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Abstract. A simple hierarchical fermion model is constructed which gives rise to an
exact renormalization transformation in a 2-dimensional parameter space. The
behaviour of this transformation is studied. It has two hyperbolic fixed points for
which the existence of a global critical line is proven. The asymptotic behaviour of
the transformation is used to prove the existence of the thermodynamic limit in a
certain domain in parameter space. Also the existence of a continuum limit for
these theories is investigated using information about the asymptotic renormal-
ization behaviour. It turns out that the “trivial” fixed point gives rise to a two-
parameter family of continuum limits corresponding to that part of parameter
space where the renormalization trajectories originate at this fixed point. Although
the model is not very realistic it serves as a simple example of the application of the
renormalization group to proving the existence of the thermodynamic limit and
the continuum limit of lattice models. Moreover, it illustrates possible complica-
tions that can arise in global renormalization group behaviour, and that might
also be present in other models where no global analysis of the renormalization
transformation has yet been achieved.

1. Introduction

Hierarchical models were introduced by Dyson [8] before Wilson [19] formulated
his theory of the renormalization group. It was Baker [1] who pointed out the
simple renormalization group structure of the model. Actually, Baker’s model is
different from Dyson’s in that it has continuous spins instead of Ising spins. The
first mathematical investigation of hierarchical models was carried out by Bleher
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and Sinai [3 and 4]. It was claborated by Collet and Eckmann [5] and, more
recently, by Gawedzki and Kupiainen [11,12]. Here we construct a fermion
analogue of Baker’s model by replacing the spins with elements of a Grassmann
algebra. Thus we obtain a model with a very simple renormalization group
structure. It is somewhat like a hierarchical version of the Gross-Neveu model, the
renormalization group structure of which was studied by Gawedzki and
Kupiainen [14] and Feldman et al. [9]. However, our hierarchical model does not
satisfy reflection positivity, so that the continuum limit is not a feasible candidate
for a quantum field theory. The renormalization group transformation of our
model takes place in a two-dimensional space of coupling parameters r and g. It is
given by formulas (2.16). The simplicity of the transformation enables us to study
the global flow of the transformation.

In the next section the model is introduced and its renormalization transfor-
mation derived. In Sect. 3 the main results about the asymptotic behaviour of the
transformation are stated and discussed. Theorems 1 and 2 are precise statements
about the existence and uniqueness of a global critical line for each of the fixed
points (0,0) and (—%,+). Theorem 3 is a result about the asymptotic behaviour of
points that are not critical. Proofs of these theorems are deferred to Sect. 7.
Figure 1 shows a computer picture of the flow of the transformation. In Sect. 4 we
use the asymptotic renormalization group behaviour to investigate the existence of
a thermodynamic limit. Along the same lines, in Sect. 5, we prove a result about the
decay of correlation functions, which is used in the study of the continuum limit in
Sect. 6. The existence of a continuum limit is proven for each point on the
trajectories receding from the trivial fixed point (0, 0). The existence of a continuum
limit for points on the line g=0, r >0 is the easiest to establish: it is Gaussian. As in
the case of the Gross-Neveu model, the other trajectories give rise to non-trivial
continuum limits. Section § contains some concluding remarks.

2. The Model

For a Grassmann algebra %, with an even number of generators arranged in
conjugate pairs {y;, Py, ..., P, P,}, there exists an analogue of a Gaussian integral
due to Berezin [2]. It is given by the linear functional w. on ¥, with

v Jwapsexp[—<, By)ldpdyp -
)= gL~ By Japdp e B
Here dydy stands for dy, ...dy,dp,...dp, and |-dy; is the usual fermionic
integration defined by

fwidp;=1, fdyp;=0.

B is a non-degenerate n x n matrix and

{p,By)= ) ) lpiBijUJj'

i,j=1

The exponential is given by its (terminating) Taylor expansion.
w, satisfies the usual fermionic Wick formulae,

ocvi, ;i) =Cii,Cij, — € .Gy, cte 22
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For a degenerate matrix C we can still define w¢ by wc(y;) = C;; and the Wick
formulae.

We now introduce a hierarchical covariance C as follows. We consider a
2-dimensional square lattice A, CZ? with (2V)? sites and subdivide it into blocks,
blocks of blocks and so forth at each level or scale. The blocks B, at the I-th level
will contain 2% lattice sites each. For x € 4y we denote by x € Ay _ ; the index of the
block B(%) containing x. More generally, x* e A, _, is defined by x*~ Ve B(x*)). We
define a matrix I' =(I},), ye 4, bY I, = (I3),, if X=y and I, = 0if X # y. I is defined
on a block B(x) by

1 -1 1 -1
-1 1 -1 1
1 -1 1 -1
-1 1 -1 1

with an arbitrary numbering of the sites in a block, fixed once for all. The
hierarchical covariance is now defined by the series

(2.3)

-1
Ii=%

N-1
(Col= 3 27T, ). 4

(A slightly different covariance was considered in [6]. Our present choice has the
advantage that MI' =0, where the operator M is defined by (2.5).) This defines a
Gaussian state on the Grassmann algebra generated by the 2-22V spins
{¥y» Wx}xeay Introducing an average spin (My), for each block B(x) by

(My), =L"*° ;(x) Vs (2.5)

with d=2, 6=3, L=2 and analogously for {, we find for the renormalized
covariance (cf. [7]):

(CN)/=MCNMt=CN_1 . (2.6)

Here M’ is the transposed matrix.

Before being able to introduce a non-trivial local interaction we have to double
the number of spin components so that the corresponding Grassmann algebra 4,
now has 422N generators. The covariance of the resulting 2-component lattice
field becomes Cy@Cy, i.e.

wCN @Cn(waxu_)ﬁy) = 6aﬂ(CN)xy > a, ﬂ = 1’ 2a X, V€& AN . (27)
We consider the general local potentials Vy(p, w)= Y. v(P,, p,) With
xeAn
v(lpx, wx) = "(U_) 1x¥1x + 1l_)waZx) + gtp 1x1p1xu_)2xw2x . (28)

In the presence of the potential V), the “expectation value” of a general polynomial
F in the fields is given by

o(F)=

n(F(p, p) exp[ — Vi, p)])
- ; (2.9)
wy(exp[— Va(®, w)])
where we have written wy instead of wc, ¢, The renormalized state ¢’ is defined
on ¥y_, by

0'(F)=o(F(Mp, My)). (2.10)
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Due to the fact that
(CN)xy=3(Cxn— sy + 1y, (2.11)

we can split the field y into ¢’ = My and a fluctuation field { with covariance '@ I
so that

1 -1
oNF@p,p) =0y ®wrer <F <_l/§ Vet o ﬁ Y+ Cx)) . (2.12)

It then easily follows that

_ Oxe (F p)expL— Ky (7. 9)]) o1
wy-1(exp[— Vi @, 9)]) 7

where the effective potential Vy_, is also local,

Vi@, w)= 3 V(v

XeAN -1

¢'(F)

with v’ given by

1 |
. Oriers <exp[—- % U<_ Pt x,-—w;+Cx>:D
) xeB(x) ﬂ ‘/2
L _ 2.14
exp[ V' (P (Px)] Or,or; (exp ,: — e%:( ) v( o CX):D ( )

Remark. In this expression one has to collect the {’s before calculating the
expectation with respect to wy, g .. Thus, for instance, wp, e ro(Wil 1 9C,) = — Wypp.

The fact that local potentials are conserved under the block-spin transforma-
tion is a general property of hierarchical models, much stressed by Gawedzki and
Kupiainen [11,12]. It is due to the fact that I, =0 if Xy, so that

Orer= & Or.er,-
xeAN -1

Our fermionic hierarchical model has the additional simplifying property that the
exponentials in (2.14) break off. Therefore we can calculate the expectations
explicitly. Diagonalizing I, and rewriting the result as an exponential, we obtain

1) <exp[— Y v<—1— P+ ! "+¢ >}>
I'o®rg x5 l/iw x>‘/§’w x
1 —7 ! =/ 4! VAN Y A
= [(1 +r)? — Zg] -exp[—r (v +Poph) — g PIv Py, ] (2.15)

with
1 g(1+r)

P, P -\ SN
A YT

_ JA+r?—g/2]?
=

Notice that (2.15) is in fact independent of %, so that we can omit all indices X and
write I instead of I.

(2.16)
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To derive (2.15) we define

1 1 1
1 -1 -1
-1 1 —1)
-1 -1 1

and introduce new variables #,,=(Q(,), satisfying
wro@TO((QCa )x(QCﬂ)y) = 5a55x35y3 .

Clearly only the third component #,=1,; of n matters and we can write
@roero (eXP[—Zv<1—¢’+fx,iw’+€x)])
HARTE
—oi(ow| -2 5 3 (Ferr don) (vt Jon
a=1,2 s=*1 l/i 2 ]/5 2
% 3 <iwa+1sﬁl>(1—w;+1sm)
s=%1 ‘ﬁ 2 lﬁ 2
X <1— P+ 13172) (L v+ 1s112>]>
V22 Y222

=exp[ —2r(P1v} + P2y2) —gP ¥ 1P2w)]

[ N

_ _ |
X @, <exp[—r(nml +12M2) = 5 8P1¥N2
1 ~1 =/ 1 =1 - 1 =1 =
+ zg‘PﬂPz’h’?z_ 58‘/’10’2’11’72_ ng’ﬂPz’h’?z
1 P = = 1 T 4 1 = =~ .
+ ngﬂpz’h’?z_ 5g1p211)2’11’11 - Zg’71’11’12’72
=exp[ —2r(P 1y} + P2w5) — gP ¥ 1 PsY,]
1 —/ / ™ ’ 1 3 -/ ! =l !’
X {1 +2r+ Eg(l +1) (P +Pops) — Zg+r2 + ZgZV’ﬂPﬂPz‘Pz}
1 - 7 -7 ! VA A
=[(1 +1)?— Zg] -exp[—r'(P1y} + Papy) — g P 1w 1PLYL ]
From (2.15) it follows that the denominator in (2.14) equals (1 +r)*> —4g, so that v/
has the same form as (2.1) but with r and g replaced by ' and g’ respectively.

Apparently, the renormalization transformation for this model is given by a simple
explicit transformation (¢, g)— R(r, g) in a 2-dimensional parameter space.

3. Analysis of the Flow of R

Figure 1 shows a computer picture of the flow of R. For clarity successive points
under the iteration of R have been connected by straight lines. The parabola is the
set of singular points of the transformation.
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critical line

critical poi'm

w
w

Fig. 1

The fixed points of R are (0,0) and (—%,35). By construction the linearized
transformation about the origin is

dR(0,0)= <3 f) . (3.1)

1\ . C . 1\ . . . .
The ( 0) eigendirection is repulsive; ( is a marginal eigendirection. To second

2
order the latter is attracting, which is also clearly visible in Fig. 1. The existence
and uniqueness of a critical line in this direction is stated in Theorem 1.

The linearization of R about (—%,45) is given by

22 4
R4 (5 1), 62)
137; A, &35, A_~ —0.057. The corresponding

N

The eigenvalues are A,=3+
1

. L 1 . 1 .
eigendirections are ( ) = < ) respectively < ) The existence
—1+4)/137 0.97 —1.63

and uniqueness of a critical line for this hyperbolic fixed point is stated in
Theorem 2. Finally, the asymptotic behaviour of other parameter values (r, g)
under the iteration of R is stated in Theorem 3. Unfortunately, we have not been
able to prove any rigorous result about the behaviour of points (r, g) with g>0
between the two critical lines.

For a precise statement of the existence and uniqueness of a critical line
associated with the fixed point (0, 0) we define a region #(g,) with g, > 0 as follows.
Let the curves r_(g), r.(g), and ry(g) be defined by

r(g)=3(/1+g—1)
ro(@=3(/1+2g—-1), (3.3)
rog)=V?—1
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for g=0. Then #(g,) is the region bounded by these curves and the line g=g,, i.c.
F(go)={(r, )| 0=g <go, max(r_(g), ro(g) Sr=r.(g)} . (34)
We shall prove

Theorem 1. For all g,>0 there exists a unique critical r-value r(g,)>0 such that

R"(r{g0), o) € L(80)
for all n=0, and R™(r(g,), g0)—(0,0) as n— 0.

The existence of a critical line in the neighbourhood of (0, 0) also follows from
the Centre Manifold Theorem. We can use it in the form proven by Lanford in [16]
(see also [17]) by inverting R. The inverse mapping R™! can be calculated
explicitly,

1, 1 g+rp)
20 4(1+r2—-g)2
_ ,{(1 +r'/2)2—g’/4}
B8 a+rpyr—¢p
The centre manifold is not unique in general. (See Van Strien [18] for a striking

counterexample.) Our unique result in Theorem 1 together with the Centre
Manifold Theorem imply

r=
3.5)

Corollary. The critical line r(g) is C® for g=0.

The inverse mapping has also been used to draw the critical line in Fig. 1. Itisin
fact sufficient to know only a small portion of the critical line to generate the whole
line in a finite number of steps. This follows from Lemma 7.2 below together with
the fact that, if g’ > 4¢ with ¢ <% and g’ >r'(1 +r) then g > (1 +¢&)g’. A small piece of
the critical line extending from g’ =0 to g’ > 4¢ will therefore extend beyond the line
g =2(1+4r)? after applying R~ ! a finite number of times. The next time R~ ! is
applied it extends to infinity. Points above the line g’ =2(1 +4r')* are mapped into
the second quadrant, which therefore also contains critical points! Applying R ™!
sufficiently many times critical points may even return to the neighbourhood of
(0,0), which is why Theorem 1 contains the clause R"(r.(go), g0) € ¥(go)-

An analogous result holds for the fixed point (—%,75). We define

g+(N=531+r?
{g-(r)=2(1 12 +3 (3.6)

and

{9'1={(r,g)lr§ —%8-(N<g=<g.(n} (37)
{(rg)| ~4=r=r,, g, Sg<g (M}’ '
We have put

Fo= _%'—%I/E’ (3.8)
so that 2(1 +4r,)> =g _(ro).

Theorem 2. For all r<r, there exists a unique critical value g(r) such that
RY(r,g(r))e T, 0T, for all n20 and R"(r,g(r)—(—%,%) as n—co.
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For the proof of both theorems we make use of a version of the interval
argument due to Bleher and Sinai [3]. We need several technical lemmas which are
postponed to Sect. 7.

We now state our result about the asymptotic behaviour of other points (r, g) in
the plane. This result will prove to be useful for taking the infinite volume limit
N— o0 and the continuum limit in Sects. 4 and 6 respectively.

Theorem 3. For all g<O0 there exists a unique value r((g) of r such that

(1) R'(r(g).g)>(—3 —0) as n—-oo,
@ r>148) = R"(r,8)>(00,8,(r,g)) as n—oo,
©) r<ryg)=Rr,g)=>(—0,8,(r.g) as n-w.

where — o0 <g(r,g) < 0.

Furthermore, if g=0 and r>r(g) then R'(r,g)—(c0, g (r, g)), and if r<r, and
0<g<g(r)orr<—1and 0=g<%5(1+r)* then R"—>(—0,g,(r,g)) as n— o0, with
0=g,(r.8)<g

We postpone the proof to Sect. 7. Finally we mention a result about the
existence of an unstable line for the fixed point (—%,-).

Proposition 1.1. For all r between —2 and — 4/3 there exists a unique value g,(r) such
that (7,, §,)=R""(r, g,(r)) satisfies (4+7,)(1+37,)* <&, <3(1+37,)* for n=0, and
(Fn, gn)—)(_%?%) as n—oo.

4. The Infinite Volume Limit

We can use the renormalization transformation to study the existence of the
infinite volume limit N — oo and the existence of the continuum limit (cf. [11, 15]).
We shall find that the infinite volume limit exists for the points (r, g) such that
R"(r,g)—(+ 0, g.,), and also for the critical points (r, g) associated with the fixed
point (0, 0), but not for the critical points associated with the fixed point (—%,%).
An elaboration of the methods used to prove the existence of the thermodynamic
limit yields information about the decay of correlation functions. This is shown in
Sect. 5. In Sect. 6 this information is used to prove the existence of the continuum
limit for points (r, g) on the trajectories receding from the “trivial” fixed point (0, 0).

To study the thermodynamic limit N— oo we start by considering the 2-point
function gy(y,,,,) given by (2.9). Assume first that x= y. Then we can use the
decomposition formula (2.12) to reduce N by 1. Indeed, by symmetry and the fact
that MI" =0, it follows that ou(p, P,) =70 - (W} P};). Iterating this relation we
find

ONW 1P 1,) =208 - (W ko)), 4.1)

where s=s(x, y) is the smallest number s=>0 such that y**V=x*1 We are left
with the calculation of g5(y, ¥, ,) when X = y. Again we apply the decomposition
formula (2.12) to find

QN(lplxu—)ly)=QlN—1(T(w1xu—)1y))’ 4.2)
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where, for a general polynomial F in y and ¢, we define TF by
1 1 - o
N )
V2' )2 V /2 ,
orer(sxp] - (1/ v “’1/ v+ )

Let us also introduce a block expectation {:> by

orerFE Dexp[— V(G 0)]) _ (4.4)

(TH)(v', 9)=

4.3)

FGO>= =
FGD = arexpl— VTDD
It is easy to see that this is a product state over blocks, and that, for x, y with X =y,
<Cax(ﬂy> = Exgyéaﬂcl ’ (45)
with
1 1+r
—_ - 4.6
AT AT _g (4.6)
and

1, it x=1,3;
-1, i x=2,4;
ie.ee,= —1if x and y are nearest neighbours, and = +1 otherwise (assuming that

the points in a block are numbered in a circular way).
Similarly, for X, =x,=y,=y,,

<Cu1xlz/31y1Ca2x2Zﬂ2y2> = 8x18x28y18yzy(051, %25 ﬁl’ BZ)CZ ’ (47)
with
1 1
€= 16 m, (4.8)
and
y(al’ “2; ﬂl’ ﬂz) = (6a1ﬁ1 - uzﬂz) (1 - 6111“2) (1 - 5ﬁ1ﬁ2)
5“1131 azBa 5“11’26‘12/31 : (49)

All other block expectations are zero. We define truncated block expectations

Fiiwify=( 11 F)

for monomials F, ..., F, by the usual inductive procedure:

)4

b= 5 (e (e (.10)
Ipr, =1 \iel; c

where the sum is over all partitions {I;}}}-, of {1,...,n}, and n(I,,...,I,) is the

number of odd transpositions needed to reorder (1, .. n) accordingto I,,...,1,. A

transposition of i and j is called odd if the monomials F; and F; both have odd

degree.
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Let us denote a general monomial F(y, %) by py, where X is a set of pairs («, x)
with ae {1,1,2,2}. Thus, for example, y, p,, =y with X ={(1, x),(2, y)}. We then
have:

Proposition 4.1. The coefficient of vy in the expansion of Tyy:

Typx=3 2 " Ty (4.11)
Y
is given by
|Y\Xol ok -
Ly= ¥ (=17 3 (-~
{Xo|XocY} P=0 (Xif= 1

5|X°|§x Xy aIXPIV _ >
X ; ,0); 5O . 4.12
< 3y, Ol €0;. e - c (4.12)

Here the first sum is over all sets X, of pairs (x,x) such that
Xo={( %) (e, x) eXO} C Y and the third sum is over all collections of sets X, ..., X,
such that {X, ..., X ,} is a partition of Y\X,. The sets X, ..., X, are assumed to be
ordered accordmg to Y and the differentiation is to be performed in reverse order.
0(Xo, ..., X,) is the number of transpositions needed to reorder X according to
Xoo X,

Proof. This kind of formula is standard in perturbation theory: see e.g. formula
(5.8) in [11]. However, since we are dealing with Grassmann variables here, we

have to be careful about reordering factors. This gives rise to factors (— 1)7¥o- - ¥»)
1X1]

in the expression (4.12). Notice also that =0 unless all {,, with (a, x) € X, are

acx;

situated at the same lattice point x. Moreover, looking at the expressions (4.5) and
(4.7) for the non-zero block expectations it transpires that changing the lattice
point at which X is situated can only change the sign of the expectation. Since we

are summing over all X, it follows that | X,| must be even. This justifies pulling the
[Xal olxily

derivatives —— a through F. It also means that all 3,
X1
restrict the sum to collections {X,} with the same order as (1,...,n) omitting a

factor 1/k!. O

Notice that the non-zero terms in (4.12) must satisfy:
1. X,Cind(F) and, in particular, | X ;| < deg(F), where ind(F) is the index set of F,
and deg(F) is the degree of F.
2. |X||=2for all [=1,2,...,p and the points of X, are equal, because of the fac-
tors ¢,.
3. XouX,u...uX,C (J B(x), where supp(F)=S is the set of points x such

xesupp(F)

that vy,, occurs in F(y,p) for some a=1,1,2,2. Hence supp YCS.
Applying (4.12) to Fp, §)=1, P, we find

are even so that we can

T(p, P ly) = 3x3y{c1 +a; Y1 P+ AP Phs + axawaxlf’ixw/zx’f’lzx} (4.13)
with

a,,=a,,=2gc? . (4.14)

{ ay1=dz; =%—2g(cz—cf)
a3 =az;=8g%(cf—2c,)
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Of course, by symmetry, the same formula (4.13) but with the indices 1 and 2
interchanged, holds for T(y,,%,,) with x=y. Apparently, in order to be able to
iterate these equations as in (4.1) we need to include the 4-point function in our
consideration. A straightforward calculation yields

T 1.9 1:92:P22) = €2+ 3 1Y 1P 1+ B30, W05 + A33W 1P 1 Y0Py, (4:15)
where
a3 =a3,=3¢,(1+4gc,) 4
it 5 5 ) . 4.16)
as3=%+2gci—6gc, +4g%c,(2c1 —3c,)
By inserting Eq. (4.13) into (4.2) we have expressed the gy-expectation into
o 1-expectations. We can do the same with ou(yp,,¥1,¥2.¥2,) and equation
(4.15). In fact the gy-expectation of any polynomial can be expressed in terms of a
finite number of ¢_,-expectations of monomials at a single point x®. Thus, in

order to prove the existence of the thermodynamic limit it suffices to consider the
monomials at a single point x:

Theorem 4. Let 9 be the set of points (r, g) satisfying g<0or (g>0andr=r[g)) or
(r<roand g<g[r)) or (ro<r<—1 and g<§(14r)?), where r, is defined by (3.9)
and r(g) and g(r) have been defined in Theorems 2 and 3. Define the state gy on the
Grassmann algebra 4(Ey) over Ey=(R?)*~ by (2.9). Then the thermodynamic limit
exists if (r, g) € D in the sense that o(F)= Isim on(F) exists for all polynomials F in the
fields. -

Proof. 1t is sufficient to consider the cases F=v,,P;,, F =9,,P,, and

F=w1x¢1xw2xlp2x .

By symmetry all other single point expectations vanish. Also,

N W 1P 15) = On(Y2:P2x) -
Writing
{ UV =uf = on(p,,P;,) and 4.17)
U = on(W 1P 1xW2:P2) 5 )
and defining the matrices
a) af) a)
A= dn ), @18
a§l a§} af}
where the o} are given by (4.14) and (4.16) with r and g replaced by r™ and g™, we

can rewrite (4.13) and (4.15) in the form of a vector equation:
uM=c@ + AOy®¥-1 and more generally,

u¥=m = o | gy =n—1) 4.19)

Iterating this equation we obtain
N

M= § 4O 40~ Dem, (4.20)

n=0
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We used the fact that u©=¢"™); the n=0-term is simply ¢©.
We now want to study the convergence of (4.20) as N — co. We use the following
lemma:

Lemma 4.1. Suppose that limsup [|A™| <1 and that ||c™|| is bounded.
Then Y A ... A" De™ converges.
n=0

Now, for points (r, g) such that R"(r,g)—(+ 0, g,) we have

12 0 0
A1 0 12 0 as n—oo,
0 0 1/4
and
1 1+r® 1 1
m_ o)
= G Ty —gmg 70 and =g e g 0
so that the thermodynamic limit exists. For points (r, g) such that (", g™)—(0, 0),
ie. r=rJg), we have
12 0 0 1/4
AP0 12 0 and ¢™—[1/4],
18 1/8 1/4 18
so that, again, lim u™ exists.

N—=w

Next consider the points (r, g) with r =r(g), so that R"(r, g)—(—%, — c0). In that

case
1 0 —473 0
APS0 1 —4/3] and e™—|0],

0 0 1 0
and Lemma 4.1 does not apply. Instead we can use
fle®* )

—6>0 and limsup [|[A™| <6~

n—>ow

Lemma 4.2. Suppose that W

o)
Then Y A© ... A"~ De™ converges absolutely.
n=0
In the present case, g”"* " ~4g™, so that ¢"*V~%e™ and [|A™|—|A4,]

=2.15<4. It follows that ¥ A@ ... A"~ D™ still converges.
n=0
Finally, we consider the points (r, g) on the critical line belonging to the fixed

point (—%,5%), i.e. g=g.r). We have

5/2 3 —8/3 —9/4

A 3 5/2 —8/3| and c¢"—| —9/4

—27/8 —=27/8 13/4 27/16 )
and A‘® has three eigenvalues: —% and 1, =32+32|/137. Since (—%22) has a
component in the expanding r1ght eigendirection, ( )"c“"”“—»oo and the

thermodynamic limit does not exist. []
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5. Decay of Correlation Functions

By an extension of the methods used to prove the existence of the thermodynamic
limit we can obtain information about the decay of correlation functions. We shall
do this in the region g <0 which is relevant for the continuum limit.

We need a few definitions:

Given a point (r, g) with g <0 we define the trajectory 7 (r, g) as the set of points
R(r,g) with n=..., —2, —1,0,1,2,.... The (truncated) correlation functions

QT(Wa1x1V_’ﬁxyx e wanxnu—)ﬁnYn) = QT(wmn ot wanxnu_’ﬂnyn o u_’ﬁxyl)

> 3
=QT<J_I w«ixi H 1I_Jﬁjyj) (51)
i=1 ji=1
are defined inductively as in (4.10):
)4
opxPy)= 3 > (— 1)+ (i) i "wxPr)s (5.2

Xidf=1 (Yidke=1:1Yel =1 Xx|

where {X,} and {Y,} are partitions of the sets X = {(a;, x;)}/-, and Y={(B;, y)}}-,
respectively.

For two sequences of points x=(x,,...,x,) and y=(y;,...,),) we define a
quantity I(x,y) as follows.

Let &(x, y) be the set of permutations o € %, of (1, ..., n) such that every block B,
at any level s containing at least one point x; or y; but not all x; and all y; is
connected to another block B.. Here two level-s blocks B, and B; are called
connected if there exists an i=1, ..., n such that either x; € B; and y,;, € B; or x; € B;
and y,; € B,.

Next we define

n

Ix,y)= min Y s(x;¥,) (5.3)

ceF(x,y) i=1

if Z(x,y)+0 and I(x,y)= oo otherwise.
The main theorem in this section is:

Theorem 5. Let (r,g) be a point in the lower half-plane (g <0) such that R™(r,g)
—(4 00,g,,). For alln>1 there exists a constant C,(r, g) depending only on n and the
trajectory I (r, g), such that, for any set of 2n points X1, ..., X, V1, ---» ¥, and indices

gy eees Oy Brseos Bu€{1,2},
|QT(wa1x1q_)ﬁ1yl oo wa,.x,.u_)ﬁ,.yn)} é Cn(r’ g)z—l(x,y) (54)
With X=(X1,...,X,) and Y=(¥1, ..., Vy)-

We shall prove this theorem by inductive application of the renormalization
transformation. However, unlike the proof of Theorem 4, we do not have a nice
iteration formula for ¢T as we did for g in (4.2). We therefore replace the truncated
expectation (5.1) by partially truncated expectations of the form

e(kfjl;FQ =0lF 3 Fas .5 F), (55

where each F) is a polynomial concentrated at a single point z,, i.e. supp(F;) = {z,},
and z, +z,. if k=+k'. In fact we can subdivide the polynomials F, into classes which
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are invariant under renormalization, as follows. For an arbitrary monomial

F=1P<z1x; e Wa,.xnlpﬂmym cer u_)ﬂlyl ’
we introduce “charges” g (F) (x=1,2) by
4u(F)= # {ilo;=0} — # {j| B;= o} . (5:6)
Next we observe

Lemma 5.1. If F is a monomial then T(F) given by (4.11) is a charge-homogeneous
polynomial, and q,(T(F))= q,(F).

Proof. Clearly, for any polynomial G in { and {, (G) =0 unless q,(G)=0 (x=1,2). It
follows that, in formula (4.12),

p .
qa,(F)—qa(wxo)—Z1 dulpx,)=0 if Tyxy+0.
&

P
But Y= [ X so that

j=0

40 = 4px)+ %, 4px)=a(F). O

We now restrict our consideration to polynomials of the form F= H F,,
k=

where the polynomlals F, are concentrated at distinct points z, and each F . 18
charge-homogeneous, i.e. it belongs to one of the following classes:

Table 1

qy=+1 q2=+1 F=fy,yp, d=0
q,=—1 4= — F=fp,9, d=0
q=+1 q,=0 F=fiw1+/2919,9, d=1
q:=0 4,=+1 F=fiw,+ /119,19, d=1
q,=—1 q,=0 F=f19+/2P19:%, d=1
4:=0 g,=—1 F=f1%,+9:19:19, d=1
q,=0 q,=0 F=fo+ 10191 + 20202+ 301010, d=0
q=-—1 q,=+1 F=fp, d=0
q,=+1 q4=—1 F=fp,9, d=0

The third column in this table shows the general form of a polynomial F,
belonging to this class. The f’s are coefficients, y, stands for y, ,, etc. The number d
is defined in formula (5.12).

The collection of polynomials F= [] F, described above we shall denote by
k=1
#. For Fe# we write go(;F) for Q( 11 ;Fk). It is defined analogous to
(F;...;F,> in Sect. 4. k=1

Instead of Theorem 5 we shall prove an analogous result for the expectations
o(; F), from which Theorem 5 then follows. In order to formulate this result we
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need to extend the definition of I(x, y) to polynomials of this form. This is possible
because of the following fact.

Lemma 5.2. Suppose that, for two sequences of points x=(xy,...,X,) and
y=1 ..., V,) the following holds:

X, =Y, and there exists i+n such that X;=X, or y;=1y, (or both). Then l(x,y)
=I(x',y'), where X' =(x1,....%X,—1) and Y =1, .., Vu1)-

Proof Suppose that g€ #(x,y’). Then we can define 6 € #(x,y) by &(i)=a(i) for
=1,...,n—1, and G(n)=n. Obviously I(&)=1(s) if we put

n—1 n

I'o)= _;1 s(x;, ya(i)) and [6)= .;1 s(x;, .Va(i)) .

Conversely, for 1€ #(x,y) we shall presently construct o € #(x,y’) with I'(g)
< (7). That completes the proof of the lemma. We may assume that, for some i+n,
X;=%,=Y, (The case y,=%,=y, is similar.) There are five separate cases to be
considered:

(1) Xy =Y. OF X, -l(n) OF X; = Yuiyr
(i) %,- “im = yt(n) = yr(:) *+ X,
(1'11) X% Ve = Yoty F Xe- 1 F Xi OF Xy F X 1) = Yogiy F Vegmy F X
(V) X3 Xo 1my= Vony F Ve F X
(v) X;=%,=), and X,-1(, and J,, and y,; all different.

We simply state the definition of ¢ in the various cases. The verification of the

fact that o€ #(x',y') and I'(6) <I(z) is simple and will be omitted.

Remark. Notice that the connectivity of s=0-blocks, i.e. points, need not be
checked because if there is a point y,; =x; then the level-1 block containing that
point contains another point x, connected outside the block; we can then simply
modify ¢ as follows: ¢'(i)=o0(j) and o'(j)=a(i).

In case (i), if y,(, =X, but 7(n) +n we can put o(t” () =1(n). If y yt(,, =X, then we
put o(i)=1(n) and o(zx”'(n))=7(i) and if %,-1, =X, we put o(z”'(n)=1(n). In
case (ii) and (iii) we put o(t ~ }(n)) = 1(n). In case (iv) we define o(i)=1(n) and a(z ~ 1(n))
=1(i). In case (v) we must distinguish the following two possibilities:

(@) (X3 Vo) + S(Xe - 1mp Vo) = (X V) + (X2~ 1y Yemy)> @and
(b) s(x,, y t(n)) + S(X () y t(l)) > S(X,, y 1:(1)) + S(x 1(n)& y r(n))

In the first case we put o(i)=1(i) and o(z ~*(n)) =t(n); in the second case we put

o(i)=1(n) and o(r" (m)=1(). O

From this lemma it follows that, for a polynomial F = [] F, in the class &, we
can define k=1

l<klf[l Fk> =z<kg1 Xk>, (5.7)

where vy, is one of the monomials of F, (X, C{(1,z,), (1, z,), (2, z,), (2, ) }). We can
now state the result for g(; F) from which Theorem 5 follows:

Lemma 5.3.If F= 1'[ F, is a polynomial in the class & then there exists a constant
C,(r, g) depending only on m and the trajectory 7 (r, g) such that

loG )£ Cor, ) kf=I1 IF, 2750, (5.8)
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Proof of Theorem 5 given Lemma 5.3. We use the following relation:

Lemma 5.4. Let Fy =y, py,. Then

p
oG F)= * ¥ (— 1D [T Ty, (59)
&, W, =1 7Y

where the sum is taken over all partitions {X}}7_, and {Y/}}_, of kul X, and kU1 Y,

respectively, such that | X||=|Y/| and for each pair (k,k') withk, k'€ {1,2, ..., m} there
exists a sequence of “links” (ki k;,,)(i=1,...,r—1)such that k, =k, k,=k' and for
eachi=1,...,r—1 there exists l;e {1,...,p} such that X, "X *@and Y, _ nY %0
or X, . . nX} *0 and Y, Y %0.

Now assume that Lemma 5.3 has been proven. We can then make the
following rough estimate by moving all the terms in (5.9) with p > 1 to the left-hand
side of the equation:

IQT(U)alxl .. wanx,.l/—)/},.yn LR @Blyl)l S ~m(r g)z—l(x, v

+Z ) >* Z*HC (r,g)2~ 100D
p=2 ng,..., np21 (XP, (Ypp 1=
Im=n |X{|=n 1¥i1=m

Next we use the following result:
Lemma 5.5. If {x;}/_, and {y;}}-, are partitions of X and y satisfying the link
property of Lemma 5.4 then
p
I Y 3 106, 3)-

p
Proof. We show that, if o, #(x,,y)) then [] 0,€ #(x,y), where
=1

<ﬁ 01)(06,X)=01(06,X) if (x,x)ex;].
I=1

If a block B, contains points of x Uy but not all, then there must exist &, k' such that
z, € B, z;. ¢ B. Suppose x,nx; =+ 0 and y,.ny; =+ 0. Then B contains a point (namely
z,) of x; but not all points of y;. Therefore B is connected via g, to another block
B. O

Inserting this into the estimate for ¢ gives (5.4) with
~ n n! 2
C,,(V, g) = Cm(r’ g) + Z Z 21 (W) l_[ Cm(r g) (51 1)

P=2 ny,...,
Enl n

depending only on n and 7 (r, g). This provides the induction step in the proof of
the theorem, proving the estimate for n given Lemma 5.3 and the same estimate for
smaller n. []
Given F= [| F,eZ with supp(F,)={z,}, we define
k=1

d(F)=4,(FJ+q,(F) (mod2). (5.12)
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Essential in the proof of Lemma 5.3 is the following iterative evaluation of I(x, y):
Lemma 5.6. Let x={x,,...,x,} and y={y,, ..., y,} and assume that m' 22 where
m = #{z|3i:X;=z or y;=2z}.
Assume also that |q,(B)| <1 for every level-1 block B. Then
Ix,y)=U%y)+m' ~3 ¥ d. (5.13)
k=1
Here x=(%)i- 1, =)=y, and
dy= dk(‘Pxif’y)= # {ilxi = Zk} —# {iU’i =Zk} (mod2).
Proof. 1t is clear that if 0 € #(x, y) then 6 € (X, ), where 6(%;) = a(x;). On the other
hand, if e #(%,¥) then we can modify 7 to o€ #(x,y) so that [(¢)=I(r) and I(5)
=](?). (See the remark in the proof of Lemma 5.2.)
Next we use Lemma 5.2 and the fact that |g,(B(z,))| =1 for each k to conclude
that we have the following possibilities for each block: B(z;)n(xvy) = {x;}, {x; x;},

{y:}, {y»y;} or {x;y;}. The result now follows from the fact that I(x,y)—I(X,¥)
equals the number of blocks containing a point x;. [

Proof of Lemma 5. 3 Denote the points of support of the successive F? = T?F by

zP, that is F?= ]'[ F{P with supp(FP)={z{P}. We are going to proceed by
k=1
induction on the number r of p’s such that m,>m, , ; = 1. This number is obviously

less than m. Clearly, if r=0 then [(F)=0 and m=1 and

loG F)l =le(F)| =|fol + (1l + 112D A2+ 3l As (5.14)

where F=f, :"fllplu_)l + 2w P2+ f39191W,9, and A,(r,8) E_md A1, 8) are con-
stants bounding o(y,¥,)=0(v,P,) and o(v,P,w,P,) respectively on the trajecto-

ry 7(r,g)-
Now consider the induction step. We want to reduce r by 1 so we consider p
suchthatm=m,>m,, ; 21. Now,ifm' = mtheng< I ;F,,)=g’( I1: TFk> and in
=1 k=1

TF, we can omit a constant term. Iterating we can write
- T d m.o
o F)=2"""" "5 "’2@“”< H;F%!”>, (5.15)

where F{?)=T?F, and T=2'"%/2(1 — P;)T(1—P) and Py is the projection on the
constants in the class (0,0). The transformation T is given by a matrix M which

decomposes into matrices M 41,4, f01 €ach class (g,, g,). Presently we prove:

Lemma 5.7. Let (r, g) be a point in the lower half-plane such that R"(r, g)—(=+ 00, g.,).

If
M® = M(R(r, g))
q
then| [ M| is bounded on the trajectory 7 (r, g) by a constant K(r, g) independent
p=0
of q.

From Lemma 5.6 it follows that

pm+dp 3 d=I(F)—I(F®). (5.16)
k=1
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(Notice that we can choose a representative monomial in each F, with |g,|<1.)
Hence

o; F)=27 10 1E Mg, Fr), (5.17)
where
kl:[1 IF2I S K(r,g)" kl:l1 [Fll - (5.18)
It remains to prove that
07 FP <271 C, () T1 IFL, (5.19)
when it is given that
m(G)
PtV G)| < m(G)(r,g)k]:[1 [G,[271® (5.20)

for all G= n G, e # with m(G)<m,,
Wlthout loss of generality we can put p=0 here. From (5.20) it follows that

<kn1 1: Z]i_l zL F>

forall F= ﬂ [] F,e # and m' <m, where K(r, g) is a constant depending only
k=1 1:z;=
on J(r,g). Let us ﬁrst remark that it is sufficient to prove (5.19) for a monomial

F=T] e,(z), where e, (v=1,...,15) denote the monomials of Table 5.1. We
=1

<K(r,gm H | F,[|27 1) (5.21)

proceed as below Lemma 5.4 using the following analogue of Lemma 5.4:

Q( I 1 e ) =[1*(= U"“”‘”HQ( I1 ;evl(zl)>’ (5.22)
k=1 l:5=2z {4} i led,

where the sum is over all partitions {4;} of {1, ...,m} such that every pair (k, k') is
connected by a chain of “links” (kq, k,), ..., (k,, k,+ ). A link (k, k') satisfies:

Ji:(Qled;: =z and ' e A;:2,=2z).

n({4;}) is the number of odd transpositions needed to reorder {1, ..., m} according
to {4,} [assuming that the e, in the left-hand side of (5.22) are in increasing order].
The required result now follows by moving all terms in the sum with 4, {1, ..., m}
to the left and using induction on n and Lemma 5.5. Notice that the number of
terms in the sum is bounded by m™*! and that m<n<4m. [

Proof of Lemma 5.7. The classes of Table 5.1 transform according to the matrices
Mq1 4, given by

M—1,—1=J\‘Z+1,+1=1 [ie. T(w1w2)=2'1w’1w’z],

_ _ _ _ 1 0
M—1,0=Mo,—1=M+1,0=M0,+1=(c 2g(c2—c)>’
1 1 2
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where A9 is the matrix defined in (4.18), and
M—x,+1=M+1,—1=%(1 —4gc,).

~ 1 0
NOW, as (ra g)_)(O’O)’ M—l,O_) (1/4 ) and

0

1t 0 0
Myo—>|{ 0O 1 0

1/4 1/4 1)2

and M_, ,,—3%, all exponentially fast. Furthermore,

(1;4 g>”=<1}4 g)

1 0 01\ 1 0 0
0 1t 0 |= 0 1 0
1/4 1/4 12 1-27 3(1-2m 3

a
are both bounded. The bound on the norm of [] M then follows from the trivial
p=0

Lemma 5.8. Let M™ be a sequence of matrices satisfying M™ =M  +7 "E™, where
14
IM™ || < Ao, |E™||<c, and y>1. Then “ [T M®| < 4gera=D,
k=0

and

As (r,8) (£ 0, 8.),
1 0 10 0
M—l,o_')(o 0), MO,O-* 0 1 0 Py and M_1’+1.
00 12

This proves Lemma 5.7 for all trajectories except the trajectory going off to
(—%, — o). For the latter we remark that as (r, g)—(—%, — 0),

. 2 0 —8/3
M-‘l,o_’<0 1/2)5 MO,O-_’ 0 2 _8/3 H and AAl"—l,-f'l_)]'a
00 2

so that the bound on the product of matrices M® does not hold. []

If we extend the definition of s(x, y) to n-tuples by
n
S(X, Y) = m.as'px .;1 S(xis yo'(i)) s (522)

then we have the following

Corollary. Let (r,g) be a point in the lower half-plane (g<0) such that R™(r,g)
—(+00,8,). For alln =1 there exists a constant D,(r, g) depending only on n and the
trajectory  (r,g) such that

IQ(Wa1x1¢ﬁ1y1 tee 'Pa,.x,.'«l_)ﬂ,.y,.)l é Dn(ra g)z—S(xb e Xnid -~~,.Vn) (5'24)
for any set of 2n points x,, ..., X,, ¥y, ..., ¥, and indices oy, ..., 0, By, ..., f,€{1,2}.
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Proof. Use the formula (5.2) together with the relation

Xy O (5.25)

s

s(x,y) <
k

Remark. This bound on the n-point functions is also correct in the case of the
“critical” trajectories J (r(g), g).

6. The Continuum Limit

Using the information about the decay of correlation functions obtained in Sect. 5
we shall prove the existence of the continuum limit for theories corresponding to
points (r, g) on the trajectories receding from the “trivial” fixed point (0, 0). This is
particularly easy for the unstable line g=0, r = 0: these theories are “Gaussian” so
that we need only consider the 2-point functions. The theories with g <0 are non-
trivial and we have to consider the behaviour of the general n-point function.
However, it turns out that the result of the Corollary of Theorem 5 is strong
enough to ensure the existence of the continuum limit, so that the latter also exists
for the theories with R"(r, g)—(—%, — o0). The existence of an unstable line for the
fixed point (—%,5%) suggests that there also exist continuum limits associated with
this fixed point. In fact this appears not to be the case in the proper sense to be
defined below. This pathology can be seen to be connected to the fact that the
thermodynamic limit does not exist for this fixed point.

The usual way to proceed in constructing a continuum limit is the following. We
choose a sequence (r,, g,) converging to a point on either of the two critical lines
such that #£",,., converges as n— oo for all m (large enough). Here v, =v(r,, g,) is
the potential with coupling constants (r,, g,) defined by (2.8) and %v,=v(R(r,, g,))
is the transformed potential. Thus we obtain states g, satisfying

ROm =01 - (6.1)
We then define states g,, “living” on the rescaled lattices 2~ ™Z* by
On(F)=0n(F(2" 3, 225 %)) (6.2)
where F(y,,, ,,) is a polynomial in the fields ,, living on 27™Z2. By (6.1) we have
ém—l(F)=ém<F<% S w27 E Y Pl +2_'"x)>)- (6.3)
xeB(0) xeB(0)

We want to consider the fields yp,, as the means of a putative continuum field y over
blocks [1,,:

Yn(X)=2""yp(lg,w) (xe27"Z?), (6.4)
where 1, is the indicator function of the set ACR? and
Onx)={veR?|x;—27""'<p;<x;+27" "'}, (6.5)

Approximating the smooth functions f; and g; (i=1, ..., k) on R? successively by

f= % o (66)

xe2~ ML
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and g\™ defined analogously, we accordingly define the k-point function of the
continuum state § on 4(E) with E=S(R? R) by

@(‘Pal(f 1)11_’131(8 1) V’ak(fk)‘l_’ﬁk(gk))
= lim {d,x; ... [duXpc [dnyy - [ duyicS1(X )81 (1)- - felX)8(Vi)

X 2kam(1P¢1, 2"‘;11/3[]1, 2'"y1 e Wal, ZW;RV-JB;‘, Zmyk) . (67)

Here (d,x=2"*" Y ) and fi,....fe &1+ 8 €S(R?;R). One easily checks
xe2-mZ2

with the help of (6.3) that the limit (6.7) would be trivial, if f;=f;" and g,= g™ for
some m and all i. We remark that the above procedure is only possible in the
infinite volume limit. Hence we must take (r,, g,) € 2 for all n. As the transforma-
tion R does not depend on N it is unchanged in the infinite volume limit. From
Lemma 7.1 below we can deduce that, if we keep g, =g, =0 fixed and let r|r(g,)
then we end up with a Gaussian theory, i.e. ¢,,=% ™g,, Where g, is given by a
point (ry, 0) with r, > 0. [If we take r,=r(g,) then r, =0.] This means that we might
as well start from g,, =%~ "g,. In the same way, taking r,=r, fixed and letting
2.1g.(ro) from below we obtain points (7, g,,) on the unstable line of the fixed point
(—%,5%) tending to this fixed point as m— co. Finally, we can take sequences (r,, g,,)
=R "(ro, go) converging to (0, 0) from the lower half-plane, i.e. with g, <O0. In that
case (Fo, &) = R™™(r 0, 8o)- It remains to verify that the limit (6.7) exists in these three
cases. In fact this is true only in the cases where (7, g,)—(0,0):

Theorem 6. Let o,, be the state 4(E ) with E , =(R?)?* defined by Theorem 4 with
(s &) =R ™™(r 0, g0), where g, <0 or g, =0and r, = 0. Then the continuum limit (6.7)
exists for all k and f,,..., fi» €1, ---, 8 € S(R%; R).

Proof. We estimate the difference between the m-th and the n-th element in the
sequence (6.7) with n>m, and rewrite the “integrals” | d,,x; as “integrals” {d,x; by
replacing f; with £,

Now, given ¢>0 we can choose m so large that

IA) =M@ <e(l+]x1)7? VxeR? i=1,...k
and the same for g; (i=1,...,k). Assume also that we have the bound
IfISMA+[x?)? VxeR?%i=1,. .k,
and the same for g; (i=1,...,k). Then we find
FduXs - [duXs [duys - [ dui
X { fi(x1)g1(01) - fulx &) — (3 1)gT" (¥ ) - fI™(xg ™ (p)}
X Z"an(wal, 275, V1, 2nyy -+ Yoy, 215, Vps, 2n¥k)|

S2kM* e fdxy ... fdxi [duyy - [duyi

k
X H1(1 +,2€,‘I2)~2(1 + 'Zilz)——22nkIQn(wa1,2"x1u_)ﬂ1,2"yx wak,Z"xku_)ﬂk, 2"2k)| ’

where by the Corollary of Theorem 6,

IQn(wal, Z"xllpﬁl, 2nyy te wak, Z”xkl/-)l}k, 2"!;‘)! é Dk(r’ g)2 TSy
with x;=2"x; and y;=2"y;, We now use the following simple estimate:
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Lemma 6.1. For x,yeZ? the following bound holds:

3
TS T 6.9
“1+]x—y) (69)
It follows from this lemma that
k 3
275V <max [[ ———— (6.10)

ces i=1 1+2"x—y|’
and hence the right-hand expression of (6.8) is bounded by

3. 2n k
2k—17,9 2)-2 2)-2
kM KDy, e {J 4 J 1+ ) A+ e X|} :
The double “integral” is bounded by a constant independent of n. This concludes
the proof of the existence of the continuum limit. []
Notice that in the case that (7, &,) =R ~"(ro, 80)—>(—%,75) we have 0,(y,.¥;,)

n

A ) ) .

~d, ﬁli——l, with A, =33+31/137, if s(x,y)<2" This means that the con-
X—=Y

tinuum limit does not exist for the same reason that the infinite volume limit does

not exist at the fixed point.

7. Proofs of the Results in Sect. 3

The existence part of Theorem 1 follows from

Lemma 7.1. Let y be a continuous curve in & (g,) with endpoints (r,,g,) and (r,, g,) at
the left- and right-hand boundary respectively, i.e. ry=max{r_(g,),ro(g,)} and
ry=r,(g,). Then y'=R(y) is contained within the region 0<g=<g,=F ,(g,), where
the function F , is defined by

g
F (g=—"—7. 71
Oy =
Furthermore, the endpoints (r},g}) and (5, g5) satisfy
rismax{r_(gy),ro(g))} and ry=r.(g3).

0 ((14+r)?—g/2
% 5{<1+r)2—g/4}

v

Proof. If (r,g) is a point of y then g<2(1+r)? 0.

Consequently,

2
¢! +r+(g))2_g/4} =F . (9)<F.(g8)=80-

This proves the first statement of the lemma. The second statement follows by a
simple calculation. []

e {(1 +1.(g)* g2

The existence of the critical line now follows with the interval argument of Sinai
and Bleher [3]:

Proposition 7.1. For all g,>0 there exists a critical r-value r/(g,) such that
Rn("c(go), go)_’(o, O) as n— 0.
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Proof. Let I, be the interval of r-values: I, =[max {r_(g,),7o(go)}, 7 +(g0)], and let
9o be the curve of points (r, g,) where r runs through I,. Let y, be a maximal
connected part of y,n.#(go) and let I, CI, be such that the corresponding part of y,
is mapped onto y,. Proceeding in this way we find I, CI,_, such that R" maps the
corresponding part of y, onto the connected part y, of y,_,NnS(g,) with

F,(g,-1). We take r(go) e ﬂ I,,. Then, by construction, R"(r(g,), 80) € £(g,)-
The fact that F".(go)—0 lmphes that R™rAgo), g80)—(0,0). [

The proof of the uniqueness is rather delicate. Again we make use of a
horizontal curve y and prove by induction that it is stretched in the r-direction. The
induction works only after the first iteration with which we have to deal separately.
Let us first define the variable

___ 8
TR (7.2)
1
Then 1+r= _—2<1 + ;r> and z'= < ! 1+_: r/ ) The first iteration step is dealt

with in the following two lemmas. We omit the proofs which are straightforward
though somewhat tedious.

Lemma 7. 2 If (r,8)e F(go) for some go>0, and (v, g') € F(g,) then g’ <2(1+1r)?
and ' < 7
og

Lemma 7.3. Assume (r, g)€ F(g,) and (', g") € #(g,). Then 0 o <6z'(1+r )

. . 2
For the next iterations we may assume that r < 7 andg<2(1+3r?*<% +%[/—.

! I

Buttheng' <F, &+ “]f) 2. In addition g £2(1 +1r)? = z <z, where z, is given

4 2 2
by 4zo(1+r)?=4r(1+r)=2(1+4r)% ie. zo= ]/ 3
4)/2+ 5
Lemma 7.4. Let y be a curve in (g,) lying entirely below the line g=2(1+1r)>.
Assume that its tangent satisfies

0= % <6z(1+7), (7.3)
and assume also that the endpoints of y' lie within (g,). Then0 < d—% <6z'(1+r).In
particular y' lies entirely within &(g,).

Proof. Put %‘E =40z(1+r). Then

or ordg _1-(1+a)z+22°
or  ogdr (1—2)?
Using the fact that z<% the result now follows from the formula

dg' _(og  og dg\(for or dg\!
ar <8r+6g a)\artog @) - O

>0. (7.4)
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Proposition 7.2. For all g, >0 there exists a unique critical value r (g,) > 0 such that

R'(r{go). 80)€ #(go) for all nz0
and R*(r{go), 80)—(0,0) as n—co.

Proof. Suppose that for a certain value of g,> 0 there exist two values r,(g,) and
r,(g,) with the required properties. Consider the horizontal line y, connecting the
points (r;(go), 80) and (r,(go), go)> and its iterates y,. According to Lemma 7.3,
71 CH(g,) and its tangent is less than 6z(1 +r). Furthermore, Lemma 7.2 shows
that (r,g)ey, = g<2(1 +4r)% Thus we can use Lemma 7.4 to iterate R and find
that (7.3) holds for all y,. For large n,z becomes small and from (7.4) we have
Ar' >3 Ar, where Ar is the distance in the r-direction between the endpoints.
Clearly, this contradicts the hypothesis that y, lies in ¥(g,) for all n. [

The proof of Theorem 2 is similar to the above proof of Theorem 1. We simply
state the necessary lemmas.

Lemma 7.5. Let y be a continuous curve in 7, with endpoints at the upper- and lower
boundary respectively, i.e. assume that the points (ri,g,) and (r,,g,) satisfy
g,=g_(r)) and g,=g.(ry). Then v is contained in the region 2(1+ir)*<g’
<8(1+3r) withr'> —2,and g} < g . (r}) and g, = g _(r5). If, in addition, y lies below
the line g=(5+¢)(1+4r)? then y' lies above the line g' =8 —%e)(1+1r')? provided
that e <%.

Lemma 7.6. Let § be a continuous curve in 9, with endpoints (r{,g,) and (r,, g,)
satisfying g, =g .(r,) and g,=g_(r,). Then §' is contained in the region $(1 +1r')?
<g <1 +3r)? withr' > =2, and gy <g _(r), g2 =g, (ry). If 7 lies above the line
g=(E—e) (1+1r)? with <% then 7' lies below g'=(§+3¢) (1 +4r')%

Proof of Theorem 3. The proof consists of a successive reduction to smaller
regions.

The case g>0, r>r,(g) reduces to g <2r(1+r) which subsequently reduces to
the case g<r(1+r) where ' >%r and g"—g_(r,g)>0.

The cases r=<r,, g<g(r) and r<—1, g<g,(r) reduce with the help of
Lemmas 7.5 and 7.6 to r< —1, 0 <g <2(1 +r)* which reduces further to the case
r<—2,0<g<(1+r)* which is trivial.

For g <0 one proves the existence and uniqueness of the line r,(g) in the region
4r(1 +r)*
243r
r.(g) and g (r) was established in the proofs of Theorems 1 and 2. Points outside this

region are easily seen to move to (+00,g,) with g > — co.

—2<r<0,0<g< in the same way as the existence and uniqueness of

8. Final Remarks

Although the model that we have studied in this paper is rather artificial it has the
advantage that it can be renormalized easily. The renormalization transformation
involves only two coupling parameters r and g and is given by the exact
transformation formulas (2.16). Thus many technicalities that appear in other
models when studying the asymptotic renormalization group behaviour do not
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occur here. Other simple renormalization group transformations were considered
by Nelson and Fisher [10]. Their aim was different, however, and they did not
consider the decay of correlations or the existence of a continuum limit.

Also unlike most other models it is possible to make non-perturbative, i.e.
global statements about the renormalization group flow. In particular we have
seen that there exists, apart from the trivial fixed point (0,0), a non-trivial fixed
point (—%,%), and we have managed to prove the existence and uniqueness of
global critical lines for both fixed points. This is not to say that everything about
the flow in parameter space is fully understood. Computer studies show that the
behaviour in the region above and between the two critical lines is rather erratic.
Iterating the inverse mapping for a small part of the critical line near (0,0) one
obtains an array of points that seem to be concentrated on a bundle of curves in
this region. (For a picture, see [ 7].) If this behaviour is genuine all these curves are
critical lines for the fixed point (0, 0)! Also, some of the points thus obtained lie in
the neighbourhood of (0, 0) itself.

Some of the unusual features of the renormalization group flow may be due to
the hierarchical structure of the model. However, it cannot be ruled out that
similar complications occur also in other, more realistic models. For instance, the
recurrence of critical points to the neighbourhood of the fixed point is a possibility
to be kept in mind. The large null space of I, means that there is no Hamiltonian
formulation for this model. Hence the concept of a phase transition is unclear but,
judging by the behaviour of the correlation functions, the line r(g) in the lower
half-plane behaves as a critical line: The decay of correlation functions for points
(r,g) on this line is slower than for other points of the lower half-plane.
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