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Abstract. We point out that bosonic conformal coset models G, % G,/G,,, for all
semi-simple Lie algebras G have a hidden fermionic symmetry at [=0 (the
central charge=0) and may be interpreted as twisted versions of some
superconformal theories.

In a previous communication we pointed out that a series of ¢=0 conformal
models of the SU(2) GKO coset construction may be interpreted as a twisted
version of N =2 minimal superconformal theories [1]. When a conformal model
has a vanishing central charge ¢=0, it no longer depends on the complex
structure of the Riemann surface and becomes a topological field theory. It
turned out [2] that the twisted N =2 minimal theories reproduce the results of
the matrix models [3] when coupled to gravity and thus twisted N=2 models
appear to play some basic role in the theory of 2 dimensional gravity.

In this article we would like to generalize our previous treatment and ask if a
bosonic coset model G, x G,/G,,, based on a general Lie algebra G has a hidden
fermionic symmetry at ¢c=0 (I=0). We point out that in the case of a Lie algebra
G which yields a hermitian symmetric space G/H x U(1) when a suitable
subgroup H is chosen, G-coset model is identified as the twisted version of
superconformal (Kazama-Suzuki) model [4] based on the hermitian symmetric
space G/H X U(1). On the other hand in the case of Lie algebras G,, F,, Eg
which do not yield hermitian symmetric spaces, we find a new way of
constructing fermionic symmetry. We identify the bosonic coset models as the
twisted version of the N=1 supercoset theories based on the Wolf spaces
G/H x SU(2). Thus all bosonic coset models with vanishing central charge have a
hidden fermionic symmetry. Furthermore some of the coset models are identified
as the twisted versions of not one but several superconformal theories at the
same time.

Let us first briefly recall our previous observation on the SU(2) GKO coset
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theories,

SUQR), % SU2)/SU2)y+s (1)

where SU(2), denote the affine SU(2) algebra at level-l. In the Coulomb gas
representation the stress-tensor of the theory is given by

T(2) = T, (2) — 3(00(2))* + in0*p(2), @

where 2o =(p’ — p)//2kpp’, p=1+2 and p'=1+k+2. T4 (z) is the stress-tensor of
the level-k SU (2)-parafermion theory and ¢ is the free bosonic field. In terms of
the parafermion fields y,(z), zpf(z) with dimensions 1—1/k, the screening
operators of the theory are expressed as

S+(2)=1(2)e* 4D, S_(2) = Y}(2)e™*-*®. ©)]

where o, = /2p'/kp,a_ = —./2p/kp’. Screening operators (3) have dimension 1
and have the nilpotency property and are interpreted as BRST operators. They
play a basic role in reducing the bosonic Fock space to the irreducible
representation space of the Virasoro algebra which are given by BRST
cohomology classes [5].

Consider now the /=0 case. We obtain a series of ¢c=0 theories labeled by
k=1,2,3,..., and we expect that the stress-tensor is written as a BRST
commutator

T(w)= {[Q(2)dz,0*(w)}. @

Here the BRST current Q is a dimension-1 operator and the BRST partner of the
stress-tensor, Q*, has a dimension h=2. It is easy to check that the (3,1) operator

D34(2) = Yi(2)e” 2+ ¢) ©)

has a dimension h=2 exactly at [=0 (cxo fom (k+ %  (k+2)/k > and its

anti-commutator with the screening operator i reproduces the energy-
momentum tensor. Thus we identify

S.=0, &y, = Q*. (6)

On the other hand it is well-known that the stress-tensor and the U(1)
current of the level-k minimal N =2 superconformal models has the form [6],

Ty=2(2) = Tz (2) — 3(0¢(2))?, (7)
J(2) = 2ioy 0¢(2), ®)

where o, = %M. Thus we find the basic relation
Te-o(2)=Ty=2(2) + 307 (2). ©)

Operators Q,0* have dimension 3/2 and U(1) charge + 1 with respect to (7), (8)
and are identified as the N=2 supercurrents. Equation (4) is then nothing but
the defining relation of the N =2 algebra.

Thus the ¢=0 SU(2) coset models are interpreted as N =2 minimal models
with their stress—tensor twisted by the U(1) current. BRST invariant observables
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of the N =2 twisted models are given by the chiral ring [7] of N =2 (untwisted)
theories.

Now we would like to extend the previous analysis to arbitrary coset models
G, %X G,/G, ;. The Coulomb gas representation for the coset model consists of the
G-parafermion theory of level k [8] and the free bosons ¢ = (¢, ¢,,...,¢,) with
r =rank G. The energy-momentum tensor reads

T4(2) = TZk(G)(Z) - %(6(25(2))2 + iocOpGaqu(z), (10

where pg is half the sum of positive roots of G, ay=(p'—p)//kpp’', p=9g+1 and
p' =g+ k + I. Here g is the dual Coxeter number of G. The Virasoro central charge
of (10) is
kdimG
c= -

ro 1262 p2. (11)

A coset pair (,k)=(l,1) describes the usual W algebra [9]. For the simply
laced algebras the k=1 parafermion theory is trivial, however, it is non-trivial for
the non-simply laced case. For G=B, the level-1 parafermion becomes a free
fermion introduced in [10]. In the G-parafermion theory the parafermion field
V,(z) is defined for each root o among which those associated with the simple
roots o; (i=1,2,...,r) play the basic role. The screening operators are written as

S.(2) =¥, (2)e" 0D (i=1,2,...,7), (12)

E, q_=- {—;—, (there exists

another class of screening operators ¥ _, (z)e’*~%%@ which feature in the off-
critical perturbation theory of coset models [11]).

At ¢=0
k k
do= |—— ) a,= [IFE o 9 (13)
glg + k) gk k(g + k)

and we have a G-series of ¢ =0 theories labeled by k=1,2,--. In order to express
the stress-tensor as a BRST commutator we look for an operator which acquires
the dimension h=2 right at the “topological” point (13). It turns out that a
vertex operator with exponent — 6, 6 being the highest root of G, has exactly this
property. Namely the operator,

where the dimension of Y, is 1 ~a72k and o, =

l//_oe-ia»,ﬂd) (14)

has a dimension h=2 at ¢=0. Equation (14) is thus the candidate for the
operator Q* and (12) are the candidates for Q. We use the convention 82=2 in
this paper.

Let us now consider the first case when the Lie algebra G yields a hermitian
symmetric space (HSS) G/H x U(1) when it is quotiented by its suitable subgroup
H > U(1). This is the case with G=A4,,B,,C,,D,(n=1), E, E,. See Fig. 1. Some
simple examples have already been discussed by Lerche [12]. In these cases, we
choose any simple root o; out of ay,---,a, which carries the Kac-label 1 in the
Dynkin graph of G (Kac-labels n; are defined as the expansion coefficients of the
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Fig. 1. Hermitian symmetric spaces.

r
highest root into the sum of simple roots # = )  n;a;. Thus the condition on «; is
i=1
n;=1). We then identify

Q(2) =Y, (2)e™ 2P, Q*(z) =y _g(z)e ™=+, (15)
One may check that in fact
To(W) = {[ Yo, (2)e™ %@ dz, i _g(w)e™*+ 900}, (16)

where Tg(w) is given by (10). Calculation of the anti-commutator (16) will be
described later. The bosonic form of supercharge operators (15) was first
suggested in [13]. The Dynkin graph of the subgroup H is obtained by deleting
the vertex a; from the Dynkin graph of G. The U(1) direction perpendicular to H
is given by the vector p;— py (py is half the sum of positive roots of H). If one
defines the U(1) current as [13].

J(2) = 2iao(pg — pu)0P(2), (17)

Q, Q* has charge +1 while the screening operators (12) with i#j have a
vanishing U(1) charge. Now T;(z) is decomposed as

T(z)=Ty-,+30J(2), (18)
Ty-5(2)= Tzk(z) - %(64)(2))2 + iocopHazd)(z), (19)
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and we can identify the stress-tensor 7y, of N=2 theory. The central charge of

Ty-, is given by

_ kdimG
k+g

—12a2p%. (20)

CN=2

Using the Freudental-de Vries formula and a known relation for HSS,
hdimH = 3g/2(dimH + 1)~ 1gdimG (h is the dual Coxeter number of H), (20) can
be rewritten as

kdimG 1, . .
Cy=p = k+g +5(d1mG dimH —1)
_(k+g—h)xdimH _
panys 1. (21)

We note that (21) is the formula for the central charge of Kazama—Suzuki
(KS) models [4] based on the HSS G/H x U(1). Thus Ty., is the bosonized
version of the stress-tensor of KS model. Identification of Ty -, (19) as the stress-
tensor of KS model can be made directly in the case k=1. Let us consider, for
instance, the case of Grassmannian SU(n+m)/SU(n)x SU(m)x U(1). We first
obtain using identities of conformal embedding [14]

S SU(n+m)
P SUM x SUm) x U(D) /=1

. SU(n+m), X F(nm)
" SUM)yyy X SU(m), 4, X U(1)

_SU(n), X SU(m), X U(1) X SU(n),, X SU(m), x U(1)
SU()sy X SU(m), ., X U(D)

~ W, (m)x W, (n) x U(1),

where F(nm) denotes the algebra of n x m free complex fermions and W, (m) is the

(22)

SU (n)-W algebra at level m, W, (m) = gj—(;g;(z)ﬂ"— We then use the standard
bosonized form for the stress-tensor of the W-Zl;ébra 91,
Ty, = — 406)? + itopsuw 9, (23)
Ty, = — HO9) + ittg pspm > 9. (24)
Scalar fields ¢ have n—1 and m—1 components in (23), (24), respectively.

Equations (23) and (24) together with Ty,;,= —§(5¢)2<d>= /C”;z 20‘—*(p,;—,o,,yp)
nm

give

Ty-2=Ty,+ Ty, + Tyu- (25)

Note the operators Q, Q* factor into products of primary fields of the alge-
bras Ty, , Ty, Ty
elr+and — piar (= AL — AT+ 2/nm(pG = pEN (26)

o inr06 _ pias(= A= AT = 2/nm(pG —pn))tﬁ, (27)
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where A}, A;_ are the fundamental weights for the vector and (n — 1)-fold anti-
symmetric tensor representation of SU(n), respectively. We denote

Ysum = exp(—ia, A7), (28)

lﬁ’sku(n) =exp(—ix, A5 1), (29)
2

‘puu) =¢Xp (ia+E(PG_PH)¢>~ (30)

Then Qzlp;wn)'//swm)*/fum and Q*= ‘//sum)‘//;wm)'//Zu) are conjugate to each
other.

The operator product expansion (OPE) of Q, Q* can be calculated using the
OPE of its component fields

Vst DV 2t (9) ~ %t—{ 1+ 26—}:"TW"(W)(2— Wy + } (1)
Usvm (@Y 2uim ) ~ (Z—C_"—“wji—{ e, e w s } (32)
Vo) @W gy (W)~ z fc:;zm, { 1 +CN3:2J(Z)(2— w)
+ 2!::1(11)) (TU(U(Z) + 553%;%61@))@ —w)?+ .. }

(33)

where h, (h,,) is the dimension of Yy ) (Vsym) referring to the stress-tensor Ty,
(Tw,). ¢, (cy) is the central charge of Ty, (Ty,). Similarly hy ;) is the dimension
of the U(1) vertex operator Yy, and the U(1)-current J is defined by

(Cy=3 204

J=i (P — Pr)OS. (34)

nm
Note that since the W,, W,, algebras do not contain U(1) current, the OPE (31),
(32) do not have a term at the first order in (z — w)-expansion. The coefficient 2h/c
in front of the 2nd order term is fixed by the associativity of the operator algebra

[6].
After a simple computation we find
1g+1 1 1
hy=="—1—=|+—(n—1 35
"2g<n)2g(n ) (3)
1g+1 1 1
=227 1=2 )+ —(m—1), (36)
2 g m/ 2g
g+1
=z 37
hy ) nm’ (37)
and

c,,=(n—1)<1~”("+1)>, cm=(m—1)(1—m(m+l)>, (38)
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where g=n+m. Thus

Am UM 2 39
¢ Cm Cya) CN=2 &%)
(Note that h,+h,, +hy;,=3/2, ¢,+c,+cy)=cn=,) Hence
QE)Q* ()~ S Ry 2+ 20 ()a = W)+ 2T+ 30T @) e =P + -,
(40)

and we recover the N =2 algebra.

It is somewhat surprizing that the anti-commutator (16) gives the same result
independent of «; as far as it is chosen from the vertices with Kac-label 1. This
can, however, be understood as due to the diagram automorphism which
permutes vertices with Kac-label 1. The stress-tensor should be invariant under
such transformations. Equation (16) implies that a bosonic coset model with ¢=0
“ramificates” in general under untwisting operation and generates several
inequivalent N =2 theories.

U(n 1 1 1 1

SU(n-2)xSU(2)xU(1)
O

SO(n)
(n-4)xSU(2)xSU(2

A

Sp(n)
Sp(n-1)xSU(2)

@
SU@)xSU(2)

F4
Sp(3)xSU(2)

E6
SUE)xSU(2)

E7
S0O(12)x5U0(2)

E8
E7xSU(2)

Fig. 2. Wolf spaces
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Now let us turn to the Lie algebras G,, F,, Eg which do not have vertices
with label 1 in their Dynkin diagrams (see Fig. 2). In these cases we can consider
the following construction; first we take the highest root 6 and define as SU(2)
subgroup by E,, E_,, [E,, E _,], where Eo(E _,) is the lowering (raising) operator.
We then define a subgroup H whose root vectors span an orthogonal subspace
to 8 in the root space of the group G. Then G/H x SU(2) gives a Wolf space, a
symmetric space with a quaternionic structure [15]. In the case of a Wolf space
the Weyl vector pg has the following decomposition:

pc=pPr+ (1 —9psuay Psuey=—0/2. (41)
Then the ¢ = 0 stress—tensor decomposes as

Toco=Tys ) — H09)* + iao(pu + PSU(Z))52¢ + iao(_g)l]sua)az‘ﬁ- 42)

The sum of the first three terms in (42) is identified as the stress-tensor of the
supercoset model based on the Wolf-space G/H x SU(2) which has N=1
superconformal symmetry,

Ty-1 = Ty — 3(09) +isto(py + Psu) 0. (43)
Its central charge is given by

6k(g—2)
= 44
¢ k+g (“44)
The above construction (43) is not limited to the cases of G,, F, and Eg and in
fact works for any Lie algebra. Thus the bosonic coset models with ¢=0 have at
least N=1 hidden fermionic symmetry.
The N =1 supercharge operator is given by

0(2) =y, 1%, (45)

where vy is the unique simple root of G which has a non-zero inner product with
0. y has a Kac-label 2 as we see in Fig. 2. (This is except for the case of
G =S8U(n). In the SU(n) case there are two simple roots y,,y, with non-zero
inner product with 6 and both have label 1. Supercharge operator is defined by
Q =y, e "+, e 7?9). Q has a dimension h=3/2 referring to Ty_, (43). We
note that, unlike the HSS case, where e~ *% was conjugate to e'*+7%, ¢~ *+% jg
now an SU(2) current operator and has h=1 when referred to Ty-,.

OPE of Q with itself can be evaluated as before by factoring Q into a product
of fields and computing OPE for each of its components. Let us consider the case
of the A-D-E algebra at k=1 for simplicity. In this case the para-fermion fields
are absent and the stress-tensor is decomposed as

Ty = TW(H)+ Tw sui2))- (46)
Corresponding to the decomposition
y=0/2—w, (47

where w is the highest weight of some fundamental representation of H, Q is
factored as

Q = l/’sv(z)‘pua (48)
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Vsva) = exp< ‘i% ‘D), Yy =exp(—ia, wo). 49)
Here ¢=ﬁpsu(2)¢. Vsu(z) 1s identified as the (2,1) operator of the Virasoro
algebra Ty sy = —%(6@)2+i1/\/§a062<17 with the central charge c=1-6/g(g+1).
In the case of D and E algebras, w is a weight of some self-conjugate repre-
sentation and gy, ¥y are both self-conjugate fields. In the case of A-type
algebras, on the other hand, w,=6/2—y, and w,=0/2—7y, are weights of
conjugate representations. Thus fields Y ; defined by e “**i* are conjugate to

each other. Hence the N=1 supercharge operator Q=vsy )Yy 1+ ¥n,) is a
self-conjugate field. Using the OPE’s as in (31), (32) and

hSU(Z)_hH= g+1 3/2

g =2 50
csuay ¢n 492 oy, 0

we find
Q)0 ~ Ry 1+ 2y (W)= +-), (51)

which is the N=1 algebra.

In the above we have evaluated the crucial commutation relations (40), (51)
using the OPE of the theory of W-algebra. If instead we try to compute them
directly using the free-field realization of supercharge operators, we must take
into account the screening operators of the ¢=0 theory. The relevant BRST
operator Qgrer, fOr instance, is given by a multiple-integral of the screening
operators

r
Opgrst = H J‘...J‘waj(zjyl)e.amjd»(z,-,n,__waj(zj’w)eia+a,-¢(z,-|n,-)dzj‘1,,,dzj,nj (52)
j=1

where n; is the Kac-label of the vertex «; and the product over j runs over all the
simple roots of G. The integration contour of (52) is chosen as in [5]. The stress-
tensor of the ¢=0 theory will then be expressed as

T~ o(W) = {Qgrst> ¥ —g(W)e "2+ 09}, (53)

Let us consider the relation (53) in the case of HSS=G/H x U(1), where the
subgroup H is obtained from G by deleting a simple root y=a;. In this case (53)
is reduced to our previous formula (16),

T:,=0(w) — {§Wy(z)eia+ Vd’(z)dz, lﬁ—e(W)e—i“”(w)}- (54)

This is because n, =1 in this case and we have used the fact that the operators
Y, € 4?(i # j) are also the screening operators of the N =2 theory and thus may
be identified as identity operators. On the other hand, if we consider the case of
an N =1 theory based on the Wolf space G/H x SU(2), where H is obtained from
G by deleting a vertex y, we obtain

Toco = {[[U,(2,)e™ 20y (2)e* 9D dz dz,y f_g(w)e =009} (55)

This is because n, = 2 in this case and the fields ¥, e'*** (y # a;) are the screening
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operators of the N=1 theory. The formula (53) was first evaluated by Mizoguchi
in the case G=SU(3) and has been checked in some other examples.
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