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Abstract. We construct complexified versions of the quantum groups associated with
the Lie algebras of type A,—1, Bn, Cp, and D,,. Following the ideas of Faddeev,
Reshetikhin and Takhtajan we obtain the Hopf algebras of regular functionals U
on these complexified quantum groups. In the special example A; we derive the
g-deformed enveloping algebra U,(si(2,C)). In the limit ¢ — 1 the undeformed
U(sl(2,C)) is recovered.

1. Introduction

For quantum groups associated with the Lie algebras g of type A,_;, By, Cp, and
D,, there exist well defined correlations between the quantum group itself and the
corresponding g-deformed universal enveloping algebra U,(g) [Dri, FRT]. Coming
from the quantum group, one can construct the algebra of regular functionals which
is shown to be the algebra U,(g) for a certain completion. Though the g-deformed
Lorentz group already exists in at least two versions [CSSW, PW], there is not yet
such a straightforward procedure like in the case of compact Lie groups to derive
the corresponding quantized universal enveloping algebra. However this g-deformed
algebra is the very object of interest since it should be fundamental for the construction
of a g-deformed relativistic field theory.

In this paper we present the quantized universal enveloping algebra Ug(sl(2, C)) of
the g-deformed Lorentz group Si,(2,C). In Sect. (2) we construct complex quantum
groups for the Lie algebras A,_;, By, Cy, and D,,. These are complexifications of
the original quantum groups. The algebraic relations can be written in a generalized
RTT-formulation and the usual determinant or metric relations. Following the ideas
of [FRT] this fact is used in Sect. (3) to build up the algebra of regular functionals on
the complex quantum groups'. The approach in this paper is purely algebraic without

! The same universal enveloping algebra corresponding to the complex quantum group is constructed
by analyzing the algebra of the fundamental bicovariant bicomodule [CW]
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considering the C*-structure which has been investigated in [Pod, PW]. In Sect. (4)
we derive as a special example the algebra U,(sl(2,C))>. We investigate the limit
g — 1 in Sect. (5) and recover U(sl(2,C)).

2. Complexified Quantum Groups

In the approach of [FRT] the quantum group is a Hopf algebra with comultiplication &,

counit e and antipode « [Abe], generated by the matrix elements tt jGi=1,..., N;
N =n for A,_1 and N = 2n + 1 for B,,, N = 2n for C,, D,,) with the relations
It’ti‘z = Rfljkltkstlt - tivtijgwst =0 (21)
and
det(t?;) = Vit g Dekrbnglyy o gy g =1 for Ap_
J [n]q' 1 n=li.tn (22)
ti(C71)*t Cly = (C R Gty = 611 for By,Chp, Dy .

where €;,_;, = (—1)"7! - glivin = (=)@, [n],! is the usual g-factorial [CSWW]
and Cj; is the usual metric [FRT]. The R-matrices for the respective quantum groups
are taken from [FRT] with ¢ > O real.

To find the complexified versions of these quantum groups one has to introduce
the complex conjugates t*¢; of the generators ¢‘; as additional generators with the
complex conjugate versions of the relations (2.1) and (2.2) above [CSWW]. With the
definition:

B = (k)" (23)
we get
I i o= (Rt — 8,0 (R s = 0, (2.4)
piy_ CD oy ks A _
det(t*;) = ! g \2eFtnghy ot e, =1 for Apg 2.5)
B (C™ ' Cry = (CTV)*E ity = 611 for Bp,Chp, D, .

One still has to define commutation relations between the generators t'; and their
complex conjugates:

If,tg = szklfkstll - tivi‘ijgwst =0. 2.6)

With this choice of commutation relations one can identify the function algebra over
the unitary group as the quotient {*; = t*;. There is a second possibility interchanging
the role of ¢*; and t%]- in (2.6) which is equivalent to the first.
Summarizing we are considering the following quantum group:
A= C(t 5, 85) I I 49, 1,9, (2.2),(2.5)) 2.7

st?

2 This algebra also has been investigated in [SWZ, OSWZ] by an alternative approach



Complex Quantum Groups and Their Quantum Enveloping Algebras 627

Proposition 1. The algebra .4 becomes a x-Hopf algebra with comultiplication ®,
counit e and antipode k which are defined on the generators through

(t';) =ty ®tF,

e(tij) = 6; )
- (2.8)
K(t;) = [—ni—_F Ezklmkn_ltllkl Teeet tln_lkn—lsllmln—lj for An_
VA q-
(C_l)iktlkclj for BnaCnaDn
and

P(E* ) =t @ t*F;,
et*;) = 6%, 2.9)
Rt = (71"

It is convenient to introduce an RTT-formulation for this complexified quantum

group. Set (I) := (4,%), I := (,7) = G,%), 4,5 =1, ..., N) and define the 2N x 2N-
matrix,

1 . (t O 1
T!, = (0 f)J. (2.10)
Correspondingly one defines the .78-matrix,
R, 0 0 0
0 0 akR 0
IJ . - 11%q
S KL= 0 Rt 0 0 11)
0 0 0 o3R;!
with ; € C.
Then the relations (2.1), (2.4), and (2.6) can be written in compact form as
R kit T*gT s =TT w2y " ks, (2.12)

and %q fulfills the Yang-Baxter-Equation:
(E ® .%,) (%4 E)(E® %, = (7, E) (E ® .%,) (%, ®E) (2.13)

with E} = 6.

There are three further possibilities for the choice of the .%2,-matrix which we
disregard here, since one of them yields equivalent results and the others do not
admit a simple involution on the algebra of regular functionals.

3. The Algebra of Regular Functionals

The dual space ..4* of the Hopf algebra .Z is an algebra with the convolution product.
One can introduce an antimultiplication involution “1” on _%*: For f € .#* one sets

Va € 4: fl(a) = f(k~'(a¥)). (3.1)

w—99,

In the following we are working mostly with the multiplicative involution

fi=ftox. (3.2)
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It is also possible to consider an involution where x~! is replaced by & in (3.1)

and (3.2). Since k((k(a*))*) = k1 ((k ' (a™))*) = a Va € % the multiplicative
involutions coincide for both cases. This is also true for the antimultiplicative ones
for ¢ — 1. We now construct the algebra of regular functionals on .4. We define
functionals L ; € _#™ through their action on the generators of .Z:

L ;1) =64,

33
L (T*L) == 7,5 Ly ¢

and their comultiplication
Va,b € #%:L* j(ab) = L g (a) LXK ;(b). (3.4)
This definition is compatible with the algebra relations in .4 and it holds
Proposition 2.
[¥:=L[%,=0 Vij,
Ry Lk Iy Ly = L 4L p B 4wy (3.5
%gILKL+KVL_LW = L—IAL+JB%§AWV .
The equations (2.2) and (2.5) partly determine the coefficients «; in Eq. (2.11):
Proposition 3. For A,_; one has
()™ =(a)™" = ()" = ()" =4¢. (3.6)
In the cases of B, Cp, Dy, one gets
(o)’ = () = (@)’ = (m)’ = 1. €X)

Definition. The algebra U of regular functionals on % is the unital algebra gener-
ated by {L*;}.

Proposition 4. The algebra U becomes a bialgebra with comultiplication A:U 5, —
Us» @ Uy and counit €:Uy — C through the definitions

AL )= L g @ LK,

3.8
e(L* ) = 6%, 38)

on the generators of Ugz.
Consider now the map S:.4* — _#* defined by
S:=-0k. (3.9

With this definition we get the following

Proposition 5.
SUx =Ux (3.10)
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and
G Ky kyi T L +l
SLF ) = R nole B LEG L Ly eq 1y for Apog
J7 q:
(C_l)kiLilijl for Bn:Cn:Dny
(3.11)
e® o Rira 41
S’(Lﬂ_) = Ws ot l’-91 oL n_lkn——lejl—n—lml-l for A"‘l
D= e
(C_l)kiLill_cCﬁ fOV Bn;Cn,Dn-

it Consequently the algebra Uz becomes a Hopf algebra with antipode S := 5'|U%.
And it holds

L S(LA ) = ke (3.12)
Proposition 6. The involution on the generators of Uz is
L¥, = [*; (3.13)
if
ag-az=1 (3.14)
and
a-a =1. (3.15)

With the involution “!” U becomes a *-Hopf algebra. Nevertheless the coefficients
a; are not yet completely fixed. For further calculations we introduce the so-called
root-of-unity-homomorphisms e,. s which are elements of ..4* and are defined multi-
plicatively on the generators of .4 as follows:
ers(1) =1,
ers(t%) i= 2™ 7/0 . 52 (3.16)
er,s(%) == €710 62

n for A,_1

2 for B,,Cn, D,
One can easily check the following

where r,s € Z, @ :=

Proposition 7. 1. e, s is a well defined algebra homomorphism,
2. €0,0 = (er,s)@ =e,

3. €Lk " Em,n = €l4m,k+n »

4. [ers, f1=0 Vf e 2%,

5. 65 =¢€sy.

Using the special form of the .78,-matrix and the form of the matrices R, for
An_1, By, Cyp, or Dy, we get

Proposition 8. 1. L**; is upper-triangular, L*"; is lower-triangular.
2. L* L = L LY, = ey, where ap - ap = oy - i3 = €2™1/9,

3. L‘{i =L7% - eq_,, where ag- a1 = (aa - a3 ~1)* = &2747/0,

4. (LT, L7 = [L*, L] = 0.

5. Lty LNy =Lt LN g =efor An_1, Cn, Dy and
L LN = (L LY g)? = e for By,
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4. The Hopf Algebra Uy(sl(2,0))

To illustrate the above developed formalism we now investigate the easiest example,
that is the Hopf algebra U,(sl(2, C)) with the additional choice oy = ;. The other
possibility, g = — a1, would provide the additional algebra homomorphism e;; in
U . We do not consider this case in this paper. As a consequence of these restrictions
we get ap-ap =g+ (a1)”! =1 and thus the equations in Proposition 8 only contain
€00 = e. Therefore in the case A; we only have to consider the unit e and the
generators

LY LYy, L, LY, LY, L2 L2, (L)) @4.1)
For further considerations we define the element
A=L"1% L2 cUg. 4.2)

Proposition 9. 1. {A™|n € N} is a linearly independent set in &*.
2. A™ = 0 for monomials t9'£92 with min(gi, g;) < n.

Property 2 of Proposition 9 allows us to handle power series in 4™ of the form
o0

A11 = L_ll <6 + Z C!nAn> y
n=1
(e o]

A, =17 (e +)° ﬂnA"> :

n=1

4.3)

where o, (B, are arbitrary complex numbers. Because of this fact, property 1 of
Proposition 9 and (3.12) we obtain

o0
Proposition 10. L', is invertible and (L™'\)"' = L2, (e + (—q)‘"A") is an
element of a certain minimal extension of U z. n=1

Consequently there remain six essential generators since L™, can now be ex-
pressed through A and (L~';)~!. Using (3.5) and (3.12) we get the following algebra
relations:

L7, L720=0 [L7',L*]=0, [L* L% =[L2,L?]=0,
(L2, L) =(q—¢ H{@ ) 'L =@ ') e+ ¢ AL},
(L7, L2 = (q— ¢ H{L WL =@ DL ) e+ g7 A)),
(L, L) = (g — ¢ H{T ) = @), 4.4)
L:!:IIL:{:I2 — q_lLilzLill , L—llL—Zl — q—lL—ZlL—ll , L—12L+1l — qL+11L_12,
L_21L+11 — q—1L+11L—21 7 L+iIL+11 — q—1L+11L+ii ,
LTHIP gL = (@ - L@ )

L™HLty — gL L = (¢ — L7, LY.
In the next step we make an ansatz similar to [FRT] with H;, Xii; 1=1,2. We set
L+_11 =exp(h/2H), L™'i=exp(h/2H)), L*=—(¢—q )Xy, “5)
LPi=@-qg "Xy, Lh=@-¢HX;,, L'2=-(g-¢HXS,

where g = e”.
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The equations (4.4) and (4.5) yield the following algebra relations:
(Hy, Hol = (X7, X7 1= [X},X;1=0, [H,X{]=£2X],
[Hi, X51=F2X5", [Hp,X5]=-2X5,

[Hy, XiF] = 2X{ — 4XF exp(Fh/2(H, + Hy)),
exp(hH;) — exp(—hH;)

XF, X7 = , 4.6
L X (a—q") *-0)
[X:I: X:{:] — exp(:l:h/2(H1 + HZ)) - eXp(:Fh/Z(Hl + Hz))

b (q—q™h

+ (1 — @) exp(Fh/2(H, + H)) X5 X5 .

Coming from H;, X;F one can argue that this algebra is a certain completion of Uz
and a *-Hopf algebra with coproduct A,

AXT) = X{ @ exp(—h/2H)) + exp(h/2H)) ® X",
AXY) = X3 @ exp(—h/2H;) (e — ¢ 2 D) + exp(h/2H,) ® X5,
AX;) = X5 @exp(h/2H,) + exp(—=h/2Hy) (e — ¢ 2 D) @ X;
AH)=H ®e+e®H, 4.7)

2 &1
Ay =5 Y & (1 exp(h/2(Hy @ e + e ® Hy)
k=1

—(@-VPXS X, +-e®e),

antipode S
S(X{) = —exp(=h/2H) X exp(h/2H)),
S(X3) = — exp(Fh/2Hy) X exp(h/2Hy),
S(H,)=—Hy, (4.8)
2 1
S(Hy) = + k; = (=D exp(—h/2H) (e — 42D) — o,

and counit €
e(H)=e(H) =0, &X{)=eX;)=0, 4.9)

where & := q(q — ¢ )2 X} X5 .
As a formal power series in h the generators H; and H, are well defined and
unique [Ogil].

5. The Limit ¢ — 1
We investigate the limit ¢ — 1 for the algebra relations (4.6). A short computation
yields
[Hy, H)] = [ X5, XF1=[X,X;1=0, [H, X =+2X],
(Hy, XF1=F2X5, [HyXFl=-2X5,
[Hy, X{f1=2X{ -4X7, [X{,X;1=H,
(X5, X[ 1=1/2(Hi - Hy), [X{,X}1=1/2(H\+H,).

G.1)
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To recover the usual U(sl(2, C))-structure, we transform the Lie algebra (5.1) linearly

H :=1/2(H, - Hy), Hy:=1/2(H,+Hy), X=X,

= B " - o (5.2)
X=X -XH), X =X-X, X;=X.
With (5.1) and (5.2) we get the relations
A, X1 =+2XF, [Xf,X71=H;, [H,H]=0, 5.3
(A, %51 =1, XE1=0, [XEXF1=1X5XF1=0 '
and the involution A R . .
Al =8, &XHt=2XF. (5.4

Considering comultiplication and antipode in this limit one recovers the universal
enveloping algebra of si(2, C).

6. Concluding Remarks

Apart from our work there are three further papers which deal with the same ob-
ject [SWZ, OSWZ, CW] and, closely related, with the g-deformed Poincaré algebra
[LNRT]. In [SWZ, OSWZ] a g-deformed version of the Lorentz algebra is derived
via linear representations of the algebra on the complex spinor quantum plane. This
yields a 7-generator algebra with additional parameter [SWZ]. This algebra can be
found in the enveloping algebra of a 6-generator formulation of U,(sl(2, C)) [OSWZ].

Using the algebra Uy a differential calculus is developed in [CW] (see footnote in
Sect. (1)). This algebra of differential operators is another formulation of the algebra
Uy(sl(2,C)).

Another approach uses the g-generalization of the adjoint representation of Lie
groups to derive the analogous of the linear functionals in [Wor, CSWW, Jur] which
correspond to the left invariant vector fields on the Lie group in the limit ¢ — 1. This
is now under investigation [CDSWZ].

Acknowledgements. 1t is a pleasure for us to thank Julius Wess for drawing our attention to this
problem. We would also like to thank R. Dick and O. Ogievetsky for valuable discussions.
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