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Abstract. This paper represents part of a program to understand the behavior of
topological entropy for Anosov and geodesic flows. In this paper, we have two
goals. First we obtain some regularity results for C' perturbations. Second, and
more importantly, we obtain explicit formulas for the derivative of topological
entropy. These formulas allow us to characterize the critical points of topological
entropy on the space of negatively curved metrics.

I. Formulation of Results

The topological entropy, hrop, measures the exponential growth rate of the number
of orbit segments distinguishable with arbitrarily fine but finite precision. In general,
it behaves irregularly with respect to perturbations. In the discrete time case,
Misiurewicz [Mil] constructed examples showing that hpop:Diff *(M") > R is not
continuous for n=4, as well as examples showing that h;op is not upper-
semicontinuous in the C* topology for k < oo in every dimension n =2 [Mi2].
Here Diff*(M") denotes the space of C* diffeomorphisms on a compact n-
dimensional manifold equipped with the C* topology. Yomdin [Y] and Newhouse
[N] proved that hpgp:Diff° (M") >R is upper semicontinuous. For n=2, Katok
[K37] proved lower semicontinuity. By combining these two results, one sees that
hrop:Diff® (M?)— R is continuous. This result also holds for C* flows on three
dimensional manifolds.

The structural stability of Anosov diffeomorphisms [A] implies that hpgp is
locally constant. For Anosov flows, the structural stability [A] involves a time
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change and the topological entropy may change. However, the structural stability
implies that hyop is continuous. Misiurewicz [Mi2] has shown that for general C*
flows on M", k < oo and n = 3, hyop need not be continuous.

This paper represents part of a program to understand the behavior of
topological entropy for Anosov and geodesic flows. The principal regularity results
were obtained in [KKPW]. Later, related results were obtained by Contreras [C].
In this paper, we have two goals. First we obtain some regularity results for C*
perturbations (Theorems 1 and 2). Second and more importantly, we obtain explicit
formulas for the derivative of topological entropy. These formulas allow us to
characterize the critical points of topological entropy on the space of negatively
curved metrics.

Our first result is an almost straightforward consequence of the results by
Manning [M] and Freire and Mané [FM].

Theorem 1. Let (M", g) be a compact n-dimensional C* Riemannian manifold without
conjugate points and let g,, — ¢ < A < ¢, be a C* perturbation through metrics without
conjugate points. If ¢, is the geodesic flow associated to g,, then

2= hy(g;):= hrop(;)
is a Lipschitz function.
The next two theorems contain the principle results of this paper:
Theorem 2. Let ¢ be a C' Anosov flow on a compact n-dimensional manifold X and

let ¢, —e<i<¢ bea C* perturbation of ¢' = ¢%y. Then hy(A) = hrop(¢;) is a C*
function and the derivative is given by

2

s A(p)duo,

%‘Q}

hr(2) = f

X A=
where o denotes the Margulis measure (the unique measure of maximal entropy for
¢' [Ma2]) withrespect to the unperturbed Anosov flow and the function a,(p) compares
the infinitesimal generator of ¢; to the infinitesimal generator of ¢. One can think
of a,(p) as an infinitesimal time change.

Theorem 3. Let (M, g) be a compact C? Riemannian manifold of negative sectional
curvature and let g;, — ¢ < 4. < ¢, be a C? perturbation of g = g,. If ¢, is the geodesic
flow associated to g, then hy(g,) = hrop(¢;) is a C! function, and the derivative is
given by

0 _ hT(go) J
@/ h (gl)_ B 2 SM 6/ A=lo

A= Ao

g,(v,v)dpy,,

where p,, denotes the Margulis measure of g,.
Remarks.

a) Since the geodesic flow on a negatively curved manifold is Anosov [A],
Theorem 2 also applies in this case. The two formulas are different. Furthermore,
the proof of Theorem 3 does not use structural stability.

b) In [KKPW] the authors prove, among other regularity results, that for a C2
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perturbation of a C' Anosov flow, hygp is C'. However, they do not obtain a
formula for the derivative.

c) Theorem 3 can be extended to Rank 1 manifolds of nonpositive curvature
provided one can ensure the existence of a unique measure of maximal entropy.
This was established by Ursula Hamenstadt (unpublished). Once the theorem is
known for Rank 1 manifolds, it follows from the classification of compact manifolds
of nonpositive curvature and the rigidity of higher rank manifolds (see Appendix 1
of [BGS] for a convenient summary) that the theorem is valid for arbitrary
manifolds of nonpositive curvature.

The following result contains an interesting application of the formula from
Theorem 3:

Theorem 4. Let M be a compact surface and let ‘R(M) denote the submanifold of
negatively curved C* metrics on M having area equal to 1. Then hp:R(M)— R has
a critical point at goe R(M) if and only if g, is a metric of constant negative curvature.

We would like to point out several open questions related to our results.

Conjecture 1. Let R(M) denote the submanifold of negatively curved C? metrics
on a compact manifold M having volume equal to 1. Then h;:R(M)— 1R has a
critical point at g, if and only if the Margulis measure and the Liouville measure
of the geodesic flow for g, coincide.

The next conjecture would follow from Conjecture 1 and a well-known entropy
rigidity conjecture of the first author [K2, BK].

Conjecture 2. Let R(M) denote the submanifold of negatively curved C? metrics
on a compact manifold M having volume equal to 1. Then h;:R(M)—>R has
critical point at g, if and only if g, is locally symmetric.

Our last conjecture would imply Conjecture 1 even if it is established only
under the extra assumption that y is the Margulis measure (cf. proof of Theorem 4
below).

Conjecture 3. Let (M, g) be a compact Riemannian manifold of negative sectional
curvature. Suppose p is a Borel probability measure on SM which is invariant
under the geodesic flow, and projects to Lebesgue measure on M, i.e., 4 and the
Liouville measure coincide on n~(B(M)):= {n~'(A)| Ae B(M)}, where B(M) is the
g-algebra of Borel subsets on M. Then u is the Liouville measure.

II. Topological Entropy for Geodesic Flows
on Manifolds Without Conjugate Points

Let (M, g) be a compact Riemannian manifold and M the universal covering of
M. For every pe M, Manning [M] showed that the limit

lim logvol, B,(p,7)

r— o r

=A

g

exists and is independent of p. Here B,(p,r) denotes the geodesic ball of radius
r>0 in the universal covering M and vol, is the volume associated to g. Margulis
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[Maz2], for metrics of negative curvature, Manning [ M], for metrics with no focal
points, and Freire and Maii¢ [ FM], for metrics without conjugate points, showed
that A, coincides with the topological entropy h;(g) of the geodesic flow in the
compact quotient.

Lemma 1. Let (M,g) be a compact n-dimensional Riemannian manifold and let
{9:}, —e<A<ebea C' perturbation of g = go. Then there are Lipschitz functions
M) and m(4), M(0) = m(0) = 1 such that:

a) For all p,qeM, m(J) <-—— g dilp. ) < M(A), where d; denotes the distance generated
by g;. olp:q@) —
b) For all measurable sets S =« M
) vol, (S)
"< M@
may s sy S MOP,

where vol; denotes the volume generated by g,.
Proof. Define

M . mi)= ,
()= max o], m(A)= min |ol,

where (SM), is the unit tangent bundle of M with respect to gq, and | v|; is the
norm of v in the g, metric. From this definition, the inequality in (a) is evident.
Comparing the eigenvalues of g, and g, one obtains:

det
miy < SS9 < Moy
detg,

This immediately impiies (b).
To see that M(4) is Lipschitz we observe that (1) v, = 1 for all ve(SM), and

0
(2) D=sup sup —|vll; < oo.Since |v|; is a C' function on (SM), x (—e&,¢), (1)
A ve(SM)oaj-

and (2) imply that | M(4) — M(0)| < D-A. The same argument applies to m(A).

Remark. The inequalities (a) and (b) remain valid if we replace M by a covering
space equipped with the lifted metric.

Proof of Theorem 1. Let M be the universal cover of M and fix p,e M. Then part
(a) of Lemma 1 implies:

-
Bgo<p07M(/1)> B (pOar)— 90<Po, (/{)>
Hence,

volgO<Bg0<po,ﬁ>> = voly (B, (po, 7)) = volg0<Bgo<p0,ﬁ>>.

Therefore,

. logvol,, B, (po,r) _ 1
< 9o "9, < .
M(/l) “hr(go) =}Lfg - = m() hr(go)-
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Part (b) of Lemma 1 implies:

. logvol, B, (po,r) . logvol, B, (por)
lim = lim -

r— o r r— oo

= hr(g,)-

III. Topological Entropy for Anosov Flows

Let ¢ be an Anosov flow on a compact space X. Margulis [Mal] and Bowen [B]
have shown that the topological entropy h; is obtained by:

ha(@) = lim E#TO

where P(t) denotes the set of periodic orbits of (prime) period <t To prove
Theorem 2, it is important to count only those closed orbits which are almost
uniformly distributed with respect to the Margulis measure. Given ¢>0 and a
continuous function f, we say that a closed orbit {¢*v}i_, of period I is (g, f)
uniformly distributed with respect to a measure yu if

% [ 7@t~ fau|<e.

Proposition 2. Let ¢ be an Anosov flow, y be an invariant ergodic measure for ¢,

and f a continuous function on X. For every ¢ >0 let P5/(t) be the set of (e, f)
uniformly distributed closed orbits of period <t. Then:

log# P2/ (t

lim inf———og#t i)

t—

2 h,(¢),

where h,(¢) is the measure theoretic entropy of ¢ with respect to p.

Proof. The proof follows from the methods which the first author developed in
[K1] and [K2].

Remarks.
a) The proposition remains true for any flow ¢ if u is an invariant ergodic measure
with non-zero Lyapunov exponents.
b) If u is the Margulis measure of ¢ then:
. log#P=/(t)
lim ‘t”——

1=

= hy(9).

The next ingredient for the proof of Theorem 2 is a refined version of the
structural stability of Anosov flows.
Proposition 3. (Structural Stability for Anosov Flows) Let @ be a C! vector field

on a compact manifold X which generates an Anosov flow ¢'. Define

d
Coy(X)= {u:X — X |u homeomorphism such that P

tli=o

ue ' =:Dyu exists },

and let C°(X,R) be the space of continuous functions on X. Then there exists a C*
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neighborhood U(®) of @ and a C' map
S:U(®) —CY(X) x CO(X,R)

v W)
which solves the structural stability equation
You=ry-Dyu.

Corollary 4. (Dependence on Parameters) Let @ be as in Proposition 3 and let @,
be a C! perturbation of ® = ®,. Then there exists ¢ >0 such that:
a) For each fixed pyeX,

i—=u,(py), A-7y.(po) are C! for ie(—e, +e).
b) For each fixed Lye(—z¢,¢),

p—=u;(p), P—7:,(p)
and

7:(p)

A= 4o

p__)ui(p)’ _’%

are continuous functions on X.
Proof of Corollary 4. Since S is C' we obtain: For each fixed p,, 41— S(¢;)(po) is

3i
a C' function, and for each fixed 4, and je{0,1}, p —r%
on X. ’

We present a sketch of the proof of Proposition 3 in the appendix. Also see the
appendix to [LMM].

The following formulas for the time change in structural stability are obtained
by integrating the infinitesimal time change.

Lemma 5. Let the vector field ¥ be C! close to the Anosov vector field @ and let
(u,7)eCH(X) x C*(X,R) denote the solution to the structural stability equation

S(¢;)(p) 1s continuous

=

You=1y-Dyu.
If ¢' and ° are the flows generated by @ and ¥, then the time change equations
Y*Pu(p) = u°¢'(p),
Viu(p) = u°¢'"(p)

have the solutions

! 1
sp) = L™

ts,u”(p)) = bh’(u ~Lp(p)dx.
Proof. Simple calculation.

The following inequality is the key step in the proof of Theorem 2 (cf. the proof
of Theorem 1 in [K4]).
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Proposition 6. Let ¢ be a C* Anosov flow and s be a perturbation C* close to ¢. Then

hi(d)
1,
d
{7k
where p, and p,, are the Margulis measures with respect to ¢ and y, u is a conjugating
homeomorphism, and vy is the corresponding infinitesimal time change.

Proof. Given ¢ >0, let Pj?" '(t) be the set of closed orbits of ¢ of period <t, which
are (&,y ") uniformly distributed with respect to the Margulis measure .

S h(Y) < he(¢) jyou— ldﬂw

Let 14 be a periodic point for ¢ with period /,(p) whose orbit o belongs to the
set Py’ '(t). The period of the perturbed orbit y*(u(p)) is given by s(l4(p), p). Because
o is (s, ~1) uniformly distributed, it follows from Lemma 5 that:

s(ls(p), p) r .
L0 <e+ )j;;d/% =:a(e).
Using Proposition 2, we obtain:
771
()= tim T < g fim A

Since ¢ > 0 is arbitrary, we conclude that
1
h(p) = hr(w)'i;dﬂqs-

Similarly, using the second assertion of Lemma 5, we derive:
hr(¥) < he(9) )I{ you~ d,.

Proof of Theorem 2. Let ¢, be a C! perturbation of ¢ = ¢, —e < A<e.
Proposition 6 implies that:

1
he(@o) ————1 | Sha(8) ~ hrldo)

—d
5‘(74 Ho

éhT(d’o)(J{ 7’10“;1‘1#/1“ 1>,

where y,,u; are as in Proposition 6 but now depend on the parameter 4, and g,
is the Margulis measure for ¢,. Linearizing in A at A =0 leads to:

1 0
=1—A—
7a(P) 0s

7s(p) + o(4)

s=0

and

Ps(u (p)) + o(4).

s=0

- 0
yauit(p) =1+ /1'—5
S
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Since < constant for all pe X and —| v, is uniformly continuous, we

0
aAA Yp)| <

obtain:

Ss=0

75(p) + A-e(A) + o(4),
s=0

- , 0
D P = 1+ 2

where ¢(4) >0 as 41— 0. Substituting this in the equation above yields:

0
hr(¢0)()~'§ (5_ "/s>d#0 + 01(/:)) < he(¢;) — hrldo)
X\ 0S|s=0
"/s)dllx + 02(;~)>,
s=0

0
< Al =
<hotoo 7 (1
for suitable o, (4) and 0,(4).

We remark that this inequality already implies Lipschitz continuity for
/.= hy(¢;). The proof of Theorem 2 follows from the next lemma.

Lemma 7. (Weak Conttnulty of the Margulis Measure) Let ¢, be a sequence of

Anosov flows, (i),,——»(b and p,,p be the associated Margulis measures. Then p,
converges to p in the weak topology.

Proof. Let u* be any weak limit of x,. We show that u* = u. Since ¢ is expansive,
u— h,(¢) is upper semicontinuous [W]. This, along with the variational principle,
implies that:
hi($) 2 hye($) 2 limsuph,, (6.
The structural stability of Anosov flows immediately implies that topological
entropy is continuous. Hence,
limsuph,, (¢,,)=limsuphr(¢,)=hr(e).
nE = o ng = o
This implies that h;(¢) = h,«(¢), and since the measure of maximal entropy is
unique, pu* = u.

IV. Topological Entropy for Geodesic Flows on Manifolds
of Negative Curvature

The following inequality is a counterpart of the one in Proposition 6. Its proof is
even closer to the proof of Theorem 1 in [K4].

Proposition 8. Let (M,g,) be a compact manifold of negative curvature and g be
another metric of negative curvature on M. Then:

hr(go)
I vl du,,

(SM)q,

< hyl(g) < hylgo): I [ U“god.uqs
(SM)q

where p, and p, are the Margulis measures associated to g, and g.

Proof. Again we use the fact that the topological entropy is given by the exponential
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growth rate of the number of closed geodesics, i.e.

helg) = lim 2E#L0),

t— o0 t
where P,(t) denotes the set of closed geodesics of (prime) period <t in the metric
g. Let TI(M) be the set of free homotopy classes of closed curves in M. Given a
metric g of negative curvature on M, we associate to each aeIT(M) the uniquely
determined closed geodesic ¢, ea. If L,:II(M)—R is the length function with
respect to the metric g, then c, , is characterized by

L,(c,,,) =inf L,(c).

Choose ¢ > O arbitrary. As before let P;" I'llao(£) be the set of all closed geodesics in the

metric g of period <t which are (g, || |,,) uniformly distributed with respect to the

Margulis measure p,. If ¢, ;€ P5!! lluo(t) is parametrized by arclength, we obtain the

following for the period of the corresponding closed geodesics ¢
Ly(cag)

Al
Lgo(cu,go) é Lgo(ca,g) = g “ éa,g(s) ”go dS

a,90°

é Lg(ca,g)<£ + j “ v ”god.ug> =:Lg(cu,g)'a(s)'
(SM)g

Applying Proposition 2 yields:
.1l 1l
hr(g) = tlim ————IOg #PZ (©)

< afe) lim 28 #FPu(t-9)

m t-a(e) = a(e) hz(go)-

Since ¢ > 0 was arbitrary, it follows that:

h(g9) < ht(go) _f “U“godﬂg-
(SM)g

Replacing g by g, we obtain:
h(go) = hr(g)'(s | lollydug,.

Proof of Theorem 3. Let g, be a C! perturbation of g = g,. Then Proposition 8
yields:

1

I ol dug,
(SM)q,

h(do) < hr(g:) — hr(go)

§hT(¢O)< .‘. llv”yod#g;._l>'

(M),

Linearizing ||v|l,, in 4 at A =0, we have:

0
“ v ”g; = ” v “go + A

5| ol +o.0)

s=0
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Substituting this in the above inequality we obtain for suitable 0,(4), 0,(4):

0
hT(Qo)( —4 .[ 0—

(SM)g, OS|s=0

o 2§

The weak continuity of the Margulis measure implies that:

[vlly, duo + 01(/1)> < hy(g;) — hr(go)

lollg duy, + Oz(ft))
0

§=

0 0

a l:iOhT(gx) = *hT(gO)'(S&E)g”é}: . v Hg,dﬂgo
. _hT(gO)‘ 0
2 (Sh1), 5/ i=io 9.0 0) g

Proof of Theorem 4. Let (M, g) be a compact C? Riemannian manifold of negative
curvature of arbitrary dimension and let [, denote the Liouville measure with
respect to g,. A straightforward calculation [Be] shows:

0 wmn—1) 0
o A0, 0 dl, = -
(SM)%a/v /1:}.09 ( ) go hn oA

volg’(M),

A=lo

where w(n — 1) denotes the volume of the Euclidean (n — 1) sphere. The formula
for the derivative of the entropy immediately shows that g, is a critical point in
R(M) if the Margulis measure and the Liouville measure of g, coincide. Now
assume that g, is a critical point for h;:R(M)—R. Let ¢ be a symmetric (0,2)
tensor on M such that g, = g, + A is a perturbation of g, and g,eR(M). Then:

oin—1) 2

1
n oAl °

o M)= [ & 0)dly, =

A=lo ' (SM)q,

The formula for the derivative of entropy implies that:

[ &ov)duy, =0,

(SM)g,

where ,, is the Margulis measure of g,. Define the functionals

L,(f)= [ fdl,, and L, (f)= | fdu,,

(M), (M),
where [ is a smooth function. Let £, , be the space of symmetric (0, 2) tensors on
M. If {ef2, ,, then &(v,v) 1s a smooth function on SM, . The discussion above

shows that if g, is a critical point for hy, then Ker Ly | o,, S KerL,, g, -

Proof. Choose refl, , and assume L, (r)=a. Define ge€d,, as g=a-g,. This
implies: L,, (r—q) = L;, (r) —a=0. By hypothesm we obtain:
0= quo(r - Q) = Luqo(r) - uqﬂ(q) = Lugu(r) —da

Hence, L,, (r)=L,, (r).
This lemma shows that L, (f)=L,, (f) for all functions f:SM,, —R which
arise from symmetric (0, 2) tensors on M Let n:(SM),,— M denote the canonical
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projection. If we associate to each smooth function f: M — R the symmetric (0, 2)
tensor f-g,, then Lemma 8 implies that L, (fen)=L, (f°n) for all smooth
functions f:M - R.

The measures /,, and p,, are invariant under the geodesic flow ¢’ and coincide
on n~Y(B(M)):= {rn~'(4)|Ae B(M)}, where B(M) is the g-algebra of Borel subsets
on M. We would like to say this implies that the measures coincide on the g-algebra
of Borel subsets of SM, and that g, is locally symmetric (cf. Conjectures 2 and 3
above). Unfortunately we can only prove this for surfaces.

Lemma 9. Let (M, g,) be a compact negatively curved surface and suppose that I,
and p,, coincide on n~'(B(M)). Then g, is a metric of constant negative curvature.

Proof. The function H*(v), which assigns to each veSM,  the normal curvature
of the unstable horocycle orthogonal to v, satisfies the Riccati differential equation
i+ u? + K(noy,(t)) = 0, where 7, is the geodesic with initial velocity v and K is the
Gaussian curvature. If we integrate the Riccati equation with respect to p,,, we
obtain:

| H"Ydp,= | —K(mov)du,,
(58, (SM),,

Since all of our metrics are normalized to have area 1, our hypothesis and the
Gauss—Bonnet Formula imply:

[ —K(mov)du,,= | —K(nov)dl, = —2=nE,
(SM)g, (5M)g,

where E is the Euler characteristic of M. The Ruelle entropy estimate [R] and
Jensen’s inequality imply:

2
héé( [ H+dﬂgo> < [ (H")dpg,
(SM)q, (M),

Putting everything together we obtain h2 < — 2znE. In Theorem 3.1 of [K2], the

top —
first author proves that hl = —2zE, and the inequality is strict unless g, is a
metric of constant negative curvature. We conclude that g, is a metric of constant
negative curvature.

V. Appendix. Proof of Proposition 3
Proof. Let ¥ be C! close to @. The idea is to use the Implicit Function Theorem
to solve:
You=y-Dgu for ueC% and yeC*X).
Define:
G:V1(X) x C%(X) x C°(X,R)— C°(X, TX),
G(¥Y,u,y)= ¥You—1vy'Dyu,

where V1(X) denotes the space of C! vector fields on X and C°(X, Y) the space
of C° functions from X to Y. The spaces introduced above are Banach manifolds
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and one can easily prove that G is a C! map. It is clear that
G(?,id, 1)=0.
Let D, ;G be the derivative with respect to the second and third variables. Then
D, 3G(@,id, 1): V%(X) x C°(X,R)— V°(X)
is given by:
D, ;G(@,1d, 1)(v,y) = DO(v) — Du(P) — y- @

=[(D,u]—y(1)
d

= — D o '_n.d)’
il . ¢ tved —y

where V9(X) denotes the subspace of the space of continuous vector fields V°(X)
such that the directional derivative with respect to @ exists. (T;qC%= V%(X)).
Because the kernel of the Lie derivative

d

Loy =[@,v] =

contains the infinitesimal generator @, it follows that D, ;G is not invertible.

To overcome this problem choose a section transverse to @. For instance

define @' =I'(E)@I'(E*) and V§ (X)= V%N @*. Then it is easy to show that
Lg:V§ (X)=V§ (X) has an inverse given by:

D¢~ tvogt

t=0

(L) '(0) = — | Db *vud’ds, v,el(EY),
0

(L) '(0) = | Dg*v,¢p~"dx, v,el(E).
0

This proves that (v,7) — Ly(v) —y- @ = D, ;G(®,id, 1)(v, y) is invertible. Now apply
the Implicit Function Theorem to the equation G =0 with CY replaced by
Cy (X)=exp (Vg (X)).
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