 1.

Proposition 4.1. .7/ is spanned by 1 and by entries of the matrices (R = R™,
r=1,2,...)
287 ZXq"\ Ry Ry, .- Ry — ¢ "\MERG'RG . RD
X (@"M\ Ry Ry — ¢ AR R
XXM R = AR D) XA T, (49)

r—1,r

Proof. The submodule .7 is spanned by 1 and by entries of the matricies
Q,Q,...Q,. 1. Q can be written in a block-like form

o—( O+ Zz%7' ZA+ Z2*2)7!
T\ Z*A+ 225" Z¥zA+Z*2) )
Denote by 7 the subspace in #"/.7 spanned by 1 and by entries of the matrices (49).
We have to show that, first, 7" is Q-invariant, second, 7 C ... The verification will
be done in several steps.

(i) The solution to the system of algebraic equations (R = R™)

=F

st,uv

1 —
P (X, (M Ry, — ARy DY)

with the unknown quantities X_,Y, = (X,Y,)

st,uv
st,uv s

—1
q  —dq
X Y =
suttv ()\} - )\2) (Q"M - q'n/\z)

X z:(qn>‘11%1_21 - q—_n/\2R2I)at,uu qzn_zanu,av :
ov

To see this note that X_,Y;, = (¢~' — @) (\, = A)~'F,, ,, for u # t. For u = t,
we fix s and v and solve the system of algebraic equations with the vector of unknown
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quantities (X,Y),, X,Y,,, ..., X, Y,,), with the RHS (£}, |, Fip 5y -5 F,

sn,nv)

and with the matrix M,

M, = (@A —q 'A\)/(g —q) for j=k,

= -\ Jj<k,
=-\ i>k.
M can be inverted,
M) = (@' -9’ . q”“‘)\l_— Ny ik,
Ay = AD (@™ — g7\ ' —q
x g%y i<k,
x g ) i>k.

The result easily follows.

(ii) It holds
A+ZZ 1= — N0, — )7 'L

To see (50) note that the relation (22) implies
@' = 20 Ry — MRGHZF 1= \P.

According to (i), we can solve the last equation to get

-1

* __ 9 —4a —n+2t—1
ZuvZst 1= qn)\l—_q—n—/\z q " >‘265u5tv .
The result easily follows.
(iii) It holds
A+ 2z z2H V. zyzf ... ZF
=g "\~ N2y 72 25" MRy Ry, - . R,
— ¢ "MRRG..ORHR...RY'Ry

(50)

(51)

As an immediate consequence one finds that, first, 7" is Z*(1 + ZZ*)~'-invariant,

second, 7" C k.
To check (51) note that from (22) one can derive
A+ 2,257z
=ZSR,' ZYA+ Z,ZH) 'Ry — (@7 = 9O\ = M) TINZF RSP
Proceeding by induction one can prove that
A+2z,z57'2yzy ... 2"
=27 7§ ... Z'R,'RS ...R) A+ Z,Z)) 'R, ... Ry Ry}
- ﬁz;‘z;*...szleRgl...R;;
x (R R3'Ry)' — Ry,....R;3R),).
Now it is enough to apply (50).
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(V) 7 is A + ZZ*) Linvariant.
This assertion is a consequence of (iii) and of the following relation:
RL'Ry ...R'R...Ry'R;'"(aRyRy, ... R, —bR'RS .. RS
rr—1 7 bR;—ll,l)
= (aRyRyy .. Ry —bRy'Ry .. Ry x ... x (R, — bR )
x R RGRLRRy R

rl

X ... X (aR

which can be proven by applying repeatedly the Yang-Baxter equation.
(v) It holds
2+ zfzy " Zyzy .z

-1 _
- q q )\2 Z(qn)\l _ q~n>\2)——k+lplk
X 2L

X (qn/\lRl_,llc—l —q "Ry )

X . X (@"NRY N2y 22

X Ry o R (@M Ry - Ry,

0" M B RO B Ry T (52)

—2n+1 ,—2n+3
) )

where I" = diag(q
ing factor is omitted.

q ..., ¢~ V) and the hat indicates that the correspond-

The relation (52) can be proven by induction. The equality (22) implies

1 _
T Zi+ ZF Z) " (R, — MRy Zy
A=A
= LR R 40 22T+ 0PA 2750

Afterwards the result stated in (i) should be applied.
(vi) It holds

@Ry ... Ry, .. R, bRy ...Ry ... Ry

XX (@R g - ..Rrk:l—aﬁ,;LH LR x .. x(aR,,_, —bR )
X (@R, ... Ry .. Ry — bR, ... Ry .. RORy ...R
=Ry, ... R _(@RyRy, ... Ry — bRy Ry .. Ry
X ...x (@R, | —bR ). (53)

This identitly can be proven by induction in 7. Let us sketch the induction step
r—1—r. Owing to (2) we have R, Ry, =1+ (¢7' — ¢) Ry, Py, and so
(@R,),... Ry ... Ry, — bRy .. Ry ... RORS!
=(R,... By, ... Ry, — bR ... R .. R
— (@' = QbR .. Ry . R, Py
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After this substitution we get the LHS of (53) written as a sum of two summands. The
induction hypothesis is applicable to the first summand and afterwards the identities
are used following from the Yang-Baxter equation

Ry ... Ry .. RoRy ... Ri
=Ry R - Riy Ry Ry,
Ry' .. Ry Ry'Ry R
=Ry Ry . R Ry . Ry (RgRig,, .. Ryl
To deal with the second summand note that the Yang-Baxter equation implies
(@Ryy ... Ry .. R, — bRy ... Ry .. R
X ... x(aR,, | —bR' VRy! .. Ryl . Ry Py
=R, ...R .. .R'Py(aRy... Ryy... R4
—bRy' ... Ry ... Ry)x...x@R,, ,...bR )
x @R, ... Ry, .. Ry, — bR .. Ryl R).
Using this identity we get the second summand written in a form which allows

the induction hypothesis to be applied and after that both summands can be again
recombined to yield the RHS of (53).

Wwil) 7 is ZA + Z*Z)~-invariant.
First apply to (52) the identity

@Ry g R = bRy RyDRL R
X (aRyy ... Ry —bRy' .. .Ry)x ... x@R,, | —bR, )
=(aRy...R,— bRy ... R x ... x (aR,,_, — bR
X Rplypo Rol@R .. Ry —bRG Ry, (54)

r,r—1 r—l,r)

which follows from the repeatedly used Yang-Baxter equation. The result is then
obtained with the help of the equality (53).

(viii) 7" is Z*ZA + Z* Z) -invariant.

Multiply the equality (52) by Z[ from the left and notice that Z{' P, = P, Z;
and

ZRZy . 4. ZXRe,_ =Ry . R 377
Applying again the identity (54) we get the result. [
Next an identity is presented valid for the R-matrix (1).
Proposition 4.2. For R = R, r > mo, 0 =0,1,2, ..., it holds
(@ °Ry Ry .. R, —¢°Ry'R3 ...R;)) (@ °Ryy... Ry —¢°R5 ... Ry
X ... x(q "R, —q¢"R )" —q7)=0. (55)
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Proof. We shall prove the adjoint equality rather than (55). Let us denote by
{e[,€,, ..., €,,} the standard basis in C™. We are going to verify the following
assertion (¢ =0,1,2, ...):

(@ °=¢)qR._,—q¢"R}_)x...x(q  Ry,...R, — "R} ... Ry}")

Xejn® ... @ejp =0, (56)

whenever there are (0 + 1) mutually equal indices among j,, 5, ..., J,.
First note that the relation (1) means

Rlze] ey, = e, ® ey +(q — qsgn(j—k))elC ® e,.
Consequently one finds that

Ry, ...RRpe;q)® €0 ® ... @€y,

= ey Ky, s k) ey ® ey ® o ® ey

where c(k;, k,, ..., k) is nonzero only in the following two cases:

(@) (kj,ky, oo k) = (31, J0, -+ J,); then ek Ky, ... k) = ¢ with v being
equal to the number of indices among j,, js, ..., j, coinciding with j;.

(b) There exist indices 1<l,<...<l;<r, s2>2, such that j, <jj
<o < Gy and (kyykyy o kD) = Gy s s e Jiy - Jigetys -+ ) L€
(ky,ky, ..., k,) is obtained from (j;, 7, ..., j,) by the cyclic permutation of the
indices jy, jya), - - - » Jics)» @and all remaining indices keep their position.

An analogous discussion can be done also for RT_I1 . Rz_llej(l) ®...Q e, Now
to prove the above assertion we proceed by induction in r. For » = 1, the assertion
is clearly valid. To perform the induction step » — 1 — 7 we distinguish two cases:
(I) The assumed subcollection of (o 4 1) equal indices is contained in (j,, ..., j,).
Then the identity following from the Yang-Baxter equation,

(@R, . —q R )X ...x(q Ry ...Rys — "R} ... Ry;)
X (@ °Ry,...R,—q¢°R ... Ry}
=(@ "Ry...R, —¢°Ry' ... R}»
X(q "Ry, —q R} _)%...x(@ Ry ...Ryy— "R, ... Ry,

rr—1

combined with the induction hypothesis implies (56).
(II) The index j, belongs to the subcollection of (o +1) equal indices. Then according
to the above discussion,

o —1 1
@ °Ry,....R,—¢°R| ... Ry ey ® ... ® €i(r)
=q 7070y ® - B i) — 7@ 76y @ D eyy)
+ Zc’(kl, s ke ® . @ ey,

and there are (o + 1) mutually equal indices among k,, ks, ..., k. whenever the
coefficient ¢/(ky, ..., k,) is nonzero. In this case the induction hypothesis again
implies (56).

To complete the proof it is enough to observe that if » > mo then there are at
least (o + 1) equal indices among j,,J,, ..., j,. O
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Combining Propositions 4.1 and 4.2 with a result due to Rosso [3] according to
which every finite-dimensional representation of %4, (sI{(N, C)) is completely reducible
we get

Corollary 4.3. For
A =g M= p=n+ton-m)/N, (57)

0=0,1,2,3, ..., # = %, is a finite-dimensional irreducible .# (AN) (and hence
2%, (s(N, C))) module. The unit is the lowest weight vector in .,

expthH))-1=1 for j#m
=q° for j=m. (58)

This formula assumes that the condition (4) is again restored. But [] « » lies in the
centre of .7, (AN) and with the choice (57), I1 ;-1 =1. Thus 11 o, ; acts on ./
as the unit operator.

According to another result stated in [3], the vectors X, ... X}, - 1 span the

module .Z. As a consequence one easily derives that provided there exists an invariant
scalar product (- | -) on .Z, i.e.

(€ vy vy =(y |§*'Uz>

for all £ € %, (sW(N,C)), v|,v, € .#, then it is determined unambiguously up
to a positive factor. But the existence of the Haar measure for SU (NN) implies

that every finite-dimensional representation of %4, (sl{(N,C)) can be turned into a
x-representation [19]. The invariant scalar product on .Z, can be introduced as
follows. The vacuum-value functional ¢, on the algebra & corresponds to the normal
ordering when the elements zJ, stand to the left and the elements z,, stand to the
right, e(1) = 1. Set

(c|d)y =¢gy(c*d). (59)
The number (c | d) depends only on the images of ¢ and d in the fact space & /.7
and it holds
(c] fd) =(f"c|d).
We can proceed to the general case and describe the module .7,y .,y With
the lowest weight (o, ..., on_}) € Név ~!_ In the notation below the superscript (1m)
refers to the type of the Grassmann manifold G,,. Denote by

Akzk/gq(AN) — J%q(AN) ... ®./£q(AN) (k copies)

the iterated comultiplication in .2, (AN). The morphism 9|(yV®. . @Y™ =Dy Ay,
enables one to define a tensor product of modules %ﬁ,l()l) ®.. .®J%%\7 _1)1). The cyclic

submodule .7, ;) ,v_1) generated by the lowest weight vector v =1®...®1is
irreducible,

exp(th)'v=q”(j)v, ji=12...,N—1. (60)
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