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Abstract: We classify positive energy representations with finite degeneracies of the
Lie algebra W, and construct them in terms of representation theory of the Lie
algebra gl(oco, R,,) of infinites matrices with finite number of non-zero diagonals over
the algebra R,, = C[t]/(t™*!). The unitary ones are classified as well. Similar results
are obtained for the sin-algebras.

0. Introduction

0.1. Recent progress in conformal field theory revealed some unusual mathematical
objects called the W, -algebras [Z]. These algebras turned out to be quantizations
of the second Gelfand-Dickey structure for Lax equations [FL]. The complicated
structure of these algebras is /g\reatly simplified in the limit n = oo, the limiting
algebra being the Lie algebra &7, the universal central extension of the Lie algebra of
differential operators on the circle [KP]. (Physicists denote this Lie algebra by W

[PSR].) The possibility to get W,, from & has been studied in [R, RV]. A complete
picture for classical W, was obtained in [KhZ].
The main goal of the present paper is to classify and describe the irreducible

quasifinite highest weight representation of the Lie algebra . The basic technical
tool is the analytic completion & of & and a family of its homomorphisms onto

the central extension of the Lie algebra gﬁ(oo, R,)) of infinite matrices with finitely
many non-zero diagonals over the ring R, = C[t]/(t™").

The Lie algebra & may be obtained via a general construction (explained in
Sect. 1) as a twisted Laurent polynomial algebra over the polynomial algebra Clw].
It is easy to see that the only other Lie algebras obtained by this construction from

Clw] are Lie algebras &7, the central extension of the Lie algebra of difference
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operators on the circle. It turns out, however, that a representation theory similar to

that of &, may be developed for a larger Lie algebra, the central extension . of
the Lie algebra of pseudo-difference operators on the circle (see Sect. 6). The latter
Lie algebra has been studied recently by many authors (see [FFZ, GL] and references
there).

Being of a very general nature, our methods may be applied to many other exam-
ples of infinite-dimensional Lie algebras. Noting that & (resp. %) is a quantization
of the Poisson Lie algebra of functions on the cylinder (resp. 2-dimensional tours),
one may expect that our approach could be extended to the quantizations of general
symplectic manifolds.

0.2. Let us give here the main definitions which will be used for various examples
throughout the paper.
Consider a Z-graded Lie algebra over C:

g= @9]’: [9::9,;] C 8,4, -
JEZ

(We do not assume g, to be finite-dimensional.) We let

894 = @gﬂ:j'

3>0

A subalgebra p of g is called parabolic if it contains g, + g, as a proper subalgebra.
A g-module V is called graded if

V=DV 8V
J

A graded g-module V is called quasifinite if

dimV; <oco forall j.

Given A\ € gg, a highest weight module is a Z-graded g-module V(g,\) =
@ V_, defined by the following properties:
JE€Ly
(i) Vo = Cu,, where v, is a non-zero vector,
(ii) hvy, = AMh)v, for h € g,
(iii) g,v, =0,
(iv) %(g_)vy =V(g,N).
Here and further %4(s) stands for the universal enveloping algebra of the Lie algebra s.
A non-zero vector v € V(g, A) is called singular if g, v = 0. The module V (g, \)
is irreducible if and only if any of its singular vectors is a multiple of v,.
The “largest” among the modules V (g, A) with a given A is the Verma module
M(g, A) defined by the property that the map

0 2(g_) — M(g, N

given by ¢(u) = u(v,) is a vector space isomorphism.

Any highest weight module V (g, A) is a quotient of M (g, A). The “smallest” among
the V(g, \) is the irreducible module L(g, A\) (which is a quotient of M (g, A) by the
maximal graded submodule).
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We shall write M(A) and L()) in place of M(g,\) and L(g, M) if no ambiguity
may arise.

0.3. It is useful to note that the Verma modules can be constructed as follows:
M(g,\) = 24(8) ® gy +5) Cr s

where C, is the 1-dimensional g,+ g, -module given by h +— A(h) if h € g, g, — O,
and the action of g is induced by the left multiplication in Z(g).
Now, let p = @©p; be a parabolic subalgebra of g, and let A€ gg‘ be such that
J

A a0 lppl= 0. Then the g, + g, -module C, extends to p by letting p; — 0forj <0,
and we may construct the highest weight module

M(g,p, \) = 2(9) ® ) C, -

It is called the generalized Verma module. It may be characterized by the property
that the map ¢ induces an isomorphism Z(g_)/Z({p Ng_) — M(g,p, \).

Note that if dimg, < oo for all j, the g-module L(A) for any A is quasifinite.
If however dim g ;= 00, which is the case in all of our examples, the classification
of quasifinite irreducible highest weight modules becomes a non-trivial problem. The

answer to this problem for the Lie algebra & is given by Theorem 4.2. Moreover,
we give an explicit construction of all these modules in terms of irreducible highest

weight modules over the Lie algebra gAl(oo, R,,) (Theorems 4.5 and 4.6).

0.4. Recall that an anti-involution of a Lie algebra g over C is an additive map
w : g — g such that

wha) = Aa, w((a,b]) = [wb),w(@)], for A€ C, a,beg.

Given a g-module V, a Hermitian form h on V is called contravariant if for any
a € g the operators a and w(a) are (formally) adjoint operators on V' with respect
to h.

Fix an anti-involution w of the Lie algebra g such that w(g;) = g_;. Let L(g, )
be an irreducible highest weight module over g such that A(h) € R if w(h) = h. For
v € L(g, A) denote by (v) the coefficient of v, in the decomposition of v with respect
to the gradation of L(g, A). Let

hav,,bvy) = (w(a)bvy), a,be Z(g).

It is easy to show (see e.g. [K, Chapter 9]) that A is the unique contravariant form
on L(g,\) such that h(v,,v,) = 1; moreover, it is non-degenerate and h(L(g, \),,
L(g, N),) = 0if i # j.

The g-module L(g, ) is called unitary (with respect to w) if the contravariant
form h is positive definite (this is independent of the choice of v, € L(g, A\)y).

The classification of unitary quasifinite (irreducible) highest weight modules over

—

Z is given by Theorem 5.2.
Let us note in conclusion that the classification of irreducible quasifinite highest

weight &7-modules is expressed in terms of Bernoulli polynomials. Is it an indication
of a connection to the Riemann-Roch theorems?

0.5. One of the authors wishes to thank D. Lebedev and M. Golenishcheva-Kutuzova
for illuminating discussions on the sin Lie algebra.
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1. Twisted Laurent Polynomial Algebras and Associated Lie Algebras

1.I. Let A be an associative algebra over a field F and let o be an automorphism of A.
Define the twisted Laurent polynomial algebra A [z,z~'] over A in the indeterminate
2 to be the vector space F[z, 27 !] ®p A over F of finite sums of the form ) 27 ® aj,

JEZ
a; € A, with multiplication defined by the rule
Z*Ra)E™®b) =" Qe™@h, abe A, kkmeZ. (1.1.1)
Further on we shall often write 2™a in place of 2™ ® a.

Remarks. (a) Replacing z by za~!, where a is an invertible element of A, corresponds
to replacing o by (Ada)o, where Ada stands for the inner automorphism:

(Ada)b = aba™!, be A.

loa.

(b) Applying an automorphism « to A replaces o by o~
Thus, we obtain the folloWing proposition.

Proposition. Twisted Laurent polynomial algebras over an associative algebra A are
parameterized by the conjugacy classes of the group AutA/AdA. O

Two automorphisms of A whose images lie ir the same conjugacy class of
Aut A/Ad A ére called equivalent.

1.2. The algebra A_[z,2~!] has a canonical Z-gradation, called the principal grada-
tion:
A lz,27' 1= PG A). (1.2.1)
JEL
- Let & = @97; be a parabolic subalgebra of Ao[z,z_l]. It is clear that
JEZ
P, = 2z~ U1, where I is a (two-sided) ideal of the algebra A. Hence & contains
the following minimal parabolic subalgebra 9(I) associated to I:

P = <€B(2‘1I)j) o (@(sz)> . (1.2.2)
7>0 7>0

Remark. Given two ideals [ and J of A, we have the following graded subalgebra
of A [z,27']:

P, T) = (@(Z—II)J) ®A® <@(zJ)f> . (1.2.3)
j>0 7>0

1.3. We denote A'O_ the algebra A, [z,27'] viewed as a Lie algebra with respect to
the usual bracket:

9 =fg—9f.

Fix a trace on the algebra A, i.e., a linear map tr : A — V, where V is a vector
space over [, such that tr(ab) = tr(ba). Then we may construct a remarkable central

extension A, of A, by a central subalgebra V:

O—>V—>207tr—>AU—>O
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as follows. It is straightforward to check that the formula
v, (2"a,2°b) = —¥, (2°b,2"a)

— { tr((l+O.+.'.+0.T‘—1)(0-_7"(f)g)) if 7"=—S>0, (1 3 1)
0 ifr+s#0orr=s5=0 o

-~

defines a 2-cocycle on KU with values in V. Then 4, .

= A4V with V central and
the bracket of two elements f, g € Ac Xo,tr is given by the usual formula:

[fa g] - [f’ g]I + Wg’,[[‘(f) g) .

Remarks. (a) Replacing z by za™!

o,tr
(b) Applying an autormorphism « to A replaces ¥, . by Wa_la’a,u oo
(¢) Since ¥, (2", 2°) = tr(1)ré,. _, the cocycle ¥, . is nontrivial if tr(1) # 0.
(d) Suppose that the map 0 — 1 : A — A is surjective and that tr vanishes
on its kernel. Then we have an isomorphism o — 1 : A/Ker(c — 1) = A, and

stro(l —o)~!: A — V is a well-defined map. We have:
P

v, (" f,27"g) = 2" f, 27 gD,

hence in this case the cocycle ¥, is trivial.
(e) Suppose that tr(c(a)) = tra, a € A. Then tr extends to a trace of the algebra
A,lz,z7"] by letting tr(z*a) = §, g tra.
Example. Let A = Mat, F; then any automorphism of A is equivalent to o = 1 (by
Remark 1(a)). Take the usual trace tr: A — F, then A,  is isomorphic to the usual
affine algebra gl,, (F)".

We have the corresponding to (1.2.1) Z-gradation:

A, = EBEJ., where A, = 2/A if j#0, and Ag=A+V. (1.3.2)
J

corresponds to replacing ¥, . by ¥ 440054

For each (two-sided) non-zero ideal I of A we have the associated parabolic

~

subalgebra of A

o,tr?

p() =P P (AEBV) ) (@zﬂA) . (1.3.3)
>0 >0

1.4. We turn now to the main examples of the Lie algebras go and 121\0, those

associated to the polynomial algebra A = C[w] in the indeterminate w. We show

that the Lie algebras A are isomorphic to the Lie algebras of all regular differential
(resp. difference) operators on the punctured complex plane C* = C \ {0}, and that

the Lie algebras A,  are their well known central extensions.
For ¢ € C* define the following operator on C[z, 27 !]:

f(qz)— f(z) .

gz J 7 1
D=4 1 147

20, f(z) if ¢=1.

Denote by & the associative algebra of all operators on C[z, 2711 of the form
E = ek(z)DéC + ek_l(z)D(’;_l + -+ ey(z), where e,(2) € Clz, 271

(the superscript a stand for “associative”) and let &, denote the corresponding Lie
algebra.
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Now, any automorphism of C[w] is equivalent to 0,4 € C*, defined by
o (w)=qw+1.

Note that
o, (w) = q"w+[n], (1.4.1)

where, as usual, for n € Z:

n_

(n] =2 if g#£1and =n if g=1.

Proposition. (a) The linear map (C[w]gq[z,z_l] — =@qa defined by z*f(w)
2k f (D,) is an isomorphism of associative algebras.

(b) Let tr : Clw] — C be the evaluation map at w = 0. Then the 2-cocycle ¥, .
on the Lie algebra (C[w]aq [z, 27 1] induces, via the above isomorphism, the following
2-cocycle on the Lie algebra Z,:

> fUD9G +mD if m=-n>0,
!p(sz(Dq), an(Dq)) = —m<ji<—1 (142)
0 if m+n#0.

Proof. This is straightforward using (1.4.1). O

We shall denote by
2, =2,+CC

the central extension of @q corresponding to the cocycle (1.4.2) so that the bracket
of two elements from the subspace &, is given by

[E,,E,)) = E,E, — E,E, + W(E,, E,))C.

15 Let 7 =9°, & =2, T = 9/2\5)", D = D,(= 20,). As we have seen Z° is
the associative algebra of all regular differential operators on the punctured complex
plane C*, i.e., operators of the form

E = ek(z)af + ek_l(z)af_l +---+eg(2), where e;(2) € Clz, 2711, .51

It is not difficult to see that the cocycle ¥ given by (1.4.2) is given by the following
formula:

m!n!

YIOS 900 = e

s,_0dz f™(2)g"™(2), (1.5.2)
where as usual f stands for 97 f. This cocycle appeared (probably for the first
time) in [KP]. It has been shown independently by several authors ([Li] and [F]
among them) that & is the unique, up to isomorphism, non-trivial central extension
of the Lie algebra & by a one-dimensional algebra.

It is, however, more convenient to write the differential operators as linear
combinations of elements of the form z* f(D), where f is a polynomial in D, since
it is easier to compute their product [cf. (1.1.1)]:

™ (D) (=" g(D)) = 2™ f(D + k)g(D). (1.5.3)
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The bracket in &7 is then given by

[2" f(D), 2°q(D)] = 2""*(F(D + 8)g(D) — f(D)g(D + 1)

+ ¥ (=" (D), 2°g(D))C, (1.5.4)
where
{ S fGhgG+r) ifr=-5>0
V(" f(D),z°g(D)) = { —r<ys-l (1.5.5)
0 if r+s#0orr=s5=0.

1.6. Consider now the associative algebra &, the corresponding Lie algebra ,@/q and

its central extension &, in the case g # 1. Introduce the following basis of Z":

1
Tpn=¢>"""2™(q~ DD, + )", meZ, nez,.

m,n

Then we have

—(m/n—mn')

T nT 'm! =gq’ Tm+m’,n+n" (1.6.1)
The cocycle (1.4.2) on the Lie algebra &, becomes:

sinh(hm(n + n’))

4 . oo
T Tt 1) = O, sinh(A(n +n')) ’

(1.6.2)

where we let ¢ = e**. Consequently, the commutation relations of the Lie algebra &,
become:

(T Tt ] = 2sinh(i(m'n — mn'WT, s
sinh(hm(n + n'))
+6m,—m’ mc (1.6.3)

Remarks. (a) Commutation relations (1.6.3) correspond to the automorphism o(’] of
Cl[w] given by O'(II(UJ) = qw (which is equivalent to Uq), and to the trace being
an evaluation map at w = 1. The evaluation map at w = 0 gives the cocycle
V(T s Tt ) = My, _ 6, v, which is equivalent to ¥ due to the argument of
Remark 1. 3(d)

(b) If we take A = Clw,w™"], 0(z) = gz, where ¢ = €*" # 1, and tr (}_ a;w") = ay,

1
then in the basis 7,,, ,, = q2™"z™w™ (m,n € Z) we obtain the commutation relations
of the trigonometric Sin-Lie algebra:

Tm’,n’] -

[T,

m,n’

2sinh(f(m'n — mn" N,y s i + M8, 006, 0 C
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2. Lie Algebras & and 9°.
2.1. Let as before D = 20, and let
L}=2D"cP CT (kelnel,).

Define the order and the weight by
ordL =mn, wtLly =k, ordC=wtC=0.

It is clear from (1.5.4) and (1.6.1) that the order defines a filtration of @\

PP cPc ..., @2.1.1)
and the weight defines the principal Z-gradation of 7.
7=z (2.1.2)
JEL
Note that we have:
w(L, LY =6, _,r, (2.1.3)
3
Ly, L) = =6, 2.1.4)
-1
(LY, LYy = w(LL, L) = 6,“?_er2——) if 7>0. (2.1.5)
It follows that 270 is isomorphic to the oscillator Lie algebra:
(L), L] =6, _,rC. (2.1.6)

Furthermore, @ contains a 1-parameter family of Virasoro algebras Vir(3), 8 € C,
(“complementary” to 27°) defined by

Li(B) = —(LL + Btk + DLY), 2.1.7)
so that 5
[L,B), LB = ¢ = DLy (B + 8, =i 2.1.8)
where
Cyip = (126° = 2)C. (2.1.9)

Remark. z"t°07 = 2°D(D — 1) --- (D —n+ 1).

2.2. Let (7 be the algebra of all holomorphic functions on C with topology of uniform
convergence on compact sets. We define a completion &% of the (associative)
algebra of differential operators on C* by considering differential operators of infinite
order of the form 2% f(D), where f € (7. The usual product of differential operators
extends to &7 %

" f(D)(=°9(D)) = 2" f(D + $)g(D), (22.1)

where by f(D+ s) we mean the power series expansion in D. The principal gradation

extends as well: % = @ 2,57, where Z,%° = {z* f(D)|f(w) € @}. Identifying
j€z
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2,3 with @ and &% with the direct sum of Z,%” as topological vector spaces,
we make & *” a topological associative algebra. It is a completion of the subalgebra
g,

We denote by & the corresponding (topological) Lie algebra. Then the cocycle
¥ extends by continuity from & to a 2-cocycle on ¢ by formula (1.5.5). We let

9% =7 & CC

be the corresponding central extension. Note that for elements z"e*P

(r € Z, X € C) the commutator in 27 is especially simple:

e—/\r — e Hs

r AD s uDy __  As _ ury,r+s (A+p)D
[z7eM, 2%e* ] = (e ety e +6r’_5—1~e’\+# C. (2.2.2)

Remarks. (a) One may consider z*e*P as a generating series for the L7 and derive
(1.5.4) and (1.5.5) by taking derivatives of (2.2.2).

(b) Of course, Z is isomorphic to ¢7, , and 7 to éz;,,w
(c) Consider the following traces on (7:

tr, , f(w) = f(a) — f(b), where a,b, € C,
tl™ fw) = f(s), where s € C, m € N.

Here and further f™ stands for the m™ derivative of f(w). We denote the
corresponding cocycles by ¥, , = ¥, . and W™ = ¥ _ m. On Z° these
cocycles are nontrivial (in continuous cohomology). But, due to Remark 1.3(d) when

restricted to & they become trivial. Since

et —1
et —1

(o, -1 =" (2.2.3)

using Remark 1.3(d), we obtain the following explicit formulas for these trivial
cocycles on &:

U, (2" f(D), 2" g(D)) = &, _, A, (2" f(D), 2 *g(D)]), (2.2.4)
M GE (D), 2" g(D)) = 6, _, AT (D), 2 *g(D)), (2.2.5)
where A,, and AU™ are the linear functions on C[w] defined by the following
generating series in x:
ez _ eba:

et —1 "

xmesw
et —1°

Ag p(€™) = AT (™) = (2.2.6)

2.3. The following theorem describes closed ideals of & (resp. 7}

Theorem. (a) The center Z of 2 consists of elements of the form f(D), where
fw) € @ is a 1-periodic function (i.e., f(w + 1) = f(w)). The center of @/\( is
Z=Zea&CC.

(b) Let I be an ideal of (7 which is invariq\nt under the translation w — w-+ 1, and let
I'={f(D)- f(D+D|f(w) € I} (resp. I' = {f(D) = f(D+ 1)+ f(O)C|f(w) € I}).
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Let Y be a subspace of Z (tesp. Z). Let I® = zKI C ¢ for k # 0 and let
IO =1 4Y (resp. = I' +Y). Then

JUIY)=I1®

keZ
is a closed ideal of ¢ (resp é\f ).
(c) Every closed ideal of 2 (vesp. of Z7) is one of the J(I,Y).

Proof. The statements (a) and (b) are clear. We shall prove (c) for G° | the proof

for ¢ being the same. Let J be a closed ideal of the Lie algebra & . Since J is
ad D-stable, it follows that J is graded ideal:

J = @zklk ,
keZ
where I}, is a closed subspace of (7. We have
[D?,2* f(D)] = 2kz"Df(D) + k*2* f(D).

It follows that wI, C I, if k # 0, i.e., that I, for k # 0 is an ideal of 7. Furthermore,
we let for £ € Z and an ideal I of @:

Ikl={fe@| fw+k)eI}.
We claim that
I[£11+1, Cl,y, ifk#0and £+1#0. (2.3.1),

Indeed, since
[2%!, 2% f(D)] = 2*'(f(D) — f(D £ 1)),

we see that if f(w) € I, then f(w) — f(w=+1) € I,,. Since I, and I, are ideals,
wf(w) € I, and wf(w) — (w £ Df(w £ 1) € I, ;. Thus, f(w), flw=E1) € [4,
completing the proof of (2.3.1), . We conclude, in particular, that

I=L=--- and I _=1_,="---. (2.3.2)
Next, we prove that
I, =I.[n] forall n€Z, provided that kK #0. 2.3.3)

Indeed, due to (2.3.2) we may assume that |k| > 2, so that both numbers k£ + 1 or
k — 1 are non-zero. Applying (2.3.1), to I, and (2.3.1)_ to I,_;, we get

LI+1I, CIL,, and I, (1141, CI,.

It follows that I, = (I [1D[—1] C I, ,[-1] C I}, and I}, = ([ [-1DI[1] C I} [1] C
I, = I, Hence I, = I, [+1] proving (2.3.3), which means that each [ is invariant
under the translation w — w + 1.
In order to complete the proof of the theorem, it remains to show that
I =1, 2.3.4)
I,o I, (2.3.5)
IL,cI'+2Z. (2.3.6)
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First, we prove that I_, C I;; the reverse inclusion is proved similarly. Let
f(w) € I_,; we have:

[z, [z, 27 f(D)]] = 2(f (D) — 2f(D + 1) + f(D +2)).
Hence f(w) —2f(w+ 1)+ f(w + 2) € I,. Considering wf(w) € I_;, we conclude
that f(w+2) — f(w+ 1) € I, and f(w+ 1) — f(w) € I,. Considering w f(w) once
more, we conclude that f(w) € I;, proving (2.3.4).

The inclusion (2.3.5) follows from the inclusions [z,I_;] C I, and =111 C 1.
Finally, in order to prove (2.3.6), note that the map ¢ := (adz)? : 27'I_; — 21, is
surjective (this follows from the proof of (2.3.4)). Let now f € I, and let g € 271 -1
be a pre-image of [z, f(D)] under the map . Then [2,g] € I’ and [f —[2,g],2] =0,
hence f — [z,g] € Z, proving (2.3.6). [

We have the following corollary of the proof:
Corollary. The Lie algebra 27 /C is simple.
2.4. Consider a parabolic subalgebra p of f/ﬁ\

p :@pj, where p, :,@;\ for j >0 and p, # 0 for some j <O0.
j€z

For each positive integer k we have: p_, = 27k x> wWhere I_, is a subspace of

A = C[w]. Since
[F(D), 2" *P(D)) = 2" (f(D — k) = F(DNPD),

we see that J_, is an ideal of the polynomial algebra A. It is clear that I_, # O for
all k =1,2,.... Let b,(w) be the monic (i.e., with the leading coefficient equal to
1) polynomial which is a generator of the ideal /_,. Thus, to a parabolic subalgebra

p we have associated a sequence of monic polynomials b, = b;(w), b, = by(w), ... .
The polynomials b,k = 1,2, ... are called the characteristic polynomials of p.

Lemma. Let {b,}, .y be the sequence of characteristic polynomials of a parabolic
subalgebra p of the Lie algebra &. Then
(@) by(w) divides b, (w) and by, (w + 1) for all k € N.
(b) by, (w) divides b (w — )b, (w) for all k,1 € N.
Proof. Since [z,27%"1b,  (D)] = 27 % (b, (D) — by, (D + 1)), wee see that by, (w)
divides b, (w) — by ;(w + 1). Since [z, 2~ *~1Db, , | (D)] = z=*(Db, (D) — (D +
Dby, (D + 1)), we see that by (w) divides w(by,, ;(w) — by, (w + 1) + by, (w + 1),
proving (a).

The proof of (b) is similar by computing the commutators [z‘kbk(D), z_lbl(D)]
and [27Fb (D), 2~ 'Dby(D)]. O

Given a monic polynomial b(w), we let
bR (w) = b(w)b(w — 1) ... bw —k + 1),
b (w) = lem{b(w),b(w — 1), ... ,b(w — k + 1)}.

It is easy to see that there exist (unique) parabolic subalgebras, which we denote
by pon(0) and p_ . (b), for which the characteristic polynomials are {b}""(w)} and
{bP*™(w)} respectively. We clearly have

dim 7, /p,. (b)_, = kdegh. 2.4.1)
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Lemma 2.4 implies the following.

Proposition. Let b be a monic polynomial and let p be a parabolic subalgebra such
that by(w) = b. Then
pmin(b) CpcC pmax(b) .

In particular, if the difference of any two distinct roots of b is not an integer, then
P = Prin(0) = Prax(b)- O
Remark. p,.(b) = p((b)) (cf. (1.3.3)).

2.5. Given a monic polynomial b = b(w), consider the following subspace of @;:
Ty = {B(D)g(D) — b(D + Dg(D + 1) + b0)g(O)Clg(w) € Cluw]} .

In order to study modules over & induced from its parabolic subalgebras, we need
the following proposition.

Proposition. Let p be a parabolic subalgebra of T and let b = b(w) be its first
characteristic polynomial. Then

[p, p] = <@p_k) D%
k5£0

In particular,
dimp/[p, p] = dimp,/[p, ply = degb(w). (2.5.1)

Proof. Note that [p,pl, = I[p;,p_,] and that [2f(D + 1), 2~ 'u(D)g(D)]
= b(D)f(D)g(D) —b(D + 1) f(D + Dg(D + 1) + b(0) f(0)g(0)C. The rest is straight-
forward. [

2.6. Let g be a finite-dimensional semi simple Lie algebra over C and let g = P g,

@
be its root space decomposition with respect to a Cartan subalgebra g,. An embedding
g C 27 is called graded if g, C Z,, for all o

Proposition. (a) The graded embeddings in &° of the Lie algebra sly(C) with the
standard basis E, H, F are parameterized by k € Z\ {0} and by k-periodic functions
fy9 € @ as follows:

H=2D+ (D), E=ztuD), F=:"yD),
where

D\?> D
z(Dy(D + k) = _<?) + z(f(D) +1)+gD).

(b) The only graded embeddings of sl,(C) in & are as follows (k € Z\{0}, A\, 1, € C:
2
H=_2D+) E=:uD), F=z"yD),
with the following four possibilities for (D) and y(D):

) 1 1 1
i) (D) = EDZ + E(A + 1D+ p, y(D) = -
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() o(D)= 2D ~p, y(D)= 2D~ A-pu~1;
(iii) and (iv) are obtained from (i) and (ii) by the substitution z'(D) = y(D — k),
y'(D) = z(D + k).
(c) A semi simple Lie algebra of rank > 2 has no graded embeddings in C .
Proof. Note that the equation
[(D), 2*2(D)] = Az"z(D)

implies that
D+ k)—h(D)=A.

A
All solutions of the latter equation are h(0) = ED + f(D), where f(D + k) = f(D).
Now (a) easily follows. (b) follows from (a). If rank g > 2, we always can find an
element h € g, such that a(h)/B(h) is an irrational number for two distinct roots
and (3. Hence (a) implies (c). O
Remarks. (a) Let L,, denote the subalgebra of operators of 2 leaving invariant the

n

subspace Y. Cz* of C[z,27'], and let I,, denote the ideal of L, of operators acting
k=0

on this subspace trivially. By Jacobson’s density theorem we have an exact sequence

of associative algebras:
0—1,— L, — Mat, (C)—0.

Proposition 2.6(b) shows that this is a non-split exact sequence.
(b) It follows from the proof of the proposition that ad ,@ZO/ is not diagonalizable

on & .

3. Interplay between 7 and g/\l(oo)[m]

3.1. Let R be an associative algebra over C. Denote by R* a free R-module with a
fixed basis {v,},c;- As usual, define the operators E;; by

E, v, =6,,0; . (3.1.1)

Denote by M (00, R) the associative subalgebra of End R* consisting of all operators
>~ a,;E,, whose matrices (a;;); jcz have a finite number of non-zero diagonals.

1,)€ZL

Letting deg E,, = j — ¢ defines the principal Z-gradation:

i,J€

M(co,R) = @) M(co, R), . (3.2.1)

JEZ
Fix s € C and a nilpotent element ¢t € R. Consider the free R-module R[z, 27128
and identify it with R° by choosing the basis v; = 279%s, j € 7. By associating
to an element z* f(D) € @ the operator 2*f(D 4+ t) on R[z, 2" ']2%, we obtain

an embedding ¢, , : ¥* — M(oo, R) of associative algebras over C, which is
compatible with the principal gradations. Explicitly:

0o G FDN =D f(=j+s+DE; ;. (3.1.3)
JEL
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The homomorphism st g 5 M (00, R) extends via (3.1.3) to a homomorphism

syt P — M(co, R).

3.2. Given a non-negative igtgger m, conﬂder the algebra of truncated polynomials
R, =Cltl/ @™+, and let M (co)[m] = M (oo, R,,). We denote the homomorphism
@gy 1 D% — M(co)[m] given by (3.1.3) by @™, By Taylor’s formula we have:

m e =+ )
PO =D By, 3.2.1)
i=0 jEeZ
Let
™ ={fed|fPn+s)=0forall n€Z andall i =0, ..., m},

and let J™ = @ 2*I™ € &% We clearly have:

kEZ
Ker pl™ = jiml, (3.2.2)
Fix now § = (s}, ..., sy) € CV such that s; — s, ¢ Z if i # j, and fix
m o= (my,...,my) € ZN. Let M(co)[m] = é/I}M(oo)[mt]. Consider the

i=1
homomorphism

P = @il 7 = Meo)(],

Proposition. We have an exact sequence of Z- graded associative algebras:

[m]

0— JI7 g9 ., M(co)m] -0,

-, N
where JL™1 = () Jimal,

=1

— — —
Proof. 1t is clear from (3.2.2) that Ker goém] = Jém]. The surjectivity of goéml
follows from the following well-known fact: for every discrete sequence of points in
C and a non-negative integer m there exists f(w) € @ having prescribed values of

its first m derivatives at these points.

3.3. We denote by g?l(oo)[m] the Z-graded Lie algebra over C corresponding to the
associative algebra M (oco)[m] viewed as an algebra over C. Consider the following
2-cocycle on gl(co)[m] with values in R, ,:

C(A,B) =ulJ, AlB, 3.3.1)

where J = > F,;, and denote by gAl(oo)[m] = gl(oo)[m] + R,,, the corresponding
i<0
central extension. The Z-gradation of this Lie algebra extends from gl(co)[m] by

letting wtR,, = 0.

72
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The homomorphism ¢!™ of the associative algebras defines a homomorphism of the
corresponding Lie algebras, which we denote by the same letter:

P 7 — gl(oo)im] and ™ : F7 — gl(co)im].
Denote by W™ the restriction of the cocycle C' given by (2.5.1) to p!™(Z7). This
gives us the following R, -valued cocycle on & :
(ml g
M = w4 v+ WY T (3.3.2)
=1

where the cocycle ¥ is given by (1.5.5) and the cocycles ¥, , and ¥§ are defined in
Remark 2.2(c). Using (2.2.4-6), we thus obtain the following proposition.

Proposition. The C-linear map @™ : T — gl(co)[m) defined by

@lsmlbj = plml o, i3F0, (3.3.3)
sT _ ™ j ST
SimleaDy _ fmlgzDy _ € 1 T i
oM™ = pM(e” )_eﬂ”—l _;eﬂf—lt]/ﬂ’
@[Sm](c) =1€R,, (3.34)

is a homomorphism of Lie algebras over C.
3.4. Define an automorphism v of the algebra M (00, C) by letting
V(E) = Ey -

Let p, =@, 0 P9 — ]\7(00,@) (see Sect. 3.1). Then we have

0o (2" F(D)) = v (" F(D)). (3.4.1)
Definition. A monodromic loop is amap f: C — M (00, C) such that
(i) f is holomorphic on C, ie., f(w)= Z f,(W)E,,, where f,. €7,
(i) fw+ 1D =vf(w), ie, f,(w+1) =”f1+1‘3+1(w).

We let :%/VM (00) denote the associative algebra of all monodromic loops. It clearly
inherits from M (oo, C) the principal gradation.
Define a linear map ¢ : % — % M (co) by letting

w(E) = loop{s — ¢ (E)}. (3.4.2)

This is a homomorphism of associative algebras. The inverse homomorphism ¢ ~! is

constructed as follows. Given f(w) = Y fj(w)Ej,j +k € ZVM (0c0) (a monodromic
J

loop concentrated on the k™ diagonal), we let
e (fw) = 2 fo(D). (3.4.3)

Thus we obtain the following result.
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Proposition. The map ¢ is an isomorphism of Z-graded associative algebras
0: ¢ 5 Zyﬁ(oo).

Remark. Monodromic loops are sections of the vector bundle on the cylinder C/Z

with fiber M (00, C) and transition function v in a small neighbourhood of the line
Rew = 1.

Denote by %, gl(co) the Lie algebra obtained from %, M(co) by taking the usual
bracket. For each s € C define a 2-cocycle C, on this Lie algebra by

C(fw), gw)) = C(f(s),9(s)), where f(w),g(w) € %, gl(c0). (3.4.4)
It is easy to see that under the isomorphism
p: 77 5 glco)
given by Proposition 2.4, the cocycle C; induces the following cocycle on (788

> fG+8)9G+k+s) if k=-m>0,

(" f(D), 2" g(D)) = { —k<j<-1
0 it k+m#£0.

Denote by .,‘Zyg;l(oo)’\ the central extension of 3,,57[(00) corresponding to the
cocycle C,. Then the isomorphism ¢ : &° = % gl(co) lifts to the isomorphism
P:9° 5 £ glco).

4. Quasifinite Highest Weight Modules over &'

4.1. Let b be a monic polynomial and let A\ € é\b* be such that )| v = 0 (see
0

Sect. 2.5). Consider the parabolic subalgebra p whose first characteristic polynomial

is b and denote by M(\;b) the generalized Verma module M (<, p, \).

—

Definition. A Verma module M ()\) over & is called highly degenerate if there exists
a singular vector in M(\)_,.

The following proposition follows from Propositions 2.4 and 2.5 and formula (2.4.1).

Proposition. The following conditions on \ € é;* are equivalent:

(i) M(X) is highly degenerate;

@ii) L(A) is quasifinite;
(iii) L(X) is a quotient of a generalized Verma module M(\;b) for some monic
polynomial b. O
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Let L()\) be a quasifinite irreducible highest weight module over &. According to
Proposition 4.1, (z_lb(D))v,\ = 0 for some monic polynomial b(w). Such monic
polynomial of minimal degree is called the characteristic polynomial of L()\). Note
that L()\) is a quotient of M (A; b), where b is the characteristic polynomial of L(\).

4.2. We shall characterize A € @E" by its labels A, = —A(D"™) and the central charge
¢ = A(C). Introduce the generating series

o0 :17"
A@ =) — A

n=0

Recall that a quasipolynomial is a linear combination of functions of the form p(z)e®®,
where p(z) is a polynomial and @ € C. Recall the following well-known fact.

Lemma. A formal power series is a quasipolynomial if and only if it satisfies a non-
trivial linear differential equation with constant coefficients.

Theorem. A Z-module L(X) is quasifinite if and only if

P(x)

er —1

A/\(x) =

7

where ¢(x) is a quasipolynomial such that $(0) = 0.

Proof. Tt follows from Propositions 4.1 and 2.5 that L()) is quasifinite if and only if
there exists a monic polynomial

bw) = w” + fy_wN T
such that for all s = 0,1, ... we have:
MD*6(D) — (D + 1)°b(D + 1) + b(0)é y¢) = 0.

This condition can be rewritten as follows:
N
> fuF.=0 forall s=0,1,..., (4.2.1)
n=0

where

n—1
n
=20, 0C+ < ,)A . (4.2.2)
0 Z_; j J
]__.
Introducing the generating series

o0 :1;77'
F@ =3 b,
0 n:

we may rewrite (4.2.1) in the form

N d n
(an(—> )F(x) =0. “.2.3)
= dx

Thus, by Lemma 4.2, L(}) is quasifinite if and only if F(z) is a quasipolynomial.
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But (4.2.2) can be rewritten in terms of generating series as follows:
c—F(@)=(e" — DA, (z). 4.2.4)
The theorem follows. [

From the proof of the theorem we obtain the following.

Corollary. Let L()\) be a quasifinite irreducible highest weight module over &, and
let b(w) be its characteristic polynomial. By Theorem 4.2, F(z) = (1 — e®)A,(z) + ¢
is a quasipolynomial. Let F™ + fy (FN=D 4 ... 4 f = 0 be the minimal
order linear differential equation with constant coefficients satisfied by F(x). Then
bw)=wV + fy_jwVN '+ + . O

4.3. In this section we show that any quasifinite Z-module V may be extended “by

continuity” at lest to all the & for k # 0.
We shall need the following fact.

Lemma. The map ¢ : (7 — (7 given by

(o) o0
s”(an”> =3 1l
n=0 n=0
is continuous.

oo .
Proof. Given f = Y f,2" € (@, where f, = |f,|e?®» and 0, € R € C, we let
n=0

) = Ze"e"z, )= Zlf 2"

n=0

Let B = {z € C| |2|] < R} denote the disk of radius R and let Cp be its
boundary. Note that f%(z) is holomorphic in each B;_, for 0 < ¢ < 1 and that

1
maxy __|f(2)] < -

We need to estimate | f*(z)| on each disk By. Take R, > R and note that for |w| < R,

we have:
oy = L ofw) dz
ffw) = o= / f&)f <z> — 4.3.1)

C’R1

From (4.3.1) we see that

max 7] < max 0] max f°(%>| < ErEmliel o

[z|=R;

Proposition. Let V be a quasifinite T -module. Then the action of TonV naturally
extends to the action of é\ “ on'V for any k # 0.
Proof. Let V = EBV be the Z-gradation of V, dimV, < oo for all p. Consider the
space

Hom(V, V) = @Hom( o Vg)

p.q
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with the topology of direct sum of finite dimensional spaces Hom(V,,, V, ). We can
assume that the V), are normed spaces, and spaces Hom(V),, V) have induced norms

[ Mlp,q-

We will show that map &, — Hom(V, V) for k& # 0 is continuous. To do this we
have to estimate the norm of the operator z*¥ D™ in the space Hom(V,, Vp 1) for fixed
k and p and for arbitrary n. We have:

1
k _ 2 2\n k
2°D" = (2k)n(adD . A 4.3.2)
The operator B = ad D?* — k* . Hom(V;),Vp k) — Hom(Vp,Vp 1) acts between
finite-dimensional normed spaces, hence we obtain from (4.3.2):
50|, S A" where A=[2*|, a=|B/2K[. @33

It follows that

<> |fl lIzFD"

pptk 20

<A |fule" = Ap(f)(@).

n>0

Z f,2"D"

n>0

“zkf(D)”p,p+k = p,p+k

Thus, by Lemma 4.3, the map é; — Hom(V, V) is continuous for & # 0. Hence this
map may be extended to the completion: @\f — Hom(V, V) (the completion of Clw]
in topology of uniform convergence on compact sets is @). O

4.4. We return now to the Z-graded complex Lie algebra g™ := gl(co)[m] =
g?l(oo,R,,) + R, introduced in Sect. 3.3. Recall that it is a central extension of
the Lie algebra g;l(oo, R,,) over C by the m + 1-dimensional space R,,.

An element A € (gh™)* is usually given by its labels

N = \¢E,,), k€Z j=0,...,m,

and central charges ‘
¢j =At), 7=0,1,...,m.
Let
WY =2 = A0 +6,0c,, KEZ, j=0,...,m. (4.4.1)

As usual, we have the irreducible highest weight gl™-module L(g(™!, \) associated
to A. The proof of the following proposition is standard:

Proposition. The g,,,-module L(g"™, \) is quasifinite if and only if for each j =
0,1, ..., m all but finitely many of the hgcj) are zero.

- N
4.5. Given m = (my, ..., my) € ZY, we let g™ = gl(co)[m] = @ g™ 1. By
1=1
Proposition 3.3, we have a surjective homomorphism of Lie algebras over C:

N
. _
P =P T - g, 4.5.1)
i=1
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Choose a quasifinite \(i) € (g([)”mf‘< and let L(gl™i! A(3)) be the corresponding
irreducible gl™i!-module. Then

N
(g™, %) = @) L(g"™, X))
=1

is an irreducible g[ﬁ]-module. Using the homomorphism (4.5.1), we make L(g[m)] )

— —
a @-module, which we shall denote by L[gm ]()\).
We can prove now the following important Theorem.

Theorem. Consider the embeddmg go[m] 7 — ﬁ(oo)[ﬁ%] (recall that s,—s; ¢ L if
1 % j) and let V be a quasifinite gl(oo)[m]-module. Then any & -submodule of V is a

gAl(oo)[n_{]-submodule as well. In particular, the @/tmodules Lf;ﬁ]()_\') are irreducible.

Proof. Let U be a (Z-graded) - submodule of V. U is a quasifinite Z-module
as well, hence, by Proposition 4.3, it can be extended to é;f for any k£ # 0. But
by Proposition 3.2, the map <p[m] GE — gl(co)[ ], is surjective for any k # 0.
Thus U is invariant with respect to all members of the principal gradation gl(oo)[m] &

with k& # 0. Since gfl(oo)[?n—)] coincides with its derived algebra, this proves the
theorem. [

4.8. By Proposition 4.4 and Theorem 4.5, the Z-modules LETW](X) are irreducible
quasifinite highest weight modules. Using formulas (3.2.1) and (3.3.4), it is easy to

calculate the generating series A_, *X(x) > A, z™/n! of the highest weight and
n>0

— —
the central charge ¢ of the &/-module L[SJ" (). We have

co(e® — 1) + f:(cj/j!)xje”

) 7 (s z)x g=1
A, 2@ = ZE AP0z e (4.6.1)
j=0 i€Z
c=¢, (4.6.2)
and
A s Z A @), o= Z co(i) - (4.6.3)

Introduce the polynomials (see (4.4.1)):

m

g @ =Y _hPa7 /5! (k€. (4.6.4)
§=0

Then (4.6.1) can be rewritten as follows:

Z e(s—k)zgk(l.) - ¢

A, a@) = 22 —— . (4.6.5)
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Using these formulas, it is not difficult to see that any irreducible quasifinite highest

weight module L(@\, A) can be obtained in as above an essentially unique way. More
precisely, we have the following.

Theorem. Let L = L(@“\, A) be an irreducible quasifinite highest weight module with
central charge c and A, (z) = ¢(x)/(e® — 1), where ¢(z) is a quasipolynomial such

that ¢(0) = O (see Theorem 4.2). We write ¢(x) + ¢ = Y p(x)e*®, where p (z)
seC

are polynomials. We decompose the set {s € C|p,(x) # 0} in a disjoint union of
congruence classes modZ. Let S = {s,s + k,, s + k,, ...} be such a congruence
d J
class, let m = max degp, and let hgg) = <%> Dyrr, (0). We associate to S the
sE T T

gl(c0)[m]-module L™\ ) with the central charges

¢, = Z hy, (4.6.6)
and labels ‘ o
A =>"h, 4.6.7)
kr>1

where h(J) h(] ) ¢ by 0- Then the @ module L is isomorphic to the tensor product
of all the modules L[m](/\ ).

Proof. The tensor product L’ of all the modules LI™()\g) is irreducible due to
Theorem 4.5. It remains to show that L’ has the same highest weight as L does.
This is done by exploiting the observation (used already before) that —A(x) is the
value of the highest weight of L’ on e*P, and using the formulas (4.6.2-5). [
Remark. Changing the representative s in S amounts to the shift 7 of gl(co)[m].

Up to these shifts the above construction of L via the embedding & — gl(oo)[n_{] is
unique.

5. Unitary Quasifinite Highest Weight Modules over 72

5.1. It is easy to see that any anti-involution w of the associative algebra 2%, such
that w(@ @9 = g- “ and w(D) = D, by a rescaling of z can be brought to the following

form: B _
w(ZFf(D)) = f(D)z™% = 2% F(D — k), (5.1.1)

where for f(D) = Z f,D* we let f(D) = Z f;D(f, € C). The involution w given

by (5.1.1) extends to the whole algebra ,@a(
Note that )

T(w(A),w(B) =¥(B,A), ABez”. (5.1.2)
Hence the anti-involution w of the L1e algebras &7 and & lifts to an anti-involution
of their central extensions @ and @ ¢, such that w(C) = C, which we again denote
by w.
Remark. (a) The Virasoro subalgebra Vir(5) [defined by (2.1.7)] is w-stable if and
only if § = %
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(b) Under the homomorphism ¢, = ¢, o : 7 — M(co, C) we have

(0, ZF F(D))" = o5 (w(z F(DY)) .

Here A* stands for the complex conjugate transpose of the matrix A € M (00, C).

(c) (see e.g. [K]) For the involution w of El(oo, C) defined by w(A4) = ‘A, w(l) =1, a
highest weight gl(oo, C)-module with highest weight A and central charge c is unitary
if and only if the numbers hgo) (see (4.4.1)) are non-negative integers and ¢ = hgo) .

1
5.2. In this section we shall classify all unitary (irreducible) quasifinite highest weight
modules over the Lie algebra &7 with respect to the anti-involution w.

Lemma. Let V' be a unitary quasifinite highest weight module over T and let b(w)
be its characteristic polynomial. Then b(w) has only simple real roots.

Proof. Let v, be a highest weight vector of V and let A; = —A(D7) € R be the

labels of A. Consider the element S = —%(D2 -4, -1De ,gﬁ\ It is easy to check
that for any j € Z,_ we have:

Si(z7 ) = (z7' DIy, . (5.2.1)
By definition of the characteristic polynomial we have:

(" 'o(D)yw, =0, (5.2.2)
{(z"'D7,|0 < j <n} isabasisof V_, (5.2.3)

where n = deg b(w). It follows from (5.2.1) and (5.2.2) that
b(S)(z"wy) =0, (5.2.4)
and it follows from (5.2.3) that
{S9(z"'v,)[0 <j <n} isabasisof V_,. (5.2.5)

We conclude from (5.2.4) and (5.2.5) that b(w) is the characteristic polynomial of the
operator S on V_,. Operator S is selfadjoint, hence roots of b(w) are real.

Let i be a root of b(w) of multiplicity m, so that b(w) = c(w)(w — p)™, c(w) € Clw].
Then

vi= (S — W e(S)(z" )
is a non-zero vector in V_, but
h(v,v) = h(c(S)(z" ), (S — W* ™ 2e(S)(z" ') =0 if m>2,

by (5.2.4). Hence the unitarity forces m = 1. 0O
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Theorem. (a) A quasifinite irreducible highest weight module L(.?Z\, A) is unitary if
and only if

e® —1
A = J—— 5.2.6
@) Zn e (5.2.6)

for some positive integers n; and real numbers s, such that
c= an . (5.2.7)

(b) Any unitary quasifinite T-module is obtained by lakzng tensor product of N umtal 'y

irreducible quaszﬁmte hzghest weight modules over gl(oo C) and restricting to ,/ via
an embedding P\, where § = (s|, ..., sy) is a real vector and s, — S, ELifi#].

Proof. By Proposition 4.6, being a quasifinite irreducible highest weight !Z/\-module,

V' is isomorphic to one of the modules L[Sj"_)](X). It follows from Lemma 5.2 and

Corollary 4.6 that 77 = 0. Now the claim (b) follows from Remarks 5.1(b) and (c).
The claim (a) follows from (b) and (4.6.1 and 2). [

Corollary. Suppose that only finitely many labels A, of X are non-zero. Then the -
module L()\) is unitary if and only if

c=Ay€Z, and Aj:O for j > 0. (5.2.8)

Proof. By the hypothesis, A,(z) is a polynomial of degree N, where N =
max{n|4, # 0}. By Corollary 4.2, it follows that the characteristic polynomial
of L(\) is w™N*!. Hence, by Lemma 5.2, N =0, i.e., Aj =0 for 5 > 0. The rest of
(5.2.8) follows from Theorem 5.2. [

Remark The &-modules of Corollary 5.2 are obtained by taking the embedding
[0] T gl(oo C) and composing it with the irreducible highest weight gl(oo C)-
module with a non-negative integral central charge and zero labels.
Example. Consider the following parabolic subalgebra of the Lie algebra g =
gl(c0,0):
p= {(azj)l’jec +CCla;=0if i>0> J}

and let Fy = E),. Given c € C, denote by M, the generalized Verma module
M(g,p, Ay), where A, is the highest weight such that /\O(Ej]) = 0 for all 7 and
Ao(C) = c. Then we have

Lg,\)=M, if c¢Z,
L(g, Ao) = M,/ 22(g)(Fs vy ) if c€Z, .
Consider the homomorphism @, : ,@/Z\ — g given by:

Bo(Z* f(D) =D F(=DNE; 4 ;,Bo(C) =1.

JEL

When restricted to ;@\, the module L(g, ;) remains an irreducible quasifinite highest

weight module with zero labels and central charge c. The singular vector F(f“v/\o
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of the g-module M, remains singular for the Z-module M,_. 1t is a multiple of the

following vector:
e c+1
(z:_1 :[_‘[(D2 — 52)> W
s=1

6. Quasifinite Highest Weight Modules
over Quantum Pseudo-Differential Operators

6.1. The g-analogue of the algebra 27° is the algebra @f of all regular difference

operators on C* (see Sect. 1.4). However, a more important algebra is the algebra of
quantum pseudo-differential operators ./ (which contains 27" as a subalgebra). This
associative algebra is obtained by the construction explained in Sect. 1.1 by taking
the algebra A = C[w,w '] and its automorphism o defined by o(w) = quw, where
q € C*:

7= A lz,27'].

Explicitly, let 7, denote the following operator on C[z, 271, where g € C*:
T,f(2) = f(q2).
Then Yga is the associative algebra of all operators on C[z, 211 of the form
E = Z ek(z)T(f, where e, (z) € C[z, 2711 and sum is finite.
keZ

As before, we write such an operator as a linear combination of operators of the form
2k f (T},), where f is a Laurent polynomial in T,. Then the product is given by

G FT NG T)) = 2" F(d* T g(T,) - (6.1.1)
Let % denote the Lie algebra obtained from % by taking the usual bracket. Let
S = [,-%1. We have:

Sy = Yé' @ (CT(? (direct sum of ideals).

Thus, representation theory of Yq reduces to that of Vq’ .
Taking the trace form tr, ( Z cjwj ) = ¢y, we obtain by the general construction of
J

Sect. 1.3 the following 2-cocycle on .7
W(z™f(T,), 2°g(T,)) = mb,, _,try f(g~ " w)q(w). (6.1.2)

The associated central extension of .%" is denoted by 2 =%+ CC. As we have
mentioned in Remark 1.6(b), this is a well-known Lie algebra studied by many authors.

We will show that the representation theory of the Lie algebra % with |g| # 1 is quite

similar to that of &. Details of most of the proofs will be omitted, being similar as
well.
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6.2. Let 7 denote (in this section) the algebra of all holomorphic functions in
C* = C)\ {0}. We define a completion fgaé of the algebra .%/ by considering

operators of the form P f(Tq), where f € @. We extend the product (6.1.1) to 5?“(
and denote by . the corresponding Lie algebra. The cocycle (6.1.2) extends to .
and we let ?F = %/’ + CC be the corresponding central extension.

Consider the associative algebra R,, = C[t]/ @™*!) and let s € C. Then we have the
following embedding ¢, ; : %" — M (00, R,,) of Z-graded associative algebras over
C (cf. [GLD):

PmEE @) =Y fsgHE, - (6.2.1)
JEZ

It extends to a homomorphism @™ : %“é — M (00, R).
Lemma. The homomorphism o™ is surjective provided that |q| # 1.

Let ¢, = ¥ :%M — M; (00, C). We have (cf. Sect. 3.4):
Qo F(T)) = vp (2" F(T). (6.2.2)

We define a quantum monodromic loop to be a holomorphic map f:C* — M (00,C)

such that f(qw) = vf(w). Denote by Zq)VM (c0) the associative algebra of all
quantum monodromic loops. Then we have an isomorphism

o170 5 %, M(co) (6.2.3)

defined by the same formula as (3.4.2). Note that the quantum monodromic loops are
sections of the vector bundle on the tours C* /{¢"|n € Z} (with modular parameter

(log )/ (2mi)) with fiber M (00, C) and transition function v in a small neighbourhood
of the circle |w| = |q|.

Denote by éZqW gl(oco) the Lie algebra obtained from JK(MM (00) by taking the usual
bracket. Considering the Laurent expansion at 0:

C(fw), gw) =Y Cp(f, 9™,

neEL

we obtain C-valued 2-cocycles C, on this Lie algebra. Denote by L%qJ,gl(oo)A the
corresponding to C, central extension. Then the isomorphism ¢ : qu = gq,y g~l(oo)

lifts to the isomorphism  : 2\/ = ~q7V§l(w)A.

6.3. Letp = %BZ p; be a parabolic subalgebra of the Lie algebra 5%\ (e, p, = (9/5\)].
J

for 7 > 0 and (%)j # 0 for some j < 0). Then for each positive integer £ we have

b= z"“I_k, where I_, is a non-zero ideal of C[w,w™']. Let b, (w) be the monic

polynomial with b,(0) # O which is a generator of the ideal I_,. The polynomials

b, k=1,2, ... are called the characteristic polynomials of p.
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Given a monic polynomial b(w) with b(0) # 0, we let
b (w) = b(w)b(g~'w) -+ blg FHw),
bR = lem{b(w), b(g™ w), ..., blg” " Hw)}.

—

There exist unique parabolic subalgebras of .%, which we denote by p,,;,(b) and

Prax(®), for which the characteristic polynomials are {bT"(w)} and {bP™(w)}
respectively. We have

dim(gq)—k/pmin(b)—k = kdeg b(w) )

and an analogue of Proposition 2.4 holds verbatim.
Also, we have for a parabolic subalgebra p with the first characteristic polynomial

b(w):
[p, pl = (@m) PG,k
k0
where

(7 = (BT )9(T,) — baT,)g(gT,) + (trg bw)g(w))C | g(w) € Clw, w1} .

6.4. All the results of Sect. 4.1 hold for the Lie algebra 5/’; verbatim. However, the
generating series A, (z) is defined differently.

We shall characterize \ € (Yg)é‘ by labels A, = )\(Tq") (n # 0) and central charge
¢ = M(C). Introduce the generating series

Ay(z) = Z Ax™.
neZ
n#0

Theorem. (a) An irreducible highest weight module L(§q, M) is quasifinite if and only
if one of the following equivalent conditions holds:

(1) There exists a non-zero polynomial b(x) such that
b(x)(Ay(z) — Ay (@ ') +¢) =0. (6.4.1)
(ii) There exists a quasipolynomial P(x) such that
(1-¢"A, =Pn) for n#0 and c= P(0).

(b) The monic polynomial of minimal degree satisfying (6.4.1) is the characteristic
polynomial of a quasifinite module L(f? , A).

Proof. According to Sect. 6.3, L(f%\, A) is quasifinite if and only if there exists a
non-zero polynomial b(w) such that

MGTT,) — g(qT,)b(aT,) + ctrp(g(w)b(w)) = 0
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for each g(w) € Clw, w™"]. Taking g(w) = w", and letting b(w) = Y f, w7, this can
J
be rewritten as follows:

> A, A=)+ fc=0 forall neZ.
J

Multiplying both sides of this equality by =" and summing over n € Z, we obtain
(6.4.1).
The equivalence of (i) and (ii), as well as (b) are clear. [

6.5. Choose a branch of logg. Let 7 = (log q)/(27%). Then any s € C is uniquely
written as s = ¢%, a € C/77'Z. The homomorphism ¢! : S — gl(c0)[m] defined
by (6.2.1) lifts to a homomorphism 5%\ — gﬂ(oo)[m] of central extensions, denoted
by @5, by

lm] — Aml] i
l(/q) =¥, I(/q)] lf]#07

PN = d“VE, +

rEL

pmcy=1¢eR,

Z(n logg)’t’ /j!  (n#0),

We have results similar to Theorems 4.5, 4.6, and 5.2:

Theorem. Assume that |q| # 1. Consider the embedding (p“"’ 5{; — gl(co)[T],
where a;—a; ¢ Z+7'Zif i # j. Denote the quasifinite gl(co) [ )-module LII(X),
viewed as a 5/{;\-m0dule via this embedding, by L%W](X).

@ IfVisa quasiﬁnite g;l(oo)[m)] module, then any submodule of the module V,

Y

viewed as a 5” module via the embedding o, ", is a gAl(oo)[ﬁ)] submodule as well.

In particular, the &Z-modules Lﬁm ]()\) are irreducible.
(b) Any irreducible quasifinite highest weight module over 5//; is isomorphic to one of

(1Y
the modules L™ '(X).
(c) Let q € R, and let w be the anti-involution of ./ defined by

wZ f(T)) =2 f(q*T,).

Then a quasifinite highest weight module over /q is unitary with respect to w if and
only if

n qa]n
A, = Z 13_ o (finite sum) for all n # 0,

J
where the n; are positive integers and the a; are real numbers. (In particular, unitarity
implies that ¢ = Z n; € Z,.) Any unitary quasifinite ;-module is obtained by taking

the tensor product of N umtary irreducible quasifinite highest weight modules over
gl(oo C) and restricting to 5” via an embedding cp[O], a€c RN,
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Remarks. (a) The labels and the central charge of the 5/§\-m0dule L%m]()\) are given
by the following formulas (see (4.6.4)):

A, =Y ¢ g nlogg)/(1 —q"), n£0; c=c.
kez
(b) A vertex operator construction of unitary quasifinite highest weight modules over
Yg with ¢ = 1 is given in [GL].

7. Matrix Case

Let us consider the Lie algebras M, = Mat, (&) and M, 7. They are twisted

Laurent polynomial algebras with A = Mat [w], o(w) = w+ 1 and A =
Mat,, [w,w~'], o(w) = qu respectively.

The canonical central extension Mnfj is defined via (1.3.1) with respect to the trace
functional tr, : Mat, [w, w™'] — C defined by

tr, (Zmﬂu’) =trm.
i

Restriction of tr, to Mat, [w] gives rise to the canonical central extension M, Z".
The isomorphism C"[z,27'] = C[z,2~!] defined by

eiz] — Z]TL+Z

defines the isomorphism Matn(ﬁ (oo))lﬂ (c0). Combined with isomorphism
D¢ 35.Z gl(c0)" and %67’—: 4.w9l(00)" it gives Lie algebra isomorphisms:

M, 2" 5 % Mat, gl()" 5 %, .gl(co),
M, 7" % % Mat, gl(co)" = Z, ngl(c0)" .
The representation theory of the Lie algebras M, 2" and Mn%/\ is similar to that

of @\ and 5’; All irreducible quasifinite highest weight modules over M, 2" and

M, 7" are constructed by embedding in gl(co)[77] and restricting an irreducible
quasi%nite highest weight module over the latter.

An anti-involution of an algebra B combined with the matrix transposition defines
an anti-involution of Mat, (B). All quasifinite unitary highest weight modules over

M, 7" and M, ;" are modules over gl(c0)[0]". In particular, unitary modules over
M, 2" and M,,7;" have positive integer central charge.
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