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Abstract. We present the explicit form of the trigonometric R matrices related to
the spin representations of the simple Lie algebras X, = B,, D,. We conjecture that
one dimensional configuration sums of the corresponding vertex models in the
face formulation are the string functions of X modules.

1. Introduction

The importance of quantum R matrices has been recognized widely these days
because of its deep relationship with quantum groups, g-analysis, operator
algebras, like invariants, conformal field theories, statistical mechanical models,
etc. In constructing trigonometric R matrices, the quantized universal enveloping
algebra U g plays a significant role. In [1] V. G. Drinfeld constructed a “universal
R matrix” 2eU,g® U,g. This, in principle, enables us to write down the form of
the R matrix corresponding to an arbitrary pair of a nontwisted affine Lie algebra
§ and an irreducible representation n of g. From the statistical mechanical point
of view, each R matrix defines a solvable vertex model on the two dimensional
square lattice. In order to carry out its analysis, we have to deal with the explicit
form of the R matrix. So far, such explicit expressions have been obtained in the
case of § = A{"), = = an arbitrary representation [2,3] and in the case of § = A,
BWM,CH, DIV, 1 = the vector representation [4,5]. Very recently, an exceptional
case GV is also treated in [6].

In [3] a method was initiated to construct the R matrices related to higher
representations from the one related to a basic representation. This method is
called the “fusion procedure.” In the case of A, the key R matrix is the one
corresponding to the vector representation. I. V. Cherednik worked out the fusion
procedure in the elliptic parametrization [7]. When we consider the cases of B{!)
and DV, the R matrices corresponding to the spin representations are necessary
for the fusion procedure. The purpose of this article is to give a concise form of
the trigonometric R matrices related to the spin representations of B, and D,.
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Let us explain our method in the case § = B". Let V,, be the spin representation
of U, = U,(B,). Let us recall the characterization of the quantum R matrix R(x).
R(x)eEnd (V,,® V,,) is uniquely determined up to a scalar multiple by the
following relations [5]:

(1) [R(x),A(x)]=0 forall XeU, (1.1)
2) RG)(xg"® X +Xo ®q ")=(g"® Xy +xX5 ®q ")R(x). (1.2)

Here A is the comultiplication defined in (2.1), and X, H, are as in (3.1). Since
the tensor product decomposition of V,, ® V;,, is multiplicity free, (1.1) implies that
R(x) must be written as

R(x)= Zk: Pi(xX) Py,

where P, is the projector onto the irreducible component V, and p,(x) is the
eigenvalue of R(x) on V,. Therefore, out first task is to obtain a set of orthonormal
vectors in V;. This is done inductively on the rank n of B, (Proposition 3.5, 3.6).
Next we determine p,(x) by solving (1.2). Let W, denote the weight space of V,,® V,,
of weight 4. Thanks to the invariance (1.1), we have R(x)W, =« W,. Putk =n— (4, 4),
where the inner product is so normalized that the short roots have length 1.
Exhibiting the rank n by the upper index (n), we find the following commutative
diagram:

wp o~ Wy
R™(x) | | (scalar) x R®(x). (1.3)
we = W

Thus the calculation of R™(x) is reduced to that of the restriction R®(x)|,w. The
explicit form of R(x) is given in (5.9).

In the case §=D.", there are two spin representation spaces, Vi, (6= ).
Accordingly, there are four R matrices corresponding to Vi, ® Vg, and Vi, ®
V' (e = +). Because of the symmetry of the Dynkin diagram, it suffices to consider
two cases. Both R matrices have a property similar to (1.3). The form of R(x) is
in (5.14).

In our recent analysis on restricted face models, there emerged an intimate
relation between the computation of the local state probabilities (LSPs) and the
representation theory of affine Lie algebras [8,9]. The situation is quite similar
when we consider vertex models in the face formulation. By Baxter’s corner transfer
matrix method [10], the calculation of the LSP reduces to the evaluation of a
quantity called “one dimensional (1D) configuration sum.” As investigated in [11],
1D configuration sums of the vertex models related to the vector representation of
classical simple Lie algebras turn out to be the string functions in the sense of
[12]. Computer experiments suggest a similar conjectural result in the case of the
spin representations. Let us explain the conjecture in the case of DY), (n=2).
Let A;(j=0,...,n+ 1) be the fundamental weights of D{"},, let I be the set of level
1 integral weights in ZA,® ---® ZA, , ,, and let A be a level 1 dominant integral
weight. With each A we associated a particular sequence p,=(p%});,, of elements
of I (see (6.2)). This corresponds to a “ground state” in the statistical mechanical
language. We call a sequence p = (pY); , (pel) A-path, if it satisfies the following
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conditions:

(1) pu*P — pYWis a weight of the spin representation (n*, V) of Uy(D, +,) for all j,
(2) pP=pY@if j>» 1.
For the definition of (n*, V), see (4.1). By 2(A) we denote the set of A-paths. Let

L(A) be the irreducible highest weight module of highest weight A, and let a be
an element in I. In our case, the 1D configuration sum f(a, A; q) reads as follows:

fla,A;q)= Y, q°?,

peZ(A)

p g

olp) = 3. JHOOE)LH ()~ Ho a1 (e

where #49(p) = p¥* VY — pY). For the definition of the function H = H i1 see (6.1).
Now our conjecture is

f(a7 A’ q) = Z dlm L‘(/‘)a—léql

Here 6 is the null root. The right-hand side is the string function studied in [12].
If we admit this conjecture, we can show that the 1D configuration sums in the
case of B! coincide with the string functions of a highest weight D!, module
viewed as B{" module.

After having accomplished this work, the author came to know the work by
N. Yu. Reshetikhin [13], in which he obtained a recursive formula for the rational
R matrices related to the spin representations. The author thanks E. Date for
informing him of this work.

The text is organized as follows. In Sect. 2, we recall the definition of U, (B,)
and U,(D,). Their spin representations are described and the Clebsch—Gordan
coefficients for the tensor product of two representations are calculated in
Sects. 3 and 4. The explicit form of the quantum R matrices is given in Sect. 5.
In Sect. 6, we define the corresponding vertex model in the face formulation, and
give a conjecture on the 1D configuration sums. In the Appendix, we give a
trigonometric version of Reshetikhin’s recursive formula in the case of B{!.

2. The Algebras U,(B,) and U,(D,)

Let us review the definition of the quantized universal enveloping algebra
U,s(g = B,,D,). We follow the conventions in [14]. Let | be the Cartan subalgebra
of g, let (,) be the invariant bilinear form on h* so normalized that the short roots
are of length 1, and let ¢}(j=1,...,n) be the standard orthonormal basis with
respect to (,). The simple roots of g are given as follows:

aj=¢—¢4, (1=j<n) for g=B,,D,
=¢, (j=n) for g=B,,
=¢&-1t+& (j=n) for g=D,.

Let g be a nonzero complex number. We assume that g is not a root of unity. We
define U g to be the associative C-algebra with generators H;, X * (j=1,...,n) and
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relations
[HisHj]=07 [Hiszi]= i(aiaaj)X_ji,

2H; __ ,—2H;
et X1 =0, =
' | 1—ay 1 —a—k y £y £k L
k;) () K q‘(Xi ) X7 (XY =0 (i#)).

Here gq; = ¢, a;; = 2(o, o)/, ;) and

m n tm—n+j_t—(m—n+j)
[n ] = H th—¢7d .
t Jj=1

The usual universal enveloping algebra Ug is obtained by letting ¢ tend to 1. Our
U,g is a Hopf algebra with the following comultiplication:

AU, - U,g®U,g,

AH)=H,®1+1®H,

AXF)=q"®X! + X ®q ™ 21
Note that only here the notation is different from that in [14]. In Sects. 3
and 4, we consider the tensor product decomposition with respect to the above

comultiplication. Let us prepare several notations for the subsequent sections. Set
C2=Cey,, ®Ce_,,. We define 2 x 2 matrices X *, H acting on C? as follows:

Xiee=esi1, He,=¢e, for 8=i%' (22)

e, should be understood as O if & # + 1. Consider u = p,&; + --- + u,e,€h* such that
pj= * % for all j. With such p, we associate an orthonormal vector in (C?)®" as

follows:
def

e,=e, ®-Qe,. (2.3

3. Spin Representation of U,(B,)

Following [14], we recall the spin representation (, V,) of U,(B,). The represent-
ation space V,, is identified with (C*)®". It is spanned by the weight vector e, (2.3)
of weight u. Hence, we have dim ¥, =2". The actions of the generators X, H;
(i=1,...,n) of Uy(B,) are as follows:

i+1

Xr=-1 - ®X"'®X ®---®1 (1=i<n),
1 n
XS =———1® -®X",
Vata!
i i+1 i i+1

H=1® ®H® 1 —1® H)®-~®1 (1<i<n),

Hn= 1®®I':I9
X7 ="(X{") (1<i<n).
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Here 'A denotes the transpose of A. In Sect. 5, we will also need the operators X g
and H, defined as follows:
Xg=—X"®X ®l®-®1,
Hy=—(H®1+1®H®1® --®1. (3.1)
These operators correspond to generators of the affine quantized universal
enveloping algebra U, (B{"). The tensor product V,,® V,, decomposes as follows:
Vsp® Vsp= VO@ Vl DD Vn'

Here V, (0 <k <n) denotes the irreducible highest weight module with highest
weight &, + -+ +¢,_,, and V, denotes the trivial module.

We construct the whole orthonormal vectors in each space V,. We identify
Vo ® V., with (C*)®" via the following map:

Vsp® Vsp — (C2)®n®(c2)®n - (C4)®n
eu®ev = euwx®"'®e#nvn'
Namely C* is spanned by the four orthonormal vectors e, ,,e, _,e_, and e_ _.

Here e, , is an abbreviation of e, .,,,. The operators A(X{") (1 <i<n) act on
(C*)®" as follows:

i+1

i i+1 i
A(Xii)("'®eae’®erm’® ): '_qe—"(”'®eee’il®enq’$l®”')
, i i+1
_q—(s _”)("'®esile'®en$l n®) (1 §i<n)’

q n q n
———___("'®ese’il)+—_‘("'®esile’)’
Vat+a! Ja+qg!
where ¢,¢,1,7 = +1. When we want to stress the rank n of B,, we write V{"
instead of V,. (V{"), denotes the weight space in V{" of weight A. Note that
(Vi"), # {0} only if A = 4,6, + - + 4,6, with 4,€{0, + 1} foralliand (A, ) <n—k.
The next lemma is easy to show.

4 —E&

AXE) (- ®e,)=

Lemma 3.1. A normalized highest weight vector v{"e V"™ of unit length is given as

Sfollows:
n—k

k
-1/2 —(k—j+1/2 k—j+1 _ k— 1/2
Ugl):N /e++®---®e++®®(q = /)e+—-+(—) It Ze_.),
i=1

k k
where N = [] (g~ 2%V 4 ¢**=2*1) and (X) u(j) signifies u(1)® --- @ u(k).
i=1 j=1

Hereafter, we use the convention V%, = V), V(" = {0} (k > n).
Lemma 3.2. Let A=1,¢e, + --- + A,¢, be a weight of V", then we have
n— (}'s /1)

n—ALA)—k]|
2

where [m] signifies the largest integer that does not exceed m. In particular, we can

dim (V{?), =
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state the following:
(1) If there exists an integer j (1 < j < n) such that ;= + 1, then
dim (V{"), = dim (V¢ ™),
where
X,l = 1181 + R Aj*laj‘l + A.j+18j+ et + Ansn—l' (32)
) dim (V") = dim (V=)o + dim (V{7 D),o.

Proof. In [15], it is proved that if g is generic the dimensionality of the weight
space is equal to the one when ¢ = 1. This reduces the lemma to the calculation
of the dimensionality of weight spaces of the fundamental modules over the Lie
algebra B,. q.e.d.

By a direct calculation, we have
Lemma 33. If 1 <i<nand e= +, then
+ i i+1 i i+1
AXE) - @erz @6, @) =(+@e, ,@er: @)
Let us define the C-linear map 5 (1 < j<n,e= ) as follows:

J

Vg;)— 1)® Vg)— 9] Vgr;’)® Vg’;,’
J
eﬂl"]®.”®eun—l\’n—l = emv1®'”®e€8®'”®e#n—lvn~l'

Fix an integer j. For the operators A(X) in A(U,(B,-,)), we set

ZF9 = AX}) (Isi<j=1)
= —AX[)DAX]) (i=j-1), (3.3)
=A(XE ) (j=i<n),

which must be regarded as operators in A(U,(B,)). Then we have
Lemma 3.4. The following diagram is commutative.
F
Vet s voeve
A(Xi:t) l l Zit(j)_
VErevsTY - vRevy
Now we can state our propositions on the construction of vectors in (V{"),.

Proposition 3.5. Let A be a weight of Vi ® V& such that 2;= + 1. We have

(V)= (V).

Here ' is given in (3.2).
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Proof. Let us consider the case 4;=1. From Lemmas 3.1 and 3.3, we have
5 o) = o it jn—k,
= (=Y RAXG DA ) - AX e i j>n—k.
Together with Lemma 3.4, we see
(V) e v,

Lemma 3.2 completes the proof.
The following is an isomorphism of algebras.

(2
Uq(Bn) - Uq‘ 1(Bn),
XF - X7

i

H' — _Hi'

1

‘We also consider the map defined by

reeve - Vv,
Yre,®e, —  Yrig Ye_,®e_,.
Heree_, s?gnicf;lgs e, ®--®e_, ife,=e, ®---®e, . Then we find the following
commutative diagram:
vOeve s VRV
AXF) l l ABXE)):
" n ¢ (n) e
Voeve  — VIRV
It is easy to see that the proof in the case of ;= — 1 is reduced to that in the case
of ,;=1. qed.
Propeosition 3.6. For 0 <k <n,
(Vo =(a™ Ve, _ + (=g Ve_ )@V
@(q(2k+3)/2 e, + (_)k+ lq—(2k+3)/2 _ +)®(V§("+ 11))0'
Proof. We are going to show
(1) (g~ D26, 4 (=)™ D2 )@V V),
(2) (q(2k+3)/2 e, + (_)k+ 1 —(2k+3)/2e_ +)® V;:',:ll) c V}(n)'

Note that the two spaces in the left-hand side are mutually orthogonal. Comparing
the dimension of the subspace of weight 0 (Lemma 3.2), we find that showing (1)
and (2) proves this proposition.

Let us first consider (1). From Lemmas 3.1 and 3.3, we can show

AXT) - AX v

(=y* k- - -
—(2k—1]+q2k—1)1/2 (q (2k 1)/2e+_+(_)kq(2k 1)/2€_+)®l)§‘"_11)-

=(q
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Applying the creation operators A(X5),...,A(X, ), we get (1).
We prove (2) by the induction on n. From Proposition 3.5, we know
n—k—-1

e e
e, . ® Qe , Re__Q@vPeV.
Applying A(X,_,_1), we have

n—k—2
————
€, ® Qe Bge, - ®e_,+q 'e_ ®e, )@vPeV. (34)

On the other hand, from ve V¥ and the assumption of the induction, we have
(q(2k+ 1)/Ze+ _+ (__)kq—(2k+ 1)/2e_ +)® v;{k)e Vg‘k—-fll).

Using (1) and Proposition 3.5, the following belongs to V{™:

n—k—2
T ———
€ @ ®e,,  ®(q V2, 4 (=) g D2e_ )
®E™ Ve, +(—fg Ve )@ (39
The vector space spanned by (3.4) and (3.5) contains the following vector:
n—k—-2
—————
e ® - ®e, ®(qHTIN2e, _+(—)Fig @I Y@okFL. (3.6)

Applying A(X7)---A(X,_;-,) to (3.6), we see
(q(2k+3)/2e+ _+ (__)k+ lq—(2k+3)e_ +)®U£"+—11)EV§‘").

The rest of the proof is similar to (1). q.e.d.

4. Spin Representations of U (D,)

Our next task is to review the spin representation of U,(D,). The difference from
the case U (B,) lies in the existence of two spin representations (7%, V%)) (e = +).
Following [14] again, let us recall their features. Let us define the operator #
acting on (C?)®" as follows:

H#=2HR - ®H,
where H is as in (2.2). Then we have
Vo =1{e,e(C*)®"| He,=ce,} (e= 1), (4.1)
Ve ® Ve =(C*)®n

Each vector e, is again a weight vector of weight u,e, + --- + p,¢,. We easily see
dim ¥, =2""'. The actions of the generators X*,H; (i=1,...,n) of U, D,) on
(C?)®" are as follows:

i+1

X = 1® X" QX ®®I (1<i<n),

n—1 n
XI=—-1 - ®X"®X",
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i i+1 i i+1
H=19 -®H® 1 —1® H)®---®1 (1<5i<n),
n—1 n n—1 n
H,=1® -®(H ®1+ 1 ®H),
X ="(X{") (i=1,...,n).

Two representation spaces are preserved under these actions.
Next let us consider the following tensor product decompositions:

Vo®Ve=Vi@ Vi@ @ Vi,

Ve ® Vs_ps= 19V50---@ Voin-1y21+1- (4.2)
Here V3 is the irreducible highest weight module of highest weighte; + --- +¢,_, +
€6, (k=0), &, + - +¢&,_, (0<k<n), 0 (k=n). Note that (Vi"), = {0} only if

A=Ai& +- +z1 ¢, with 4,€{0, +1} for all i and (4, ) <n— k. For later use, it is
convenient to introduce the following module:

V, = the module generated from the vector v over AU ,(D,)).

Here v{" is defined as follows:
n—~1
P
Ugl)=e++®"'®e++®(e+++e——) if k=0,
n—k

— | k . .
=N B @ @ e +(—af o) i O<ksn

Here N = H (q~2*=h 4 g2*=9) ¥, coincides with V' @ V. Let p* (¢ = +) be the

following prOJectlon

£

(C2)®”®(C2)®" _r, V§ ®(C2)®n
e,®e, — Ogme, e,

en-u

where 7 is defined by #’e, = ne, (n = +). p* commutes with the action of A(U,(D,)).
We need several lemmas similar to those in Sect. 3.

@.3)

Lemma 4.1. A highest weight vector in Vi of unit length is given by p*(v{™).
Hereafter, we will use the convention V{™ = {0} (k > n).

Lemma 4.2. Let A=A,e, + -+ + A&, be a weight of Vi™, then we have

. 1/n—(A4
d1m(V§""),1=—2- :—Ei )3 (k=0),
2
[ n=(
= n—(l,l)—k) 0O<k=n)
2

In particular, we can state the following:
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(1) If there exists an integer j (1 < j < n) such that A;= + 1, then
dim (Vi) = dim (V"™ V),

where ¢ = + ¢ and A’ is defined in (3.2).

(2)
dim (V™)o = dim (V"™ V), (k=0),

=2dim (V" D)y + dim (V5" D), (k=1),
=dim (Vi 7V)y + dim (Vi 1Y), (k> 1).

We define the operators ZFY from A(X?) in AU, D,-,)) as follows: If
1 £ j<n—1, then our definition is the same as in (3.3). Otherwise we set

ZEC-D = AXE) (1<i<n—2),
= — AX,~)AX ) (i=n-2),
= — AX;,)AX) (i=n-1),

ZE®™ = A(XF) (1<i<n-—1),

= AX;- JAXE)AXTF) (i=n—1).

As in the U, (B,) case, Z*" must be considered as operators in A(U,(D,)). By a
direct calculation, we have

Lemma 4.3. Let ¢, = +. Then the following diagram is commutative.

V:Ln-1)®(c2)®(n—l) _'7_, V:g(n)@(cd)@n
AXM l l Z n(Jj).
veveE)een L, yamg(crer
We state our propositions on the construction of vectors in (Vi™),.
Proposition 4.4. Let 1 be a weight of VI ®(C*)®" such that A;= + 1. We have
Vi) =1V ),
Here ¢ = +¢ and X' is given in (3.2).

Proof. The proof is similar to that of Proposition 3.5. The difference is that
Lemmas 3.1, 3.4 and 3.2 are replaced by Lemma 4.1, 4.3 and 4.2. q.ed.

Proposition 4.5. For 0 < k < n, (Vi™), = p*((V{"),), where (V{"), is obtained induct-
ively as follows:

V%= @ pillge. -+ e )®F ")) (k=0),
=(es-+e_ )@MW )o®(@’es - —q e )@FE ™)y (k=1),
=(q"* ey _+(—gf e )T

®(¢* e, - — (=g * Ve )@V, (I<k=n).
Proof. We prove by the induction on n. First we show the following:

(1) VP (g Ve, _ +(—g)f e D@V (1<k<n),
Q) VP (e, _+e_)@VEY,
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B) VP @t le, . —(—q) % Ve  H@VIY (O<kZn),
(4) V((;')C @P ((ges - +q~ ‘3—+)®V(1'l ”)-
e=t

The proofs of (1) and (3) are similar to those of (1) and (2) in Proposition 3.6. We
only deal with (2) and (4) here.
Let us prove (2). From the definition of v\, we have

AX,_ ) +AX )P =e, , @ Bles- +e- )@ s +e_ ).

Applying A(X7)---A(X,_,), we have (e,_+e_,)®@vf Ve V. The creation
operators A(X3),...,A(X, ) produce (e, _+e_,)@VY™D from (e, _+e_,)®
(n—1)
vo .
Let us proceed to (4). We have
n—2

,——'h\ _
AX )P =e,  ® e, . ®(ge, e, _+q e, Qe_,),

n—2
— |
AX, ) =e, . ® e, ®(qe, -Re_,+q9 'e_, e, ).

Therefore, pi(e, , ® - Pe, . ®(ges - +q te_)®(e, - +e_,))e f/‘é" for e= +.
Note that p* commutes with A(U,(D,)). We immediately have (4).

If k=0, we have V(" = V”’"@ Vo™ and dim(V§®),=dim (Vo ®),. If0<k=<n,
each vector ve( V("))0 constructed as above is of the form v=p*(v)+p~ (v)
So we easily have

dim (V{")o = 2dim (V§"),  (k=0),
=dim(Vi™), (0<k<n).

(1) ~ (4) together with Lemma 4.2 show the equality of the sets in the inductive
construction of (V{"),.
This completes the proof. q.e.d.

5. Quantum R Matrices

Let us proceed to construct the quantum R matrices corresponding to the spin
representations. Following [5], we recall the characterization of R(x). Let V,,V,
be two irreducible representanon spaces of U,(= U,(B,), U,(D,)). The quantum R

matrix R(x) for §(= B, DM) is an element of HomC(V,1® »V,®V,), and is
characterized uniquely (1f it exists) by the following conditions:

(1) [R(x),A(X)1=0 forall XeU,, .1
Q) RX)(xq™ @ Xg +Xg ®q ") = (" ® X5 +xXg ®q™")R(x). (5.2)

The definitions of X and H, are in (3.1) for § = B{" and D". Note that our R
matrix here is usually written as R(x), and is equal to PR(x) in [5], where P denotes
the transposition P(@a®b) =b®a.

Now let us assume that every irreducible component V, in ¥, ® V, appears
with multiplicity 1. The condition (5.1) means that R(x) must have the form

R(x) =3} p,(x)P,,
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where P.eHomy, (V,®V,,V,®V,) is such that P,|, #0 iff v'=v. By fixing the
normalization of P, the scalars p,(x) will be determined by the condition (5.2).

In this paper, we construct three R matrices. In the case of B{"), there is just
one in End.(V,,® V,;). For the consideration in the case of D{", we define the
map 7 as follows:

e (c4yer
emn®"'®eunw‘ = eu\\n®"'®eu..-|v,.-1®e—u,.—v,.-

Set o(XF)=XE (1<i<n—1), Xf (i=n—1), XX, (i=n). Then the following
diagram is commutative for ¢ = +:

Va®Vy, — Vo®Vys
AXF) ! l A(e(X{))
V@V, S VoV
Thanks to this commutativity, we only need to consider two R matrices, which
are elements of End. (V4 ® V) and Hom (V,® V,, V, ® V), respectively.

The Case of B{V. From the above consideration, R(x) is of the form
R(x)= Y p(x)P,
k=0

where P{” is the projector onto V{". Let W{’ be the weight space in V) ® V) of
weight 4. W s {0} only if A = A,¢, + --- + A,¢, with 4,€{0, + 1} for all i. From the
condition (5.1), we easily see R(x)W{ <« W, Putting k =n — (4, 1), we have
W(ln) ~ (C2)®k
e“@ev = e#n ® ®e#1k’
where j,,..., j, are determined from the condition
{jlau-ajk}:{juj:o}, Ji < < g (5.4)

Let us define the operator u(j) acting on C? = Ce, @ Ce_ as follows:

(5.3)

u(jle, = pr (Gies + (=)~ V2 ),
j G- 1)/2 -j (5.5)
u(j)e_zqf_‘_q—j((_)j e, +q ’e_).
Next we define the operator QY acting on (C?)®* inductively,
0 =u(=2j+ DO Q" +u2j+ ) ®QF ", (5.6)

(@ = 08,0 =0(j> k)
From Propositions 3.5 and 3.6, we immediately have
Proposition 5.1. Put k =n — (4, ). Then the following diagram is commutative.
W(A.n) ~ (C2)®k
PPl Y
W(;l) ~ (C2)®k
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To determine p{"(x), we need to show
Proposition 5.2.

(1) PP @ Xg)P =0, PP(Xg ®q )PP =0
(j#kk+2,(j,k)#(0,1),(1,0)),
) PL@"@X)PP = —q* 2P ,(Xo ®q TP (1=kZn),
P (@@ XG)PY = —q~ ®HOP ,(Xg ®q TP (—15k=n-2),
where P, = P,
(3) PP(g"®Xg)PY = P(Xg ®q )P,
Proof. 1t suffices to check (1),(2) and (3) by applying these opcrators to the base
vectors in V& ® V& constructed in Sect. 3. Put Z, =¢"°®@ X§,Z, = X5 @q~ .
Since Z, and Z 2 change only the first and second components of (CH®"= V""® Ve,
it is convenient to represent the base vectors in V{"=PP(VH® V"”) as
u; @u,®u{""?, where uy,u,eC* uf" eV 2, From Propositions 3.5 and 3. 6,
each base vector has one of the following forms

(A-l) (q—((Zk—zt)/Ze_'—_+(_)kq(2k—l)/ze_ +)®(q—(2k—3)/2e+_+(_)k—1q(2k-3)/2e_+)
®uy—5,

(A-2) (q—((zk 22)/2 +_+(__)kq(2k—l)/ze_+)®(q(2k+1)/ze+_+(_)kq—(2k+1)/2e_+)
®ukn- s

(A-3) (q(Zk(+3)2/)2e+_+(_)k+1q—(2k+3)/ze_+)®(q—(2k+1)/2 +( )k+l (2k+1)/ze_ +)
®ukn_ B

(A-4) (q(Zk(+3)2/)2e+-+(_)k+1q—-(2k+3)/2e-+)®(q(2k+5)/2e+_+(_)k+2q—(2k+5)/ze_+)
®uiys s

(B-1) ey, ®(g~* M2, (=g e )@up P,

(B-z) e++®(q(2k+3)/2 +_+(_)k+1 "‘2"+3)/2e_+)®u§‘"+_12),

(C-1) (g7 Ve, -+ (—)q®* V2e_,)®@e, , Qui—?,

(C_z) (q(2k+3)/2e+_ +(_)k+lq—(2k+3)/2e_+)®e++®u§‘n+—12),

(D) e, ®e, ., @ul™?.

Note that if a vector contains e_ _ in the first or second component, this vector
vanishes when we apply Z, or Z,.

Firstly, let us examine the case (A-1). Applying Z, and Z, to the vector (A-1),
we get g% le. _®e__@ui"" P and —q * e _®e__@ul™ ‘22’, respectively.
From Proposition 2.5, the vectore_ _ ® e_ - ®u‘" 2) is contained in V{" ,. So only
the action of P{" , is non-trivial. Since P{" , is the identity operator on V}{" 2, WE
have the lemma. The proof in the case of (A-2) ~ (A-4) are similar.

Next, we consider the case (B-1). After applying Z, and Z,, we get

__(__)kq(Zk—l)/z ®e_‘ ®u(n 2) (57)
and
__q—(Zk—l)/Z ®e— _ ®u(n 2) (58)

respectively. It is easy to see that (5.7) and (5.8) are in V{" ,® V™. So the actions
of P, and P{™ are non-trivial. Let us consider the case of P™,. From
Proposition 5.1, this projector acts on C2@Q C® V{"~? as u(2k — 1) ® 1 ®id. Here
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C?>=Ce,_®Ce_,,C=Ce__ and u(j)is defined in (5.5). Applying P{" , to (5.7-8),
we have
q(Zk—l)/Z
3 2k— - n—2
) R @ ter -+ (=) TTem ) ®e- - ®uT,

and
—(2k—1)/2

()
This shows the lemma. The cases (B-2) and (C-1,2) are similar.

We finish the proof by showing the last case (D). Applying Z, and Z,, we get
q e, _®e,_Qu" ? and qge_ . ®e_, @u{" 2. In this case, the actions of the
three projectors P{™ ,, P™ and P{"), are non-trivial. The actions on the first two
components C? ® C2 (C2 Ce,_@®Ce_,)areuk — 1)@u2k + 1), u(—2k + 1)®
u(2k + 1) + u(2k + 3) ® u(— 2k — 1) and u(— 2k — 3) ® u(— 2k — 1), respectively. The
rest of the proof is left to the reader. q.e.d.

-1e+_+q-—2k+1 )®e__®u(" 2)

From Proposition 5.2, (5 2) reduces to the following recursive formula for p{(x):

(n -1 -2j+1
p] ( ) xq —q .
= . 0<j<n p" (x)=pP(x)).
py.l x) qzj—l_xq—2}+1 ( JEn,p?(x) Po( )
Setting
n 2i-1 -2i+1
q —Xxq
(n) —
po’(x) = B TS Ea rr
0 iljl qz 1_q 2i+1
we have
12 A3 —4i+3 . 4i—1_ _—4it1 5 2i—1__ . —2i+1
M () — q xq xq q q xq .
pi(x) = = —4i i- —4 = 21 (j: even),
j Ll e T A i=Ij_-Ii-1 g
G+1)/2 xq4i—3_q—4i+3q4i—1_xq—4i+1 n q2i—l__xq—2i+1 .
= 4i-3_ —4it3 4i-1_ ,—4i+1i I_I 2i-1_ —2i+1 (j: odd).
i=1 4 q q q i=j+2 4 q
Summing up, we obtain the form of R(x) as follows:
= DRI up.
R(x) Iw(n)—- Z Py (x Q“‘) (k=n—(4,4). (5.9)

Here Q% is defined in (5.6). We identify W with (C*)®* via (5.3).

The Case of DV. In this case, two R matrices are to be considered: (I)
R(x)eEnd (V4 ® V) and (II) R(x)eHom (V,® Vg, Vo, ® V). From (5.1), R(x)
is of the form

R(x) = i PP,

where

s=0(I), 1(I1). (5.10)
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For k even, P\ is the projector onto V; ™. For k odd, it is the map which sends
each vector p*(u)eV ;™ to p~(weV ;™ if j=k and to 0 if j # k. For the definition
of p%, see (4.3). As in the case of U,(B,), these R matrices have a block structure.
Let W be the weight space in (C?)®"®(C?)®" of weight A. For ¢ = +, we set

WIS WPV ®(C)°").
wem £ {0} only if A=A4.e,+ -+ A,e, with 4,€{0, +1} for all i. Note that
Wi c V@ Ve™, where ¢ = (—)*e(k = n — (4, 4)). Putting k = n— (4, 1), we have
W(ln) ~ (C2)®k
e,®e, — e, ®Qe,,

The determination of {ji,..., j.} is the same as in (5.4). By abuse of notation,
define the projection p°® (¢ = +) as follows:

(5.11)

(C2)®k P_E) pe((c2)®k) c (C2)®k
€y ® - ®euk = 5eneu1 ® - @ ey,

where # is the signature of the product u,---u,. Then we have the following
commutative diagram:

W(l") ~ (C2)®k
ool ! p"
wegn = pr((C?)®H), (5.12)

where 5 = g(— )14~ 1,
Define 0(j) to be 1 (j>0), 0 (j <0). For the case of D{V, let us define the
operators u(j)eEnd(C?), Q¥ eEnd ((C*)®¥) as follows:

1 . . .
7 - __\J/12)+60)
u(/)e+—q,-+q_j(qle++( YU TDe ),
1 e .
ul(ie_ =— (=)D +80), +qg Je_ if i 0,
(Je q,+q_,(( ) ++qe) j#

u(@e, =uQe_=e, +e_.

0¥ =u(-2j+2)@0% V" +u2j+2)@0% Y (0<j<k),

08 =p QY V)ep” +p @)@ QF )ep,

Q¥ =0(j> k). (5.13)

The next proposition is a direct consequence of Propositions 4.4 and 4.5.
Proposition 5.3. Put k=n— (4, ). Set & =¢&(—), n =¢&(—)*"="Y and 5’ = n(—)~
If j=k mod 2, then the following diagram is commutative for ¢ = +:
Wi = pr(CYRY) s (€)%
” | @

Wi‘(n) ~ pn'((C2)®k) PR (C2)®k
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Let P( be the projector onto ¥{". Then we have

Proposition 5.4.

(1) PPUg™ @ X3P =0, PP(XT ®q ")PP =0 (j#kk+2)
@) Ploq" ®@X§)PP = —g* PP (XT @qTMPY  (2<k=n),
PPla(q @ X3P = —q PR, (X ®qTH)PY (0sk<n-2),

(3 Pa"’(q"°®xo )PP = PP(XS ®q )Py,
The proof is similar to that of Proposition 5.2. Thanks to this proposition, we
are led to the following formula:

2 ~2j+2

PP _xq " —g
p§nl (X) q21—2__xq—21+2

Setting
/2] q4i—2_xq~4i+2
P =11 ==z
i=1 4 —-q
—1))2] At -4
p(ln)(x)zl(n ) ]q4‘ xq "
=1 q l_q—-41
we have
2 xgtTI o gmHA2 2 g2y m4it2
® q q q )
P (x) = Hﬁ,z—q?m, l/—zlﬂw—qu—z_q—uu (j: even),
L i=j
T xg* — g 2] gt g4 )
H P [l = (j: odd).

g% i=geup ¢4 —4q
Fix s as in (5.10). Put k=n— (4, 2), n =(—=)*""~=""% and # = y(—)’. Then R(x)
is obtained as follows:

RX)= @ RW@Iyto,

2
(A )=n-52)
RX) |y = Z P (x)(p" 2 QP). (5.14)
j=0
J=5(2)

Here Q¥ is defined in (5.13). We identify W ;™ with p"((C?)®*) = (C?)®* via (5.12).

6. Conjecture on the 1D Configuration Sum

The quantum R matrix constructed in the previous section defines a vertex model
on the two dimensional square lattice . Consider R(x) in End.(V,,® V,,). We
deal with (I) only and put V,, = V' in the case of U (D,,,). Set

R(x)e,®ep =) R(X)y,.0,De,.

The matrix element R(x),,, is the Boltzmann weight of the configuration such
that the fluctuation variables o, 8, u, v are placed on the left, lower, upper and right
bond around a vertex. This vertex model can also be formulated as a solvable face
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model as treated in [11]. We explain the formulation below. Let us consider the
square lattice #* dual to .Z. On each site i of #*, associate a site variable g;,
which takes values in the following set I

1={ ZO ajAjlag+a; +2a, + -+ 2a,_, +a,= 1,ajeZ} for B,

n+1

= { Z ajAj|ao+a1+2a2+...+2a,,_1+a,,+a,,+1=1,ajeZ} for DV ,.

Here Ay,...,A,(,A,+) are the fundamental weights of the affine Lie algebra
d=B®", D) | [16]. I is the set of level 1 integral weightsin ZA,® - @ZA (D ZA,+ ,).
An element of I will be called a “local state.” With each configuration of local
states (a,b,c,d) around a face (ordered clockwise from the NW corner), we
associate the Boltzmann weight W(a, b, c,d) as follows:

W(a,b,c,d) = R(X)yp,y, if b=a+p, d=a+oa, c=a+p+v=a+o+p,
=0 otherwise.

Now let us turn to the calculation of the local state probabilities (LSPs). By
definition the LSP P(qa) is the probability of finding a at a particular site, say i = 1,

1
P(a) == Z 5a;=a H W(Gh Uj’ ok’ al)’

Z config. face

Z= Y% [] Wloio0j00)
config. face
In the calculation, we fix the o; on the boundary of the lattice to a “ground state,”
which will be specified below, and take the infinite volume limit.
Hereafter, we will assume n > 2. Let © denote the projection from the weight
lattice of D{), to that of B{") induced from the embedding B{" =, D{" ,, i.e.,
nA)=A4; 0=j=n),

J

=A, (j=n+1).

Let b be the Cartan subalgebra of D, ;. Note that the vectors ¢; (j=1,...,n+ 1)
in h* are contained in the weight lattice of D{), and = sends ¢; to ¢; (1 < j<n),
0 (j =n+ 1). n(h*) is identified with the dual space of the Cartan subalgebra of B,.
Next let 6 =(a,,...,0,) be a sequence such that o; = + 1 for all j. With each o we
associate a “height” ht. The rule is given inductively as follows:

ht(¢) =0,
ht((o4,...,0,)) =max (0, ht((g,,...,0,)) + 20,).

Letpu=p,&; + -+ + p,6,, v=v48, + --- + v,¢, be weights of the spin representation
of U,(B,). Set a(u,v) = (;,,...,;,), where j= j; iff p;+v;=0(j; <--- < jg)

We will need the following limiting value of R(x),g,,,-

Proposition 6.1.

lim R(x)

=066, xH®Y
g—0, x:fix an”py ’

afuv

where
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HBL”(,N, V) =n— [w:},
H1(1,%) = H™ (n(p), 7(v) + [%] —n, (6.1)

Now let us specify the ground states. The local states of our ground state are
constant along NE-SW direction. Hence, a ground state can be specified by a one
dimensional sequence of local states (p"),,. Hereafter, we deal exclusively with
the case 0 < g < 1, | x| < 1. For later use, it is convenient to label the ground states
as follows. Let A be a level 1 dominant integral weight of D{}) ;. Let i be either 0
or 1. We set for jeZ,

. A; B
DY) (n: odd) pP=1{"" (iodd) e 44
Awi1-i (J: even)
j/lm (j: odd) .
- f A= .
(A—;  (Jj: even) ! Anvis
A; (j=1)
A (=2
DY (n: e et S f A=A,
+1(n Ven) pA Al_i (153) 1 ]
kAn+i (]EO)
(An+i (.IEI)
A; =2
7 U= o aa. 6.2)
An+l—i (.]__——‘3)
(Ai-i (j=0)

The symbol = signifies the congruence modulo 4. These are the ground states for
D} ,. In the case of B, (n(pR));ez (A=A, A,4,,i=0,1) are the ground states.
Note that A is still a dominant integral weight of D{!) ;.

For our purpose of calculating the LSPs, Baxter’s corner transfer matrix [10]
turns out be a powerful tool. In his argument, the essential part lies in the evaluation
of the “one dimensional (1D) configuration sum.” For the preparation, let us
introduce a terminology. A sequence of local states p = (p'?); , is called a “A-path”
if it satisfies the following:

(1) pv* Y —pY is a weight in V,, for all j,
) pP=pP if j»1.

Here pY should be replaced by n(p%) in the case of B{". Let 2(A) denote the set
of A-paths. Set n¥(p) = pY* Y —pY. 1D configuration sum f(a, A; q) (acl) is defined
as follows:

fla,A;q)= Y q°®
pﬁé)?m)
p '=a

w(p)= Y, jHA(p),n"" (p)) = HW(pa) 17" V(pa))). (6.3)

j=

In the case of B, we replace p" with n(p)) in (6.3). Let L(A) be the irreducible
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highest weight module with highest weight A, and let §) be the Cartan subalgebra
of §=B", D). If § = B{"), we consider L(A) as B{") module. For ueh*, we set

L(A), = {ve L(A)|hv = u(h)v for heb}.
Let 6 be the null root. The generating function Zdlm L(A),-i5q" is the string

function studied in [12].
Now we can state our conjecture on the 1D configuration sum.

Conjecture. With these notations, we have
fla, A;q) =3 dim L(A), ;54"

We remark here that if we admit the conjecture in the case of D{!) |, we can show
the one in the case of B!V,
With a in I of § (= B,, D, ), we associate its classical part aeh*, where
is the Cartan subalgebra of g. If a=) a;Aj, then =Y a;A;. Here
J J

/szo (j=0) for BV, D{Y),,
=g+ +¢; (1sjsn—1) for BV, DY),
='%(61 + ot e) (j=n) for B:ll)’
=%(81+'”+8n_8n+1) (]=n) for Df}ll;
=3+ te,te) (j=n+l) for DY,.

Set s(a, A) = 3((@,a) — (A, A)), t(a, A) = (@ — A,a— A). In the case of B, A should
be replaced by ;z_(/T)
We write down the explicit form of f(a, A;q) below.
DNy fla,A;9) =gV /()"
BY  fa, A9 =g "VE(-¢*¢*)p@"""  if A=Ay A, and t(a,A) even,
=g" @ MNTIRE(—1 g% p(q"tt if A= Ao, A;  and t(a, A) odd,
=q"“VE(-q,9*)/o(q""" if A=A,A

Here ¢(q) = kl:ll (1—¢", E(z,x) = kUI (1 —zx* "1 — 271X — xM).

Appendix

In this Appendix, we give a trigonometric version of Reshetikhin’s recursive formula
for our R(x). We deal with the B{" case only. Hereafter, the upper (n) indicates
the rank of B,. Let us consider the following isomorphism:

(N)®V(n) ~ C4®(V(n 1)®V(n 1))
e ®e = eﬂl\’1®( ®€)

Here e, signifies ¢, ® - ‘®e,, ife,=e, ® - ®e, . We identify these two vector
spaces. Let v be a vector in V&~ “@ V('I D, The Reshetikhin’s formula reads as
follows:

2n~1 —2n+1
q —Xq

R"”(x)e; + ®v= Wei + ®@ R D(x)o,
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R‘"’(x)e+ _Qu=e,_® R~ 1)(xq—4)(R(n— 1)(q—4))- 1y

2n—2
q*" (1 —x) e -
AT g mer e s ®RT kg,
2n—2 1—
R‘"’(x)e_+®v=;2%7‘(“q_2—&e+~®R("_1)(xq—4)v

+xe_ , @ R" " V(xg™*)(R" V(g™ *) o
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