Commun. Math. Phys. 139, 83-101 (1991) Communications in

Physics

© Springer-Verlag 1991

Microcanonical Distributions for Lattice Gases

Jean-Dominique Deuschel!, Daniel W. Stroock?*, and Hans Zessin®

! Mathematics, E.T.H. Zentrum, CH-8092 Zurich, Switzerland
2 M.LT., rm. 2-272, Cambridge, MA 02140, USA
3 Mathematik, Universitiit Bielefeld, W-4900 Bielefeld, FRG

Received October 17, 1990; in revised form November 15, 1990

Abstract. In this article, a large deviation principle (cf. Theorem 1.3) for the
empirical distribution functional is applied to prove a rather general version of
Boltzmann’s principle (cf. Theorem 3.5) for models with shift-invariant, finite range
potentials. The final section contains an application of these considerations to the
two dimensional Ising model at sub-critical temperature.

1. A Large Deviation Principle for Lattice Systems

In this section we will prove a large deviation theorem for families of random
variables indexed by points on a square lattice. (Related earlier results in this
direction can be found in [C, F0, and O].) Thus, let Z? be the d-dimensional square
lattice. We will write A<= <Z® if A is a non-empty finite subset of Z¢ and use
|A|leZ* to denote the cardinality of A. Also, for ReZ* and Ac cZ’ we
define

AR)={keZ*|k —A| SR} and 0zxA=AR\A
to be, respectively, the R-hull and R-boundary of A. (Throughout, |k| = max 1k;].)

Next, let E be a Polish space, 4, the Borel field over E, and 2= E%'. We give
£ the product topology, and use 4, to denote the associated Borel field over Q.
Given a non-empty A < Z? and xef2,x, will denote the element of E4 obtained
by restricting x to A,%, is the g-algebra over 2 generated by the projection
map xef2 - x,e E* (of course, B, = B,1), BA(2;R) is the set of bounded R-valued,
2 y-measurable functions on £2, and C, ,(£2; R) is the subset of continuous elements
of By(2;R). When A = Z*, we will simply write B(2; R) for B(£2;R) and C,(2;IR)
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for Cya,(22;R); and we set
Bo(;R)= () BA;R) and Co(2;R)= () Cuu(2;R).

AccZ? AccZ?
(That is, By(2;R) and Cy(22;R), are the spaces of “local” bounded measurable,
respectively bounded continuous, functions on €2.) Finally, let M,(£2) be the space
of probability measures on (2, %B,,), and set

<f,u>=};fdy for feB(Q;R) and peM,(Q).

For technical reasons, we will have to consider two topologies on M, (£2): the local
strong one generated by the maps peM;(2)— {(f, >R as f runs over By(2;IR),
and the weak one which is generated by the same maps when f runs over Cy(£2; R)
(or, equivalently, over C,(£2;R)). Unless it is explicitly stated to the contrary,
topological considerations on M(£2) will be with respect to the local strong topology.
On the other hand, the measurable structure on M,(£2) will always be the one
determined by the Borel field for the weak topology (which is, of course, the same
o-algebra as the one generated by the same maps as the ones used to generate
either the local strong or the weak topologies).
For each keZ4, 6%:Q — 02 is the shift transformation determined by

(0*x), = x,,; for all jeZ¢ and xef2;

and we use M5(£2) to denote the subset of ve M (£2) which are shift-invariant (i.e.,
v=v0(0% "1, keZ") Clearly, M$(£2) is closed in the weak (and therefore also the
local strong) topology.

For any ¢ # A < Z¢ and any peM,(£2), let u, denote the marginal distribution
of yeQ >y, e E* under p. Next, given a second ve M (£2), define the entropy H 4(u|v)
of u relative to v on A by

du,
f falog fadvs if vy«p, and f,=-—4
H(niv = v,
00 otherwise.
Finally, for neZ™*, let V, denote the cube [ —n,n]* and define
1 1
B(ul) = fim ——H,,(ul) and  h(uly)= lim ——Hy, (u])

o |Vl i Val

when v, ueM$(Q), and take h(u|v)=h(u|v)=oco when either p or v is not
shift-invariant. If they coincide, we call

h(u|v) =h(u|v) = h(u|v) (1.1

the specific entropy of 4 relative to v. Note that h(-|v) is concave (cf. Exercise 4.4.41
of [DS1) whereas h(:|v) is convex; thus the specific entropy h(-|v) is affine on the
set where h(-|v) and h(:|v) are equal.

Given PeM$(2) and ReN, we will say that P is R-mixing if, for some M [0, c0)
and all cubes Q « = Z9,

I Jx)g(x)P(dx)

exp[—M|0g0Q[] = ZI f(x)P(dx)jg(X)P(d ) T

< exp [M|0xQ[] (1.2)
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whenever feBy(£2;(0, c0)) and ge Bz, 4(€2;(0, 00)). Our goal in this section is to
show that if PeM$(2) is R-mixing, then the large deviations of the empirical
distribution functional

1
— Y OgeeM,(2
|V,,‘k;/" 9 1( )
are governed by the specific entropy function ueM;(2)—h(u|P)e[0, co]. That is,
we will prove the following theorem.

1.3 Theorem. Assume that PeMS(2) is R-mixing. Then h(-| P) = h(:| P) on the whole
of M,(Q2), and the level sets of peM,(22)—h(u|P)e[0, o] are compact. Moreover
Jor every AeRBy,(a)

xel—-R,(x) =

1
— inf h(u|P) < lim ——log [P(R,e4)]
neA® n=w0 | Val
< fim - log[P(R,eA)] < — infh(u|P) (14)
Lind o anl PEZ

The strategy behind our proof of Theorem 1.3 is the same as the one on which
we based the proof of Theorem 5.4.27 in [DS]. As in [DS], throughout, P is an
R-mixing element of M$(£2), M is the constant in (1.2), and Q denotes a generic,
non-empty, finite cube in Z°.

Step 1. (Upper Bound for Finite Cubes) For feB,(£2,R), define

M,,(f)=?flexp|ikz;‘/ f(H“x)]P(dx), neZ™,

and
1

{Val
Next, for each Q, define 15:M,(£2)—[0, 0] by
Iy =sup {{f,n) — A(f): feBo(2;R)}.
Our goal in this step is to prove that:
Ho(u|P) = |Q(R) (1) + M[0RQI, neM,(Q), (1.5)

1
77108 [P(REFQ] S —inf {Io(1:1o<Fo} (1.6)

n

A(f)= lim ——log M,(/).

and

lim
oo |

for every closed set F, in M, (E9). Notice, that as a consequence of (1.5), we will
know that

{ug:Ig(p) S L} = = M,(E?) for each Le(0, ). (1.7)
The proofs of (1.5) and (1.6) depend on the following estimate:

M, (f) < exp [MB(n, Q)|0x Q] | VnI]<£e'Q‘R" "“"P(dX)>ﬂ(n, V.,
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where

1 1 d
for feBy(€2;R) and n = |Q(R)|""%. In proving (1.8), we may and will assume both
that Q = [0,/ — 1]¢ and that f = 0. Now, take m to be the smallest integer larger

than H—%’ and note that

Mn(f)§§eXp[ I f(9‘+"+R"X)]P(dX)
Q

JEQ(R) keVp

=3 £ICXPLZ QR f (9"+R"‘X)]P(dX)

€Vm
[Vl
Sexp[M|V,| Iale](!)e'Q‘R"“""P(dX)> )

where the passage to the second line is an application of Jensen’s inequality plus
shift-invariance and the third line comes from the R-mixing condition. Clearly,
this proves (1.8).

From (1.8), we see that

MUl 5 o S ).
IO(R)| EIQ(R)l(lQ(R)Kf,W log(ie P@x) ) ),

first for non-negative fe By(£2;R) and then for general ones. Hence, by taking the
supremum over f€By(£2;IR) and using the extremal expression for relative entropy
given in Lemma 3.2.13 of [DS], we arrive at (1.5). We will first prove (1.6) with
respect to the weak topology on M, (E2). To this end, first note (cf. Theorem 2.2.4
and Exercise 5.1.13 in [DS]) that (1.5) is essentially immediate when F, is weakly
compact in M, (E9). Thus (cf. Lemma 2.1.5 in [DS]), the general result for weakly
closed F, will follow as soon as we show that, for each Le(0, o0), there is a
CLo = =M, (E?) with the property that

1
[Vl

But, starting from (1.8), this becomes an easy application of Lemma 3.2.7 in [DS].
Finally, again because of (1.8), the extension to F,’s which are closed in the local
strong topology is accomplished by an application of Theorem 3.2.21 in [DS].

Sfimy = AN+

lim ——log [P((R,)g#Cr0)] < — L.

Step 2 (The General Upper Bound). Define
1) = sup Iy, (W), peM,(Q).
nel

Given (1.5) and (1.6), it is an easy matter to check (cf. Exercise 2.1.21 and Theorem
3.2.21 in [DS]) that I has compact level sets and that the upper bound in (1.4)
holds when h(u|P) is replaced by I(u). Thus, to complete the proof of the upper



Microcanonical Distributions for Lattice Gases 87

bound in (1.4), we still need to check that

w it peM, (2)\M3 (@) (1.9)
I(ﬂ)= hm ﬁI-IV"(#IP) if ﬂGM (Q)

The proof of the first part of (1.9) is easy (cf. the verification of (5.4.16) in [DS]).
As for the case when peMS3(£2), we use (1.8) to see that

— 1
lim LY ’Hyn(ulP)<I(u)

for any ueM,(£2), and the argument leading to (5.4.19) in [DS] to see that

1S lim M, (u|P)

n— o nl
when peM3(Q).
Step 3 (The Lower Bound). Define

J(p) = ——inf{hm

| Vil

log[P(R,€G)]: Gau}

as G runs over open sets in M, (£2). Trivially, the lower bound in (1.4) holds when
h(u|P) is replaced by J(u). Hence, all that remains is to check that

J(1) = h(u|P). (1.10)

Since, when ueM,(2)\M3(Q) there is no problem, we will restrict our attention
to ueM;5(£2). But, by exactly the same argument as was given in Lemma 5.4.21 of
[DS], (1.10) holds for ergodic peM3 (£2). Moreover, by the Ergodic Decomposition
Theorem (cf. Theorem 5.2.16 in [DS] or [D]), general ueM$(£2) can be expressed
as a (continuous) convex combination of ergodic elements of M3(£2). Thus (cf.
Lemma 5.4.15 in [DS]) (1.10) for general ueMS(£2) comes down to checking that
peM5(2)—h(u|P) is affine and that pueMS$(2)—J(y) is lower semi-continuous
and convex. The first of these is easy (cf. (5.4.23) in [DS]). As for the second, the
lower semi-continuity presents no problem; and so it remains only to show that

J<#+ +#—><J(ﬂ+)+-](ﬂ—)

2 = 2 ’

(1.11)

for pu,,u_eM3(2) with J(u,) < oo. To this end, let G be an open neighborhood
of w—“. We can then choose a cube Q and an ¢ > 0 with the property that
Bg(p-,2¢) + Bo(p 4, 2¢)

2

In

G,

where

By(p, 1) = {0eM; (2): Lo(xg, o) <7}
with Ly a Lévy metric (cf. (3.2.1) in [DS]) on M, (E?). Next, we introduce the
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notation [ to stand for the side length of Q and
E,={ecZ’e;=+1and |e|=1for 2<i<d}.
Notice that, for sufficiently large neZ*:
() {X:Rpy2 (0" Rex)eBy(p+,8)} S {X:R,(X)€By(1+,26)};

eeE

and therefore, by R-mixing,
P(R,eG) Z exp [ —2'M|0g V,| 1(P(Ry 2€ Bo(tt -, €)))** " (P(Rpyy21€ Bo(p+,€)))** .

Hence, from the definition of J, we arrive at

. 1 J(p-)+J(uy)
- ,.li“l 1A log[P(R,€G)] S

d

Remark 1.12.

i) As a direct consequence of Theorem 1.3 and Varadhan’s Lemma we have

. 1
lim Al log !)exp [IV.|®(R,)]dP = sup {®(u) — h(u|P):ueMi(Q)}

for every @eC(M,(2); R) which is measurable and bounded above. In particular
if we choose

D(p)={f,n), forsome feB,(2;R),
then

A(f) = A(f) = lim

B log M, (f)

and satisfies

A(f)=sup {{f, ) — h(u| P):peM3(2)}.

Actually, if we restrict our attention to @’s of the form pueM,(2)—{f,u>eR,
where feB,(£2;R), then we get away without the lower bound in (1.4). To be more
precise, suppose that PeMS3(£2) is a measure (not necessarily R-mixing) for which
we can show that h(:| P) = h(:| P), that h(-| P) has compact level sets, and that, for
every closed FE# y, @),

En_{ ”i | log[P(R,eF)]1< — irelpfh(ylP). (1.13)
One can then show that, for every feBy(£2;R),
o — 1 .1 B
A(f) = lim mlogM,.(f)ﬂgg A logM,(f) = A(f)
and that
A(f) = sup {{f, ) — h(u| P):ueME(2)}, (1.14)

where M%(Q) denotes the subset of peM$(£2) which are ergodic. Indeed, the form
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of Varadhan’s Lemma in Lemma 2.1.8 of [DS] together with (1.14) implies

A(f) = sup {{f, 1> —h(u| P):ueM3(2)}
<sup {{f, ) — h(u| P):peM¥(Q)},
where, in the passage to the second line, we have used the fact that h(-| P) is affine,
the Ergodic Decomposition Theorem, and Lemma 5.4.24 of [DS]. At the same
time, by the form of Varadhan’s Lemma in Lemma 2.1.7 of [DS],
A(f) Z sup {<{f, ) — J(1): ueM3(2) }
2 sup {{f, x> —h(u|P):peME(Q)},
where, in the last inequality, we have used the fact that (cf. Step 3 in the proof of
Theorem 1.3) with no further assumption one always has
J(W =h(ulP) for ueMEF(Q).
ii) For neZ* and xe, let x™eQ be the V,-periodic element of £ which coincides
with x on V,. That is,
xP =xp, and x5, =x3, keZ’

Next define the V,-periodic empirical distribution measures

~ 1
XGQHR,,(X)E— Z 50kx(n)eM1(-Q)'
[Val k&7,
It is an easy matter to check that R(x) is shift-invariant for each neZ* and xe.
In addition, for each 1 <m<n,

D |am Vn -m l .
IRw(X))y,, = (Ru(X))y, llvar = AR

from which it is clear that Theorem 1.3 holds equally well with R, replaced by R,.
iti) Let M:Z* —[1,0) and a:Z* —[0, 1] be functions for which

M(n)

. ) .
lim =1 and lim a(n)=0,
n—*oo IVn, n—ao ( )

and suppose that PeM, satisfies the condition

1
M(n)

for all neZ™* and feB, (2;[0, 00)). Then, using precisely the same argument as
in Steps 1 and 2 of the demonstration of Theorem 1.3, one can prove that the specific
entropy h(:| P) exists, has compact level sets, and provides the upper bound in (1.4).
Thus, if one does not require the lower bound in (1.4), one can get away with a
far less than R-mixing. In particular, the following hypermixing condition will do:
PeM5(R) is said to be hypermixing if there exists a non-increasing 6:Z* —[1, o0)
satisfying nle d(n) =1 for which

A= log ( !2 exp [M(n) f (X)]P(dX)> +a(n) (1.15)

n

”fl"'fn”L‘(P)é H "fm”L“W(p), fmGBQm(-Q;IR)a m=1,..n,

m=1
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whenever n>2 and Q,,...,Q, = = Z* are cubes with dist (Q;, Q,,) > R, m # [. Since
one can easely show (cf. Lemma 5.4.13 in [DS]) that for any cube Q = = Z¢,
hypermixing implies

_ 1
A(f) £ ———-—1o ( ex R)|0(R) f(x de), €B,(2;R),
Ssm e [P IQRISRI[61P@Y) ). feBo@R)
it is clear that hypermixing is more than enough to imply that (1.13) holds. In
connection with applications of the sort discussed below, this observation may be
useful when dealing systems in which the interaction is unbounded.

2. Gibbs’ States and the Variational Principle

In this and the next sections we will be discussing the Gibbs’ states on £ which
come from a shift-invariant, finite range potential # and a reference measure
AeM,(E). To be more precise, we will say that # = {Up:F = < Z?} < B,(€;R) is
a shift-invariant, finite range potential if:

1) U, is bounded and %, measurable for each F c c Z¢,

2) Uyyp=UpoB* for each F = = Z* and all keZ’,

3) there is an ReZ* (the range of #) for which U,=0 whenever F30 and
F&[—R,R}).

Next, let AeM,(E) be a fixed reference measure, set 4 = lzd, and, for a given
shift-invariant, finite range potential % and BeRR, construct the family

{75.4C1y):yeRand Ac < Z} =M, (Q)
by the prescription that, for every feB(£2;IR),

§ f(X)75,4dxy) = L § f(XA‘on)eXp[ - Y |F| UF(XA'on)]l(dX),
o) Zg A(U,Y) 2 FAA# g

where, for x,ye, X 4y 40 is the element of € whose restrictions to A and A€
coincide with those of x and y, respectively. (The number Z; ,(%,y) is determined
by the condition that y, ,(£2|y) = 1.)Itis then an easy matter to check that {y; 4(:|y):
Ac cZ” and yeQ} is a consistent family of regular conditional probabilities in
the sense that, for A; = A,,

| fX)75,4,dx]y) = | (f f(X)vp,A.(dXI€)>vp,Az(d§Iy);
Q 2\ 0

and we will say that ye M (£2) is a Gibbs’ state with potential % at inverse temperature
B and will write ye®,(%) if, for each Acc Z°, y—75,4(|y) is a conditional
probability distribution of y given %, (ie.,

| f&xp@x)= | ( | fx4Y 20075, A(dXIy)>y(dy)
Q o\ 2

for every feB(2;R)). Finally, we set G3(%) = G 4(%) "M3(Q).
Note that 4 is 0-mixing and that, for any shift-invariant potential % with range
R, all shift-invariant elements of ® ;(%) are R-mixing. In particular, this shows that
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R-mixing measures need not be ergodic. Moreover, given such a potential % and
a ye®5(#), one has that
— d -
M BI@RM?/),A('IY) SPaX VL MB‘FRA"J’/},A('IY),

for some Me(1, 00)and all A = = Z*, feR, ye L. Thus not only does each ye (%)
satisfy the large deviation principle in (1.4), but we also have

. .1 .
— inf h{uly) = lim | log [irelrf)vﬂ,yn(RneAIy)]

n— oo n

1 .
log[sup Vo (R,€ALY) | S — infh(uly).
V l yeQ neAd

n

< lim

n—'col

In particular, this implies that h(:|y) is independent of the choice of EUHEA)

When E is compact and % < C,(£2;R), the afore-mentioned consistency of the
75.4(1y)’s guarantees that ®,(%)# . However, because we have not assumed
that E is compact and do not want to restrict ourselves to % Cy(£2;R), even the
existence of a Gibbs's state is not entirely obvious; and this is one reason why it
will be important for us to have an alternative characterization of Gibbs’ states
in terms of a variational principle. Namely, for A = = Z¢, set

U\= F|Upy and dx) = ——
A @;F:g/\l |Ur Vﬁ,A( ) Z[I,A(%)

where Z; ,(%) is determined by the condition that y, A€M (2). Note thatif R>0
is the range of %, then there is M > 0 such that

exp [ — U A(x)] 4 (dx),

Un— Y., U

keA

SM|ogA|, AccZ’ (2.1

where
Uy = 2 Up=%0", keZ’

Fak

In particular, this means that

Iim ——

1
e |V

l0g (Z,()) ~log (Lexp [1V,l<%o, Rn(x»]udx))

and therefore, since A (as a 0-mixing element of M$(2)) trivially satisfies the
hypotheses of Theorem 1.3, Remark 1.12 leads immediately to the expression

. 1
py(2) = lim I—V'IIOg(Zﬂ,V,.(%)) =sup { — B, p) —h(u|2):peM,(2)} (2.2)

for the pressure p,(%); and this, in turn, leads to the following characterization of
shift-invariant Gibbs’ states (cf. [L] for an earlier account of the same principle).

2.3 Theorem (The Variational Principle). For each BeR, Gi(u) = Gy(U) M3 (2)
is a non-empty, convex, compact subset of M3(Q). Moreover,
HeGS(U) = py(%) = — B Uy, 1> —h(u|2)
= [y, 1y +h(u|4) S (U, vy +h(v|A), veMI(R). (2.4)
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Finally, for all ueM3(Q) and yeG3(%),h(u|y) exists (i.e., h(uly) = h(uly)) and
h(p|A) = h(ply) — B, 1> — Pp(%)
=h(uly) + h(y|2) + B %o, y> — {Uo> 17)- 2.5)
Proof. We begin with the observation that
Hy (#lysp,)=Hy,(1lA) +10g(Zy y (U)) + P Uy, 1,
which, in conjunction with (2.1) and (2.2), leads immediately to
tim ) ) 4 @)+ pC0 >, nEME@. Q)

Clearly, the second equivalence in (2.4) is just a re-statement of the second part
of (2.2). In addition, because

ye®3(@)=>H, (7|75y,) < M|0gV,| for some Me(0, ) and all neZ*

- lim HV,.(II‘hI’p,V") =0,
the implication
yE®HW)=py(U) = — LU,y ) —h(y|2)

is an immediate consequence of (2.6). Furthermore, because h(-|4) has compact
level sets, it is clear both that

{ueM§(Q):py(U) = — BU, 1y — h(u]|4)}

is convex and compact and that there is at least one ueMS3(£2) for which the
supremum in (2.2) is achieved. Hence, all that remains is to check the implication

Po(U) = — U, > — W) )= pe GR). 2.7

In proving (2.7), we will follow a line of reasoning which we have adapted to
the present setting from [P]; and for this purpose, we will need a little preparation.
Given a peM;(2) and a AccZ% let yeQru,(-|ly)eM,(R2) be a regular
conditional probability distribution of u given %4, ,. Obviously,

uer(%)©!I2 H(ua( 19175, 4C1¥))1(dy) =0 for all Ac < Z°.
Next, use Iy 4(u) to denote the element of M, (£2) determined by

f ST Aw1dx)= | <§ S (x)yg, A(dXIy))u(dy) feB(B;R).

Then, by Lemma 4.4.7 in [DS],
!,gH(#A('|Y)(70,A('|Y))l‘(d3’) H(ﬂlrn Aln)) = lim HF(le;x ).

Frz®
Thus, if we set

W(F,A)=Hp(u| T A1) for §#AcFccZ,
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then we see that

pe®y ()< lim ¥, (F,A)=0 forall AccZ’ (2.8)
FrZ¢
Finally, note that if A c = Z? and A(R) < G = c Z*, then

()’p,G)A('1') = 7ﬂ,A('|')
=(p6)al'l') if AR)SF and F(R)SG;
and so, by another application of Lemma 4.4.7 in [DS], we see that
¥,(F.A) = Hy(ul75.6) ~ Hpaltlipe) i ARVSF and FR)SG. (29)

Now let ue M3 () satisfying pg(%) = — B{U,, 1) —h(u| 1) be given. By (2.8), we
will know that pue®}(%) as soon as we show that linzld ¥, (F,A)=0 for each
F~

Ac cZ% and, because Fi— ¥, (F;A) is non-decreasing, this comes down to
checking that, for each Ac <Z? ¥,(V,,A)=0 for all sufficiently large neZ*.
Thus, let & # A< cZ® and an neZ™ satisfying A(R) < V,, be given. For meZ",
set N(m)=m(2n + 1) + n,letky,...,Kpm+ 1)e be an enumeration of {(2n + 1)j:jeV,,}
with k; =0, and set

A=k, +A, F,=k;+V, and G,=F,u---UF; for 1<i<(2m+ 1)
Then

HVN(,,.)(HWp,VN(...,(R))
(2m+1)
= HV"(ulyﬂ‘VN(m)(R)) + 'ZZ (HGi(ﬂ'yﬂ,VN(m)(R)) - HG. - l(ulyﬂ‘VN(m)(R)))'

At the same time, by (2.9),

Hy (11750 wom@®) = By Aty vom@) T FulVa, A) 2 ¥ (V,, A)

and
HG.(#[V;;,VN(,,.,(R)) - HG.-_ ,(.“Wp,vm,,.,(x)) 2 HG.~(N|7/1,VN(,,,,(R)) - HG.~\A.»(#|Y/J,VN(,,.,(R>)
= lIIu(Gh Al) g lIIu(Fb Az) = lllu( Vn’ A),

where, in the last equality, we have used shift-invariance. Hence, after combining
these, we have that

HVN(,,.,(I»‘ | Vﬁ,VN(,,.)(R))
m+1)¢

and therefore, by (2.6), we conclude that ¥, (V,,A)=0. O

Y,V A) = for all meZ?

2.10 Remark. Let P(£2) stand for the set of all shift invariant, finite range potentials
on . Then for each f§ # 0, we have

h(u|2) = sup {— B U o, 1> — Py(U): U PB(2)}, neMS(Q). (2.11)
Indeed, since h(-|4) is lower semicontinuous and convex (in fact, affine)
h(u|4) = sup {{f, 4> —sup {{f,v) —h(v|4);veMi(2)}: feCo(€2;R)}.
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At the same time, for each feCy(£2;R), one can construct a potential % ePB(£2)
with the property that

fouy = —BlUo,p), forall pueM5(Q).
Namely, assume that feC, (22;R) for some A, = = Z* and simply set

1
——fofk if F=A,+k keZ*
Up= ﬁ 0

0 otherwise

Hence, (2.11) follows immediately when one combines these two observations.

3. The Equivalence of Ensembles

Gibbs’ states turn up in statistical mechanics because they are supposed to be the
equilibrium distribution of the system under consideration, and the reasoning which
underlines this supposition is based on the following picture. Think of E as being
the phase space of an individual particle and of 4 as the Liouville measure for the
dynamics of each particle when it is free (i.c., there are no forces acting on it). Next,
suppose that we place free particles at the lattice Z¢ and have then interact in
such a way that the energy produced by the interaction of the particle at k with
the rest of the system is given by

U\(x) = sz Up(x) = %o 04(x)

when the position (in £2) of the particles is x. Finally, consider what happens when
we allow our interacting system to achieve equilibrium subject only to the
constraint that the average interaction energy of the particles be some specified
number U. To be more precise, let neZ* be given and consider the system of
particles at the sights in V, obtained by imposing periodic boundary conditions.
When such a system has achieved equilibrium subject only to the constraint that
its average interaction energy be U, one suspects that its distribution should be
the measure fi, which one gets by conditioning 4 on the event

A(0)= {xr:‘.():L Y U (x™) = ﬁ}.
I an kev,

In the language of statistical mechanics, fi, would be called the microcanonical

distribution of this system and what Boltzmann’s principle, equivalently, the principle

of equivalence of ensembles, predicts is that, as n— oo, i, tends to some ye®3(%),

where f (the inverse temperature) is determined by the condition that

};%o(x)y(dx) =U. (3.1

The purpose of this section is to verify the equivalence of ensembles as an application
of the theory of large deviations (cf. Theorem 3.5 below). Besides Lanford’s
ground-breaking article [L], earlier programs of this sort have been carried out
by Dobrushin and Tirozzi in the article [DT] and by Georgii in the book [G].
In [DT] the reasoning is based on the Central Limit Theorem whereas the ideas
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in [G] derive from de Finetti’s theory of symmetric random variables. Moreover,
Georgii has recently circulated a preprint in which he obtains closely related results
by an information theoretic method which was introduced by Csiszar. Thus, at
best, all that is being proposed here is a new strategy for handling this sort of
question. In fact, the strategy itself is not entirely new, since it has been used
already to handle a closely related situation in [SZ] and was carried out when
d=11in [S].

In order not to get involved with problems about the existence of regular
conditional probability distributions, we will replace the true microcanonical
distribution fi, by the approximate microcanonical distribution i, ;, 5€(0, 1], which
is the conditional distribution of 4 given the event (cf. part ii) in Remark 1.12)

A,(0,6)= {xe.Q Y u,(x")—U 6} (3.2
and only at the end will we pass to the limit as § \ 0. Note that
A,(U,08) = {xeQ:R,(x)eM(T; )}, (3.3)

where _ _
M(T, 6) = {veM,(Q):|< X, vy — U| < 5}.

In addition, since

lim| [ fd a—J_ <f,ft.,(x)>z(dx) =0 (3.4)

n~o |3 .5

for feBy(£2;R), when there is no phase transition (ie. G$ 3(%) contains precisely
one element), we will have reached our goal once we show that

lim lim A(R,¢G|R,eM(T;5))=0

N0 n— o0

for every open neighborhood Ge%y, g, of GF(%).
With these preliminaries, we can now state and prove our result.

3.5 Theorem (Boltzmann’s principle). Set
IMM(U) = {peM§(Q):{U,, u) = U}
and assume that
m(U) = inf {h(u|4): ueM(U)} < 0. (3.6)

(Implicit in (3.6) is the assumption that W(U) # (&.) Then, for each 5€(0, 1), there is
an N;eZ™ such that (cf. (3.2))

MALU, 6))>exp[—|V|—m(—U—)—] for nz=N;.

In fact, for any measurable subset A of M (),

A,(0,6))]

— inf I(v) £lim lim

veA® 550 N ©

<lim lim l—l—‘log [A(R,eA14,(0,8)] < —infly(v), (3.7)

EA R ved
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where

h(v{l)—m(U) if veM$(Q) and {Up,v)=U
L) = otherwise.

In particular, if Ge By, o) is an open neighborhood of the set
FU) = {peM(U):h(g|2) = m(0)},
then

lim lim : Ilog [A(R,¢G| AU, )] < —1nflﬂ,(v) <0. (3.8)

snon-o |V,
Finally if U is not trivial, there is at most one feR for which
63w " MU) # & (39
and, if such a f exists, then

FHUO) = {ye®}(W):{Uo,7> = U}.
In particular, if 65 (%)n‘JR(U ) contains precisely one element vy, then
fdi

lim fim j fdins | fdo) = Jim 09 [ fdy|=0  (3.10)
im lim n = lim = = )
350 n- o0 fny =) Jdy) = lim lim MAL(T,5) o Y

Jor every feCy(2;R).

Proof. We begin with the relationship between (%) and the sets G3(%), ﬂe]R
Thus, suppose that y>®3 (%)miﬂl(%) for some felR. Then, by the second equi-
valence in (2.4), for any ,ueim(% ), h(|4) = h(y|4) and equality holds if and only if
ue(ﬁs(%) Hence, there is at most one such f, and, when it exists, HU)=

(%)mim(U)

In view of the preceding paragraph, all that remains is to check the validity of
(3.7). Actually, what we do here is simply point out that (3.7) is an immediate
consequence of the large deviation principle (1.4) and the Remark 1.12, ii). Indeed,
given (1.4) and that remark, one sees immediately that, for every 6€(0,1) and
AEBy, )

—inf {h(v|A):veA° A IM(T)} < lim

< hm

= ,J
< —inf{h(v|A):ve AnM(U;d)};

log [l(R eAnIMU; )]

and clearly (3.7) follows immediately from this, (3.3), and the easily verified fact that
inf {h(v|1):v€ ANIYT; )} v inf {h(v|A):ve AnM(U)}
as N0 O



Microcanonical Distributions for Lattice Gases 97

3.11 Remark.

i) One advantage to the line of reasoning which we have taken, is that (3.7) together
with Varadhan’s lemma (cf. Theorem 2.1.10 in [DS]) leads to the statement

({7 ,cxp LVl PR,)]dA
An(0,9) . S —
fim fim |- log| =5 o sup (<, 1)~ Ly (): pEMI(@)}| =0
for every measurable @eC(M;(£);R) which is bounded above.
ii) Let 4,(U, ) be the set which one obtains by removing the tilde from the R,(x)
on the right-hand side of (3.3). By exactly the same argument as we just used, one
can then prove the statements which result from removing the tildes in (3.7). Thus,
so far as the empirical measures are concerned, the result is the same whether one
considers periodic boundary conditions (those corresponding to the quantities with
tildes) or free boundary conditions (corresponding to taking the tildes away). On
the other hand, because (3.4) fails when the tilde is removed from R,(x), we do not
know how to prove the analogue of (3.10) when the boundary conditions are free.
The results obtained in Theorem 3.5 do not really require the potential to have
finite range and hold for all bounded potentials.

4. Further Comments

Let % be a shift-invariant, infinite range potential, and assume that # < Cy(£2;R).
Next, referring to Theorem 3.5, assume that &(U) # &; and, for each neZ* and
0>0, let M,, ;€M (M,(£2)) denote the distribution of ero—»R,,(x)eMl(Q) under
A(|A,(T,8)). In this section we will discuss the limit behavior of {M, ;:neZ* and
0> 0} as first n— co and then 6 \ 0.

Throughout this discussion, we will be considering convergence on M, (M,(£2))
with respect to the weak topology built over the weak topology on M, () (i.e., the
topology on M, (M, (£2)) generated by sets of the form

{(NeM;(M,(Q)):[{®,N> — (®,M)| <o}

as M runs over M,(M(£2)), @ over bounded functions on M,(2) which are
continuous with respect to the weak topology, and « over (0, 00).) In particular, we
will say that M is a limit point of {M, ;:neZ* and § > 0} asfirst n— oo and then d ~ 0
and will write MeL(U) if there exist {6(]):/eZ*} = (0, c0) and {n(k,l):k,leZ*} <
Z* such that: §(I) \ 0, n(k, l) 2 oo for each [eZ™, and

= lim lim M,,(k 1,5(0)

1= k—

in the sense that

lim lim Ko, Mn(k o) — <D, M>|

1> k— o

for every bounded @:M;(22)—R which is continuous with respect to the weak
topology; and we will say that M,l 5 tends to M and will write

M =lim lim M, ; if 11m llml(tDMn‘;) (D,M>| =

dNQ B0 NO B0
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for every bounded @:M,(£2)— IR which is continuous with respect to the weak
topology.

4.1 Lemma. For each § > 0, the sequence {M o n=1 is relatively compact. Moreover,
if
§(U,8) = {veM(U, 8):h(v|2) < m(U)}
and (U, §) is the set of all subsequential limit points of {M, 5}, then
M4&(U,0)=1 for every M, ;eL(U,9). 4.2)
Hence, | ) L(U, ) is relatively compact, and MeL(U)if and only if there are sequences

6>0 ~ ~ ~
{6()}2, =(0, ) and {M,,(,)},00 1 € M, (M,(£2)) such that: (1) » 0, M,;(”EL(EJ, o(1))
for each leZ”, and Ma(,)=>M in M,(M,(£2)). In particular, L(U) # &, M(FU)) =1
for every M eL(U ), and
M =lim lim M, , if and only if L(U)={M}.
Fno 7™

Proof. Because the level sets of h('|4) are compact in the weak topology, everything
comes down to proving that {M,, sy is relatively compact for each 6 >0 and
that (4.2) holds. But, by precisely the same argument as was used to prove (3.8), one
can show that for every weakly open neighborhood G of (U, §), lim 1\71,,',,(GC) =

Hence, the required relative compactness becomes an application of the
Prokohorov—-Varadarajan compactness criterion, and (4.2) follows from the fact
that (because % = Cy(£2;R)) F(U, J) is weakly closed. []

As a consequence of the considerations in Lemma 4.1, we see that

lim lim M, ;= =0,

dNQ A7
when §(U) = {y}. On the other hand, when F(U) contains many elements, the
situation is not so clear. Nonetheless, we will close with an example which indicates
the sort of phenomena which one might expect in general.

Let E be the two point space { —1, 1}, take d = 2, and therefore 2 ={—1, 1}z,

Next, let A be the standard Bernoulli measure (i.e., A({+ 1}) =3) and consider the
Ising potential % given by

[x — x j]
Up(x)= 2
0 otherwise.

for F={k,j) with |k—j|=1

As Lebowitz showed, Onsager’s famous result can be used to see that when
p>p.=log(l+ \/— ) the associated set 6 4(%) contains more than one element. In
fact, Aizenman [A] and Higuchi [H] each showed that G35 3(%) = ®4(%) and that

1+¢ 1—t _
G (u) = {Ty; +~—2—y,, ite[—1, 1]}, 4.3)

where y; is characterized as that element of ®3(%) for which
m* (B)=Xo,75 > Z<xo,y> forall ye®j®), (4.4)
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and y; =y; T ', where T:2— Qis the spm -flip transformation given by Tx = —x.
In particular, thlS means that, for a given B, the number U(B)={%,,7) is
independent of the choice of ye@s(%) In addition, one can show that feR+>
U(B)e[0, o0) is a strictly decreasmg, continuous function.

4.5 Proposition. Referring to the preceding paragraph, let ae(f., ) be given, take
U=U(x), and define {M,zneZ* and 6>0}<M,;(M,()) accordingly. Then
F(0) = 63(%) and
lim lim M, ;= =30,r +30,- (4.6)
EA R
Proof. That §(U) = G5(#) is clear from Theorem 3.5 and the remark immediately
preceding the statement of this proposition. Thus, in view of Lemma 4.1, what we
have to show is that every element M of L(U) is the measure on the rlg‘lt-hand
side of (4.6). To this end, first note that corresponding to M there is a unique
piz€M, ([ — 1,1]) for which

J\7I(A)=p,q<{te[ 1,17: i +—12;ty;eA}).

Moreover, since both % and A are T-invariant, it is clear that py; must
be an even measure on [ — 1,1]. Hence, our problem comes down to checking
that pz((—1,1)) =0; which will certainly follow once we show that, for every
0<a<m*(w),

lim lim A(|S, |<a|A,, (U, 8))=0, 4.7

A Rnd

where, for each neZ™, we define

xe0-5,(x)= |V| Y xi = (X, Ry(X)).

keV,

In order to prove (4.7), we first partition A,(U, d) into the sets 4 wi(U,8), —2n <
1< 2n+ 1, where

Zn,2n+ 1(17’ )= ;{n(U + (4n + 1)é,,d,),
Zn,l(lj) 5) = ‘:i((j + (2l - 1)5n’ 5n)\2n(U + (21 + 1)511, 571)7 —2n é l é 2n>

and §,= We then have, by Bayes’s Law, that

_S
4n+2°
2n+1

MS,| < al4,(0,5)) = ,;_:2 M3, < al 4T, 8)) M4, (U, 6)| 4,(T, 8)),

and so (4.7) will follow from

lim lim  max  A(|S,| < al4,,(0,0)=0. (4.8)

SN n—o —2nsl<2n+1

In proving (4.8), we will make use of the probability measures 7, ,, eM;(£2)
given by:

exp[— BIVal <%, Ry(%))]

Pp.v, (dx) = -
oy Zyy (W)

A(dx),
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where Z,,,V"(%) is the normalizing constant making ¥, ,, a probability measure.
Clearly,
A(14,,(0,8)) < exp [(2n + 1)88517;,, (| 4, (T, 5)) (4.9)

for all feR, neZ*, and —2n <1< 2n+ 1. The importance of (4.9) to us derives
from two estimates on the measures ;.. The first of these is the estimate in
[CCS] from which one can show that there exists an ¢ > with the properties that

_ —(@2n+1)
m*(f)>a and §;,.(S,/<a)< e_a_ for all Bel[a—ea+¢]; (4.10)
and the second is the estimate in [N] saying that
lim mmf Tow (1<%, R,> — U(B)| < 6,)> 0. (4.11)

(Actually, the result, Theorem 2 in [CCS], on which (4.10) is based is stated when
the boundary conditions are free, not periodic. However, Schonmann assures us
that the same techniques apply to the periodic case as well. Also, (4.10) is not
explicitly stated in [N], but is implicit in the Central Limit Theorem which
Newman derives from Theorem 3 and Proposition 4 of [N].) In particular, since
B—U(P) has a continuous inverse and U(a) = U, we can find a d, >0 with the
property that, for each 6¢(0,d,), neZ*, and —2n <1<2n+ 1, there is a unique
B(n,1,0)e[a — &,a + €] such that U(B(n,1,8)) = U + (21 — 1)8, and, therefore,

AU, 0) 2 {x:[<%, R,(x)> — U(B(n,1,8))] < 5,}.

Hence, by combining (4.9), (4.10), and (4.11), we see that there exists a Ke(0, )
such that

M5,] £ al4,,(U, 9))

7ﬁ(n 1,5), V,.(|§ |<a)
Tpnro(| <%, R, > — U(B(n, 1,8))] < 5,)
SKexp[—(2n+ 1)(e—8(x+¢)9)]

for all neZ*, —2n<1<2n+1, and 0< 8 <d,; and clearly (4.8) follows from
this. O

4.12 Remark.

i) Itis hardly necessary to point out that (4.6) certainly implies that, as first n — oo
and then 6 \ 0, (cf. the notation in Sect. 3) i, ; tends to 3y; + 3y, . Of course this
same conclusion can be reached much more easily and directly by simply observing
that every limit of /i, ; must be the (unique) ye®3(%) for which {x,,7) =0. In this
connection, note that a similar line of reasoning, based on the classification of
Gibbs’ states in [FP], can be applied to the three dimensional Heisenberg to see
that in that case also f,, converges, this time to the unique rotation invariant
Gibbs’ state. On the other hand, we are unable to say what happens to the M, ;s
in this case.

ii) The result contained in Proposition 4.5 suggests that it is reasonable to expect
that elements of L(U) ought to be concentrated on the set of extreme points in F(U).
Certainly, for those potentials when this is known to be the case, considerations

<exp[(2n+1)8p(n,l,06)d]
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of the sort in Proposition 4.5 would be far simpler. Indeed, if we had known this
ahead of time for the two dimensional Ising model, then the argument in the proof
of Proposition 4.5 would have ended after we had remarked that (cf. the beginning
of that proof) p;; must be even.
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