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Abstract. We prove that C*-persistently expansive geodesic flows of compact,
boundaryless Riemannian manifolds have the property that the closure of the
set of closed orbits is a hyperbolic set. In the case of compact surfaces we de-
duce that the geodesic flow is C!-persistently expansive if and only if it is an
Anosov flow.

Introduction

In this paper we present some results concerning geodesic flows possessing
certain topological properties which persist under small perturbations. Recall
that if (M, g) is a complete Riemannian manifold and 7; M is its unit tangent
bundle, the geodesic flow ¢,: TTM — T, M is defined as follows: given a point
(p,v)e LM, o,(p,v) = (y(r), y'(¢)), where y(¢) is the unit geodesic of M such
that y(0) = p and y'(0) = v. Let us denote as k*(M) the set of geodesic flows
of Riemannian metrics of M endowed with the C* topology. Given any one
parameter family of homeomorphisms i/,: N — N acting on a metric space N,
we say that it is expansive if there is an ¢ > 0 such that every p e N satisfies
the following property: if ge N and there exists a continuous surjection
Jot R >R with d(,(p), ¥s,(q)) < ¢ for every e R, then there exists z,€ R
depending on ¢, p, g, with t,— 0 if d(p,q) — 0 such that g =, (p). When
te Z for every t we just take f,(¢) = t and 7, = 0.

The persistence of expansivity is closely related with hyperbolicity and sta-
bility of dynamical systems. Let E*(M) be the subset of x*(M) of expansive
geodesic flows. An Anosov geodesic flow of a compact manifold M is expan-
sive, and since it is C!-structurally stable [1] it belongs to int(E'(M)) — the
interior of E'(M) in k' (M). Axiom A systems are expansive near the closure
of the set of periodic orbits, and since they are Q-stable [10, 12] this property
persists under C! perturbations. On the other hand, Matfie [6] proves that the
interior of the set of expansive diffcomorphisms in Diff! (M) (i.e. the set of
C> diffeomorphisms of M endowed with the C' topology) coincides with the



204 R. O. Ruggiero

set of Quasi-Anosov ones. (A diffeomorphism f: M — M is called Quasi-
Anosov if for every pe M and Ve T,M we have that | Df"(V)| - when
either n>»+ o0 or n>>— 00.) Maiie shows in particular that such diffeomor-
phisms are Axiom A4 systems. We obtain in this work analogous results for
persistently expansive geodesic flows. If ¥, is a flow acting on a Riemannian
manifold N we say that an invariant set X € N is hyperbolic if there exist
constants C >0, 0 <A< 1, and a splitting E;® E,® E, = T,N for every
p € X such that

i) E;, Ej are invariant by di, and E,, is the direction of the flow at p. (If p is
a singularity take £, = 0.)
i) ||dy; g | = CA' Ve 20.

ldy,lpsll < CA' Ve 0.

When X = N the flow is called an Anosov flow. Denote as A(M) the set of
Anosov geodesic flows of the manifold M.

Theorem A. Let M be a compact manifold of dimension two. Then int(E'(M))
=A(M).

This theorem will follow from the fact that periodic orbits of expansive
geodesic flows of surfaces are dense (see Sect. 3) together with the following
result:

Theorem B. Let (M, g) be a compact Riemannian manifold of dimension n. If
the geodesic flow @, belongs to int(E") the set P(@) — the closure of the set P(¢p)
of periodic orbits of ¢, — is a hyperbolic set.

The method used to prove Theorem B combines some classical results
concerning symplectic dynamics — the so-called Birkhoff-Lewis fixed point
theorem — with the general theory of persistent invariant bundles. Indeed,
we deduce that if ¢, E'(M) then the closed orbits are C!-persistently
hyperbolic, and from [6] this implies that there exists an extended, continu-

ous invariant bundle defined in P(¢) — which coincides with the hyperbolic
splitting along each periodic orbit-satisfying what is called the domination
condition (see [6] and also Sect.2). It is important to remark that the ab-
sence of a closing lemma for geodesic flows determines essential differences
between the arguments used here and those of [6] for diffeomorphisms.
Roughly speaking, Pugh’s closing lemma [9] says that for every diffeomor-
phism f: M - M defined on a compact manifold M we can approximate
“almost” periodic parts of orbits of f by periodic orbits of C! perturbations
of f.

On the other hand, we shall show that the splitting mentioned above
satisfies an algebraic property associated to the symplectic structure of
the geodesic flow: it comes to be a Lagrangian splitting. Invariant splittings
of Anosov geodesic flows are easily seen to be Lagrangian, while the re-
ciprocal statement is not necessarily true. What we prove is that a con-
tinuous, Lagrangian, invariant splitting defined on a compact invariant set
for the geodesic flow is hyperbolic if and only if it satisfies the domination
condition.
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1. Generic Properties of Poincaré Maps of Closed Orbits

Let (M,g) be a complete Riemannian manifold, and let 7;M be unit tan-
gent bundle. The metric g induces a Riemannian structure on 7; M given by
the metric §, which we define as follows: Let n: TM — M be the projection
n(p,v) = p, where (p,v) is a point of TM in local coordinates U x R", U an
open subset of M. Let

K: T(TM) > TM
K: }’Eq’v)H Vm dTE(Y)q,

where V:TM x TM — TM is the Levi-Civita connection of (M,g), and
dn(Y), is any differentiable vector field defined in an open neighborhood of p
such that dn(Y), = dn(Y),. Then, if V, W e T,(TM), define

gV, W) =g@dn(V), dn(W)) + g(K(V), K(W)).

It is easy to see that Ker(Ky) @ Ker(dn;) = T.(TM), where the sum is orthog-
onal with respect to g, and dim[Ker(K;)] = dim[Ker(dn;)] = n. Now, let us
consider the restriction of this metric to 7; M, which we still denote as §.

Let ¢,: M - T;M be the geodesic flow of (M,g). Consider N;=
{ve T(TyM)\§ (v, E;) = 0}, where E, is the direction tangent to the flow at
(e 1M, and let H: < N;, V: < N; be the horizontal and the vertical sub-
spaces respectively, where

H; = Ker(K;) N N,
Ve = Ker (dns) N N;.

Note that dim (H,) = dim(V;) =n — 1 and N; = H,® V;. Define
3: T(TiM) - T(T, M),
JXY) = (= LX),

Observe that 3% = — I, and that there exists a canonical symplectic structure
on N; induced by J. Recall that a symplectic form w on R?>™ is an alternate,
non-degenerate two-form on IR?™. We call the pair (R*™,w) a symplectic
structure. Now, for each & € T; M consider the following form:

QV,W)=g(V,IW)VV, WeN,.

It is clear that Q. depends differentiably on &, and since J is both an isomor-
phism and an involution we get that Q. is in fact a symplectic form V&. We
shall denote as Q the two-form in A%(T; M), the space of two-forms of T; M,
defined by Q(&) = Q.

A simple, but important remark is that the geodesic flow of (M,g) pre-
serves both N; and @, i.e., do,(Ny) = N, V¢ e T;M and

0F(Q,,0) = 2 VteR,
where the map F*: A*(Tp,X) > A*(T,X) is defined as
F*wp iy (V, W) = 0,(dF~(V), dF~ (W)
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for every diffeomorphism F: X - X on a manifold X, with A*(7,X) being
the space of k forms on 7,X. This implies in particular that §(de,(V), and
3o (W) = §(3(V), W), so

(d(Pt)* ° 3 ° (d(Pt) = Ss

where (dg,)* is the adjoint operator of dg,. A diffeomorphism F: R?" — R?",
F(0) = 0 which preserves a symplectic form is called a symplectic diffeomor-
phism.

Now, let ¢,(n) be a periodic orbit, and let S, = T;M be a local transversal
section containing n. Recall that the Poincaré map B, S, S, of the orbit as-
sociated to S, assigns to each point g€ S, the point ‘B,,(q) ¢1,(q), wWhere
to = mf {(p,(q)mS + (}. By the above comments, if S, is normal to the

dlrectlon of the flow at #, the linear part of the Poincaré map is a symplectic
isomorphism. Poincaré maps corresponding to different sections containing
n are conjugate, so we can suppose that there is a unique Poincaré map
when talking about properties which are invariant under conjugation. Also,
up to a change of coordinates we can suppose that Q is the canonical form

W= Z dx; A dy;. So let J¥(2m) be the set of k-jets of symplectic automor-

phlsms of (w, R*™) which fix 0 e R?2™. Let Q be any subset of J¥(2m) which
is invariant under conjugacies by every o € J¥(2m). Then Takens and Klingen-
berg in [4] show the following theorem:

Theorem 1.1. Let Q = J*¥(2m) as above be generic. Then the following property
By is C*-generic in k*(M): the geodesic flow of g has the property Py if the Poin-
caré map of every closed orbit belongs to Q.

In other words, generic properties of symplectic automorphisms of IR?" are
generic for Poincaré maps of closed orbits of geodesic flows. We now show
that:

Proposition 1.1. Let g € int(E*(M)). Then every periodic orbit is hyperbolic.

For the proof we recall a classical result describing local invariant sub-
manifolds of symplectic diffeomorphisms near periodic points [3]:

Lemma 1.1. Let U< R?™ be an open neighborhood of 0eR?*™, and let
P:U— U be a symplectic diffeomorphism with P(0) =0. Let P = dP(0) and
let

VS @ V“@ VCe

be the direct splitting of R*™ into the stable, unstable and central subspaces
with respect to P. Then there exist local imbeddings W*, W*: R? — R?*™ and
wee: R24 - R?*™ such that TyWs= VS, ToW" = V* and TyW* = V. They
are called stable, unstable and central manifolds respectively. If P is of class
C*, these manifolds are of class C* and while W* and W* are unique, W* is
not unique in general.

So for the Poincaré map of a closed orbit there exists a central manifold
(which could be a point) of the same differentiable class as the map. Let us
call P, = P|ye., the restriction of P to W*.
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Definition. P: R>™ —» IR?™, P(0) = 0 is of twist type if

(a) The corresponding linear map P is not hyperbolic.

(b) P is elementary (i.e., all the eigenvalues are different).

(c) P is 4-elementary (i.e., if 0, 04, ..., 0 is the set of eigenvalues of P with
modulus less than 1 and 4,4, ..., 4, is any subset of eigenvalues of modulus
1 then for every m-tuple (a,,a,, ..., a,) of integers we have

(@)™ o (@)™ (e )™ oo - ()™ % 1).
@) If
(z*)* = z* exp 2mi(a* — ¥ bfz'z7) + wh(z,2)

is the Birkhoff normal form of P, then det(b¥) + 0.

Remark that properties (a), (b), (c) are C' generic, and property (d) is C3
generic (see for example [3, 8]). As a consequence of Theorem 1.1 we have the
following result:

Lemma 1.2. Let ¢,(¢) be a periodic orbit of ¢,: LM — T, M the geodesic flow
of (M, g) and let y(t) = 1 ° ¢,(&) be the underlying geodesic. Let B be the Poin-
caré map. Assume that the linear part P has 2q eigenvalues on the unit circle.
Then, in an arbitrarily small tubular neighborhood of y(t) = M there exist ar-
bitrarily small perturbations of g supported on these neighborhoods such that,
for the perturbed metrics y(t) is still a geodesic, the associated Poincaré map is
C3-close to B and its restriction to W(&) is of twist type.

On the other hand, we have the following generalized version of the so-
called Birkhoff-Lewis fixed point theorem, which is due to Moser [8]:

Theorem 1.2. Let P: R?"— R2?", P(0) =0 be a locally symplectic diffeomor-
phism of twist type with no hyperbolic part (i.e., V: = V* =0, where V*° and V*
are given in Lemma 1.1). Then in every neighborhood of 0 there exist infinitely
many closed orbits. The number of closed orbits of period <k is finite for
every k e N.

The proof of Proposition 1.1 is as follows: let g e int E¥(M) and let ¢,(¢)
be a closed orbit of the geodesic flow. If the Poincaré map is not hyperbolic,
its linear part has some eigenvalues in the unit sphere. Thus, we can apply
Lemma 1.2 to the restriction of the Poincaré map to the central manifold P,
and deduce that there exist arbitrarily small perturbations g, of the metric
and sequences {"¢,(¢,)} of closed orbits of "¢,: (T{ M, g,) - (T1 M, g,) — the
geodesic flows of g, — such that ¢,(¢) is a closed orbit of "¢, for every ne N

and:
lim sup d,, ("¢s(&n), "s(§)) =0 VneN.

m—+o seR

This means that the metrics g, ¢ E* (M) which clearly contradicts the fact that
geint EX(M). O

Following [7] let #*(M) < k*(M) be the set of geodesic flows of Riemann-
ian metrics of M satisfying the following property: for every ¢ € # *(M) there
exists a neighborhood V(¢) < k*(M) of ¢ such that if ¢ € V() then every
closed orbit of ¥ is hyperbolic. Then:

Corollary 1.1. int EX(M) <« F 1 (M).
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2. Invariant Splittings on Persistently Hyperbolic Sets of Periodic Orbits

Let p e F1(M), let £ T;M be a closed orbit. From the last section there
exist a stable subspace Ef = T, T;M and an unbstable subspace Ef = T, | M,
the former being contracted by dg,, t = 0, and the later being contracted by
dp,, t £0. Mafie proves in [7] that the bundles & Ef and ¢ E} defined
on P(¢p,) admit continuous, ¢-invariant extensions to bundles on the whole
P(¢p,) with special properties, which are very close to hyperbolicity. For in-
stance, these properties imply the hyperbolicity of the extended bundles [7]
in the case of structurally stable diffeomorphisms. This is one of the more
difficult, elaborated steps toward the proof of the C!-stability conjecture for
diffeomorphisms.

Definition. Given a symplectic form B in R2" a Lagrangian subspace C of R*"
is defined as:

@ VYVeX, p(V,W)=0WeX.
(b) dim(X) =n.
Definition. Let ¢, be the geodesic flow of (M, g) and let Q, be the associated
symplectic form of N; for every (e T\M. If A < T\M a Lagrangian bundle
over 4, £ - L,, is a map which assigns to each £ e 4 a Lagrangian subspace
L of N;. A splitting S; ® U; = N; over 4 is said to be Lagrangian if both
¢ - S; and £ — Uy are Lagrangian bundles over A.

Let us make precise the extension theorem [7]:

Theorem 2.1. If ¢,cint(E*(M)) there exist a neighborhood U of ¢, in
int(E*(M)) and constants K >0, D > 0,0 < A < 1 such that:

@) If ¢;:(TiM,g") - (T;M,g’) belongs to U and @,() € P(p;) has minimum
period w = D, then

k—1
1 k
il=—[o I d<PD|E;jD(§) Iy = K4
and
k—1 , k
i1=_Io l d(p—iDIE;,"_iD(g) ly < K45,
where E°® E;*® E; = T(T,M) is the hyperbolic splitting for £ in the orbit

, w
o). and = 5],
(b) There exists a continuous splitting for T.(T,M) = Gi® G¢ ® E;, { € P(¢p,)
with

I (de @p)las Il © 1l (dop e @—D)}G;Dm =4
and G = E;, G¢ = E{ if (e P(g,).

If y,: 2 — X is a differentiable flow acting on a manifold X, and X is an in-
variant subset of 2 in which the flow has no singularities, an invariant split-
ting S, ® U; ® E; = T2 defined on every £ € X is said to be dominated if there
exist constants 0 < J < 1, m > 0 such that | & pls |l - | @ -mlv, [ <. The
space E; is as before the direction of the flow in £. Statement (b) in the last
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theorem says that Gi® G ® E; = T, 1M, £ € P(¢) is dominated. Hyperbolic
splittings are clearly dominated. The converse of this assertion is not true in
general. However, we shall prove that in the case of Lagrangian splittings the
domination condition is equivalent to hyperbolicity.

Lemma 2.1. {1 G is Lagrangian for £ € P(¢,).

Proof. Since the bundle is continuous on P(¢,) it suffices to show that &+ G;
is Lagrangian for £ e P(¢,). So let ¢,(£) be a periodic orbit and T, (T1 M)
= Gp 0 ® Gp, 0 ® E,, (5 be the corresponding splitting. Let 7> 0 be the min-
imum period of £. Recall that there exist K(&) > 0, 0 < A(¢) <1 such that if
Ve G = E; then

ldo. (M1l = K& A" I VI Ve 0.

First of all, Ef and E} are perpendicular to E, V¢ e P(¢): indeed, let us sup-
pose that Ve Ef is written as V = a 4 f§, where a € N;, f € E,. Since do, pre-
serves N; and E;, and || do,(W)|| = || W|| for every W e E, we have

lde (V)11 = Il do@)]|* + || do.(B) I
z |l do.(B)11*
= BI2,
- 1Bl = lim lde(¥)] =0.

So E;  N,. Similarly, Ef c Nj.
Since J is an isometry we have
ldo (M = 1J°de (V).
Hence if V, W e E; we have

1RV, W)| = Q(de.(V), dp.(W))| = |§(do.(V), J ° do.(W))]|
SKQO? AV W[VYtz0
- [, WOI=tli§1wK(§)zl(f)“z' IVIelwi =0.

Similarly, Q(V, W) =0VV,WeEf. Now, recall the following property of
Lagrangian subspaces:

Sublemma. A4 subspace X of (R?", w) is Lagrangian if and only if

) wZ,V)=0VZ,VelX.
ii) there exists a subspace Y of R*" such that X® Y = R?" and w((V,W)
=0VV,WeY.

Therefore, Lemma 2.1 holds from the sublemma applied to X = Ef, Y = E}
and (NVg, Q). O

Proposition 2.1. Let S; ® U, = N; be a continuous, invariant Lagrangian split-
ting defined on a compact, invariant set X < T\M. The splitting is dominated
if and only if it is hyperbolic, where Sy is forward-contracted by ¢, and Uy is
backward-contracted by ¢,.

We prove first two lemmas.
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Lemma 2.2. Let S;® U; = N; be a continuous Lagrangtan splitting defined on a
compact invariant set X £ TyM. Then hm I (de om)* (B)| = + 0 VB € U,

VEée X if and only if lim | (d; @) sell = 0 Szmzlarly, S is backward-expand-
ed by ¢, if and only zkf—) g/:is backward-contracted.
Proof. (=) Consider the family of linear operators

{T,: Us»R,ve S, |v]| =1, (e X}

defined by T,(w) = Q(v,w). Since the splitting S;® U = N; is both continu-
ous and Lagrangian and X is a compact set this is a compact family of lin-
ear, non-trivial operators. So for every { € X and v € S; the kernel K(v) of T,
is a codimension 1 subspace of U; and there exists w = w(v) € Uy such that
T,(w)=1
and
g(K(v),w) =

This dual vector w = w(v) depends continuously on ¢ € X and v € S; and there
exist constants 0 < C,; £ C, such that

CGslwl=C,
for every pair ({,0) € S = {({,v), e X, veS;, [[v]| =1}. Remark also that

dp,(K(v)) = K(dp,(v)) =K <%> because Q is invariant by the flow ¢,.
t

So take a vector (£,v) € Sy and consider w = w(v) € U;. From the hypotheses
we get that

lim | den(W)|| = + oo,
n—>+ oo
and from the compactness of S, the vectors w(v) are uniformly expanded by
the positive iterates of ¢,,. Then we have

1=2Q(,w) = T,(w)
= Q(don(v), don(w))

drpm(v) )
=Q , | dob, - doy,
= T,(l don®) || - dom(w)),
_ _dom(v) : "
where v, = Tdon )] Obviously (¢},(¢), v,) € Sy Vn, and from the last equal-

ity we deduce that there exists a vector z, € K(v,) such that

I d@m@) I - dpp(w) = w(v) + 2.

Since K(«) is ¢@,invariant V¢ there exists k,e K(v) such that doj,(k,) = z,.
This implies that

w(v,) = [|dpl” @) | - dpl™ (w) — doy (k)
= do," (| dpn™ )| - w — ky).
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The vectors || dpk™ ()| - w — k, belong to Us, so by the hypotheses they
must be expanded by the positive iterates of ¢,. But since C; = ||w(,)|
< C,, this means that

I lder™ @) - w —kyll >0
if n goes to + oo. Since w = w(v) and K(v) are perpendicular this implies that
lim dop" @)l - w =

and therefore hm | dpk™(v) | = 0 which proves the assertion.

(<) If there ex1st we Uy, a sequence k(n) -+ oo and D >0 such that
| dok®(w) || £ D for every k 2 0, then for every v € S; we have
12, w)| = |Q(dep™ V), den™ (W))|
< lden™ @)1l - | don™ W) |
<D |den™ ()] -0
by hypotheses. This implies that Q(v,w) = 0 Vv e S;. But since S; is Lagran-

gian this means that w € S;n U; = {0} . The proof of the second statement of
Lemma 2.2 is completely analogous. [

Lemma 2.3. Let S; ® U; = N; be a continuous, dominated Lagrangzan splitting
defined on a compact, invariant set X < T,M. Then 11m Il doh(w) | = +
YweU, VéeX. In a similar way, kEToo | dok (v) II = + o VvesS:, VieX.
Here, m > 0 is the constant appearing in the domination condition.

Proof. 1f hm [ dok,(v)| =0Vve S, the statement is a consequence of

Lemma 2. 2 So let us suppose that there exist (e X, veS;, 6 >0 and a se-
quence k(n)— + oo such that || dek™(v)|| = §. Without loss of generality we
can take § = 1. From the domination condition we get

k(n)—1
1ol |l - ldpm* o, | < I1 domlsy: ol - | AP lugisiy | S AO70,

where 1€ (0,1) gives the domination in the splitting. On the other hand, if
A:R"—>R" is an invertible linear map, we have that |v|| = ||4 ' 4@®)]

S|4 -lA®)|l, which implies that /”10” <47 YveR”, and in
particular AQ@) I
—— = [47].
inf 4]

floll=1

The contradiction assumption and the last two inequalities imply

1
< 1oy s | - | dpy * @y, || < A1
K llllf I d@micmlu: | > ¢ o

- inf [ dgh®l, | 2 (1/2)70 D - + oo,

lfoll=1
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Now, from the compactness of X and the continuity of the bundle ¢ — U
it is easy to check that
lim | doy(w)|| = +
k— + o

for every we U, and every £eX. Analogously we can prove that
lim ||dok@)| =+ o0 VvesS, VéeX. O
k= + o0

Proof of Proposition 2.1. From Lemmas 2.2 and 2.3 we have that
lim |dok@)| =0VveS, VieX,
k= + o
lim | dot(w)| =0Ywe U, VéeX.
k- — o

Now, recall the following lemma due to Eberlein [2]:

Lemma. Let f:IR* — R* be a continuous function satisfying

i) Lim f(r)=0.

t—>+ o

i) fe+9=/@O f6).
Then there exist L > 0,0 < a < 1 such that f (1) £ Ld'.

We can apply this lemma to the function f:(¢) = ||do;ls, | for each (e X
and deduce that there are constants L(£) >0, 0< a(é) <1 such that
I do s | = L) a(&)' Vi 2 0. From the compactness of X and the continuity
of the bundle S; it is straightforward to deduce that there exist £ >0 and
0 < o < 1 such that

Il dos | < E«’ Vi 20, VEeX.
By the same reasoning we get constants D > 0, 0 < v < 1 such that
lldp_ilv,ll < Dv' V120, Ve X.

Taking C = sup(E, D) and A = sup(a,v) we have that the set X is a hyperbolic
set for @, with splitting S; @ U; = T, M and constants C and A. This concludes
the proof of the proposition.

3. Density of Periodic Orbits of Expansive Geodesic Flows

We shall expose first some canonical facts of the theory of expansive systems.
Our main references are [4, 10]. Throughout this section N will be a compact
manifold.

Definition. Let y,: N— N be a continuous flow acting on N. For a given
¢ >0, let C3(p) be the set of points ¢ of N with the following property: There
exists a continuous, surjective map «: R* — IR™* with «(0) = 0 such that

dW(p), Ya(@) = &

for every ¢ = 0. Analogously, let C*(p) be the set of points ¢ in N such that
there exists a continuous, surjective function B:IR™ - R~ with g(0)=0
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such that
d(W.(p), l,[/ﬂ(z)(q)) <e

for every te R™.

Notice that Cs(p) is forward invariant by ¥, in the following sense: for
every t 20 and ge C3(p) there exists ¢, = 0 such that ¥, (q) € C:(¥.(p)). If
the flow ¥, were an Anosov flow the set C:(p) would be the result of inter-
secting the weak stable submanifold of p (i.e. the saturated stable submanifold
of p) with some neighborhood of p and then taking the connected component
of this set containing p. Similarly, for every 1 <0 and g€ C¥(p) there exists

< 0 such that y,,(9) € C¥(¥.(p)).

Theorem 3.1. Let dim N = 3 and let Y, N— N be an expansive flow without
singularities with expansivity constant ¢ > 0. Then the following assertions are
true:

a) There exists 6 > 0 such that Ci(&), Ci(&) are connected, non-trivial sets
VEe N (i.e., they do contain points which are not in the orbit of £).

b) Let X = exp.{w e T,N\||w| < e, {w,X(£)) = 0}, where {,) is the metric
of N. Then there exist periodic points n;, i=1,2,...,n such that for every
point £€G=N— | {Y,(n)} there exists an open neighborhood V of & with

i,teR

. e
diameter less than 3 such that the sets

GO =2nVn G,
GO=2nVnGO

are connected curves satisfying a local product structure: There exists a homeo-
morphism

F:(0,1)?>>VnZX
such that

@) F(0,0) = ¢,
(i) E(2) = C3(F(x,2)),
(iii) F*(x) = C§(F(x,2)),

for every x, z in (0,1), where F,:(0,1) > X, F*:(0,1) » X are the maps F.(z)
= F(x,z2), F*(x) = F(x,2).

(c) C5(&) contracts uniformly as t goes to + oo (respectively C¥(&)) con-
tracts with t - — ). In other words, for every t >0, v > 0 there exist T >0
such that

U(C3(9) = | Ci((9)

s=<t
for every t = T and every £ € G.

In particular, Cj(&¢), C§(&) are connected curves with intersect only at &,
and they depend continuously on £ € G.

Recall that a point p is non-wandering for a flow y,: N— N if for every
open neighborhood ¥V of p there exists a sequence {z,} of real numbers with
[tul > + 00 and ¥, (V)N V £ 0.
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Proposition 3.1. Let y,: N - N be expansive in N, where dim N = 3. If the set
of non-wandering points of \, is dense in N then the set of periodic orbits of
is also dense.

Proof. Let £e G, V(€) and X as in Theorem 3.1. From Theorem 3.1(b) there
exist projections

I: 20 V- Ci@),

,:2nV-Ci),
defined by II,({) = C5(¢) n C5(0), I,(0) = C5() N C3({) for every e X V.

Remark that by Theorem 3.1(b), F[(0,1)?)]= VX is homeomorphic to
C3(&) x C§(&): for every { € V' n X there are well-defined coordinates

{ = (D), 1,(0))-

Suppose that ¢ is a non-wandering point. Let P: X n V' — X n V be the Poin-
caré map of the flow y,. There are sequences {{,} of points in X such that
&, — &, and {k,} of integers with |k,| > + co such that P*»(¢,) —» ¢ We can
suppose that k, > 0Vn without lost of generality. They correspond to se-
quences &, — ¢ of points and t,— + oo such that ¥, (¢,) = P*(&,). Consider
an open neighborhood ¥, of radius a of ¢ with ¥, = V. From Theorem 3.1(c)
we can deduce that there exist Q > 0 such that

() dP* (&), <3V 2 Q,
(i) d(P*(C3(E), P4(E)) < 3Vn 2 0,
(ili) C¥() = P(C¥())Vn=Q, Y{ not belonging to the orbit of any #;
(Theorem 3.1(a)). From (i) and (ii) we get that
d(P(C3(E). 6) <3,
- P (C3(E)) = W,

for every n > Q. Let us consider the restriction IT; of II; to C3(¢,). From
this last statement and (iii) the map II; is well defined in the set
PE(C3(&n) = P*(I15 1 (C35(£))) and

I,(P*(C3(8))) = C3(9).

This implies that the map IT,° P* o IT; *: C5(&) — C3(€) has a fixed point &,
that, according to the construction, satisfies

¢oc C3(PCo)) Y,
- C3(&o) = C3(P*(&o)) = P*(C(&0))
by (iii). But this means that the map
PR CY(&o) = C3(&o)

has a fixed point &,. Since o is arbitrary, and non-wandering points are dense,
the periodic orbits are dense as well [
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Corollary 3.1. If the geodesic flow of a compact surface is expansive, then the
closed orbits are dense.

This is due to the fact that every point of T;M is non-wandering, so

Proposition 3.1 applies with N = Ty M and y, = ¢,.
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