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Abstract. By using Sato’s infinite dimensional Grassmannian theory of the KP
hierarchy, we study the global structure of the theory space of 2D quantum gravity
coupled to various minimal conformal fields labeled by a pair of integers (p, q).
After giving a rigorous proof of the equivalence of Douglas’s equation and the
Schwinger-Dyson equation ( W-constraint on a t function), we establish the p—q
duality of the (p, ¢) quantum gravity at Green’s function level. As an application,
we discuss the metamorphosis of operators under unitarity-preserving renormal-
ization group flows.

1. Introduction

Recent developments in two-dimensional (2D) quantum gravity have revealed
a great deal of its mathematical and physical structures [1]. However, our under-
standing of the theory has not yet reached a stage that we can extract enough
information for constructing, for example, a general framework for higher dimen-
sional gravities. In order to make further developments in this direction, it is
essential to find a universal formulation that describes the operator structures of
the whole theory space of 2D gravity. At present, we have two promising formula-
tions; one is based on Douglas’s equation [2] and the other on the Schwinger—
Dyson (S-D) equation [3, 4] (and an equivalent approach based on the action
principle [5, 6]). Either of them, however, is not completely satisfactory, but they
are complementary to each other in the following sense. The former is suitable for
describing the theory space but not convenient for examining the relations among
various operators. On the other hand the latter makes the operator structures
manifest but does not give a completely universal description of the whole theory
space. In fact, in the latter formulation 2D gravities coupled to (p, g) conformal
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fields with all values of g are unified into a single theory with a set of background
sources distinguishing the various values of g. However, one has to consider each
value of p separately. Therefore it seems natural to try to construct a universal
formulation by generalizing the S-D equation in such a way that both p and ¢ can
be varied freely. In this paper, as a first attempt along this line, we first establish
a manifest correspondence between Douglas’s equation and the S-D equation. We
then discuss the relation between the (p, q) and (g, p) theories and show how
operators are transformed under the exchange of p and q. Although the results we
obtained here are still incomplete, they suggest an existence of a universal formula-
tion of 2D gravity.

This paper is organized as follows. In Sect. 2, in order to make its connection
with the S-D equation transparent, we first rewrite Douglas’s equation in terms of
the Sato theory [7] for the KP hierarchy. Then in Sect. 3, by utilizing the infinite
dimensional Grassmannian [8, 9], we show that Douglas’s equation rewritten in
this form is indeed equivalent to the S-D equation. In Sect. 4, using the results
obtained in the preceding sections, we consider the p—q duality and explicitly write
down the transformation rules of the operators under the exchange of p and gq.
Section S is devoted to discussion and physical interpretation of our results. There,
by using the transformation rules, the operators ¢, (k = 0modporg, k <p + q)in
(p, q) gravity are shown to be redundant in the sense that their sources can be
eliminated by a redefinition of the sources of lower dimensional operators. This
result is consistent with the BRST cohomological analysis by Lian and Zuckerman
[10]. Finally, we apply this analysis to the minimal unitary case, (p, p + 1) gravity,
and consider the renormalization group flows from (p, p + 1) gravity to (p — 1, p)
gravity.

2. Douglas’s Equation in Terms of KP Hierarchy

One systematic formulation of the two-dimensional quantum gravity was given by
Douglas [2], which is summarized as follows. First, we consider a pair (P, Q) of
differential operators with respect to the cosmological constant ¢t whose commuta-
tor is equal to the unity:

p—1
P=0a,0"+ Y a,(t)d", a,%0, (2.12)

n=0

q-—1
Q=507+ Z ba(t)0", b, #0, (2.1b)

n=0
[P,0]=1. (2.1¢0)

Here, 0 stands for the derivative with respect to t, and P and Q are differential
operators of orders p and g, respectively. Furthermore we assume that their highest
coefficients, a, and b,, are t-independent nonzero constants. We then consider the
set %, , of all (P, Q) that satisfy the above conditions, and introduce the following
equivalence relation in it:

.01~ (crpstirer ). 2
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where c is a t-independent arbitrary constant, and = f(t) is an arbitrary function
of t. Obviously, (2.2) defines an equivalence relation in %, ,, and for each equival-
ence class we can uniquely choose a representative element for which P takes the
following form:

p
P= Z a,(t)0", ay(t)=1, a,-1(t)=0. 2.3)
n=0
In this choice of representative element, the free energy F(t) is given by the third
coefficient of P as
d? 2
Zt-zF(t) =Ea,,_2(t). 2.4)

Around each point (P, Q) in &, , we consider a set of flows which can be
expressed in the following form:

6P =[H, P],
80 =[H,0]. (2.5)

Here, H is a differential operator with respect to ¢, and we assume that (P, Q) stays
in &, , during the flow. In other words, we require that

[H, P] = ad® + (terms with lower order derivatives) (2.6a)
[H, Q] = a’0? + (terms with lower order derivatives) , (2.6b)

where o and o’ are t-independent constants. As will be discussed shortly below, the
general form of such H is given by

ptq
H=Y c,(P"?), + co(t) — aPQ, 2.7
n=1
where o and ¢, (n=1,2,...,p + q) are constants and cy(t) is an arbitrary

function. To prove Eq. (2.7), we first note that Eq. (2.6a) implies that [H + «PQ, P]
consists of terms with derivatives of order less than p. Therefore as is well known in
the theory of pseudo-differential operators, H + aPQ is expressed as

H+aPQ =Y c,(P"?), + co(t), 2.8)
nx1

where ¢,’s are t-independent constants and cy(t) is an arbitrary function of .
Taking Eq. (2.6b) into account, we finally find that the summation on the right-
hand side of Eq. (2.8) should terminate at n = p + ¢, and Eq. (2.8) is reduced to Eq.
(2.7), because of the following equation:

[(P"?),,Q]=[P"?,Q]—[(P"?)-, Q]
=2 prir=t — [(P")_, 0]
p
= g (a,)"/P~1g" P + (derivatives of order less than max{q,n — p}) .

29
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By a similar argument with P and Q exchanged, we see that the general form of
H can also be given in the following form:

H = quC;(Q”"‘)+ + co(t) + «'PQ . (2.10)

n=1
So far we have considered flows, (2.5) and (2.7), in the space &, ,. We, however,

notice that the flows generated by the last two terms in Eq. (2.7) do not change the
equivalence class. This can easily be seen from

[co(t) + aPQ, P] = co(t)P — Pco(t) — aP,
Leo(t) +aPQ, Q] = co(£)Q — Qco(2) + 2@, (2.11)

which is nothing but an infinitesimal version of Eq. (2.2). Therefore we find that in
the quotient space &, ,/~ the general form of flows is represented by the first term
of Eq. (2.7), that is,

ptq

H=Y c,(P"7), . (2.12)

n=1
Furthermore, it is easy to see that this form of H is compatible with the choice of
representative elements (2.3). To be more specific, for such choice of P we can define
the Lax operator L by

P=LP L=0+4+ud '+ ..., (2.13)
and rewrite Eq. (2.12) as
ptq
H= Z Cn(L”)+ 5 (214)
n=1

which is nothing but a generator of the KP flows. In the general theory of the KP
equation [7], it is known that such flows satisfy the zero-curvature condition.
Therefore, the orbit of the flows can be parametrized by p + g variables y; (i = 1,
2,...,p+q), and L is given as a function of y;s that satisfies

0
5, L=0LL", L]. (2.15)
Vn
Furthermore according to the Sato theory, Eq. (2.15) is equivalent to the following
set of equations:

L=Wow1, (2.162)
W=1+ Y wiy)d™", (2.16b)
nz1
S w_pw—wor (2.16¢)
ayn = D, . .

Here, B, is a differential operator which is automatically determined by Eq.
(2.16¢) as

B, = (Wo"W™1y, = (L"), . 2.17)
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Note that the W operator in Egs. (2.16) has an ambiguity of right multlphcatlon by
a constant pseudo-differential operator C =1+ ¢;0" ' +¢c,072 +

We—WwC. (2.18)

Our next step is to express the operators P and Q in terms of the W operator
introduced above. As for P, Egs. (2.13) and (2.16a) immediately give

P=Worwt. (2.19)

Then multiplying Eq. (2.1c) by W~! and W from left and from right, respectively,

we have
[P, W lQW]=1. (2.20)

From this equation and the fact that Q is of order g we find that W~ ! QW should
have the following form:

W‘lQW— 1077+ Y di(y)o* . (2.21)
k=<gqg

Here, the first term on the right-hand side is a special solution of Eq. (2.20), while
the second term is the general solution of the homogeneous version of Eq. (2.20)
and the d,(y)’s are y-dependent constants. In order to find the y-dependence of

. . . 0 . .
W~1QW, we consider its y derivatives, — (W~ 'QW). Using the y-evolution

Oy
equations given by
4 -1 -1 -1
Wil=—-W'IB,+0"W
0Yn
— B, B
- Q= B0~ 0B,
0
— W=B,W— Wo", (2.22)
0Yn
we obtain
4 -1 -1
5(W ow)=[o", W 'QWwW]. (2.23)

Then by substituting (2.21) in the right-hand side of this equation, we have the
following equation:

0 n
— (W 1QW)==-0""? (n=1,2,...,p+4q), 2.24
6y,,( ow) p ( p+q) (2.24)

which together with Eq. (2.21) determines W~ 1QW as

ptq
W‘IQW=%<t6‘P“ + Y k(yk—yfco))ak_"—kla_”)-f- Y 0qd%7P, (225)

k=1 ks -1
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where y{, 1 and o, are constants. Since the last term on the right-hand side of this
equation can be eliminated by an appropriate redefinition of W given by (2.18),! we
finally obtain

ptq
0 =11) W( 0Pt 4 007P + Y kxkak-l’> wt, (2.26)
k=1

where we have introduced new variables x defined by x, = y, — yi?. Note that so
far we have not used the conditions that P and Q are differential operators.
Therefore the general solution of the flow orbit in &, ,/ ~ is expressed as (2.19) and
(2.26) provided that the W operator satisfies the Sato equation and the above
conditions ((P)_ = (Q)- = 0):

0
0x,

W =B,W — Wo,
(Worw~=1)_ =0,

ptq
(W{tb“’“ +A077+ Y kxka"‘”}W"1> =0. (2.27)
k= _

=1

In the next section, we show that this set of equations is equivalent to the Virasoro
constraint on a t function of the p-reduced KP hierarchy.

3. Equivalence between the S-D Equation and Douglas’s Equation
As is shown in refs. [3, 4], analysts based on the S-D equation imply that the

square root of the partition function of 2D gravity coupled to (p, *) conformal field
is given by a 7 function of the KP hierarchy that satisfies the following conditions:

% t(x)=0, (3.1a)
ZL_,t(x)=0. (3.1b)

Here, x;’s (i =1, 2, . . . ) stand for the time variables of the KP hierarchy and .%,’s
are the Virasoro generators in the following form:3

gn =}' Z klxkxl + Z kxk i +£ 9 i

24412 -n k—l=-n 0x; 2,94, 0% 0x,

1 After such redefinition of W, it has no ambiguity any more and hence the corresponding
7 function is fixed up to an overall constant

2 Equation (2.27) were already discussed in ref. [11] from a slightly different point of view. In the
next section we will see that the constant A should be equal to (— p + 1)/2 in order for Eq. (2.27) to
have a nontrivial solution

3 As was conjectured in refs. [3, 4] and proved in ref. [8], the W,,, (or W,) constraint
automatically follows from Egs. (3.1), which we do not use in the present paper, however. See also
ref. [12], where similar analyses were made
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Note that the set of equations (3.1) is equivalent to the following weaker conditions
which contain three additional constants, a, b and c:

9 t(x) = at(x), (3.2a)
0x,
(Z-p + cxp)t(x) = br(x) . (3.2b)

In fact, if we require Eq. (3.2), ¢ = 0 follows from |: L _p+cx,, (3% ] 7 = 0 and then
14

a = b = 0 follows as is shown in ref. [8]. Our aim in this section is to confirm the
equivalence between the S-D equation and Douglas’s formulation by proving that
Eqs. (3.2) are equivalent to Eqgs. (2.27). We will see below that the use of the infinite
dimensional Grassmannian gives a simple proof of this statement.

Before going into the proof we summarize the relation between pseudo-
differential operators and the infinite dimensional Grassmannian. Let H be the
linear space of formal Laurent series, that is, H = {,.z¢,z"}. Then for any
pseudo-differential operator U, we construct a corresponding subspace Vy of H as
follows:

UV = [U|t=to> (aU)|t=to9(62U)|t=to> cee ]
= linear space spanned by (8*U)|,=,,s (k=0,1,2,...). (3.3)

Here, the symbol |,-,, is defined in the following way. Let S be a pseudo-differential
operator (e.g. S = 0*U), and write it in the standard form, S =Y ,S,(¢)0". Then
Sli=1, € H is defined by S|,—,, = Y ,Sa(to)2z". Although in general the mapping (3.3)
is not injective, it becomes injective if we restrict the defining domain to the set of
pseudo-differential operators having a special formlike U = 1 + ) 2 u,(£)d7". In
the latter part of this section the following lemma plays an essential role.

Lemma. Let U be a pseudo-differential operator and Vy the corresponding subspace
of H. Then the following two statements are equivalent:

d n
@) {ngo CnZ" <E> } Vo Vy. (3.4)

(b) There exists a differential operator B such that*

U{ Y Cmn(t — to)"0™ } =BU. (3.5)

mnz0
Proof. The following three statements hold for any pseudo-differential operators
X and Y and differential operator B:

() X = Yo (0*X)|iip = (0* Dlicy for VA 20,

4 Strictly speaking, B should be regarded as a formal differential operator in the sense that it is
given by a formal Taylor series:

1
B=3Y ¥ ;b;’"’(t—-to)"‘a"‘
nz0mz0""""

Actually this is sufficient for the proof of the equivalence of Egs. (3.8) and (3.9)
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d n
(i) (X(t —t0)"0™Ni=1o=2" < E) (Xle=t0)s

(iil) (0*BY)li=io = Y, Aa(B)(0'Y)lizs, (k2 0),

120

k
where 4 (B)= ¥ (" ) b

r=max{0,k—1} \ T
1
for B= Y b,(t)0"= ), ( Y —bim(t - to)"‘>a" .
nz0 nz0\mz=0 m!
Therefore, by applying (i) ~ (iii) to Eq. (3.5), we have

(b) < 1B (differential operator) such that

Z Cm,nzm(_d‘)n (akU)|t=zo = Z /q-k,l(B)(alU)lmto for Vk =z 0.

mnz0 dz 1z0
On the other hand, since ¥y is spanned by (0*U)|,—,, (k =0, 1,2, ...), we have
(@) <= 3w, (k, 1 = 0) such that

d n
> cm,nZ'"<d—> (0*U)li=to = Y, 1(8'U)ly=y, for ¥k 20.
mnz0 z 1z0

The above two statements are equivalent, since for any set of numbers g, ; (k, | = 0)
we can construct the following formal differential operator B that satisfies

A1(B) = i

b{™(t — to)™0",

B=) X

1
ws0omsom!

m

m
bgl”‘) = Z (_1)m—k< k )”’k,k+n—m . l

k=max{0,m—n}

We now give the proof of the equivalence between Eqs. (3.2) and (2.27). First we
note that the Sato equation (for W =1 + zk; Wit x)07F),

0
0x,

is easily solved in terms of the infinite dimensional Grassmannian:

Wirten, (3.7)

>

W=B,W— Wo", (3.6)

Vir(x) = €~ L=z (a—x

where Vi (., stands for the subspace of H corresponding to W(x). Furthermore as
was shown in ref. [8] Egs. (3.2) are equivalent to

ZpVW(x) < VW(x)y

d - 1
Z—p-'—1 — + _Ili—z—p + Z k(Xk + 5k’1t0)2k_p + cz™ P VW(x) c VW(x) .
dz 2 k=1
(3.8)
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Then by applying Lemma 1 to (3.8), we find that the following equations are
equivalent to Egs. (3.8) and hence to Egs. (3.2):

(Worw—1H_ =0,
—p+1 —p+1 - k- -1
W<to P + T+c 0P+ Y kx oF P W =0, (3.9)
k=1 -
which are nothing but Eqgs. (2.27) if we set x;’s other than x;, x5, . . ., X,+4to zero.

Thus we have confirmed the equivalence of the S-D equation and Douglas’s
equation. In the following sections, we use this equivalence to explore more
profound structures of operators in 2D gravity.

4. p—q Duality

The system of 2D gravity coupled to (p, *) conformal field is described in a unified
way by a t function of the KP hierarchy that satisfies Egs. (3.1a) and (3.1b). For
example, the 2D gravity coupled to (p, g) conformal field is realized by setting
X1 =1t X,4,=const. and x; =0 (i + 1, p + q) [3, 4]. In this sense the S-D equa-
tion (3.1) gives a universal description for various values of ¢, while in order to vary
p one has to change the form of the equation itself. In particular, the equivalence
between (p, q) theory and (q, p) theory is not manifest in this formalism, neverthe-
less they should describe the same theory. On the other hand, in Douglas’s
equation (2.1) p and g appear in a symmetric manner, although the structure of the
operators is not transparent. The aim of this section is to give a one-to-one
correspondence between the (p, q) and (g, p) theory by using the relation between
the two formulations obtained in the preceding sections.

In Sect. 2, we found that the flow orbit in the space &, ,/~ of a pair of
differential operators (P, Q) satisfying Eq. (2.1) is represented as follows by
a pseudo-differential operator W that obeys Eq. (2.27):

P=worw!

— ptq
Q=1W<t6"’“+p—+16“"+ Y kx,ﬁ""’)W‘l, 4.1)
p 2 k=1
where W has the form W =1+ )2  w(t x)d~*. In this expression we have
chosen such representative elements that P has the standard form (2.3). Obviously
we can change the representative elements in such a way that Q becomes the
standard form. In fact if we introduce P and Q defined by

p

P= eath—at ,
(P + Dxp+q
Q_ - _ (p + q)xp‘*'qeatPe—aI,
D
a = (p + q— 1)xp+q—1 (42)

q(p + q) xp+q
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then obviously we have (— @, P) ~ (P, Q) in the sense of (2.2) and P is in the
standard form (2.3). Furthermore (P, Q) satisfies Eq. (2.1) with p and g exchanged.
Therefore, the general argument given in Sect. 2 implies that there uniquely exist

a pseudo-differential operator W and a set of constants x;, (k=1,2,...,p + q)
such that
P=Wow 1
_ 1 - - 1 pta -
Q=5W<ta_q+l+—g2;‘a_q+ Z kikak-‘q>W—1 P} (43)
k=1

where W has the form W =1+ ) 2| W(t, X)0~* and satisfies the Sato equation.
By combining Eqs. (4.1), (4.2) and (4.3), we obtain

UptU—t=—
(p+q)xp+q

— 1 ptq
(za-v+1+——~”2+ P+ Y kxkak“"), (4.4a)

k=1

—-p —gq+1 —q+1, P k— -1
— |t — 071 + Z kx,0° 1 | U~ =07, (4.4b)
q(p + q)Xp+q 2 k=1

where U is defined by
U=Wle W, 4.5)

From Eq. (4.4b) we immediately see that
)Zp+q= —Iq_)xp+q’ (46)

by comparing the coefficient of 0. In order to make the equations transparent, we
introduce the following notations:

.
0=UoU™, t=UtU"!, (4.8)
Obviously 0 and t satisfy
[0,t]=1 (4.9)
and have the following forms:
I=0+ ...,
t=t0%+ ... . (4.10)

Then Egs. (4.4) can be rewritten in a manifestly p—q symmetric form:

(ta—p*-l + L—Ha—p> s

_ ptg-1
aq=54(1+ Y, a0k
k=1 2

+___—
) (p+q)xp+q
—q+1

_ ptg—-1 1 L _
0rP=07(1+ da"‘>+———_—-<ta“1“+ a-q). 4.11
< kgl ¢ (P + DXp+q 2 ( )







